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Abstract

Search frictions normally raise the bar for sorting: both random and directed
search require complementarities strictly stronger than the supermodularity
that suffices in Becker’s (1973) frictionless model. We introduce private infor-
mation into this setting: firms post wages without observing worker produc-
tivity, while better workers have better outside options, creating a market for
lemons (Akerlof 1970). We show that this information friction pushes sort-
ing the other way: attracting high-productivity workers without attracting
low-productivity ones requires a higher wage paired with a lower job-finding
probability, so vacancies fill faster. This strict ranking of vacancy-filling rates
sorts the market positively whenever output is complementary in worker and
firm quality. Becker’s condition therefore suffices once more, and private in-
formation makes positive sorting easier to sustain than complete information

does.

JEL classification: C78, D82, D83, J64.
Keywords: competitive search, adverse selection, screening, sorting, positive assorta-

tive matching.

*We thank Philipp Kircher for helpful comments.
TPeking University HSBC Business School. email: xmingcai@gmail.com.
¥Vrije Universiteit Amsterdam and Tinbergen Institute. email: p.a.gautier@vu.nl.



1 Introduction

This paper studies a competitive-search labor market with heterogeneity on both
sides, where agents’ types are private information. Higher-type workers are more
productive, but they also have a higher value of remaining unmatched (a higher value
of home production or of being self-employed). So the market is one for lemons (

, ). Firms post wages, workers direct their search based on the posted wages,
and meetings are bilateral. The question is how this information friction changes the
sorting implications of competitive search. As a benchmark, ( ) studies
sorting in a frictionless Walrasian market and shows that supermodularity of output
delivers positive assortative matching (PAM). Once search frictions are added, that
condition is generally no longer enough: across both random and directed search,
PAM requires complementarities strictly stronger than supermodularity (

, ; , ; , ). Our main result
is that in this private-information environment, Becker’s condition again suffices for
PAM.

The result is counterintuitive. In a frictionless market, supermodularity com-
pares whether a trader would rather match with one type or another on the other
side, taking trade itself for granted. Search frictions add a second margin: whether
trade occurs at all. Under complete information, the standard assumption that the
value of trade rises with worker type implies that a higher type loses more from re-
maining unmatched and is therefore more eager to secure a quick match (

, ). This matching-probability margin therefore works against sorting.
High-type agents are attractive trading partners and can convert that advantage into
high matching probabilities by targeting cheaper, lower-type counterparties, even if
doing so requires conceding some payoff upon matching; symmetrically, lower-type
agents may target higher-type counterparties and accept lower matching probabili-
ties in exchange for a larger payoff when trade occurs. These matching-probability
incentives push toward cross-matching; production complementarities must be strong
enough to overcome them. This is why ( ) require the
value of trade to be root-supermodular, a strict strengthening of Becker’s condition,
for PAM in complete-information competitive search.

The role of this type-dependent cost of delay is underscored by ( ). In



his random-search model with a common fixed search cost and no discounting, the
equilibrium Bellman equation implies a constant-surplus condition: for every type,
the expected gain from continued search exactly offsets the same search cost. The
cost of waiting is therefore independent of type, so all types respond symmetrically
to search frictions and supermodularity once again suffices for positive sorting. Thus,
whereas discounting makes the cost of delay rise with type, Atakan’s common fixed
search cost makes it constant and neutralizes the force toward cross-matching.

Our route is different. Private information reverses, rather than merely neutral-
izes, the relevant matching-probability force. To see why, note that a higher worker
type raises both gross match output and the worker’s retention value. Their differ-
ence is the walue of trade. Under complete information, firms can condition their
offers on worker type, so only this difference matters: the retention value does not
act on its own. Under private information, however, firms cannot condition their
offers on worker type: a posted wage is open to all applicants. The retention value
therefore matters on its own, governing the worker’s trade-off between pay and speed.
A worker with more to fall back on is in less of a hurry and needs less extra pay to
accept a lower chance of getting the job, so a better worker is the more valuable
partner but also the more reluctant one. Under complete information this reluctance
has no bite, because a low-type firm can act on the value-of-trade motive directly: to
deliver the high-type worker’s equilibrium utility at least cost to itself, it offers a high
job-finding probability financed by a wage below what a high-type firm would pay.
Private information removes this instrument: the same contract, aimed at poaching a
high-type worker, is, if anything, even more attractive to the low-type workers it must
screen out. Separation must therefore run the other way, placing high-type workers
in submarkets with lower worker-matching probabilities and higher wages: precisely
the bundle their reluctance makes them willing to accept. A low worker-matching
probability is a high firm-matching probability, so the very distortion that screens
workers also makes high-type workers attractive to high-type firms. The margin that
complete-information firms use to cross-match is gone, and Becker’s condition again
suffices.

Existence of an equilibrium is not immediate. An equilibrium solves a system
of two ordinary differential equations, one for the assignment and one for tightness,
that must satisfy boundary conditions at both ends of the market simultaneously,

with participation on each side itself endogenous. Our proof starts from alternative



descriptions of the bottom of the active market and traces the implied allocation up-
ward. Some candidates use firm mass too slowly and leave part of the firm distribution
unused; others use it too quickly and exhaust firms before reaching the highest worker
type. Because the candidate allocation varies continuously between these cases, an
intermediate starting point satisfies market clearing and the appropriate participation
conditions. This then yields a differentiable PAM equilibrium.

The paper contributes to the literature on sorting with search frictions, where
the recurring finding is that Becker’s condition is not enough. Under random
search, ( ) show that PAM requires strictly more than log-
supermodularity of output. ( ) weaken this requirement
by adding match-specific shocks: a pair matches only after a sufficiently high real-
ization, so selection in acceptance does the sorting work and log-supermodularity of
output suffices. With bilateral meetings, ( ) and ( )
show that directed search is less demanding because posted terms steer workers to-
ward particular submarkets. Yet, as noted above, the matching-probability margin
still cuts against sorting, so for common meeting technologies the threshold is root-
supermodularity (supermodularity of the square root of output). ( )
show that many-on-one meetings with ex post screening push the threshold back
from square-root toward log-supermodularity as firms interview more applicants;
the corner case in which firms can screen all applicants corresponds to the results
of ( )." These conditions are nested, with Becker’s supermodularity at
the bottom and log-supermodularity as the limiting case, while private information
returns the threshold to the bottom rung.

Our result also matters for applied work. A related quantitative literature mea-
sures the output losses from frictional mismatch ( , , :

, ), while a large empirical literature uses matched employer—employee
data on wages and transitions to identify worker and firm types, measure sorting, and
recover production complementarities ( , ; ,

; ) ) ) ; ) ;
, ). Related evidence links changes in the allocation of workers across firms
to the evolution of wage inequality ( , ; , ). Our result
implies that the mapping from these outcomes to the production function depends

critically on what firms know when matches form. Under complete information, PAM

1See ( ) for an overview of the literature on sorting with search frictions.



requires technological complementarities strong enough to offset the search-induced
force toward cross-matching; under private information, screening itself contributes to
PAM. A complete-information specification may therefore attribute screening-induced
sorting to technology, potentially overstating complementarity and affecting quantita-
tive assessments of mismatch losses and wage dispersion. This concern is empirically
relevant. Employer-learning studies show that firms initially observe worker ability
only imperfectly, while field evidence shows that credible information about workers’
skills changes both search and hiring decisions ( , ;
, ; : ).

