&
TI 1997-081/111
Tinbergen Institute Discussion Paper (
@

Equilibrium Search with Continuous
Productivity Dispersion: Theory
and Non-Parametric Estimation

Revision: August 1998

Christian Bontemps?
Jean-Marc Robin?
Gerard J. van den Berg?

! Toulouse School of Economics

2 Ecole Normale Supérieure (ENS) - Laboratoire d'Economie Theorique et Appliquee (LEA);
National Institute of Statistics and Economic Studies (INSEE) - Center for Research in
Economics and Statistics (CREST); National Institute for Agricultural Research (INRA);
Centre for Economic Policy Research (CEPR); IZA Institute of Labor Economics

3 VU University Amsterdam - Department of Economics; Centre for Economic Policy
Research (CEPR); IZA Institute of Labor Economics; Tinbergen Institute



Tinbergen Institute is the graduate school and research institute in economics of
Erasmus University Rotterdam, the University of Amsterdam and VU University
Amsterdam.

Contact: discussionpapers@tinbergen.nl

More TI discussion papers can be downloaded at http://www.tinbergen.nl
Tinbergen Institute has two locations:

Tinbergen Institute Amsterdam
Gustav Mahlerplein 117

1082 MS Amsterdam

The Netherlands

Tel.: +31(0)20 598 4580

Tinbergen Institute Rotterdam
Burg. Oudlaan 50

3062 PA Rotterdam

The Netherlands

Tel.: +31(0)10 408 8900


mailto:discussionpapers@tinbergen.nl
http://www.tinbergen.nl/

Equilibrium Search with Continuous
Productivity Dispersion: Theory and
Non-Parametric Estimation

Christian Bontemps*, Jean-Marc Robin** and
Gerard J. van den Berg***

Working Paper 98-07
August 1998

JEL classifications: J6, J3, D83, C51

Keywords: Labor market equilibrium, job mobility, wages, productivity, monopsony
power

Abstract

In this paper we theoretically and empirically analyze equilibrium search models of the labor
market. The Burdett-Mortensen equilibrium search model is generalized by allowing for con-
tinuous distributions of firm productivity types within a given labor market. We characterize
equilibrium and derive expressions for the endogenous equilibrium wage distributions. We
then characterize the full set of wage (offer) distributions that can in principle be generated by
the model. We develop a structural nonparametric estimation method for the productivity di-
stribution. We estimate the model using French longitudinal survey data on labor supply, and
we compare the results on the relation between productivities and wages to those obtained
using a French panel dataset of firms. The results are informative on the degree to which
firms exploit search frictions.
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1 Introduction

It is well-known that the presence of informational frictions on the labor market gives
employers a certain monopsony power. Basically, firms can maintain a positive work-
force if they pay wages that are strictly smaller than the productivity level of the
workers, because it takes time for the workers to find a better paying job. Indeed, if
workers for some reason cannot search on the job and if they are homogeneous, then it
is optimal for wage-setting firms to offer a wage equal to the common reservation wage
of the unemployed. Offering a higher wage would not increase its workforce. The re-
sulting equilibrium is then the same as in the model in which one firm is monopolist in
the labor market: all firms offer a wage equal to the value of leisure (this is the so-called
Diamond solution, named after Diamond (1971) who was the first to acknowledge this).

Burdett and Mortensen (1998) generalize the Diamond (1971) model by allowing
workers to search on the job at a given rate. Working individuals only change jobs if
the wage offer exceeds their current wage. A firm that sets a high wage is thus able
to attract workers from firms offering lower wages. However, firms still have a certain
monopsony power, because workers cannot move instantaneously to the firm paying
the highest wage in the market. If individuals work at different wages then, from the
point of view of an employer, the labor supply curve is upward sloping, and there is
a trade-off between the wage and the labor supply faced by the firm. In equilibrium,
all firms obviously have the same profit level, but this can be attained by paying a
low wage (thus attracting few workers) as well as by paying a high wage (attracting
many workers). As a result, wage offers are dispersed in equilibrium. The monopsony
power of a given firm, as measured by the fraction of labor productivity not paid to
the worker, thus also differs across firms.

The average wage and the average monopsony power decrease in the degree of
search frictions faced by employed workers. In the extreme case of no on-the-job search
(maximum friction), the monopoly wage applies, whereas in the extreme case of in-
stantaneous arrival of job offers (no friction), the wage is competitive. The degree of
equilibrium wage dispersion is also directly related to the degree of search frictions
faced by employed workers. In the general (i.e., non-polar) case, wages are dispersed
between the two wage extremes.

The above-mentioned papers do not allow for firms to have different technologies.
In particular, it is assumed that the productivity of labor is the same across firms. This
means that the level and the dispersion of the wage and the monopsony power are fully
determined by the degree of search frictions and the common values of productivity
and leisure. In reality, firms employ different production technologies. As a result,
workers are more productive in one firm than in another. This can be expected to have
implications for the distribution of wages. More productive firms may offer higher wages
than less productive firms, so wage dispersion may be larger than in a homogeneous
market. The mapping from productivities to wage offers can be expected to depend
on the degree of search frictions, and the latter can be influenced by policy measures
aimed at improving the flow of information on vacancies to job seekers.
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Productivity dispersion also affects the distribution of monopsony power across
firms. It is likely that this favors high-productivity firms relative to low-productivity
firms, in the sense that the wages set by the latter necessarily lie in the narrow interval
between the value of leisure and the low productivity level itself. As a result, high-
productivity firms may enjoy very high profits on labor. To the extent in which this
can not be attributed to the use of other production factors or investment in research,
this may be a reason to tax profits.

In the present paper we investigate these issues by constructing and estimating
an equilibrium search model that allows for a continuous distribution of firms’ pro-
ductivities. We restrict attention to continuous distributions for two reasons. First,
qualitative features of the equilibrium solution are more transparent in the continu-
ous case. Secondly, our model allows a feasible nonparametric estimation method for
the productivity distribution. We provide a comprehensive analysis of this equilibrium
search model. We prove existence of the equilibrium, and we derive expressions for the
distributions of wages and durations in terms of the primitives of the model.

An important part of the theoretical analysis concerns the derivation of qualitative
features of the equilibrium solutions. These are important for addressing the extent to
which the model is able to explain observed behavior. For example, we fully characterize
the set of wage distributions that can be generated by the model. This can be used to
construct tests of the model. Other qualitative results relate the shape of the tail of
the productivity distribution to the shape of the tail of the wage offer distribution. In
addition to this, we allow for mandatory minimum wages in the model and we derive
necessary and sufficient conditions for the wage distributions to display a peak at the
mandatory minimum wage.

The paper provides a rather extensive empirical analysis of the model. First, we
structurally estimate the equilibrium search model, using French panel survey data on
individuals in the labor force. For this, we develop and apply a nonparametric structural
estimation method for the productivity distribution, based on an inversion from wages
to productivities. The empirical analysis is stratified by industry. The estimation results
are used to estimate the wage as a function of the productivity level, and to estimate
the degree of monopsony power of firms.

We then proceed by confronting these results to rather unique (French) firm data.
This dataset records amongst other things the value-added per worker and mean wage
at the firm level. It turns out that there is a qualitative agreement between what
the theoretical model predicts and the actual relationship between the value-added
per worker and the wage. In addition, there exist similarities between the estimation
results from the worker data and the corresponding relations in the firm data.

Our empirical analysis with worker data contributes to the recently expanding
literature in which existing equilibrium search models are estimated. This empirical
literature emerged in response to the obvious disadvantages of partial analyses.! Note

1t should be noted from the outset that we restrict attention to models in which firms set wages,
at the exclusion of so-called “matching” models in which wages are the result of a bargaining process



that for an equilibrium search model to have empirical contents, it must be able to
generate wage dispersion for searching individuals. This rules out the Diamond (1971)
model. Instead, firms should face upward sloping labor supply curves, or, in other
words, potential workers should differ in their reservation wage values, so that there is
an advantage in offering high wages.

Eckstein and Wolpin (1990) pioneered the empirical analysis of equilibrium search
models by estimating a model in which unemployed workers are heterogeneous in terms
of their value of leisure and workers do not search on the job. (This model is developed
by MacMinn (1980) and Albrecht and Axell (1984).) They also allow firms to have
different labor productivities. This model gives an acceptable fit to individual unem-
ployment duration data, but the fit to the wage data is not satisfactory. The latter is
due to the fact that each point of support of the wage offer distribution necessarily
equals the reservation wage of an unemployed worker type (see also the discussion by
Eckstein and Wolpin (1990) of their results).

The second approach in the empirical analysis of equilibrium search models is based
on the model by Burdett and Mortensen (1998) (see also Mortensen (1990), and theo-
retical extensions in Wernerfelt (1988), Ridder and Van den Berg (1997) and Mortensen
and Vishwanath (1994).) This model has a number of attractive features. Most impor-
tantly, it allows for job-to-job transitions, which are important in their own right as
well as for understanding search behavior, wage growth, and the importance of wage
setting for maintaining the workforce of a firm. Note that the possibility of on-the-job
search changes the optimal search strategy of unemployed job seekers. The equilibrium
solution satisfies a number of stylized facts of the labor market, particularly concerning
the relation between job durations, wages, and the size of firms.? For example, larger
firms offer higher wages. Also, in general, wages exceed the reservation wage of the un-
employed, contrary to the model estimated by Eckstein and Wolpin (1990). However,
the actual solutions for the equilibrium wage offer distribution and the distribution of
wages in a cross-section of workers have increasing densities. This implication is at odds
with the data. This means that the shapes of the wage distributions are not explained
by the model.

Van den Berg and Ridder (1998) and Koning, Ridder and Van den Berg (1995)
estimate versions of the Burdett and Mortensen (1998) model in which the labor mar-
ket is considered to consist of a large number of segments. Each segment is a separate
labor market of its own, and workers and firms in a particular segment are homoge-
neous. The segments are defined by observed characteristics like occupation as well
as by unobserved characteristics. All structural parameters are allowed to vary across
segments (this is called between-market heterogeneity, contrary to the model in the
present paper, which allows for within-market heterogeneity). As a result, the data
provide observations from mixtures of homogeneous markets. The estimated models
provide an accurate fit to data on cross-sectional wages. However, it is obviously not

(see e.g. Pissarides (1990)).
?See also Kiefer and Neumann (1993) and Ridder and Van den Berg (1997).



very realistic to assume that all firms in a given segment have identical productivity.
Moreover, within a single segment, most of the estimated probability mass of the wage
distribution is usually confined to narrow interval, which implies that the sequence of
wages that an individual earns in a sequence of jobs lies in a very narrow interval.

