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Abstract

We introduce the Dynamic Spectral Rotation (DSR) model, allowing for
dynamics in both eigenvalues and eigenvectors of time-varying conditional
covariance matrices. The construction preserves orthonormality of the entire
eigenvector matrix at every point in time. We study the model’s asymptotic
properties and establish unique identification of all static parameters governing
the joint dynamics of eigenvalues and eigenvectors. Notably, the parameters
that determine the dynamic rotation angles remain uniquely identified under
mild conditions even when the rotation angles are allowed to evolve over
ranges far beyond intervals of length w. In an empirical application to
US equity returns, we show that allowing the leading eigendirection of the
covariance matrix to vary over time significantly improves the predicted
portfolio covariance structure compared to a model in which all eigendirections

are held fixed.
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1 Introduction

Accurately modeling dynamic conditional covariance structures has been one of the
dominant research areas in econometrics over the past decades, leading to a range
of well-known models such as the BEKK model (Engle and Kroner, 1995), the Con-
stant Conditional Correlations model (Bollerslev, 1990), the Dynamic Conditional
Correlation model (Engle, 2002), and many others.

One of the major challenges in this line of literature is to keep the model flexible
enough for the empirical data at hand, while at the same time limiting the number
of parameters. A recent promising direction in this respect is the A-GARCH model
introduced by Hetland et al. (2023). They propose a highly parsimonious way
to capture conditional covariance matrix dynamics via an eigenvalue-eigenvector
decomposition of the covariance matrix, where the eigenvalues have score-driven
dynamics (Creal et al., 2013; Harvey, 2013). The intuition is that eigenvalues capture
the most prominent axes of variation for a dynamic covariance matrix. By allowing
the dynamics of one eigenvalue to spill over into those of the others, the model
provides more flexibility compared to the specifications of Van der Weide (2002)
and Bollerslev (1990). Gubbels and Lucas (2026) extend the model to include a
larger number of assets and combine this with the shrinkage techniques of Ledoit
and Wolf (2022) for correcting the eigenvalue spectrum.

While the eigenvalues in the model of Hetland et al. (2023) are allowed to vary
over time, the eigenvectors are taken as constant. Though convenient, such an
assumption may be too restrictive for typical empirical data. For instance, it is
likely that allowing for flexibility in the direction of the first or first few eigenvectors
over time may substantially increase the model’s fit to the data, as these directions
correspond to the largest eigenvalues and, thus, the largest sources of variation. The
major challenge in introducing dynamics into the eigenvectors is that the eigenvectors

of a covariance matrix need to constitute an orthogonal basis at all time points.



Therefore, dynamically re-orienting one eigenvector, such as the first one, requires
the remaining eigenvectors to adjust accordingly to preserve the orthonormality
of the full matrix of eigenvectors. This is precisely the problem we address in the
current paper.

The new model we propose in this paper allows for both dynamic eigenvalues
and eigenvectors, where the eigenvector matrix remains orthonormal by construction
at every time point. In particular, we introduce time variation in the eigenvectors
by dynamically rotating a set of target eigenvectors via a product of Givens rotation
matrices. These rotation matrices are driven by time-varying parameters that we
endow with score-driven dynamics as in Creal et al. (2013) and Harvey (2013). This
updating mechanism for the eigenvectors preserves the necessary orthonormality
of the updated eigenvectors by rotating the entire basis spanned by them. In this
paper, we focus on the dynamics of the first eigenvector, as this one corresponds to
the direction in which the data shows the most variation. It is here that we expect
to realize most gains with the new model specification. For this version of the model,
we develop the full theoretical framework.

The resulting Dynamic Spectral Rotation (DSR) model captures the most impor-
tant dynamics in the covariance matrix, or, if variances have been filtered out first,
the correlation matrix. In our theoretical analysis of the new model, we establish
conditions under which the model is identified, and the maximum likelihood estima-
tor is consistent and asymptotically normal. Surprisingly, we find that the paths of
the dynamic rotation angles remain identified even when they are allowed to evolve
beyond a commonly imposed identifying range of length 7 such as (0, 7]. In fact,
we establish that the intercepts in the transition equation for the rotation angles
have to satisfy such a restriction, but that the angles themselves can move freely
beyond this range. The surprising element is that at any specific moment the angles
can indeed be rotated arbitrarily by a multiple of 7. The score-driven dynamics,

however, heavily restrict such rotations over time. Our new dynamic rather than



static identification strategy leverages this phenomenon and is used to establish the
new result. Simulations further illustrate that the paths of the angles can indeed be
recovered over considerable ranges if the model is applied to data.