The paper also contributes to the literature on adverse selection in competitive
search. In this literature, however, the uninformed side is homogeneous, so that
the question of sorting does not arise. ( ) and ( )
show that the uninformed side can use the trading probability to screen types, so
that equilibrium is separating, and ( ) studies the choice among such
screening instruments. ( ) show that separation survives when
the informed side meets several counterparties, with auction reserve prices as the
signal, whereas ( ) show that pooling can arise when it is
the uninformed side that meets several counterparties. We add heterogeneity on the
uninformed side, and with it the assignment question.

The intersection of sorting and private information has also been studied outside
search environments. ( ) consider a dynamic durable-goods market in
which quality is privately known but the number of times a good has changed hands
signals it. With suitable rental contracts, each consumer self-selects into exactly
the vintage a planner would assign her, so asymmetric information need not distort
the allocation at all. Our environment differs in that the screening distortion is
not eliminated: tightness in every submarket above the lowest lies strictly below its
pointwise optimum. Our point is that this surviving distortion is aligned with sorting
rather than opposed to it.

A complementary recent paper at the intersection of sorting and private informa-
tion is ( ). In their model, types are private on both sides, and
agents care directly about the type of partner they meet. Competitive, freely entering
platforms post fees and participant distributions to coordinate this two-sided partic-
ipation problem and induce self-selection through fees or rationing. Supermodularity

makes pooling vulnerable to cream-skimming and therefore guarantees separation,



but it does not by itself determine how the separated types are matched. In their
leading CES example, the interior condition for PAM is the same as under observable
types; private information instead adds a boundary condition for the lowest type.
When that condition fails, anchor matching pairs low types with better partners and
may give them more utility than under observable types.

Our mechanism is different. A worker does not care directly about the firm’s
type; she evaluates a submarket through its posted wage and job-finding probabil-
ity. The relevant screening problem is therefore one-sided: firms screen worker types,
firm-type observability is irrelevant for workers’ choices, and no platform is needed to
coordinate participation on both sides. Shimer and Wu study how bilateral screening
separates types and can reshape their assignment, whereas we show that one-sided ad-
verse selection changes the classic directed-search condition for PAM, making Becker’s
supermodularity sufficient.

The paper is organized as follows. Section 2 presents the model. Section 3 devel-
ops the main analysis. Section shows that supermodular output delivers PAM.
Section derives the differential conditions satisfied by a PAM equilibrium, decom-
poses the local sorting condition into technological complementarity and a positive
screening term, characterizes equilibrium as a boundary-value problem, and estab-
lishes a converse result: if output is submodular somewhere, there are endowments
for which no differentiable equilibrium exhibits PAM. Section establishes exis-
tence. Section 4 concludes. All proofs are in the appendix, except for the existence

proof, which is in the online appendix.

2 Model

Agents. We consider a static model with a continuum of heterogeneous, risk-neutral
workers and firms. Each firm demands and each worker supplies one unit of indivisible
labor. Firms are indexed by a type y € Y = [y,7] C R, with cumulative distribution
function (cdf) Gf(y) and total measure N; workers are indexed by a type z € X =
[z, 7] C Ry, with cdf G4(z) and total measure normalized to one. Both G(y) and
Gy(x) are twice continuously differentiable on their supports, with strictly positive

densities gy and g,.

2The second derivative is needed only for the existence argument in Section 3.3. It makes the
densities locally Lipschitz, so that standard results deliver a solution to the differential system.



Both worker and firm types are private information. Higher worker types have
a higher value of remaining unmatched, generating the “lemons” problem. We nor-
malize the payoff of an unmatched worker of type x to x; one interpretation is that
a worker’s outside option is self-employment with productivity equal to z. An un-
matched firm of type y receives R(y). As shown below, firm-type observability is
irrelevant and R(y) can be absorbed into the production function, so we normalize
R(y) = 0.

A match between a worker of type x and a firm of type y produces gross out-
put F(x,y), assumed twice continuously differentiable and strictly increasing in both
arguments. The trade surplus is therefore f(x,y) = F(x,y) — x, which is assumed
to be strictly positive for any (x,y) € X x Y.” We say that F' is supermodular if
Foy(x,y) > 0 for all (z,y) € X x Y; equivalently, for any vy > x;, and yug > v,
Fep,yn)+F(zL,yr) > F(xy,yr)+ F(xr, yg). Because subtracting  does not affect

the cross-partial, F' is supermodular if and only if f is supermodular.

Search. Each firm posts and commits to a wage that cannot condition on privately
observed worker type. After observing all posted wages, each worker chooses a firm to
visit. We refer to the set of firms posting a given wage, together with the workers who
choose to visit them, as a submarket. Within each submarket, meetings are bilateral:
each worker meets at most one firm, and each firm meets at most one worker.

Let ny and n, denote the measures of firms and workers in a submarket, and let
total meetings be given by a constant-returns-to-scale matching function M (ny, ny).
Define market tightness as 6 = ny/n,. Then m(8) = M (0, 1) is the probability that
a worker meets a firm, and ¢(0) = # is the probability that a firm meets a worker.
We assume that m is twice continuously differentiable, m(0) = 0, limgy_,o, m(0) = 1,

m’(0) > 0, and m"(f) < 0. Hence ¢(0) is strictly decreasing.

Payoffs. Let O(w) denote market tightness in submarket w, and let I',,(x) denote
the cdf of worker types among its applicants. Both objects are endogenously deter-
mined in equilibrium and defined for all wages, including those not posted. Let W*

denote the set of wages posted in equilibrium.

3Under complete information only f(x,y) enters the analysis, and the literature accordingly
assumes that it is strictly increasing in z, i.e., F, > 1. We do not need this strengthening: our
arguments use only F, > 0.



A type-x worker applying to a submarket with wage w and tightness # obtains a
net payoff of

V(w,0,x) =m(0)(w — x). (1)
A worker of type x visits the submarket that maximizes her expected payoft,

V(z) = max V(w,O(w),z), (2)

where V(x) is the equilibrium net payoff of a type-x worker.

Similarly, a type-y firm posts a wage to maximize expected profit:

o) = mxa(e() [

Fla,y) dlu(z) - w) , 3)

where 7(y) is the equilibrium payoff and the integral is expected output conditional
on matching. Note that the choice is over all wages, not only those in W*: © and
I', are defined off path as well, and it is against those beliefs that a deviation is

evaluated.