The theoretical article by Mortensen (1990) analyzes equilibrium search with het-
erogeneity in firms’ productivities and workers’ opportunity costs of employment, as-
suming that the heterogeneity distributions are discrete.® He derives expressions for the
equilibrium solution and shows that equilibrium exists. Bowlus, Kiefer and Neumann
(1995) develop and apply an estimation method for the Mortensen (1990) model, al-
lowing for discrete heterogeneity of firms’ productivities and assuming homogeneity of
workers. Due to the highly nonlinear nature of the model, this method becomes rapidly
so computationally intensive that it is hardly possible to estimate a model with more
than a few points of support for the distribution of productivities, while the fit to the
wage data density of a model with a few points of support is not very satisfactory.
Moreover, the likelihood is not well behaved and numerical algorithms which do not
require differentiation of the optimization criterion are needed. For our purposes it
is important to stress that a continuous productivity distribution is able to mimic a
discrete distribution. A huge peak in the density of the continuous distribution reflects
the presence of a large fraction of firms with about the same productivity value.

In this paper, we do not allow for heterogeneity by nature among individuals.
First of all, the empirical analysis by Eckstein and Wolpin (1990) shows that such
heterogeneity can only explain a small fraction of wage variation. Secondly, and more
importantly, it is useful to generalize equilibrium search models step by step, and we
feel that the extensions that we consider in the present paper generate a large number
of interesting new results.

The outline of the paper is as follows. Section 2 presents the general model in
which the productivity distribution is not yet restricted to be continuous. In Section
3 we examine the model with continuous productivity distributions. In Section 4 we
discuss the data used to estimate the model, we derive the likelihood function, and
we develop and apply a nonparametric structural estimation method. Section 4 also
presents the results for the firm data. Conclusions are in Section 5. To avoid lengthy
technical elaborations, we have relegated a few technical details and proofs to a working
paper version of this paper (Bontemps, Robin and Van den Berg (1997), henceforth
BRVdB), which is available upon request.

3See Reinganum (1979) for another study that can be regarded as a forerunner of the present
paper. That paper is concerned with sequential consumer search with elastic demand curves and
heterogeneous production costs.



2 Equilibrium Search with Identical Workers and
Heterogenous Firms

Because the model version in which workers and firms are homogeneous has been
presented numerous times before (see the references in the introduction), most of the
present exposition can be brief.

2.1 Worker Behavior

Workers seek to maximize the expected steady-state discounted (at rate p) future
income. The opportunity cost of employment is denoted by b and is assumed to be
constant across individuals. When unemployed, job offers accrue at the constant rate
Ao- When employed, job offers accrue at the constant rate A,. Whenever an offer arrives,
the decision has to be made whether to accept it or to reject it and search further for
a better offer. Layoffs accrue at the constant rate 6. The distribution of wage offers F
is independent of the current state of the job searcher (employed or unemployed). Let
supp(F') denote the support of F. We denote w = inf [supp(F')] and w = sup [supp(F)].
Note that w can be infinite. We also allow for possibility of a legal minimum wage (call
it w,,;,; if there is no legal minimum wage then take w,,;,, = 0). Necessarily then,

min)

w Z Winin:

Proposition 1 (Mortensen and Neumann (1988).) The optimal strategy when unem-
ployed is to accept any wage offer w greater or equal to ¢, where ¢, the reservation
wage, s implicitly defined as

T F)

¢ = b+(/\0—/\1)/¢ P et
_ v F@7)
= b+(no—&1)/¢ ﬂ—l—l—*—/i]l—ﬁ(:c‘)dx’ (1)

with ky = A/, k; = A/ and B = p/é.
The optimal strategy when employed is to accept any wage offer strictly greater than
the present wage contract.

Above, we use notation F(w) = 1 — F(w), and we take the convention that F(w)
denotes the probability that the wage offer is smaller than or equal to w. Moreover
F(z7) is a notation for lim, o F(z — ). We have extended Mortensen and Neumann’s
formula to include the case of wage offer distributions with mass points. This explains
why F(z~) appears in formula (1) instead of F'(z). (Proof available on request.) Below
we make an assumption ensuring that Fp(w) < co. As a result, ¢ above is finite.
Note that at this stage it is already clear that firms do not offer a wage w < ¢,
because they would not hire anybody. A firm with zero employment is said inactive

and not participating to the market. Thus, w > ¢.



2.2 Steady-State Equilibrium Worker Flows

The measure of individual labor force participants is M and the measure of unemployed
is U. The measure of active firms is N. Let G(w) be the fraction of individuals with a
wage lower than or equal to w in the stock of employed workers. Consider all individuals
working at a wage lower than or equal to w. In a steady-state demographic equilibrium,
the flow of layoffs in an interval (¢,¢ + dt] is §(M — U)G(w)dt. Moreover, the measure
of workers moving to jobs paying more than w is A\, F(w)(M — U)G(w)dt, while the
measure of unemployed individuals accepting a wage smaller than or equal to w is
A F(w)Udt, if w > ¢. Recall that F'(¢7) = 0.

At the equilibrium, one must have equal flows in and out of the stock of workers
employed at a wage lower than w. Hence:

AU F(w) = [6 + ), F(w)] (M — U)G(w) (2)

if w > ¢, and flows are zero if w < ¢.
For w = W, equation (4) implies that

AU = 86(M —U)

or
1
U =
I + &

where u = U/M is the unemployment rate. It follows that

Proposition 2 In a steady-state demographic equilibrium, one must have that:

1
U = T+ ng (3)
and
1+«
1 Glw) = ———=——. 4
+ K:l (w) 1 + KZIF(U)) ( )

The latter equation is the (simple) structural relationship, imposed by the steady-
state demographic equilibrium, between the distribution G of actual earnings in the
population of employees and the distribution F' of wage offers.

Note that the model tells nothing about the origin of friction parameters «, and
r,. In this sense, they are exogenous. However, they can be thought to be related to M
and N. Although M is exogenously given in the present model, this is not necessarily
the case in an extended version of the model incorporating worker heterogeneity. In
this extended model, workers with exceptionally high reservation wages may never
participate at the market because the maximum wage offer is not sufficiently large. The
number of active firms N shares the same feature: only those firms whose productivity
is greater than any legal minimum wage or minimum reservation wage can survive. An

ad hoc way of making k, and k, endogenous would be to make them functions of a
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tension indicator like N/M for example. It is indeed reasonable to assume that the more
numerous firms are compared to workers, the greater the instantaneous probability for
a searching worker to receive a job offer. However, such a model extension is non-trivial,
and throughout this paper we maintain the assumption that Ay, A, and § are given
constants.

2.3 Firm Behavior

F(w) is the probability that a worker receives a job offer with a wage less than w. A
now standard assumption in job-search equilibrium models is to assume that workers
draw job offers by randomly picking firms using a uniform sampling scheme. If a given
firm, whatever its size, offers only one wage (which is the maintained assumption in
this paper), and if all firms want to expand by posting vacancies (which will be shown
to be true below), then N F'(w) must be the measure of firms offering a wage less than
w. We also make this assumption here. Since (M — U)G(w) is the measure of employed
workers earning less than w, it follows that the steady-state number of workers per firm
paying w is then the Radon-Nykodin density of distribution (M — U)G with respect
to NF :
M — U dG(w)

N dF(w)
M-U 14 Ky

= — _ _ 5
N [1+/€1F(w)] [1+&1F(w")] 5)

l(w) =

Note that if A, = 0 then /(w) = =¥ meaning that all employment is uniformly
distributed across firms. In general, [(w) is an increasing function of w on the support
of F', whatever the shape of the equilibrium wage distribution. This is due to the fact
that high-wage firms attract more workers.

Firms may differ by their labor productivity p. The distribution function of p is
To(p), with p; > 0 as the infimum point of its support and p the supremum. (It will
become clear later on why we do not attach a subscript zero to p.) We assume that
p has a finite mean, i.e. Er (p) < oo. Iy is a structural determinant of the model. It
describes the distribution of p that prevails if all potentially active firms have entered
the market.

Consider a firm with a flow p of marginal revenue generated by employing a worker.
We assume that p does not depend on the number of workers at the firm, and conse-
quently we will refer to this firm as a firm of type p and to p as the (labor) productivity
of this firm. We assume that the firm seeks to maximize its steady-state profit flow

m(p,w) = (p — w)l(w), (6)

where [(w) is the size of the labor force that it can expect to employ if all workers
behave so as to maximize their expected wealth and if all other firms’ wage offers are
distributed according to the distribution F'.



A firm does not offer a wage exceeding its revenue product p because profits would
be negative. Moreover, any wage offer is greater than both the workers’ reservation
wage ¢ and the legal minimum wage w,,;,. Indeed, w = max{@,w,,,, }, as is intuitively
clear (see Mortensen (1990) and BRVdB).

We shall take Prp, {p > max{b,w
production. It should be noted that, as long as Prp {p > w

mint } > 0, which is a necessary condition to have
mint > 0, increases in the

minimum wage do not affect unemployment. If w = p, and w,,;, increases from

min n
w; to w,, then firms with w; < p < w, go bankrupt and the remaining firms simply
become larger (see also Eckstein and Wolpin (1990)). However, if the economy consists
of completely separated segments such that in some segments w, < p < w, then
unemployment in these segments increases to 100%. Alternatively, if the measure of
active firms affects A\, then unemployment may be affected as well.

We denote as p the infimum productivity of firms which make a non-negative profit
and thus are active on the market and as I'(p) the distribution of productivities of

active firms:

I'(p) = [To(p) — To(p)] / To(p), (7)

with p > p. It is again intuitively obvious that p > max{p,, ¢, w,,;, }-
It thus follows that the measure of active firms is endogenous:

N = NOTO(P_)

where IV is the measure of potentially active firms. Note that all active firms are always
willing to expand, since the marginal revenue product is constant while the profit flow
is positive (for convenience, we abstract from the pathological case in which a positive
mass of firms have p = max{¢,w,,;,}).

We do not assume from the outset that all firms of same type necessarily have
the same strategy. If different wage values yield identical profit, two firms may choose
different strategies. An optimal strategy for a firm of type p will thus be a point in a
set K, of profit maximizing wages:

K, = argmax {7 (p,w) | max{¢, w,,;,} < w < p} (8)
with
7(p,w) = A S e (9)
1+ 5 F(w)] [1+ 5, F(w-)]
where
A:(1+KI)%. (10)

If on-the-job search is impossible (k; = 0) then obviously the optimal strategy

of all firms is to offer a single wage equal to max(¢,w implying that, at the

min)’
equilibrium, the wage offer distribution is a mass point at max(b,w,,; ) (the Diamond

(1971) solution).