In our empirical application, we study 10 series of daily stock returns for 10 US
financials from 2002 to 2023. Empirically, it turns out to be important to allow
the first eigenvector to vary over time. Across a range of statistical and economic
performance criteria, the new model improves the out-of-sample performance of
the A-GARCH benchmark of Hetland et al. (2023), which allows only for dynamic
eigenvalues. The changes in the eigendirections in the DSR model closely align with
major economic events, changing the dominant systematic risk direction for the
selected assets and the composition of the global minimum variance portfolio.

The rest of this paper is set up as follows. Section 2 discusses the methodological
framework, including the construction of the time-varying rotation matrix and the
specification of the dynamics of the rotation angles. Section 3 discusses the asymp-
totic properties of the proposed DSR model and establishes our new identification
result for the rotation angles. Section 4 presents a simulation study. Section 5
applies the DSR model to US financial equities. Section 6 concludes. All proofs are
collected in the Online Appendix.

Throughout, we adopt the following notational convention. Vectors and matrices
are denoted in boldface, whereas scalars are non-bold. For a vector & = (z1,...,2,)",
its p-norm is defined by H:L'Hp = (X |zj|P)/P. The induced p-norm of a matrix
A is given by [A[, = sup,.o |Az|,/|x[,. When p = 2, the subscript is omitted
throughout. Moreover, let A®?2 = A® A, where ® denotes the Hadamard product,
and let det(-) denote the determinant of a square matrix. A block-diagonal matrix
with, for instance, two blocks A and B is denoted by diag (A, B). A vector-valued
sequence {a;, t € Z} is said to converge to zero exponentially fast almost surely
(e.a.s.) as t — o, denoted by a;, “*3 0, if there exists some v > 1 such that

Yla:| =% 0, where = denotes almost sure (a.s.) convergence.



2 Methodology

This section introduces the proposed methodological framework. Section 2.1 presents
the spectral modeling setup with the orthogonal rotation scheme aimed to capture
the dynamics of the time-varying eigenvectors. Section 2.2 then discusses the

score-driven dynamics of the rotation angles and likelihood-based estimation.

2.1 Spectral decomposition and eigenvector rotations

Let y; € R* be a vector-valued time series for ¢t € Z. We assume that y; | .Z;_,
has a conditional pdf p(y, | fi,v), where F#,_; = a(ys, s <t— 1) is the o-field
generated by the past data, f; is a vector of time-varying parameters, and v is a
vector of static parameters. We focus on the dynamics of the conditional covariance
matrix X, of y; | #;_1, which we assume always exists. Using the spectral or
eigenvalue-eigenvector decomposition of X, we write X; = VtAtVtT. We allow both
the diagonal eigenvalue matrix A; and the orthogonal eigenvector matrix V; (and
thus also X itself) to vary over time as functions of f;, i.e., V, = V(f;), A, = A(f}),
and X = X(f;) for some V' (), A(-), and X(-), respectively.

The spectral representation separates the covariance dynamics into changes in
scale and changes in direction. The eigenvalue matrix A; determines the conditional
variances along the orthogonal directions encoded by V;, whereas V; determines the
orientation of these directions. If V; is kept fixed over time as in the A-GARCH model
of Hetland et al. (2023), all the time series variation in X is restricted to changes in
scale along a fixed set of orthogonal directions. Such a restriction provides a useful
benchmark, but may be restrictive. For instance, one can conceive situations in
which not only the dominant eigenvalue (denoted by A;; below) varies over time, but
also changes in the corresponding dominant eigenvector can contribute to the model’s
fit. Therefore, we generalize the spectral modeling approach by also allowing the

orthogonal directions themselves to evolve over time. The challenge is to introduce



such directional dynamics without violating the orthonormality constraints required
by the spectral decomposition of a real, symmetric matrix. For this reason, we model
the time variation in V; through orthogonal rotations. For expositional purposes,
we concentrate in this section only on the first eigenvector associated with A ;.
Let A, = diag(\;), where A, = (A14,..., \¢)', and specify the eigenvector
matrix as V; = ('ULt,’UZt, - 7"’k’,t) = V'S, where V is a prespecified orthogonal
reference matrix (V'V = VVT = I), such as the matrix of eigenvectors of the

unconditional covariance matrix, and

k
S, = S(Qot) = R2,1(902,t)R3,1(903,t) Rk 1 SOkt 1_[ Rz,l Sth (2-1)
=2
where ¢; = (@24, ... ,gok,t)T collects all the rotation angles for the first eigenvector.

For i = 2,...,k, the matrices R;;(p) are the Givens rotations in the (1,4) plane,

defined by

R;1(p) = I + [cos(go) — 1](Eu + Eq1) +sin(p)(Ey; — Ejn), (2.2)

where E;; denotes a k x k matrix of zeros, with a single 1 in element (4, j); see also
Pinheiro and Bates (1996).