Equilibrium definition. Let H,(w) denote the cdf of wages posted by firms of type
y in equilibrium. The aggregate cdf of posted wages is Hs(w) = fyg H,(w)gs(y) dy,
with support denoted by W*. Let H,(w) denote the probability that a worker of type
x applies to a job offering a wage weakly below w. The probability that an average
worker applies to a job with wage weakly below w is then H,(w) = fg H,(w)gi(x) dz.

We can now formally define a competitive search equilibrium.

Definition 1. A competitive search equilibrium is a tuple (Hx(w), Hy(w),0(w),Ly(z), 7(y), V(:L’))

satisfying the following conditions:

1. Workers’” optimal search. For each worker type x, any wage w in the support of

H,(-) solves the worker problem in (2).

2. Profit mazimization. For each firm type y, any wage w in the support of H,/(-)

solves the firm problem in (3).

3. Beliefs. For any wage w € W?*, market tightness is given by O(w) =
NdHs(w)/dH,(w). Thus, O(w) is the ratio of the measure of firms post-
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ing wage w to the measure of workers applying to that wage.” Applicant
composition Ty (x) is determined from worker application strategies by Bayes’

rule: for every x € X and every wage w,

/: Hi(w)ge(Z) d = /w () dH (D). (4)

0

Both sides equal the measure of workers with type weakly below x who apply to
wages weakly below w: the left-hand side integrates over worker types, whereas

the right-hand side integrates over submarkets.

For any off-path wage w & W*, beliefs (O(w),T'y) satisfy
V(z) > m(O(w))(w — x) for all x,

with equality for every x in the support of I'y(z).

Our equilibrium definition is standard except for its restriction on off-path beliefs,
which we discipline in the spirit of subgame perfection, following
( ) and ( ). Because meetings are bilateral, a worker’s payoff from
applying to wage w depends only on ©(w), not on applicant composition (see (2)).
For each type x, there is a tightness threshold above which applying to w yields more
than the equilibrium payoff.” Subgame perfection selects the lowest such threshold:
it sets m(O(w)) = min,,, V(z)/(w — x) and assigns all applicant mass to the worker
types that attain the minimum. If ©(w) were higher, some worker types would strictly
prefer to deviate to w; if it were lower, no worker would apply, implying ©(w) = oo,
a contradiction.

Although the definition above allows for mixed strategies and nondegenerate appli-
cant composition, the equilibrium characterized below is much simpler: each active
submarket attracts a single worker type, and higher types apply to strictly higher
wages. The applicant distribution I', is therefore degenerate, so the probability-
measure formulation can be replaced by a deterministic assignment schedule. Sec-

tion 3 establishes this and works with that schedule throughout.

4Formally, ©(w) is the Radon-Nikodym derivative of NH; with respect to H,. When both
distributions have densities, it is simply their ratio.

°If V(x) > w — x, then type x obtains a payoff weakly below V(z) from applying, regardless of
O(w), and we may set the corresponding threshold equal to +oo.



On the observability of firm types. A worker evaluating wage w cares only
about the submarket tightness ©(w), not about the type of the posting firm, so
whether firm types are private or public is irrelevant for application decisions. A
firm’s payoff in turn depends on its own type, on ©(w), and on the worker types that
self-select into the submarket, but not on the types of the other firms posting there,
so observability does not affect wage posting either. Hence equilibrium is the same

whether firm types are observable or not.

Normalization of the production function. This irrelevance allows us to nor-
malize firm outside options to zero. A firm of type y receives F(x,y) — w when
matched and R(y) when unmatched. Its decisions therefore depend only on the gain
from matching, F'(z,y) —w — R(y). We can thus subtract R(y) from the firm’s payoff
in both states without changing its choices. Formally, define F (x,y) = F(x,y)— R(y).
Under this normalization, an unmatched firm receives zero and a matched firm re-
ceives F(z,y) —w. Worker payoffs and the equilibrium allocation are unchanged. We
therefore set R(y) = 0 throughout and interpret I as output net of the firm’s outside
option.

Worker outside options cannot be normalized away in the same fashion under
private information. A type-z worker who applies to a submarket offering wage w
and tightness 6 obtains a net payoff of m(0)(w — z). Thus, the outside option x
affects not only the worker’s net payoff level, but also how the worker trades off a
higher wage against a higher probability of matching (at a given wage, the utility
gain is larger for low-type workers, so a high matching probability matters more to
them). Since firms cannot condition posted wages on worker type, they must combine
wages with different matching probabilities to induce different types to select different
submarkets. The outside option z is therefore part of the incentive constraints and
cannot simply be subtracted from production.

Under complete information, firms can instead offer type-specific wages. Suppose
a firm has already decided to target workers of type x. The worker receives w when
matched and x when unmatched. We can subtract x from the worker’s payoff in
both states without changing the worker’s choices. Thus only the net match surplus

f(z,y) = F(z,y) — x matters. The separate role of z in our model therefore comes

6Subtracting R(y) preserves supermodularity because it depends only on y and therefore does
not change the cross-partial with respect to  and y.



from private information and the restriction that posted wages cannot depend on

worker type.

Positive assortative matching (PAM). Suppose that all workers of a given type
match with firms of a single type, as we show below holds in equilibrium. Denote
the assignment by y = ¢ (z). The equilibrium exhibits positive assortative matching
(PAM) if ¢ is strictly increasing; that is, higher-type firms match with higher-type

workers.

3 The equilibrium analysis

The analysis proceeds in three subsections. Section shows that supermodular
production implies PAM. Section takes PAM as given, derives the differential
conditions that any such equilibrium must satisfy, and shows that these conditions,
together with the appropriate boundary conditions, characterize equilibrium. Sec-

tion shows that a solution exists.

3.1 The PAM result

We establish positive assortative matching in three steps. We first characterize worker
sorting across submarkets, then use firm optimality to rule out pooling, and finally

show that the resulting firm payoff is strictly supermodular.

Worker optimality. We first show that workers’ preferences satisfy a single-
crossing condition: a contract with a higher wage and a lower worker job-finding
probability is relatively more attractive to a higher worker type. A lower # means a
more congested queue for workers and a higher vacancy-filling probability for firms,

and it is this congestion margin that screens worker types.

Lemma 1. Consider two submarkets (w®,0%) and (w®,6°) with 6% < 6° (and conse-
quently w® > w®). If type x is indifferent between them, then every type ' > x strictly

prefers submarket a, whereas every type ¥’ < x strictly prefers submarket b.

Proof. See Appendix : n
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Next, assume that an equilibrium exists and turn to the workers’ incentive com-
patibility constraint (ICC). Suppose that in equilibrium workers of type z visit a
submarket with wage w(x) and tightness 6(z). Since low-type workers can always
mimic high-type workers, the equilibrium net payoff function V(x) is strictly de-
creasing. Furthermore, as in standard screening and mechanism-design models, ICC
implies that a worker’s expected payoff can be written as an integral of the matching

probability, as the next lemma records.