Moreover, if £, > 0 and if K, is not a singleton, then firms are indifferent between
several alternative strategies. We assume that the behavior of all firms of the same

type is to (symmetrically) put probabilities on each element of K,
wage value as their offer to workers before entering the market. From now on we define

and draw a single

firms’ strategies as these probability distributions. They can be seen as a sort of mixed
strategy, although firms always offer the same wage to workers. One could indeed
alternatively allow firms to draw a new wage offer for every new worker which contacts
them. However, there are many obvious reasons not to consider such possibilities. In
particular, they would generate a distribution of wages within firms and thus violate
within-firm fairness constraints.

Let F'(.;p) define a strategy for type-p firms. Then, it must be true that

F() = [ F5p)dr(p). (1)

2.4 Market Equilibrium

The equilibrium concept we use here is the same as in Diamond (1971) and Mortensen

(1990).
Definition 1 A market equilibrium is a triple (¢, p, {F(-;p), p > p}) such that

1. the distribution of wage offers in the economy is

F()= [ F(5p)dr(p),

2. only firms with productivity p greater than p are active and the distribution of
their productivities is

[(p) = [To(p) — To(p)] /To(p),

3. ¢ is workers’ best response to firms’ aggregate behavior, i.e.

F(z7)
14 B+ F(z™)

¢:b+(’€0_’91)/¢ dz,

4. the strategies of each type-p firm is to randomly draw a wage from probability dis-
tribution F(-;p) which puts positive probability on the set K, of profit mazimizing
wages of type-p firms given other firms’ and workers’ stralegies, i.e.

<w < p},

K, = argmax {r(p, w) | max(¢, w,,;,)

with ©(p,w) defined by equation (9).



In the case of identical firms, with A, > 0, Mortensen (1990) and Burdett and
Mortensen (1998) show that there is a unique continuous distribution F, as solution
to problem (8), i.e.

1+« p—w
FO(U)): . 1[1—— p_——’l;
1

with w = max{¢y, w, ; } < p, where

min

_ (1+ “1)2b+ (Ko — K1 )CP

e (1+’€1)2+(“0—’£1)C
with
_ B+ 8) K
( =k, 2ﬂ+2—&1 111(1-}—1_'_1/8),

is the unemployed workers’ reservation wage when the legal minimum wage is not
binding. Otherwise, the smallest wage offer is equal to legal minimum wage. In any
case, the unemployed accept any wage offer. This equilibrium is in mixed strategy form
(or asymmetric in pure strategies) because identical firms offer different wages.*

Finally, note that, since wage offers do not exceed productivity values, Ep(w) <
Ep(p) < Ep (p)/To(p) < oo, and, as a result, ¢ is finite.

Analogously to Mortensen (1990), a list of properties of any equilibrium wage offer
distribution F' can be derived (see BRVdB for technical details). First of all, if employed
workers receive alternative offers (k; > 0), then a wage offer w that attracts workers
is profit maximizing for employers of type p > w only if no mass of other employers
offer w. Consequently, the equilibrium wage offer distribution has no mass point. This
is a fundamental property of equilibrium search models with on-the-job search. It is
a consequence of the fact that a mass point at say w* induces firms paying w* to
offer a wage slightly higher than w*, because then its steady-state labor force will be
substantially larger at the cost of only a second order decrease in the profit per worker.

Secondly, it can be shown that in any equilibrium, the set K, of profit maximizing
wages of type-p firms is closed and connected, for any p, and that the support of the
distribution F'(-) is connected.

3 Equilibrium when the Distribution of Firms’ Types

1s Continuous

3.1 The Equilibrium Solution

In this section, we examine in detail the equilibrium solution in case the distribution
I'(p) is continuous. We start by deriving expressions for the equilibrium solutions in

*In fact, Mortensen gives this solution for ¢ only for the case 3 = 0 (i.e., zero discounting). It is
however rather straightforward to generalize his formula. Also note that in the general case it remains
true that when «; tends to 0, then ¢ is equivalent to 1, and ¢¢ tends to b.

10



terms of the primitives of the model. Then we prove a number of properties for the
equilibrium, and we examine empirically informative implications of the theoretical
model. Before that, we proceed to derive the cornerstone proposition of the theory:
with a continuum of firms’ types, firms’ equilibrium strategies are pure strategies.

Proposition 3 If the distribution T of labor productivities is continuous, then there
exists a function K mapping supp(T') into supp(F), such that K, = {K(p)} T-almost
surely.

See the Appendix for the proof. It thus follows that, when there is a continuous
distribution of firms’ types, the only equilibrium strategies are pure strategies. At the
equilibrium, only one wage can be profit maximizing for a firm of a given type. The
distribution of wage offers is F'(w) = I'(K~!(w)) where K is an increasing, continuous
function on [Q, ;_7]. Note that K'(p) need not exist everywhere, since the density v(p)
associated with I'(p) need not be continuous. If v(p) is not continuous then K’ is to be
interpreted as the left-derivative of K. For convenience, we will assume in the sequel
that the density y(p) is continuous and positive on the support of T.

From Section 2 it follows amongst other things () that a higher productivity p is
associated with a higher offered wage K(p), for all p , with K(p) continuous, (7¢) that
the distribution F'(w) is continuous and that it has a connected support, and (¢:¢) that
w = max{¢, Wy, }.

Now consider the steady state profit flow n(p,w) of a firm with productivity p
offering w: there holds that 7(p,w) = (p — w)l(w), with {(w) as specified earlier.
The optimal w = K(p) given p and F follows from first order conditions: by taking
Or(p,w)/0w = 0 we obtain:

— [1+ 5, F(w)] + 26, f(w)(p — w) = 0, (12)

under the restriction that w > max{¢,w,,;,}, where w = K(p) and f(w) is the density
associated with F'(w). Firms with the lowest possible p (i.e. with p) offer a wage equal
to w, which equals max{¢,w,,;,}. Equation (12) is an implicit equation for w given p
and F. For p in the interior of I, the solution is in the interior of F'. Although we do
not use equation (12) in the upcoming derivation of the expressions, it turns out to
be useful for other purposes later on. At this stage we proceed as if the second order
conditions (which can be stated as a condition in terms of F' and f) are satisfied. Below
we then verify that this condition is met by the equilibrium solution.

The profit flow 7(p) of a firm with productivity p offering K (p) is (p— K (p)){(K (p)).
Differentiation with respect to p, using the Envelope Theorem, gives that #'(p) =
I(K(p)). This remarkably simple result can be understood as follows. A marginal in-
crease of p has four immediate implications on 7(p,w): (1) each worker makes more
products, (2) there are additional workers who also produce products, (3) for each
worker the wage increases, and (4) the additional workers have to be paid as well.
Now, for any given p, the optimal wage is always such that a marginal increase in the
wage bill (i.e. the payment of (3) and (4)) is exactly covered by the corresponding
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marginal increase in the revenue (i.e. by (2)). This follows directly from the first order
condition for w and is a well-known result in monopsony theory; see e.g. Card and
Krueger (1995). As a result, the net increase in profits 7'(p) is equal to (1), i.e. to
the sum of the additional products made by each member of the original workforce
(which in turn simply equals the size of the original workforce /(K (p))). Note that
7'(p) = (K (p)), together with the facts that [ and K are increasing, imply that the
profit flow 7(p) is convex in p. This suggests that high-productivity firms have much
more monopsony power in the labor market than low-productivity firms. We return to
this later on.

The boundary condition associated with the differential equation 7'(p) = {(K(p))
follows from 7 (p) = (p — w)l(_w_). Thus,

Since, moreover, F'(K(z)) =
A

As a result,

. P—w p dx
= A [1+n1]2+/e[ (@)

= A/ erel (13)

Equation (13) expresses m(p) in terms of p, ', ¢, w, ;. ., ko, m and &,. Apart from ¢,
these are true primitives of the model. Note that lim _ 7'(p) = A/(1+ &,)* < A =
lim,_ - 7'(p).

From n(p) = (p — K(p)){(K(p)) it follows that K(p) = p— m(p)/I(K(p)). Substitu-
tion of #(p) and {(K (p)) gives w = K(p) in terms of p,I', #,w, ;. and k,. For this to be
the optimal wage policy of a type p firm, we need to verify the second order conditions

min

of the firms’ maximization problem. It is not difficult to show that the K(p) above
satisfies

K'(p) = %(p _K()). (14)

This can be rewritten as the first-order condition. The condition that K'(p) > 0 is then
equivalent to the second-order conditions (see also the proof of Proposition 6 below).

Thus,

Proposition 4 The wage offer w = K(p) of a firm with productivity p equals
dz

K(p)=p- [1 + ﬁlf(p)]z /: m (15)
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This equation is the central equation of the model.

Now that we have characterized the optimal strategies of each worker and each firm
conditional on the strategies of others, we can address the questions of the existence
and multiplicity of market equilibrium. The Appendix contains a detailed analysis of
these issues. Depending on the values of the structural determinants of the model, the
set of equilibria is empty, contains one element, or contains more than one element. It is
difficult to characterize under which conditions each of these occurs. The model is not
recursive because the value of the reservation wage ¢ affects the minimum productivity
p in the market. In the Appendix we show that if p is finite, then equilibrium exists,
whereas in the opposite case there may be non-existence of equilibrium.

By substituting the reservation wage equation into (15) we obtain the expression
for K(p) given p,I',b, 8, £, and «,. By invoking F(w) = I'(K~!(w)), we also obtain the
expression for F' in terms of the primitives of the model. In general it is not possible
to obtain closed-form expressions for K(p) and F(w). As a special case, if I'(p) is a
uniform distribution or an exponential distribution then a closed-form expression for
K(p) can be derived. However, in the last case there is no closed-form solution for
K~(w), and therefore neither for F(w).

3.2 Elements of Comparative Statics

We first consider the effect of a change of productivity on the wage. The derivative
dw/dp (or, equivalently, K’'(p)) cannot be bounded from above, since any value can
be generated by choosing an appropriately large value of v(p). By implication, the
monopsony power index (p—w)/p need not be a monotone function of p. In particular,
dw/dp can exceed one®. If p = oo then, however, it is not possible to have dw/dp
uniformly bounded away from one, because w < p. We will see below that if 7 = 0o
then in general dw/dp tends to zero and (p — w)/p increases to one, for large p.

The derivation of comparative statics results for K(p) is complicated by the ef-
fect that ¢ may have on K(p). Let us for convenience assume that w,_;, > ¢. By
differentiation it follows that

Proposition 5 Let w,,;, > ¢. There holds that dK(p)/dk, > 0 for all p € (p,P).