Lemma 2. Workers” ICC is satisfied if and only if 6(x) is decreasing and their equi-

librium payoff function is given by
V@)= Viz) - [ m) dz. (5)

Proof. See Appendix : n

The wage schedule then follows from (1): since V(z) = m(6(z))(w(z) — ),

V(z)
m(0(x))

w(zr) =z + (6)
Firm optimality. We now rule out pooling at a posted wage, starting from the
weak monotonicity established above. Suppose that 6(z), and hence w(z), were
constant over an interval, so that a whole interval of worker types applied to the
same wage. A firm could then raise its wage slightly and draw only workers from the
upper end of that pool: the gain in applicant quality is of first order while the extra
wage is arbitrarily small, and the vacancy-filling probability is weakly higher. Such
a deviation is strictly profitable, so pooling cannot survive and tightness must fall

strictly.
Lemma 3. The equilibrium 0(x) is strictly decreasing.
Proof. See Appendix ) m

We can thus index each active submarket by the worker type it attracts.

11



Positive assortative matching. Fix any worker-incentive-compatible separating

schedule (w(x),0(x)). The payoff to a firm of type y from targeting worker type z is

Qe,y) = q(0(x)) | F(x,y) — w(x)]

— a0 (o)~ g

where, in the second equality, we have substituted w(z) out using equation (0) and
used ¢(0) = m(0)/0. This expression has a simple surplus interpretation: the first
term is the expected trade surplus generated per firm and the second is the workers’
expected gain per firm, so firm profit is expected trade surplus net of the utility
delivered to workers.

Differentiating 2(x, y) in equation (7) first with respect to y and then with respect

to z gives

Qoy(,y) = ;E [q(0()) Fy(z,y)] = q(0()) Fey(2, ) + ¢ (0(x))0' (2) Fy (2, ), (8)

where we used the fact f,(x,y) = F,(x,y)." The first term on the right-hand side is the
standard technological complementarity between worker and firm types. The second
term captures the variation in the vacancy-filling probability across submarkets and
is strictly positive because ¢'(z) < 0, ¢'(f) < 0, and F,(x,y) > 0. Hence, when F is

supermodular, (x,y) is strictly supermodular.

Proposition 1. Suppose F(x,y) is supermodular. Then Q(x,y) is strictly supermod-
ular; hence the equilibrium exhibits PAM.

Proof. See Appendix . O

Equation (8) identifies two distinct sorting forces, both of which make submarkets
with higher worker types relatively more attractive to higher-type firms. Technologi-
cal complementarity makes the output gain from a higher firm type larger at a higher
worker type. In addition, worker incentive compatibility separates higher worker types
into submarkets with lower job-finding probabilities, which deliver higher vacancy-
filling probabilities to the firms assigned there. The information friction therefore

reinforces, rather than opposes, production complementarity.

"Here we assume that 6(z) is differentiable; being strictly decreasing, it is differentiable almost
everywhere. The proof of Proposition | below uses a discrete-version argument and hence does not
rely on differentiability of 6(x).

12



3.2 Equilibrium characterization

Assuming that the equilibrium exhibits PAM, we characterize it by a system of differ-
ential equations together with boundary conditions, and show conversely that under
supermodularity of F' any allocation and values satisfying them form an equilibrium.

The boundary conditions depend on which types are active.

Active types. We allow some types to be inactive. Because lower-type workers can
mimic higher-type workers (and gain more from any given submarket), active workers
form a lower interval [z, x 4], with 4 = T when all workers are active. Because output
is strictly increasing in y, if firms stay out, they must be the lowest types: active firms
are bounded below by a threshold y4 and form an interval [y4,7]. Since f(z,y) > 0
for every (z,y), workers and firms cannot be idle simultaneously, i.e., at most one of

x4 and y4 is interior. The following lemma records these observations.

Lemma 4. In equilibrium, if some workers are idle, i.e., x4 < T, then
V(za) =0, 0(za) =0, w(@s)=2z4, ya=y. (9)
If some firms are idle, i.e., ys >y, then
m(ya) =0, 0(z) =00, w(z)=F(z,y4), 2a=T. (10)

Proof. See Appendix : n

If some workers are inactive, workers are the long side of the market. The firm—
worker ratio therefore falls to zero at the highest active worker type. To see why
it cannot remain strictly positive, suppose instead that #(x4) > 0. The top firm
could then offer a wage slightly above x4. Inactive workers just above x4, who
obtain zero equilibrium payoff, would apply to this wage, creating a submarket with
tightness zero. The firm’s matching probability would rise from ¢(0(x4)) to ¢(0), and
because f(z4,7) > 0, this gain would outweigh the arbitrarily small wage increase.
The deviation would be profitable, so necessarily §(z4) = 0. If instead some firms
are inactive, the firm—worker ratio therefore becomes arbitrarily large at the lowest

active worker type, so 6(z) = oco.

13



Feasibility. Workers with types in [z,z + dz] have measure g,(z)dx. Their as-
signed firms have types in [¢)(z), ¥ (x)+v¢'(x)dx] and have measure Ngs(¢(x))y'(x) dz.

Since O(x) is the ratio of firms to workers in the submarket, local feasibility requires
Ngs((2))Y' (x) = 0(x)ge(z), that is,

0(z)ge()

V@) = N )

(11)
This condition determines how rapidly the assigned firm type rises with worker type.

Firms’ first-order conditions. Because each active submarket is indexed by the
worker type it attracts, a firm’s choice of submarket is a choice of worker type. Recall
from (7) that the expected profit of a type-y firm targeting workers of type z is
Q(x,y), in which z enters both directly through output and indirectly through the
tightness and wage of the submarket serving type x. Differentiating with respect to

x at fixed y yields

_Viz) | V(@)'(x)

L(@,y) = ¢ (0@)0 (@) f(x.y) + ) [Fole,y) 1) = o5+ =55
_0(z) : V(z)
= S oo + 0|+ aon . (12)
The second equality uses the envelope condition V'(z) = —m(6(z)) together with

m(0)/6 = q(0).
Evaluating (12) along the equilibrium assignment and writing D(x) for the brack-

eted term,

D(a) = 0(2)q (0(@)f (2, 6(2)) + &

e (13)

The firm’s first-order condition §2,(x, 1 (x)) = 0 can therefore be written as
0'(x)D(x) +m(0(x)) Fy(x,(x)) = 0.

Worker incentive compatibility implies 6’(x) < 0. At every interior active worker type
x, the above equation rules out #'(x) = 0, because F, > 0. Thus ¢'(z) < 0, which

14



implies D(z) > 0 for every = € (z,z4). Solving it for the slope of tightness gives

e = O ii;c,w))_ "

Equation (11) shows how the direct productivity gain and the marginal congestion

term jointly determine the slope of the separating tightness schedule.

No distortion at the bottom and strict distortion above it. The term D(x)
has a pointwise-optimality interpretation. Fix a worker—firm pair (z,y), hold the
worker’s promised utility V(z) fixed, and let the firm vary tightness while adjusting
the wage to preserve that utility. Its profit is

%
10, 7.) = 4(O)F (r.) ~ Lo (15)
which, by the definition of D in equation (13), implies that
D(z) = 0(x)Ip(0(x), z,¥(x)), (16)

where 11y is the partial derivative with respect to 6. Moreover, II is strictly single-
peaked in 0: the sign of Il is that of V(x)— {m(@) —Gm’(ﬁ)} f(z,y), and m(0)—60m’(0)
is strictly increasing, its derivative being —6m”(6) > 0.