This is intuitively plausible. If «, is large then firms with high productivity have
an incentive to offer a relatively high wage, since that will generate a huge inflow of
workers. Stated differently, a large &, reduces search frictions and therefore gives work-
ers more market power and firms less (monopsony) power (note that the result above
implies that the monopsony power index (p — w)/w decreases in «;.) The condition
above on ¢ could certainly be weakened; for &, sufficiently close to k,, ¢ is close to b,
and there should hold that ¢ < w,_ .

SFor example, if T'(p) is a uniform distribution on [p,P] and w = p then dw/dp = 2k1(p— p)/((1 +
k1)(P — p)) on the support of T.
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The fact that the wage offer increases in £, does not imply that profits decrease
in «;, because the increase of x; also affects the steady state labor force of the firm.
It is straightforward to show that an increase of «, increases the labor force of high
productivity firms (i.e. large firms) and decreases the labor force of low productivity
firms (small firms). It can also be shown (from equation (13)) that an increase of &,
increases the profits of large firms and decreases the profits of small firms. To the extent
in which the inequality of firm sizes and profits between firms is measured by differences
between the largest and smallest firms, these results imply that the inequality of firm
sizes and profits in the economy increases with an increase of x,. Note that for large
firms an increase of £, has the somewhat paradoxical result that the monopsony power
decreases while the profits increase. This reflects the windfall profit of a reduction in
search frictions.

As noted in Section 2, equilibrium in the homogeneous model is in mixed strategy
form. This raises the question on how coordination is achieved: what determines the
ranking of firms on the wage scale if they have an identical production technology? It
can be shown that the equilibrium solution in the homogeneous model can be regarded
as the limiting case of the solution in models in which p is dispersed, when the degree
of dispersion in p goes to zero. In particular, both the wage offer distribution and the
reservation wage converge to the corresponding solution in the homogeneous model
(see BRVdB for a proof).

This is a remarkable result, and it has a number of implications. First of all, the
mixed strategy equilibrium in the homogeneous model can be justified as a limit of a
sequence of pure strategy equilibria in a game in which the firms’ productivities (or
the firms’ perceptions of other firms’ productivities) are appropriately disturbed. In
other words, coordination between firms in the homogeneous model can be achieved
by letting perceived differences between production technologies of firms go to zero.
This result is an example of the general game-theoretic principle of purification of
mixed strategy equilibria (see Fudenberg and Tirole (1992) for a survey and Hendricks
and Porter (1988) for an application in auction theory).

The second implication concerns the nature of wage dispersion. Recall that if there
1s no search on the job then there is no wage dispersion, whether firms are heterogeneous
or not. So A; > 0 is necessary and sufficient for wage dispersion, and Var(p) > 0 is
neither necessary nor sufficient for wage dispersion. However, the shape of I' affects the
shape of F', and at first sight it may seem that the shapes of the equilibrium wage offer
distribution F' in heterogeneous models are fundamentally different from the shape in
the homogeneous model. The result above refutes this view. It implies that the shape
of F' in the general model can be meaningfully decomposed into two components: a
component that is present even if there is no heterogeneity, and a remainder component
which is only present in case of heterogeneity of production technology. If there is almost
no productivity heterogeneity then F' is almost the same as in the homogeneous model,
so the shape of F' is mostly determined by the trade-off between profit per worker
and number of workers, rather than by the fact that firms have different production
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technologies. In that case, the second component is “small” (note that these notions
are vague in that we have not specified the appropriate measures).

The third implication concerns an empirical issue. We have derived that if there
is not much variation in p then F(w) resembles the wage offer distribution in the
homogeneous model. The wage offer distribution for the homogeneous model has a
notoriously bad fit. Thus, a model in which there is not much variation in p will not
fit the wage offer data well.

3.3 Admissible Equilibrium Wage Distributions

In this subsection we characterize the set of admissible equilibrium wage (offer) distri-
butions, i.e. the set of F' and G that can be generated with the model. After that we
derive properties of the tails of ' and G and we mention some empirical implications.

Admissible shapes

Proposition 6 Given k;, the set of admissible F' (with lower bound of support w)
that can be generated by the model is characterized by the following two conditions: (i)
w > W, end (ii) f(w) (1 + KIF(U))) decreases on its support. For G, (ii) has to be
replaced by (i)’ g(w) (1 + £, G(w)) ™ decreases on its support.

The proof is in the Appendix to this paper.

In the homogeneous model there holds that f(w) (1 + /ilﬁ(w)> is constant. So,
somewhat loosely, one may say that f(w) is not allowed to increase as fast as in the
homogeneous model. This can be regarded as an advantage from an empirical point of
view. Sufficient for f(w) (1 + KZIF(’LU)) to decrease is that F' has a decreasing density
f(w). For moderate and large values of &, the condition in Proposition 6 is very
weak in the sense that it is satisfied even if f increases quite steeply. For small &, the
condition is violated even if f increases only moderately.

The result in Proposition 6 implies that economic theory imposes testable restric-
tions on the distribution of observables. In particular, our theory excludes certain
shapes for F(w) and G(w). As a result, the theory can be tested.

Tail properties

We already know that the lower bound of the support of F and G is w = max{¢,w,,;,}
Now let us examine the values of the corresponding densities f and g at w*. From

equation (12), there holds that f(w) = (1 + &, F(w))/(2#,(p — w)). Thus,

) 14+«

1 =21

BiANY 2k, (p — w)
As a result,

Proposition 7 The densities f and g have an infinitely high peak at the lowest wage
if and only if this wage is equal to the lower bound of the support of the productivity
distribution. Specifically,
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o f(w") € (0,00) iff g(w*) € (0,00) iff p = p, > max{¢,w,,, }(= w),

¢ f(w") = oo iff g(wt) = oo iff p = max{$, w,,;, }(= w).

The results for g follow from application of the equilibrium flow condition relating F
and G.

The intuition behind this result is that low productivity firms have to pay more
than the wage floor w, while they obviously also pay less than their productivity level.
This creates a congestion at the lowest wages in the wage distributions.

The result above implies that, in conventional parametric Maximum Likelihood
Estimation, any a priori choice of (the support of) the productivity distribution has
immediate consequences for the fit to the left tail of the wage densities. This may be
unsatisfactory from an empirical point of view, especially in light of the recent strong
interest in the appearance of a spike of the wage density at the minimum wage (see Card
and Krueger (1995)). One way to get around this is to choose a family of distributions
for I' for which the lower bound of the support p is an unknown parameter. Note that
p > w can be justified by fixed costs of production or entry costs.

We now turn to the behavior of F and G at the upper bound of their support. It
can be established that the upper bound  is finite and equal to

P 1
T=w+ | [1-———|de<oo (16)
/a [1+ £,T(z)]

(see BRVdB). Therefore, families of wage (offer) distributions with support extending
to co are not supported by the model. The upper bound of the wage offer distribution
can be bounded as follows:
—w —w
B—(lg—ﬂﬁ SWsp- (—i—g)—fr?m (EF(P)_E)-

The finiteness of W implies that firms with a high productivity have very high
monopsony power. Indeed, if p = oo then the monopsony power index (p —w)/p tends
to its maximum value 1 for high values of p. This is in sharp contrast to the position
of low productivity firms. If p = w then the firms with the lowest productivity have
a monopsony power index of 0. The latter is obviously due to the fact that firms
must pay more than the wage floor. For firms at the lower end of the market, the
mandatory minimum wage and the unemployment benefits scheme destroy monopsony
power almost completely. Hence, although on-the-job search induces wage dispersion,
the additional competition between firms induced by on-the-job search is not sufficient
to imply substantial rent sharing when firms’ productivities can take on very high
values. The firms at the upper end of the market do not have to fear much competition,
as most other firms have lower productivity and lower wages.

The derivation of comparative statics results for w is complicated by the effect that
¢ may have on @. Let us for convenience assume that w,;, > ¢. Then an increase in
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&, has a positive effect on @ (note that for sufficiently large «, there always holds that
¢ < W,,;,)- This is intuitively plausible. If &, is large then firms with high productivity
have an incentive to offer a relatively high wage, since that will generate a huge inflow
of workers. Stated differently, a large «, reduces search frictions and therefore gives
workers more market power and firms less (monopsony) market power. Also, if T is
replaced by a distribution that is first-order stochastically dominating, or if p increases,
then % increases. Again, these results are intuitively plausible. If T is shifted towards the
right then there are more competing high-productivity firms, inducing higher wages.

Let us now consider f and g at w. From f(w) = (1 + £, F(w))/(2k,(p — w)) it
immediately follows that

li%p_f(w) =0iff li%p_g(w) =0 iff p = o0, and

li%gf(w) € (0,00) iff liTrgg(w) € (0,00) iff p < 0.
The proposition below characterizes the shape of the right-hand tails of f(w) and
g(w) in terms of the shape of the right-hand tail of v(p).

Proposition 8 Let the density y(p) be monotone for all sufficiently large p < p. The
densities f(w) and g(w) of any equilibrium have a flat right tail (i.e. lim,,,5 f'(w) = 0
and lim,15; ¢'(w) = 0) if and only if the right-hand tail of 4(p) goes to zero at a rate
slower than p~3 (i.e. if and only if lim,,5 p°y(p) = oo ). If the right-hand tail of v(p)
goes to zero at a rate faster than p~> then lim .y f'(w) = lim,,5 ¢'(w) = —oo. If it
goes to zero at the rate p=® then both f'(w) and g'(w) converge to a finite negative
number.

The proof is in the Appendix to this paper.

The model has thus definite predictions about the right-hand tail of the productivity
distribution. For almost all popular families of continuous distributions with support
ranging to infinity there holds that the right-hand tail of the density goes to zero faster
than p~2 (e.g., this holds for Normal, Lognormal, Exponential, Logistic, Gamma and
Weibull families). Suppose that I'; belongs to one of these families. In that case, I'
equals T'; truncated from below at w. The corresponding densities f(w) and g(w) then
typically have a mosque-shaped form (i.e. a high peak at the left due to p = w, and
a dome-shaped form to the right of it, crossing the horizontal axis vertically at @ due
to the proposition above). Obviously, this does not give a good fit to wage data. In
particular, wage data typically display a flat right-hand tail, implying that the right-
hand tail of v(p) goes to zero at a rate slower than p~3. This illustrates that it may
be hazardous to estimate the model by parametric maximum likelihood, relying on a
parametric functional form for I'(p), since such a procedure may give a bad fit to the
right-hand tail of the wage data. Given the strong empirical evidence that the cross-
sectional wage density slowly goes to zero when wage become large, we expect a very
fat right-hand tail for the productivity distribution.

17



The Pareto family of distributions (I'(p) = 1 — (p/p)*, p € (p,) and p >
max{¢,w,,;,}) does allow for a right-hand density tail that goes to zero slower than
p~2. This family has the additional advantage that the lower bound of the support is
an unknown parameter, which ensures that the shape of the wage offer density at the
minimum wage is not fixed in advance. However, in practice this family for ' does not
give quite a sufficiently accurate fit to the wage data densities either (see below).

4 Empirical Application

In this section we structurally estimate the model, using longitudinal survey data on
labor supply behavior over time. We start with a discussion of these data. Then we
develop a structural nonparametric estimation method for the productivity distribu-
tion. After that we consider firm data in order to obtain a confirmation, or a rejection,
of the model predictions on the relation between firms’ wages and productivities. We
also compare the firm data to the estimates based on the labor supply data.

4.1 The Labor Force Survey

For the estimation of the model we use data from the French Labor Force Survey
collected by the INSEE. In its present form, this panel survey started in 1991. In
March every year, the sample is partially renewed each year (a third is dropped) so
that an individual is interviewed in three consecutive years. We use the data of those
who entered the survey in 1991.

An effort is made to collect extensive information on the labor market behavior of
the individual respondents in the year preceding the moment of the interview. From
this we obtain a sequence of labor market states occupied by the individuals and the
sojourn times (spells) in these states. In particular, we have such trajectories from
March 1990 to March 1993. A number of individual characteristics is recorded at the
first interview of the respondent.

The first spell we use is the spell which is in progress at the date of the first
interview. For computational reasons, information on subsequent spells is not used.
Individuals who were self-employed for some period during the time span covered by
the survey are dropped, since it is likely that the behavior of such individuals, at least
in a certain period, deviates substantially from the behavior as described by the model.
For similar reasons, we do not use information on respondents who are observed to be
nonparticipant in the labor market for some period. An alternative approach would be
to extend the model to include a state of nonparticipation, and allow for transitions to
and from this state. Van den Berg and Ridder (1993) develop such a model. It turns
out that the main features of the model are insensitive to the inclusion of such a state.
Moreover, transitions to and from nonparticipation are rare in the data. Therefore,
using information on such transitions in an extended model would, except for a number
of imprecisely estimated nuisance parameters, probably not result in any gains.
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We stratify the data by industry, using the first digit of the industry code. In this
procedure, we exclude individuals associated to the agricultural, energy, housing, in-
surance and public sector of the economy, because the number of observations in these
sectors is too small, and/or because it can be argued that firms in these sectors are
not profit maximizing. We estimate our model separately for each of the remaining 8
industries. This means that we assume homogeneity amongst workers within a single
industry. It could be argued that there is substantial heterogeneity of individual-specific
productivity of workers within a given industry. This criticism is also valid for stratifi-
cations based on other observables (like level of education or occupation). The reasons
for choosing industry as stratifying variable are, firstly, that workers more often stay
within the same industry than within the same occupation, and, secondly, that the
firm data we use later on can only be stratified according to industry (and not accord-
ing to occupation). We also report results for the whole sample, which includes those
industries that we do not study separately.

The mandatory minimum wage w,,;, is known from institutional sources (it equals
4497 French Francs per month).® The raw data contain some full-time wages below
w 7

This may be due to reporting errors’ or to individuals having jobs as part of

a schooling program. To deal with this, we replace all full-time wages below w,,;, by
missing values. We also trim the high-wage data by discarding the 1% largest wages of
the sample per industry.

The final sample selection is as follows. From the 45224 respondents in 1991 we
dropped individuals who at some stage were student (5793 observations), in military
service (401 obs.), or another type of nonparticipant (like housewife; 24193 obs.). In
addition, we dropped individuals who at the first interview were civil servant at the
state administration (3803 obs.), farmer (877 obs.), self-employed (2235 obs.) or part-
time worker (957 obs.). The selection reduces the number of labor market states to
two: unemployment and full-time employment. Table 1 presents some sample statistics
of the endogenous labor market variables.

Figure 5 plots kernel estimates of the density g(w) of wages earned at the date of
the first interview. (Here, the vertical lines indicate the 5th, 25th, 50th, 75th and 95th
percentile of the distribution of the variable on the horizontal axis.) Clearly, they do
not differ much across industries, although wage dispersion seems somewhat less in
construction than in other industries.

We do not impose b to equal the observed pecuniary unemployment insurance
benefits. Because of the one-to-one relation between b and ¢, the latter can therefore
be regarded as a structural determinant. Thus, the structural model determinants that
we will try to estimate are k,, k,,6,[' and ¢. Note that if ¢ < w,,,, then b and ¢ do
not affect any observable behavior at all.

6The Labor Force Surveys records all monetary variables net of social security payments but not
net of direct income taxes.

“For example, workers declare their monthly wage as well as the number of hours worked per week.
If they declare working more hours than is acknowledged by their labor contract then the hourly wage
may be lower than the mandatory minimum wage.
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4.2 Likelihood Function and Estimation Method

In its simplest form, the model has no observed explanatory variables, and the depen-
dent variables are aspects of the individual labor market histories. To be specific, the
dependent variables are:

¢ Position at the time of the first interview:

z = 1 if unemployed,

= 0 if employed.

o FElapsed and residual duration in the position of the first interview:

top = elapsed unemployment duration

tof = residual unemployment duration

dop = 1 if unemployment duration left-censored, otherwise = 0
do;y = 1 if unemployment duration right-censored, otherwise = 0
t1p = elapsed employment duration

t1y = residual employment duration

dip = 1 if job duration left-censored, otherwise = 0

diy = 1if job duration right-censored, otherwise =0

e Paid and accepted wages:

wo = wage accepted by unemployed individuals

w; = wage of employees at time of first interview

o First transition if employed at first interview:

v = 1 if job-to-unemployment transition

= 0 if job-to-job transition

The model implies a particular distribution for all the dependent variables (see Van
den Berg and Ridder (1998) and Koning, Ridder and Van den Berg (1995) for a more
extensive exposition). We do not have complete information on all observations due
to censoring or missing data. On the assumption that censoring is uninformative and
that data are missing at random, one can easily modify the likelihood to deal with
these complications. The likelihood of the sample is obtained by multiplication of the
individual contributions. Let us derive the likelihood of an observation in the sample.

Let us first consider the case of a worker unemployed at the time of the first in-
terview. The probability of drawing an unemployed worker is u/m = 1/(1 + k). The
distribution of both backward (elapsed) and forward (residual) unemployment dura-
tions is exponential. The exit rate from unemployment is A\, and the likelihood is thus:

g0 1=do;
BET exp [—/\o (tob + to,f)] f(wo) - (17)
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Second, we derive the likelihood of an individual who is employed at the time of
the first interview. The probability of sampling an employed individual is 1 — u/m =
to/(1+ ko). The job duration given w; and the employment duration are exponentially
distributed with parameters § + A\, F(w,) and § respectively. The likelihood is thus

Ko 1-v

14+ &,

1-d

9() [6 4 A ()] ™ exp [<(6 4+ M F(wy) (1 + 117)] [ (W) ] (1)

In expressions (17) and (18), f,g and F depend on the structural parameters of
the theory. In particular, they are highly nonlinear functions of the productivity dis-
tribution I'. Calculation of the likelihood contributions of the wage data is numerically
cumbersome (most importantly, the inverse K~ of the function K mapping from p to
w has to be determined numerically, while the function K itself contains an integral
that has to be evaluated numerically). Moreover, as we have seen, for most well-known
distributional specifications for I, the implied wage (offer) densities do not fit the cor-
responding data. Even for a Pareto distribution for T', the fit to the actual earnings
density that we obtained is far from satisfactory (see BRVdB). We therefore develop a
nonparametric estimation procedure.

Before considering any nonparametric estimation method, it is essential to address
the question whether the model (T, Ay, A, 6, b) is nonparametrically identified from the
data at hand (with nonparametrically we mean that T is not restricted to a parametric
family).

Proposition 9 Let p be known. The model (T', \,, )\, 8, b) is identified from the worker
data, with the qualification that b is identified if and only if ¢ > w,,,,.

From the likelihood function it is obvious that the frictional parameters are iden-
tified from the duration data. From the proof of Proposition 6 it immediately follows
that, given «, , T is identified from the empirical distribution of cross-sectional wages
G(w). The parameter b is identified if and only if ¢ is identified (from w), which occurs
if and only if ¢ > w,,;,. Thus, observed wages and durations are sufficient to recover
the firms’ productivity distribution without a priori parametric assumptions. Moreover,
recall from Proposition 6 that our theory excludes certain shapes for F(w) and G(w).
As a result, our theory imposes testable restrictions on the distribution of observables.
The procedure to prove nonparametric identification and the derivation of a testable
implication from Theorem 6 are somewhat analogous to derivations in Guerre, Perrigne
and Vuong (1995), which deals with structural estimation of first-price auction models.

Below we spell out the three steps of the nonparametric estimation procedure.

1. First, estimate G and g using a non parametric procedure (a kernel estimator for
example; see below). Let G and g be such estimates. Conditional on &,, consistent
estimates of ' and f are:

-~

iy - L= G(w)
Flw) = 1+ £,G(w)
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and

Fw) = —F5Gw).
[1+ 5, G(w)]

2. Secondly, replace F and f in the likelihood function by the above expressions,
and maximize the likelihood function with respect to x,, &, and é.

3. Thirdly, estimate p = K~1(w) and «(p) using equations (A.7) and (A.9) derived
in the Appendix:

1+ k,G(w)
2k,9(w)
26, [1 + &4] g(w)3

v(p) = 3k, 9(w)? 1+ KlG(w)]z —g'(w)[1+ KllG(U))]3.

Y

Notice that the estimates from the first two steps are only based on those parts of
the model that describe worker behavior and the aggregate equilibrium worker flows.
The part of the model that describes firm behavior does not enter the first or second
step. The third step then exploits the latter part of the model (i.e., the first-order con-
dition of firms) to estimate the productivity distribution. The estimates of the frictional
parameters can thus be expected to be consistent under a wide range of models of firm
behavior and wage determination, including different equilibrium search models, but
also models in which workers simply receive a constant fraction of productivity. Basi-
cally, we exploit the fact that worker behavior given F' and G is sufficient to identify
the frictional parameters: workers merely focus on the ordering of their current (reser-
vation) wage and the wage offer, and they are not concerned with the determinants of
the underlying wage offer distribution.