Hence D(x) measures how far equilibrium tightness sits from the level that max-
imizes profit in the submarket serving type z. Under complete information, firms
can choose tightness and worker types separately, so the pointwise optimum satisfies
D(z) = 0. Since II is single-peaked in 6, D(z) > 0 means that equilibrium tight-
ness lies strictly below its pointwise optimum, and D(x) = 0 that the submarket is

undistorted.

8This pointwise comparison does not establish constrained efficiency. Following

( ), the relevant comparison is with feasible allocations that preserve bilateral matching, self-
selection, submarket-level break-even, and market clearing, while allowing menu restrictions. In
their homogeneous-principal case, pooling can Pareto dominate separation when low-type workers
are sufficiently scarce, because the gain from reducing the high-type distortion exceeds the required
cross-subsidy. ( ) studies a broader planner that permits budget-balanced
cross-subsidies across submarkets to relax incentive constraints and raise welfare. With heteroge-
neous firms, the planner must also choose assignment. Under separation, worker incentive compat-
ibility still implies that tightness falls with type, so Proposition | yields PAM under supermodular
production, whereas pooling may induce bunching. We leave the full welfare analysis for future
work.
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The next lemma states that the bottom submarket is undistorted, while every

active submarket above it has tightness strictly below its pointwise optimum.

Lemma 5. In equilibrium, D(z) = 0, whereas D(x) > 0 for every x > z with
6(z) > 0.

Proof. See Appendix : n

Reduction to two schedules. By Lemma 2, the function 6(x) determines V' up

to the constant V(x), which is pinned down by D(z) = 0, or

V(z) = —63¢'(60) f(z,ya) = [m(60) — 0o’ (00)| f (2. ya), 6o =0().  (17)

Because the bottom submarket is undistorted, the bottom worker captures the frac-
tion m(6y) — Oym/(0y) € (0,1) of the surplus of the bottom match, consistent with
the Hosios condition. Given V, the wage schedule follows from (0) and firm profits
from 7 (¢ (x)) = Q(z,1¥(x)), so the pair (¢, 0) determines every remaining equilibrium

object.

Local sorting condition. The firm’s first-order condition provides a direct way to

characterize local sorting. Differentiating Q,(z,v(x)) = 0 with respect to x yields

Qua(@, ¥(2)) + 19 (2)Quy (2, ¥(2)) = 0. (18)

At an interior optimum, Q,,(z,1(z)) < 0 by the second-order condition, so ¢’(x) has
the same sign as Q,,(x, 9 (z)).

Lemma 6. At any interior point x, ¢'(x) > 0 if and only if

0
5y [40@)Fy(2,y)] > 0. (19)
x _
y=1(z)
Proof. The result follows from the first equality in equation (3). n

To compare with the sorting condition under complete information derived by

( ), rewrite (19) by taking logs and dividing by the positive
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term 0, log F'(x,y):

dlog F(z,y)

dlog q(6(z))
dlog F(z,y)

) 2
(@) dlog F(z,y) >0 (20)

‘y=¢ ’y=¢(:v)

The first term equals F(a:,y)ny(:E,y)/[Fm(x,y)Fy(x,y)}, which is the elasticity of
complementarity of the production function. The second term is the screening term.
It is strictly positive because 0(x) is strictly decreasing and ¢() is strictly decreasing
in 6, so q(0(x)) is strictly increasing in x. Higher worker types therefore select sub-
markets with lower tightness, which raises the vacancy-filling probability and thereby
makes those submarkets relatively more attractive to higher firm types. Thus, the
screening term reinforces technological complementarity. Under complete informa-
tion, by contrast, the corresponding matching-probability term works against positive
sorting. ( ) therefore require technological complementarity
to be strong enough to offset this opposing force, yielding their root-supermodularity

condition.

Increasing trade surplus and worker participation. We now show that if
trade surplus f(z,y) = F(x,y) — x is weakly increasing in the worker’s type (a
condition standard in complete-information models), then all worker types are active
in equilibrium. This observation will be useful in Proposition 2, where we construct

a counterexample to PAM without relying on worker exit.

Lemma 7. Suppose that F,(x,y) > 1 for all (x,y) € X x Y. Then all worker types

are active in equilibrium: x, = T.
Proof. See Appendix . n

Suppose instead that the active worker support ended at some x4 < Z. As x ap-
proaches x 4, tightness approaches zero and the wage approaches the worker’s outside
option z4. A firm targeting workers near x4 can therefore obtain a vacancy-filling

probability arbitrarily close to its maximum ¢(0) while delivering almost no rent to

9 ( ) state their condition in terms of trade surplus f rather than gross
output F. Dividing by 9, log f(x,y) instead of 9, log F(x,y) gives their formulation. This requires
the additional assumption f, > 0; the numerators are unchanged because Fyy = f,, Fy = fzy, and
the ¢g-term is unaffected.
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the worker. Furthermore, moving from a lower worker type toward x, weakly in-
creases trade surplus. A firm currently serving a lower worker type would therefore

prefer to target workers near x4, a contradiction.

Necessity of supermodularity for PAM. We now show that if production is
submodular somewhere, endowments can be chosen so that the screening term is too
small to overturn the technological force, and no differentiable equilibrium exhibits
PAM."" The assumption F, > 1 serves only to ensure that all worker types are active

in equilibrium.

Proposition 2. Suppose that F,(z,y) > 1 for every (z,y) € X x Y. If F(z,y) is
not supermodular, i.e., Fy,(xo,y0) < 0 at some point (zo,yo), then we can find an

endowment of workers and firms such that no differentiable equilibrium exhibits PAM.
Proof. See Appendix . n

The idea is to make the screening term arbitrarily weak by taking the measure of
firms sufficiently small. By (20), this term operates through differences in vacancy-
filling probabilities across submarkets. When firms are scarce enough, tightness in the
two submarkets being compared is close to zero, so both vacancy-filling probabilities
are close to ¢(0) = m/(0) and their ratio is close to one. Screening is then too weak

to offset strict submodularity.

Sufficiency of the firms’ FOC. The conditions derived above are necessary. We
now show that under supermodularity, they are also sufficient, so equilibrium is fully

characterized by a boundary-value problem for the two schedules v and 6.

Proposition 3. Suppose that F(x,y) is supermodular. Then the schedules 1) and
constitute an equilibrium if and only if they satisfy (11) and (11), where V' is given
by () with initial value (17), together with the applicable boundary conditions in (9)
and (10).