Of course the third step is conditional on the model being well-specified, that is
conditional on

3k,9(w)* — g'(w) [1 + £,G(w)] > 0

for all w. In practice, in the second step, we first maximize the likelihood without this
constraint. We then verify whether the admissibility condition is satisfied for all wages
in the sample. If it is not then we constrain &, in the second step to be such that

(G(w) and ¢'(w) may be obtained by integration and differentiation of g(w)).
The nonparametric estimation method is computationally much simpler and faster
than the ML estimation method. In particular, no numerical integration is needed, and
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no iterations are needed in the third step. In order to avoid a cumbersome derivation
of asymptotics for our non-standard estimation method, we obtain consistent standard
errors by bootstrapping the three-step estimation procedure (first step included).

The method for consistently estimating v(p) is somewhat analogous to a recently
developed structural nonparametric estimation method for first-price auctions in the
independent private-value paradigm (Guerre, Perrigne and Vuong (1995); see also
Elyakime, Laffont, Loisel and Vuong (1994)). An essential complication in our case
is the fact that the mapping from the observable (wage) to its determinant (productiv-
ity) depends on an unknown parameter (k,), while in the auction model the mapping
from the observable (bid) to its determinant (valuation) does not depend on unknown
parameters.

We use a standard kernel estimator for g(w). The estimates G(w) and g¢'(w) are
then obtained by integration and differentiation of §(w). From extensive simulations
it follows that the choices of both the kernel and the bandwidth have negligible effects
on the estimations of the frictional parameters (for a reasonable range of bandwidths).
We therefore use gaussian kernels, and the bandwidth is chosen by rule of thumb. Note
that we have to encounter the fact that the functions to estima;cbe are defined on a
compact set. The standard kernel density estimator: §(w) = nl—h > K (%) , where
w;, ¢ = 1,...,n, are the observed wages, is asymptotically downv;mi'd biased near the
boundaries (Eg(w) — %ﬂ) So, following Guerre, Perrigne and Vuong (1995) and
exploiting the fact that the minimum and maximum statistics are super-consistent
estimators, we corrected the standard kernel estimator in the following way:

~ -1

z-w

(w) = [—1};2@(“’;“’)] / o

where @ is the cdf of the standard normal distribution and ¢ its density.

4.3 Estimation Results Based on Labor Supply Data

First of all, for each industry we observe wages at (or marginally above) the mandatory
minimum wage w,,;. (see Subsection 4.1). We therefore conclude that b and p are such
that ¢ < w,,;,, and we take w ., = w.

Table 2 presents the estimation results on the frictional parameters, for all indus-
tries. The most striking result is that generally )\, is much larger than A, (about ten
times as large), even though A, itself is quite small (the estimated average unemploy-
ment durations are between 12 and 16 months). In other studies, the estimates of these
two parameters are usually close to each other; for example, Van den Berg and Ridder
(1998) find that both A, and )\, are generally close to 0.04 per month (our average
estimated A, and A, are close to 0.07 and 0.008 per month). Kiefer and Neumann
(1993) do find, like us, that A, is generally about five times as large as A;; however,

their estimates of A; and A, are almost twice as large as our estimates. Using direct
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information on numbers of job offers, Blau (1989) finds substantially higher values of Ao
and A; in the US (see also Devine and Kiefer (1991)). In sum, the French labor market
displays a very low level of search on the job, in comparison to other labor markets as
well as in comparison to the amount of search by the unemployed in France. The facts
that A; is so much smaller than A\, and that ¢ < w,_; imply that b is very small.

The theoretical restriction on «, is never violated. Thus, our theory is not rejected
by the data (note that the results indicate that the labor markets do differ across indus-
tries, so that a merging of industries should lead to rejection). To put this differently,
the model provides a perfect fit to the wage data. Figure 5 contains the estimates from
the first step of the estimation procedure (see Subsection 4.1).8

Figure 6 plots the density f(w) as implied from the estimated g(w) and &, from
the first and second step, respectively. These graphs are in log-coordinates in order
to examine to what extent the wage and wage offer distributions differ from a Pareto
distribution (which has densities that are straight lines in log-coordinates)®. For each
sector, the density f(w) decreases on the whole support, and it displays a peak at w.
From Figure 5, g(w) also decreases for most wages, although it sometimes increases
for low wages. The latter is in line with the observation that cross-sectional wages
are often approximately log-normally distributed. However, both f (w) and g(w) have
right-hand tails that are not dissimilar from Pareto tails. It should also be noted,
however, that a Pareto density has unbounded support, contrary to the wage and wage
offer distributions.

We now turn to the shape of the estimated productivity density v(p) (see Table
3). Figure 7 plots the productivity density in log-coordinates for each industry. These
densities are highly skewed to the right. They resemble Pareto densities for a wide
range of values, although they are sometimes slightly convex on intervals, and, perhaps
more importantly, they display a high peak at p.'° In any case, the graphs in Figure 7
to the right of the first quartile display less curvature than those in in Figures 5 and 6.
Regression of the log density on log productivity yields values between -2.79 and -3.09,
most being close to -3 which characterizes the thinnest tail for 4(p) that is consistent
with the model given that the wage density has a flat right tail (with the latter we
mean that the density converges horizontally to zero; see Subsection 3.3). If we restrict
attention to productivity values in excess of the third quartile then regression of the log
density on log productivity yields a value between —2.32 and -2.70, which is of course
fully in accordance with the theoretical restrictions for equilibrium implementability.
Figures 8 displays the quantile-quantile (QQ) plots of the wage distribution (G) versus
the distribution of productivities weighted by firm size (G o K~1; i.e. the productivities
of the firms as distributed across the employed workers). The productivity distributions
are much more dispersed and concentrated at extreme values than the wage distribu-

8In all the figures below, the vertical lines corresponds to the 5th, 25th, 50th, 75th and 95th
percentiles of the distribution of the & variable.

These would have to be parabolic in case of log-normal distributions.

19As noted in Subsection 4.2, imposition of a Pareto distribution for productivity does not give a
good fit to the whole wage distribution.
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tions. The right-hand tails of the productivity densities are considerably fatter. The
congestion of firms close to p causes the congestion of wage offers close to w. Note that
the fact that p exceeds w implies that there are positive fixed costs of production.

Figures 9 displays the estimated mapping from log w to log p. The estimated wage
offer function K is a concave function of p, and it flattens out for sufficiently large p, in
accordance to the percentile plots (Figure 8). For low productivity firms, the wage is
strongly increasing as a function of productivity, whereas the wage is less sensitive to
the productivity level for high-productivity firms. This is echoed in the results on the
monopsony power index, which is defined as (p— K (p))/p. The latter is of interest since
it captures the degree in which firms exploit search frictions when they set their wages
(and, in doing so, split the rents of the matches). Figure 10 plots monopsony power
against logp. It is clear that most of the increasing part of the curves is within the
fourth quartile. Industries can be classified in two categories: those with monotonically
increasing monopsony power (food, current consumption, trade and services), and those
for which monopsony power is not monotone until productivity reaches approximately
the median of its distribution, after which it monotonically increases (intermediary
goods, equipment, construction, transport & telecom). Recall that nothing prevents
K (p) to increase at a higher rate than p itself, at small values of p. In general, in more
than 50% of the firms, the wage constitutes well over 60% of the total productivity
level (or revenue product). On the other hand, the 5% most productive firms have very
high monopsony power, paying less than 25% of the productivity level. The firms in
the transport & telecom sector on average have relatively low monopsony power. This
is caused by the exceptionally high job offer arrival rate for the employed in this sector
(see Table 2).

The results thus indicate the presence of (high-productivity) firms with an enormous
monopsony power, collecting huge profits.!! The rents of the matches between these
firms and their workers can be redistributed by imposing a system of progressive profit
taxes. Another way to redistribute the rents of matches is to increase x, i.e. to stimulate
on-the-job search and job-to-job transitions. This pushes the wage distribution in an
upward direction. A comparison of the estimate of A; to those from other countries
suggests that there must be scope for such a policy in France. On-the-job search can be
stimulated by subsidizing agencies that arrange contacts between workers and firms,
or by making the costs of job search tax-deductible. Job-to-job transitions can be
stimulated by subsidizing the costs of moving or by stimulating the use of insurance
and pension schemes that are not restricted to single firms or sectors, so that workers
do not have to give up certain rights and claims when they move from one firm or
sector to another.

110Of course, it can be argued that firms with a large difference between p and w are simply firms
with a large capital stock, which is not in our model. In the next subsection we return to this issue,
since the firm data contain measures of firm capital.
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4.4 What Do Firm Data Tell Us?

The structural empirical analysis presented above produces striking predictions con-
cerning the relation between wages and productivities across firms. Part of these may be
due to the imposed theoretical structure. To investigate this, we perform a descriptive
analysis of these relations in firm data containing direct information on productivities
and wages.

In particular, we use INSEE’s BIC ( “Bénéfices Industriels et Commerciauz”) data
for 1992. The BIC is an annual administrative survey among French firms, collected for
the national accounts of France. In these data, a firm is an enterprise rather than an
establishment. Only firms employing more than 20 workers or with a cash flow above
a given minimum value are in the sample. Small firms are therefore under-represented
in the data. According to the theoretical model, the size of the firm is related to the
productivity and wage of that firm, so we expect this sampling design to bias the
estimation of the marginal (population) densities of w and p by the corresponding
raw firm data densities. In particular, we expect the left-hand tails of the firm data
densities to be thinner than the left-hand tails of the population densities. It is however
plausible that estimates of measures of the relation between w and p are not affected
by this sampling design, although, since there is no information on the smallest firms,
we can expect the interval of p on which we observe the relation between w and p to
be a truncated version of the support of I'(p).

We use the first digit of the industry code to stratify the data, analogously to the
individual data. Also, analogously to the latter data, we delete firms in the industries
and sectors with a strong public service component (governmental services, financial
services, insurance and energy), yielding 95,630 firm observations. We also restrict
attention to firms declaring a positive value-added and trimmed the upper and lower
percentile. We end up with 88,582 firm observations. The number of firm observations
per industry varies from 3,784 (food) to 22,514 (services).

We use the total employer labor compensation cost ( “frais de personnel”), divided
by the annual average full-time employment, as our measure of the wage w paid by the
firm. In this subsection, we also use the terms “wage costs” and “mean wage costs”
to denote this wage. Contrary to worker data, this wage includes social security costs,
which in accounting terms are worker costs even though the money workers actually
receive from firms is already amputed of social security costs (the latter on average
equal about 20% of w). The firm’s wage costs also include employer labor taxes (which
on average equal about 40% of w). We use the value added inclusive of the costs of
production factors ( “valeur ajoutée brute au coiit des facteurs”), divided by the annual
average full-time employment, as our measure of the productivity (or revenue product)
p of the firm. In this subsection, we use the terms “value-added” and “mean value-
added” interchangeably with productivity.

Abowd, Crépon, Kramarz, and Trognon (1995) and Abowd, Kramarz and Margolis
(1998) discuss the BIC data in detail. Table 4 gives some summary statistics of the firm
data (these include quantiles of the corresponding estimates of F' and I'). The estimated
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quantiles of the productivity distribution are very different from those obtained with
the worker data (see Table 3). Part of the discrepancy can be accounted for by omitted
productivity components in the analysis of the previous subsection. For a start, the
average wage costs and value-added in the firm data should be about 60% larger because
of the labor taxes.'? Additional non-wage expenses for the firm that are proportional
to the number of employees also have an increasing effect on the value-added. It thus
seems that the order of magnitude of the predicted productivity distributions from
the worker data is reasonably close to that estimated from the firm data. Trade and
services are found to be the most dispersed industries, according to either dataset.

Using a similar sample from the BIC, Abowd, Kramarz and Margolis (1998) find
that wages, productivity and profits are positively related across firms, which confirms
our theory. We now go further by applying the nonparametric tools that have also
been used for the individual data. Figures 11 and 12 plot kernel estimates of the data
densities of w and p, respectively, across firms. Like before, we use log coordinates to
show to what extent the distributions resemble Pareto distributions. The most striking
difference between these densities and the corresponding densities from the worker data
concern the shapes in the first two quartiles. The worker data predict more firms with
low wages and low productivity than the firm data, and the densities in the firm data
show a hump shape very different from a Pareto density. A possible explanation of the
differences at low w and p values may be the under-representation of small firms, but
it seems unlikely that that would have such a large effect. Beyond the third quartile,
the densities in the firm data seem well approximated by a straight line, like in the
previous subsection. However, the slope is generally steeper than -3, which implies that
the prediction of Proposition 8 is violated, given that the wage density has a flat tail.
In sum, it is reasonable to deduce that some main feature of the labor market is not
captured by the model with firm heterogeneity only.?® Figure 13 displays QQ plots of
(p,w) combinations. The productivity distribution appears to be more concentrated
at the limits of the support than the wage distribution (except for equipment and
construction). This is also predicted by the worker data, but in that case the degree of
concentration is much stronger.

Figure 14 displays the quartile regressions of logw on a Tth-order polynomial of
log p. The whole conditional distribution of wage costs is shifting to the right when
productivity increases. Median wage costs are a concave function of the productivity,
although not to the same degree as estimated from the worker data. The regressions

120bviously, the relation between w and p is invariant to changes in the monetary unit. Let w,.; and
Pnet denote the wage and productivity from the worker perspective (so ppe: is an artificial concept).
If the firm wage cost equals (1 + T)wp; then the value-added (i.e., the productivity from the firm
perspective) equals (1 + 7)ppe:.

130f course, in reality, a crude segmentation by industry does not give labor markets with fully
homogeneous workers. If a segmentation by, say, occupation would give markets with homogeneous
workers then the data by industry are statistical aggregates of such markets, which would complicate
the interpretation and comparison of estimation results. Unfortunately, the firm data do not enable
segmentation by occupation.
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clearly show that conditioning on productivity does not reduce the variance of wage
costs to zero. This implies that some additional source of heterogeneity is at work in
the firm data. The most obvious candidate is of course human capital heterogeneity.
However, we have no theory to explain why workers’ human capital heterogeneity would
imply that the more productive firms have a larger between-firm variance of log wages.

Now let us turn to the monopsony power index (p — w)/p. In this subsection we
will also refer to this as the “profit share”, since it measures the share of the labor
productivity that is not paid to the worker. Both terms are somewhat inappropriate
because, as we will see below, other production factors are also paid out of this. Figure
15 plots the quartile regressions of the profit shares as functions of logp. In worker
data, predicted monopsony power may be increasing or decreasing for low p, and it
is increasing and concave for high p. In firm data, it is always increasing. Note that
the conditional variance can be quite large for low-productivity firms. This may well
be partly due to measurement errors or short-term fluctuations. Most of these low-
productivity firms (especially those who pay high wages) have negative profit, and it
is of course not possible to survive for a very long time with a negative steady-state
profit.

The firm data confirm the result from Subsection 4.3 that the firms with the highest
productivity have a very large monopsony power (although the order of magnitude of
monopsony power as a function of p is somewhat lower everywhere in the firm data).
Of course, it can be argued that firms with a large difference between p and w are
simply firms with a large capital stock, which is not in our model. Abowd, Kramarz
and Margolis (1998) find that value-added per worker in French firms is an increasing
function of the capital usage (as measured by total assets) per worker. However, their
empirical relation between capital and value-added is not able to explain most of the
difference between value-added per worker and the wage, for large firms. Figure 16
displays quantile regressions that relate productivity to gross capital equipment (at
purchase cost) in our firm data. Clearly, this relation is positive, but it is not very
strong. Two important insights follow from these quantile regressions. First, taking
account of capital equipment is not sufficient to explain the distances between p and
w. This reinforces the conclusions on the presence of high-productivity firms with large
monopsony power and high profits. Secondly, capital dispersion alone is not entirely
responsible for productivity dispersion. Again, worker skill heterogeneity seems a likely
candidate to fill these gaps.

Finally, we turn to the relation between productivity and the number of employees
at the firm (the firm labor force). Kernel regressions on the firm data generally show
a monotone positive relation, which confirms our theory. Figure 17, which provides
quantile regressions on this, points out that such kernel (or ordinary) regressions can
be somewhat misleading in this context. The quantile regressions clearly show how
little the labor force is correlated with labor productivity. For services, the relation
between firm size and productivity even seems to be negative. This suggests that the
service sector is not adequately described by our model, for example because it consists
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of distinct subsectors with different fundamental parameters. Alternatively, the result
for services may be due to the well-known difficulty with measuring productivity in
the service sector.

5 Conclusion

In this paper we theoretically and empirically analyze a class of equilibrium search
models of the labor market that incorporate features of (and generalizes) previously
developed equilibrium search models. In particular, the models allow for on-the-job
search as well as productivity dispersion across firms acting on a single labor market.
Moreover, we allow for mandatory minimum wages. All of these have distinctive impli-
cations for the distribution of wages. Equilibrium may not exist and is not necessary
unique. Under the assumption of the existence of an equilibrium, we derive properties
and expressions for the optimal wage-setting policy of firms and the resulting endoge-
nous equilibrium wage distributions, in terms of the primitives of the model. The wage
as a function of the productivity is decreasing in the degree of search frictions on the
market. This reflects the effect of these frictions on the power of both sides of the mar-
ket. We characterize the set of wage offer and wage distributions that can be generated
by the model, in terms of the value of the frictional parameter.

The paper contains an extensive structural empirical analysis of the equilibrium
search model, using French longitudinal labor supply data. We pay particular attention
to the fit of the model to the wage data. Maximum Likelihood estimation of models in
which the productivity distribution is assumed to belong to parametric families does
not give an acceptable fit to the wage data. To deal with this, we develop an estimation
method that gives a nonparametric estimate of the productivity density, provided that
the empirical wage density is consistent with the theory.

The estimation results show that the theory is not rejected by the data, so the model
provides a perfect fit to the wage data. In contrast, the model without productivity
dispersion cannot explain more than 10% of total wage variation in the data. So,
although the mere possibility of on-the-job search is sufficient for wage dispersion,
and productivity dispersion is neither necessary nor sufficient for wage dispersion, the
inclusion of productivity dispersion is essential for a good fit. To put this differently, the
interaction effect of on-the-job search and productivity dispersion is a more important
determinant of wage dispersion than the marginal effect of on-the-job search.

The amount of on-the-job search on the French labor markets is rather small, in
comparison to the amount of search by the unemployed as well as in comparison to
other countries. As a result, high-productivity firms have substantial power to exploit
search frictions, and, indeed, their wages are much smaller than their productivity level.
To verify these results, we examine rather unique (French) firm data on productivities
and wages. The firm data bear some resemblance to the estimation results based on
worker data. Specifically, the wage and the profit share are increasing functions of labor
productivity. This supports a theory of monopsonistic competition.
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The results suggest that the rents of matches between workers and firms with a
very high productivity could be redistributed by imposing a system of progressive
profit taxes. Another way to redistribute the rents of such matches is to stimulate
on-the-job search and job-to-job transitions, e.g. by subsidizing the costs of moving.
These economic policy considerations however must be taken very cautiously given
that the theory does not account for different production factors and given that the
theory does not explain the origins of productivity dispersion. Concerning the latter, it
may be fruitful to extend the model along the lines of Acemoglu and Shimer (1997). In
a rather different equilibrium search framework, they explain productivity dispersion
out of capital dispersion, which in turn is supported as a mixed-strategy equilibrium
for a priori equal firms.!*

We spotted a number of differences between the firm data and the model as esti-
mated from the worker data. Some of these can not be fully accounted for by firm-data
imperfections (like the fact that small firms are excluded from the sample). Concerning
the shape of the productivity density, the worker data suggest more probability mass
at the highest and lowest productivity values than the firm data. There is also clear
evidence of dispersion of offered wages, monopsony power and employment for a given
productivity level. This suggests a need for incorporation of additional (worker) het-
erogeneity into the model. Dispersion of individual-specific productivity across workers
is also essential in order to explain that workers earn different wages at the same firm
(see Abowd, Kramarz and Margolis (1998) for evidence).

In general, these anomalies of the current model do not mean that the theory has
to be abandoned. They just call for further empirical and theoretical research. For
example, the richness of the firm data allows estimation of models with less simple
production functions, with several labor production factors associated with different
worker qualifications.

Appendix. Proofs and Additional Theoretical Results

Proof of Proposition 3 Let us first cover supp(T') by a countable union of bounded
intervals: there exists a sequence (p,),en such that supp(l') C U__, [pn,pn+1] . For
all » and all integers m > 0, let P be the subset of [pn,an] made of the values
of p for which K, is of Lebesgue measure greater than % . Since the sets K, do not

intersect, card( P;,) < m (pn+1 —pn) < oo. Hence P, is finite. Any value of p for
which K, is not a singleton, necessarily belongs to a union U, Py, for some m. Then,
the o-additivity of probability measure I" and the fact that it is continuous, together
imply that U, ,, Py, has [-probability zero. 0O

14Note that our firm data seem to suggest that firm profits are not equal if one controls for capital,
so that incorporating additional forms of heterogeneity may be important as well.
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Existence, Non-Existence, Uniqueness and Multiplicity of Equilibrium Let
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The next proposition shows for which values of minimum productivity p a market
equilibrium can be defined.