Proof. See Appendix . H

0A differentiable equilibrium is one whose assignment and tightness schedules are continuous on
the closures of the active type sets and continuously differentiable in their interiors; tightness at an
endpoint may be zero or infinite. Proposition 4 below shows that one exists under supermodularity.
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Note that there is no additional worker-side condition to verify: by Lemma 2, a
decreasing tightness schedule together with the worker envelope condition is necessary
and sufficient for worker incentive compatibility. It remains only to verify that firms
have no profitable deviations. Only sufficiency requires further argument. The firms’
first-order condition rules out local deviations, but equilibrium must also rule out
distant ones. A firm may first target another on-path submarket. By Proposition 1,
the targeting payoff €2 is strictly supermodular, so the first-order condition identifies
the firm’s global optimum.

Alternatively, a firm may post a wage outside the equilibrium wage range. Such a
wage can attract only the lowest or highest active worker type, and at either endpoint
tightness can move in only one direction. Lemma 5 gives D(z) =0 and D > 0 at any
positive-tightness upper endpoint, which then rule out profitable movements in the

feasible direction.

3.3 Equilibrium existence

Proposition 3 characterizes equilibrium. We now show that the differential system
has a solution.

When all types are active, a candidate solution is determined by the bottom
tightness 6y = 6(z). This fixes V(z) through (17). Starting from ¢ (z) = y, we can
then solve (11)—(11) upward. The correct value of 0 is the one for which workers and
firms are exhausted at the same time: (Z) = 7.

Equilibria need not have full participation. If some workers are inactive, the
solution ends at an interior cutoff x4 < T, where 6(x4) = 0. If some firms are
inactive, the bottom match instead involves an interior firm cutoff y4 > y, where
0(z) = oo. The participation cutoffs must therefore be determined together with the

solution, making existence a free-boundary problem.

Proposition 4. Suppose that F(x,y) is supermodular. Then there exists a differen-
tiable PAM equilibrium.

1Under stronger restrictions, uniqueness can also be established. For example, suppose that
F(z,y) = ax + v(y), where a > 1 and v is concave, and that worker and firm types are uniformly
distributed. In this case, it can be verified that the tightness paths generated by the shooting
argument vary monotonically with the initial condition, which yields uniqueness. Beyond such
special cases, however, establishing uniqueness appears considerably more difficult. In the complete-
information model, ( ) similarly prove equilibrium existence by analyzing
the associated differential system, but do not pursue a general uniqueness result.
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Proof. See Online Appendix B. O

The online appendix proves the proposition by a one-dimensional shooting argu-
ment. To see the basic idea, suppose first that all workers and firms are active. The
path then starts from the bottom match (z,y), and the only initial value to guess
is 0y = O(z). Once 6, is chosen, the condition D(z) = 0 fixes the remaining initial
values, and the differential equations generate one path (v, 0).

If 6y is too low, the path uses firm mass too slowly. It reaches x = T while
Y(x) < 7, so all worker types have been used but some firm types remain. If g is
too high, the path uses firm mass too quickly. It reaches ¢(x) = 7 at some = < T, so
all firm types have been used while some worker types remain. The correct value lies
between these two misses and makes the path reach (7,7) exactly. Under PAM, this
is the required endpoint when all types participate: the highest worker type must be
matched with the highest firm type. © Because the path varies continuously with 6,
it cannot move from one type of miss to the other without passing through such a
value. This is the shooting argument illustrated in Figure

This simple argument assumes that varying a finite 6y produces both kinds of
miss. That need not be true. Even when 6y becomes arbitrarily large, the path may
still reach T with some firms left over. In that case, we must start from an interior
cutoff y4 > y, leaving lower firm types inactive. Alternatively, every path that reaches
7y may do so while some workers are still left. The balancing path may then reach
6 = 0 at an interior cutoff x4 < 7, leaving higher worker types inactive. The online
appendix allows for both participation boundaries and connects these cases to the

full-participation case in one continuous family.

120ne may wonder why we do not instead shoot from the top. Lemma 5 shows D(z) = 0, which
supplies the missing equation linking 6y and V(z) at the bottom, whereas D(Z) > 0 strictly, so no
analogous relationship pins down 6(Z) and V(Z) at the top; one would therefore have to guess both.

13Making this rigorous is more involved than the sketch above suggests. When the path starts
from an interior firm cutoff, tightness at the bottom is infinite, so the starting point is described only
in a limit rather than by an ordinary initial condition. Existence, uniqueness, and continuity in the
cutoff must then be established separately, through a contraction-mapping argument rather than
the usual Picard—Lindelof theorem. Every path must also be shown not to explode before reaching a
participation boundary. Only once this machinery is in place does the final shooting step, bracketing
the two kinds of miss described above, deliver existence.
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tightness 6(x)

firm type y = ¥ (x)

g4

yoeLo > worker type x
z @ z
(a) Assignment y = (x) (b) Tightness 0(z)

0o = 0;: workers and firms run out together
--- 05 < 65 workers run out first; firms remain

---------- Gé{ > 6 firms run out first; workers remain

Figure 1: Shooting in the full-participation case. All three shots start from (z,y)
and differ only in the initial tightness 6y. A low 6y uses firm mass too slowly and
reaches T before 7; a high 6, uses firm mass too quickly and reaches 7 before Z. The
correct value 65 makes the assignment reach (z,7). Panel (b) shows the corresponding
decreasing tightness schedules.

4 Final remarks

Private information changes the sorting force generated by competitive search.
Worker incentive compatibility requires higher-productivity workers to enter sub-
markets with lower job-finding probabilities and therefore higher vacancy-filling
probabilities and higher wages. Under supermodular production, this screening-
induced ranking reinforces technological complementarity and gives firms strict
increasing differences in their targets. Positive assortative matching follows.

The wage ranking above is easy to take to the data; the unemployment ranking
is not. Because incentive compatibility pushes high-productivity workers into lower-
tightness submarkets, they are the ones who take longer to match, whereas in the
data unemployment is concentrated among low-productivity workers. Reconciling
this ranking is a natural next step, and three extensions seem promising. Endoge-
nous labor supply would work through a participation margin, independent of the
screening wedge studied here, if low-productivity workers are also the first to exit the

labor force when job finding is slow. Partial observability of skill, with education the
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natural proxy, would let firms condition directly on the observable component and
confine screening to the residual, weakening or reversing the tightness ordering estab-
lished above. Most simply, low-productivity matches may be less stable: steady-state
unemployment is governed jointly by job finding and job destruction, so it need not
inherit the ranking of job-finding probabilities at all. We leave these extensions for
future work.

Another interesting extension would be to study optimal taxation in our environ-
ment. ( ) study a Roy model of sectoral self-selection and
show that, when sectoral inputs are complements, the resulting endogenous wage dis-
tribution makes optimal income taxes less progressive than in a standard single-sector
model. Our environment differs: workers are screened not by a planner’s tax schedule
but by firms competing over wages and job-finding probabilities, and the resulting
self-selection across submarkets is sustained jointly by both margins. We conjecture
that a similar conclusion follows for a different reason. Because a planner restricted to
taxing wages cannot directly control the job-finding-probability margin, progressive
taxation compresses the net-wage gap available for separating worker types. Firms
may then need to offer larger gross-wage differences to sustain a given difference in

job-finding probabilities, making separation more costly.