Proposition 10 (i) The set of all possible equilibria can be indezed by the infimum
productivity p of active firms. The distribution of productivities of active firms is

I'(p) = [Fo(p) — To(p)] /To(p);

the reservation wage is

(1+’§1)2_(1+ﬂ‘|"f1)c
(T4 k21 B4 o)

the minimum wage offered s

w= (¢a mm)

the wage strategy of a type-p firm is a single wage K(p) defined by equation (15).
(ii) Let C denote the set of fized points of L which are greater than max(p, w,,;,):

C = {u 2 max(p,, w,;,) | L(uw) = u}

(C may be empty). The set of all minimum productivity values p defining a market
equilibrium is:

E — { {ma‘x( m'm,)} U C Zf L(ma‘x(z_?ovwmin)) S ma‘X(BO)wmin)’

¢ = min — L(2),0) + L(p);
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C otherwise.

Proof. Let us first derive the value ¢* of reservation wage when there is no legal
minimum wage. Then w = K(p) = ¢* and ¢* is necessarily such that:

. 7 F(w)dw
¢ = btlro—m) /qs 1+ B+ 5, F(w)
= bt (ko - ()

r 1+ B+ xT(p)
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since, at the equilibrium, F(w) = T(K (w)). After integration by parts,
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where ( = &, — 28 + 2860 In (1 + 151) and T(p) = Ty(p)/To(p)-
Note that when &, tends to 0, then
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['(p)? — 28T 22— 1 ~ 2
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tends to 0 and therefore ¢* tends to b. If p = P, then ¢* = ¢, the value obtained with
no productivity dispersion.

We can rewrite the reservation wage as:

¢" = L(p) (A.3)
where L is defined by equation (A.1). We necessarily have that L(p p) < p (if not,
w = ¢* > p and firms with productivity close to the infimum productivity would
make negatlve profit). If L(p ) < p,, then p, can be the infimum productivity of an
equilibrium with reservation wage ¢* = L(p,), minimum wage offered w = ¢* and
K (p) defined by eq (15). If L(p) < p and p > P, every firm with productivity between
sup(¢”,p,) and p (where ¢* = L(p) ) can enter the market and make positive profit.
Such a value of p thus cannot be an equilibrium in the sense of definition 1. Finally,
any p > p,, such that L(p) = p, defines a valid value for the infimum productivity of
an equilibrium. For such a value, we have w = ¢* = = p ( firms with productivity below
than p would make negative profit) and K(p) is defined by equation (15).

If there is a legal minimum wage w,,;,: either the constraint is not binding and
the reservation wage is equal to ¢* = L(p), or it is binding. If so, we can derive the
expression of the reservation wage ¢, using equation (1) and the fact that K(p) =

mzn ¢ 15

7 (LH+w)%—(1+8+k)(
S TR Bt 0T )W~ L) + L) (A4

It is obvious that any candidate for the infimum productivity at the equilibrium
is greater or equal to w,,;,. Every equilibrium with infimum productivity p such that
p>py L(p) =pand p > w,,, is not affected by the introduction of a legal minimum
wage. If w

min < P, then p, can be the infimum productivity of an equilibrium only if
L(Bo) < p,- Thus the reservation wage ¢ equals ¢ if w,;,, < ¢* whereas it equals &, if
Wyin > ¢ The minimum wage offer is then w = max(w,,;,, $*) and K(p) is defined by
equation (15). Finally, if w_, > p, then p=w, .. can be the infimum productivity of
an equilibrium only if L(w,,;,) < w,,;,. (because otherwise the reservation wage would
exceed the infimum productivity). This ends the proof. o

The next corollary follows:

150ne can easily prove that L(p) < Wmin = ¢ < Wmin.
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Corollary 1 If P is finite then E contains at least one point. If 5 = +o00, E can be
empty.

Proof. Let ¢ = max(p,,w,,;,)- If L(¢) < ¢ then ¢ € E. Else, if p is finite, we can
easily prove that:

___>(1+51)2b+(’fo_’€1)@_7 — _
oP (1 + £1)% + (Ko~ £1)C <P (asp>9)

and by the continuity of L, we know that it has a fixed point on (20,1_7). Figures 1 and
2 present examples of such cases where there exists a unique equilibrium (the graph
on top of each figure draws the productivity density, whereas the bottom graph draws
the corresponding L function and its position with the first bisecting line). Figure 3
provides an example with multiple equilibria.

If p is not finite, then the function L does not necessary converge when its argument
goes to infinity. We can thus observe all cases from no equilibrium to multiple equilibria.
Figure 4 illustrates a situation where there is no equilibrium because L has no fixed
point on |p , +oo[ and L(p,) > p,. o

Note that p = w unless p = p; > max{L(p,),w,,;,} = w, which corresponds
to a situation in which any latent firms with a productivity between w and p have an
incentive to enter the market. We shall later see that whether firms are thus constrained
or not can be empirically verified since it will be shown that when firms are constrained,
this has dramatic consequences on the form of the wage distribution at the minimum
wage offer.

Proof of Proposition 6 First of all, any w > w,;
value of b such that w = ¢, for any given «;.

In order to derive the set of admissible equilibrium wage distributions, it is conve-
nient to derive I' in function of F. Then, an admissible F' will be one which yields a
regular distribution I'. Rewrite equation (12) as

, can be generated by choosing a

1 + &, F(w)

K (w) =w A5
) = Tw) (A9
Alternatively, since
[1 + k1] g(w)
w)= — L7~ A.6
equation (A.5) can also be written as
. 1 + ,G(w)
K ' w)=w+—222 A7
) 2mrg(w) (A0

It is easily verified that conditions (z¢) and (i¢)' are equivalent to the requirement
that K~'(w) in (A.5) and (A.7) is increasing in w. So the model implies that these
conditions are satisfied. Also, if we start with an F' or G satisfying these conditions
then, using equations (A.5) and (A.7) as transformations from w to p, we obtain a
regular density y(p).
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Moreover:

' 1
K1 = ——
(7)) K'[K-(w)]

k1 f(w)? = £'(w) [1 + 5, F(w)]

26 f(w)?
_ 3r19(w)? — g'(w) [1 + £, G(w)]
2k19(w)? '
Substitution of K'[K~Y(w)] = v(p)/f(w) gives
26 f(w)®
T = ) [+ T ) o
_ 20, 1+ ] gl | "

3619(w)2 [1 + £, G(w))* — g'(w) [1 + £, G(w)]’

Obviously, the denominators of these expressions are positive for all w if and only
if conditions (¢7) and (z7)" are satisfied (given suitable differentiability requirements).
Equations (A.8) and (A.9) are useful below when we derive our nonparametric estima-
tion method.

Taken as a model primitive, the density y(p) generates the same f and ¢ as the ones
from which it is constructed in (A.9) (intuitively, this is because both K(p) in Section
3 and K ~!(w) above essentially follow from the same first-order conditions (12)). So,
given k; and w, there is a functional one-to-one relationship between ~(-) and f(-) or
g(). O
Proof of Proposition 8 By differentiating equation (12) with respect to w (keeping
in mind that p is related to w by way of w = K(p); note that the differentiation is
allowed in the interior of F'), we obtain

) = 5ol s P =L

There holds that dp/dw = f(w)/v(p). By using equation (12) to substitute f(w) from
the latter, we obtain

14+ & F(w)
26,7(p)(p — w)
By substituting this into the above expression for f/(w) we obtain
) = —H@) 0+ wFP@)? (45 Fw)
20p—w) 4rPy(p)(p—w)®  2ky(p—w)?

Now let w T w (so p T P). Assume for the moment that p = co. The first and third
terms on the right-hand side both converge to zero, since W < oo and lim,,15 f(w) = 0.
Thus, the limiting behavior of f’(w) is determined by the limiting behavior of the
second term on the right hand side. The latter is determined by the limiting behavior
of p*y(p). For example, if ¥(p) goes to zero faster than p~2 then lim 5 f'(w) = —oo.

If p < oo then ~(p) goes to zero at the highest possible rate. It is straightforward

to show that all these results on the limiting behavior of f'(w) are also valid for ¢'(w).
a

dp/dw =
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Table 2: Estimation results for the frictional parameters

1/6 1/)\0 1/X\

All sample 162.7 15.8 125.9
[159.6, 166.7] [15.2, 16.5] [116.8, 135.5]

Food 157.2 12.5 163.0
[141.1, 179.9] [10.0, 15.2] [98.7, 245.8]

Intermediary goods 207.0 16.5 162.5
[196.5, 227.4] [13.9, 19.5] [116.4, 194.2]

Equipment 206.6 14.6 174.2
[194.7, 223.3] [12.3, 17.1] [128.3, 214.6]

Current consumption 153.2 20.8 199.9
[143.4, 166.6] [17.9, 23.5] [146.7, 270.7)

Construction 132.5 15.3 137.8
[126.5, 144.7] [13.5, 17.6] [101.8, 158.4]

Trade 136.0 14.2 126.2
[128.8, 147.1] [12.6, 15.9] [95.9, 149.8]

Transport 215.4 13.1 86.5
[204.6, 244.4] [10.3, 16.7]  [49.5, 96.7]

Services 115.7 13.7 824
[111.5, 123.6] [12.6, 15.2] [67.4, 92.9]

Time unit: month. In square brackets: the 2.5% and 97.5% percentiles
of the bootstrap distribution.

Table 3: Properties of the estimated productivity distribution

mn Po @1 @ Qs P 22 2
All sample 6549 6891 7582 9021 12770 24340 3.32 1.68
Food 7056 7218 7973 9632 13440 20917 2.89 1.68
Intermediary goods 6792 7262 7920 9485 12287 19719 2.71 1.55
Equipment 7569 8092 8904 10616 14431 28487 3.52 1.62
Current consumption | 7393 7565 8383 10217 16924 37089 4.90 2.01
Construction 6943 7318 8007 9386 11907 20320 2.77 148
Trade 6716 7090 7658 9377 13302 30436 4.29 1.73
Transport 6034 6528 7141 8296 10389 14719 225 1.45
Services 6267 6564 7147 8844 12424 23690 3.60 1.73

Units: French Franc and month. Py, Q1,... denote percentiles and quartiles.
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Worker Data

x-lines at .05, .25, .50,

.75 and .95 pctiles of x
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worker Data
x-lines at .05, .25, .50, .75 and .95 pctiles of X
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