Appendix

A.1 Proof of Lemma

Indifference of type x means m(6%)(w® — x) = m(6°)(w® — x). For any 2/, subtracting
the payoff in submarket b from the payoff in submarket a and using the indifference
condition gives m(6%)(w® — ') — m(0°)(w® — ') = [m(6°) — m(6%)](z' — ). The
expression is positive for ' > x and negative for 2’ < x because m is strictly increasing
in 6. O]

A.2 Proof of Lemma

The argument is the standard envelope-monotonicity characterization of one-

dimensional screening problems with quasi-linear payoffs; see, for example,

1Note that ( , ) show that wage dispersion, not employment dispersion,
is the dominant source of U.S. earnings inequality.
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( , Section 5.1.2).

Consider first necessity. By (1), a type x who visits the submarket intended for
type r obtains m(6(r)) (w(r) — x) =V (r)+m(0(r))(r —z), so incentive compatibility
is equivalent to

V(z) = max{m(é’(r)) w(r) —m(6(r)) x} (21)

rex
Each element in braces is affine in = with slope —m(0(r)) < 0, so V is a pointwise
maximum of affine functions and is therefore convex and strictly decreasing. The
maximum is attained at r = x, hence V(r) > V(x) —m(0(z))(r — ) for all z,r; that
is, —m(0(x)) is the slope of a line supporting V' at z. Since the supporting slopes of
a convex function are increasing (becoming less negative), m(f(x)) is thus decreasing
and hence 0(z) is decreasing. Being convex and Lipschitz (as 0 < m < 1), V is
absolutely continuous and thus the integral of its derivative, and V'(x) = —m(6(z))
wherever V' is differentiable. Integrating from z delivers (5).

Next, consider sufficiency. Suppose 6 is decreasing and V' satisfies (5). For any
types z and r, V(x)— [V(r)+m(0(r))(r—x)] = [r [m(@(r))—m(@(s))} ds > 0, because
m(0(x)) is decreasing: the integrand is nonnegative when = > r and nonpositive when
x < r, in which case the orientation of the integral reverses the sign. Thus no type
gains by visiting the submarket intended for another type, and the schedule is globally

incentive compatible. O

A.3 Proof of Lemma

By Lemma 2, 6(x) is weakly decreasing. Suppose that 0(x) is not strictly decreasing.
Then there exists an interval I = [a,b] of types on which #(x) is constant. Let
0y = 6(z) and wy = w(zx) for x € [a, b]. Furthermore, let the interval be maximal, i.e.,
0(x) > 0y for x < a and O(x) < Oy for x > b. The expected profit of a firm y posting wy
is thus 7, (y) = q(00) [F1(y) —wo |, where F(y) = (Go(b) = G(a)) ™ [ F(w,y) dGo(x),
the average output of a firm with type y.

Now consider a deviation to the slightly higher wage w. = wg + €, where 0 < ¢ <
F(b,y) — Fr(y). Let 0. = ©(w.). Since w. > wy, we have 0. < 6. The deviation
has lower tightness than the pooled submarket, and type b weakly prefers the pooled
submarket. Lemma | therefore implies that every type x < b strictly prefers the
pooled submarket to the deviation. Hence, no type below b applies to the deviating

submarket. Every applicant to w. therefore has type at least b, which implies that the
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deviating firm’s expected output conditional on filling its vacancy is at least F'(b,y).

Its deviation payoff is therefore bounded below by ¢(6.) [F (b,y) —wy — 5}. Since

q(6) [F(b,y) — wo — | > q(60) [F(b,y) — wo — €| > q(B0) |F1(y) — wol.

Thus, posting w. is a strictly profitable deviation, contradicting firm optimality.
Therefore, 6(x) cannot be constant on any nondegenerate interval; it must be strictly

decreasing. O]

A.4 Proof of Proposition

Take zy > xp. We have qg = q(0(zn)) > qr = q(0(xL)), since q(0) is strictly
decreasing and, by Lemma 3, §(zy) < 6(x). Since fy(z,y) = F,(x,y), Qy(z,y) =
q(0(z))F,(x,y) by equation (7). Thus, Q,(zx,y) = quFy(zu,y) > qFy(zn,y) >
e Fy(xr,y) = Qy(zr,y). Hence, € is strictly supermodular, which implies that the
equilibrium must exhibit PAM. n

A.5 Proof of Lemma

Suppose first that x4 < . Continuity implies V' (z4) = 0. Moreover, worker incentive
compatibility gives, for every active z < x4, 0 = V(xz4) > m(@(m))(w(x) - xA), SO
every equilibrium wage is at most x4. Let 04 = limgp,, 0(x). If 64 > 0, then
w(ra) = za, and the top firm earns q(04)f(x4,7y). Instead, it can post the off-path
wage T4 + £. Since all types in [x4,24 + €) have zero equilibrium payoff, the belief
refinement assigns this wage tightness zero. The deviation therefore yields at least
q(0) [f(a:A,y) — 5}. Because ¢(0) > q(04) and f(z4,7) > 0, this is profitable for
small, a contradiction. Hence 0(x4) = 0. If also y4 > y, an inactive firm y < y4 can
post the same wage x4 + ¢ and earn at least ¢(0) [f(xA, y) — 5] > 0 for € small, again
a contradiction. Thus y4 = y.

Now suppose that y4 > y. A slightly lower firm can copy the marginal firm’s
wage, so continuity implies m(y4) = 0. The implication established above, x4 <
T = ya = y, then yields x4 = T by contraposition. It remains to show that 6(z) =
oo. Suppose instead that 6y = 0(x) < oo, and let wy be the wage posted by the
marginal firm y4. Since 7(ya) = 0, wy = F(z,y4), while the bottom worker obtains

V(z) =m(by)f(z,ya). Because 0y < 0o, m(6y) < 1. Hence, for € > 0 small, the wage
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w = wp — ¢ still gives the bottom worker more than V(z) at sufficiently high, but
finite, tightness. The off-path refinement therefore assigns w a finite tightness. Since
every applicant has type at least z, firm y, earns at least ¢(©(w)) [F (Z,ya4) — @} =
q(©(w))e > 0, contradicting 7(y4) = 0. Therefore §(z) = oo. O

A.6 Proof of Lemma

At every interior active point, worker incentive compatibility gives ¢'(x) < 0, and
(11) therefore gives D(x) > 0 for all x € (z,24). Continuity then implies D(z) > 0.

Let 6y = 0(z) and ya = ¢(x). Substituting V(z)/0(z) = q(0(z))f(x,¥(x)) —
(¢ (x)), which follows from (7), into (13) and using m/() = q(0) + 0¢'(0) yields
the identity D(z) = m/(6(z))f(z,¢¥(z)) — m(¥(x)). If lim,,, 0(x) = oo, then
q(0(x)),m'(0(z)) = 0. Asz — z, 0 <7 =q(0)F —w] <q@)f —0,som(ya) = 0.
Hence this identity gives D(x) = 0.

Suppose instead that 6y < oo. Lemma 4 then implies y4 = y. For any
0 > 6y, choose @ so that m(f)(@ — z) = V(z). The bottom worker is indifferent,
while Lemma | implies that every higher worker strictly prefers its equilibrium
submarket. The deviation therefore attracts only the bottom type, and optimal-
ity of firm y4 requires I1(A,z,y4) < I(Ay,z,y4). Thus Hy(fy, z,y4) < 0. Since
D(z) = 6p119(6o, z,y4), we obtain D(z) < 0, and hence D(z) = 0.

Next, consider the upper active endpoint x4 with 6(x4) > 0. The mir-
ror deviation—a lower tightness and a higher wage—is feasible for the top firm
and yields only D(z4) > 0, which continuity already delivers. Below we use
a different argument. Define 6*(x) as the solution of Ily(0,z,¢(z)) = 0, ie.,
0 = V(x) — [m(0) — 0m'(0)|f(xz,¢(x)). The implicit function theorem gives that
0*(z) is continuously differentiable and therefore moves at a bounded rate. Since
I1(0, z,1(x)) is single-peaked in 0, D(z) > 0 if and only if §(x) < 6*(x). Suppose
now that D(x4) =0, so 8(z4) = 0*(x4). By (11),

m(0(x)) (2, P())

0 (z) = — D) — —00 asz T4

Hence 6 — 6* vanishes at x4 while its derivative diverges to —oo, so §(z) > 6*(x) and
therefore D(x) < 0 just below 24, a contradiction. Thus D(x4) > 0.

Finally, if z4 < Z, Lemma | gives V(z4) = 0 and §(z4) = 0. Worker incentive
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compatibility implies ©z < w(z) < x4 for v < x4, so w(z) — x4. Since P(z) — 7,
(W) = q(0)f(za,5) = m'(0)f(x,7), and therefore D = m/(0)f — 7 gives D(z4) =
0.

U

A.7 Proof of Lemma

Suppose, toward a contradiction, that x4 < T. Lemma /! gives 8(z4) = 0 and w(z4) =
x4. Fix an active x < x4 and let y = ¢(z). Since V(x) = m(0(z))[w(z) — =] > 0, we
have w(z) > z, so 7(y) = q(0(x))|[F(z,y) — w(z)] < q(0(x))f(z,y) < q(0)f(za,y),
where the strict inequality uses 6(x) > 0, ¢ strictly decreasing, and f(x,y) > 0, and
the last step uses f, > 0. If instead firm y copies the on-path wage w(z’) of an active
type ' < x4, it earns q(6(z')) {F(m', y) — w(x’)], which converges to q(0)f(xa,y) as
2’ 1 x4 by continuity. The deviation is therefore strictly profitable for 2’ close enough

to x4, contradicting firm optimality. Hence x4 = 7. O

A.8 Proof of Proposition

By continuity, choose a rectangle R = [a, b] X [c, d] containing (zo,yo) with F,, < 0
throughout, and set v = ming{—F,,/F,}, which is positive because R is compact
and F, > 0. Let the worker types be distributed on [a,b] with total mass one and
the firm types on [c,d] with total mass N; the shapes of the two distributions are
immaterial. Let x,, denote the median worker type, so that G(x,,) = 1/2. We can

choose N > 0 small enough that

q(0)
q(2N)

log <y (b—xm). (22)

Suppose, toward a contradiction, that a differentiable equilibrium exhibits PAM.

By Lemma 7, all workers are active. By (19), along the equilibrium path

d Foy(2, ()
%logq(ﬁ(x)) > T (@) 27,

where (x) is the type of the firm matched with worker type x. Integrating over
(@m, b),
>y (b= 2y,). (23)



We now obtain an upper bound on the same expression. Since # is decreasing by
worker incentive compatibility, feasibility gives, N > [ 0dG, > 0(x,,)Ge(zn) =
0(zm)/2, that is, 0(x,,) < 2N. Since ¢ is decreasing, ¢(6(b)) < ¢(0) and ¢(0(x,,)) >

q(2N), so log q?g?g))) < log q‘é?\),) < 7 (b— ) by (22), contradicting (23). O

A.9 Proof of Proposition

Necessity is already established; we prove sufficiency. Since 6(z) is decreasing and V'
satisfies (), Lemma 2 makes the active schedule incentive compatible. If 24 < 7,
then V' (z4) = 0 and no type above x4 wishes to enter an active submarket; if z4 = T,
all worker types are active.

Next, consider firm optimality. By (11), Q.(x,¢(x)) = 0 at every interior z.
Fix an arbitrary assigned pair (Z,y) with § = (Z); these are generic here and
unrelated to the point (zg,yo) of Proposition 2. Take x < Z, so that ¥ (z) < g. Strict
supermodularity of © and Q,(z,¢(x)) = 0 then give Q,(x,7) > 0, and symmetrically
Q. (z,7) < 0 for x > . Hence (-, ) rises up to Z and falls thereafter, so Z is firm
7’s unique best on-path choice; the same comparison applied one-sidedly covers the
endpoint firms.

It remains to consider a firm posting w below w(z) or above w(x,4), and we first
show that such a wage attracts only  or z4. Let p = m(©(w)). The belief refinement
requires the affine map = — p(@ — ) to lie weakly below V| with equality at every
applicant type. Since V'(x) = —m(6(x)), tangency at an interior applicant would
force p = m(0(z)) and hence W = w(x), an on-path wage. Contact therefore occurs
only at x or x4, where the condition is one-sided and requires, respectively, ©(w) > 6,
and ©(w) < 0; = 0(x4). The applicant obtains exactly its equilibrium utility, so firm
y earns [1(O(w), z,y) or I(O(W), x4, y).

Such a deviation moves tightness in the direction the firm does not want. If

0y < oo, then for every y,

60Ty (0, ,y) = D(x) + bod'(6) | f (,9) — f(z,y)| < 0.

If 6y = oo, the only supporting endpoint contact has infinite tightness, where every

firm earns zero. If #; > 0, then also
OTTg(01,2.4,y) = D(xa) + 0:1¢' (1) [ £ (xa,9) — f(24,7)] > 0.
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At a finite bottom, the first inequality uses D(z) = 0, and the second uses D(x4) > 0
when 0 > 0; both use ¢’ < 0 and the fact that f is increasing in y. Because II is single-
peaked in 6, at a finite bottom, II(-, z,y) is decreasing above 6, and, when 6; > 0,
II(-, x4,y) is increasing below 6. If §; = 0, no strictly lower tightness is feasible; a
wage strictly above the endpoint wage leaves the worker’s zero payoff unchanged but
lowers the firm’s profit relative to the endpoint limit. Hence no such deviation beats
the corresponding endpoint submarket, which firm y already weakly likes less than

its own target. No firm therefore has a profitable deviation. O]
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