The construction in (2.1) should be interpreted as rotating eigenvectors jointly
rather than separately. Each rotation R;(p; ;) acts only in the plane spanned by the
first and the ith eigendirection. Thus, changing ¢; ; tilts the leading eigendirection
towards, or away from, the current ith direction, while keeping the full matrix .S,
orthogonal. By compounding the rotations in the (i, 1)-planes for i = 2,... k, the
leading eigenvector can move freely over time in any direction, while the remaining
eigenvectors move with it in a way that preserves the orthonormality of the entire
eigenvector matrix V;.

To explain the construction, consider a three-dimensional (k = 3) example,

where we omit the time index ¢ for ease of exposition. The above rotation scheme
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Figure 1: Illustration of the rotation (2.1) of time-varying eigenvectors in the three-
dimensional case. The rotation changes the leading eigenvector direction while updating
the remaining directions so that the eigenvector matrix remains orthonormal.

can then be viewed as changing the direction of the leading axis (v;) within the
(current) (i,1) plane, while keeping the ith axis orthogonal to it, and leaving
the remaining axis untouched. This is illustrated in Figure 1. Starting from

an initial set of eigendirections (v§0),v§0),v§0)) in the leftmost figure, the first

rotation tilts the leading eigendirection within the plane spanned by v§°> and véo),

producing an intermediate updated leading direction vil) with correspondingly

updated perpendicular vél), while leaving vél) = véo) untouched. The second
rotation, plotted in the rightmost panel, then tilts this intermediate direction within
the corresponding (1, 3) plane spanned by v%l) and 'vél), yielding the final time-varying
eigendirection v§2) with corresponding v§2), while leaving v§2) = vél) untouched. At
each step, the remaining two eigendirections are thus not updated independently,
but are carried forward along the same orthogonal transformation, thereby retaining
their perpendicularity to the leading eigendirection and to each other. The rotations
can thus be viewed as tilting the leading eigendirection together with its orthogonal
complement, rather than as updating the eigenvectors one by one. Generalizing the
logic from the three-dimensional to the k-dimensional context, we have that the

product of rotation matrices defining S; only uses rotations in planes involving the

first coordinate and one of the remaining coordinates ¢ = 2,...,k. This yields a



total of kK — 1 rotation angles.

It is clear that the rotation scheme can also be generalized to eigendirections
beyond the first one using rotation matrices R; ;(¢; ;) for i > j, i.e., rotations in
the plane orthogonal to the preceding eigendirections. In Section 5, however, we find
that such additional flexibility brings limited gains for our empirical application,
while substantially complicating the theoretical analysis. Therefore, we concentrate
the theoretical development for the new model in the current paper on time variation
in the first eigenvector only, as this is empirically most relevant and theoretically

most transparent.

2.2 The Dynamic Spectral Rotation (DSR) model

Having introduced the rotation scheme, we now specify the dynamics of the time-
varying eigenvalues and rotation angles. We stack both time-varying entities into
a vector fy = (A, ¢/ )T € F, where F := F), x F,. We specify the dynamics of
fi through a score-driven update (Creal et al., 2013; Harvey, 2013), whereby the
lagged value of f; is updated in the direction of the scaled score of the conditional
log-likelihood. We refer to this as the Dynamic Spectral Rotation (DSR) model. It
is well established that score-driven parameter updates yield expected improvements
in Kullback-Leibler divergence (Blasques et al., 2015; Creal et al., 2024; Gorgi et al.,
2024) and deliver path consistency even under severe model misspecification (Beutner

et al., 2026). Specifically, we consider a stochastic recurrence equation (SRE)

ol(fr,v)

Jiri =Yu(f1,0) = (Ioyy-1 — B)w + Bfi + AS(fi,v) a—fta

(2.3)

where 8 € @ collects all static parameters in (v, w, B, A), S(f;, V) is a scaling matrix,
and 4;(f,v) = logp(y: | f,v). Throughout, we set S(f;,v) = diag(2A2, I},_;). This
simplifies the scaling to operate separately on the eigenvalues and rotation angles,

respectively, and allows us to fully develop the theoretical properties of the model.



In particular, the unit scaling choice for the rotation angles is much simpler than
the inverse information matrix scaling in this case (see Creal et al., 2013), but
still allows us to ensure filter invertibility. Similarly, the scaling by 2A? resembles
inverse information matrix scaling for the eigenvalues, mimicking the common scaling
choice for univariate score-driven models for variances (e.g., Creal et al., 2011, 2013).
This makes sense once we realize that the eigenvalues \;; are exactly the variances
along the ith principal directions v;;. We also assume that A = diag(A,, A,) and
B = diag(B,, B,) are block-diagonal, such that there are no spillovers between the
angles and the eigenvalues, and write w = (wy),w/)".

To make the score-driven dynamics (2.3) explicit, consider for example two
common choices of conditional density specifications such as the Gaussian and

Student’s ¢ densities (see, e.g., Creal et al., 2011; Hetland et al., 2023). Given that

[det(‘/})]2 = 1 by the orthogonality of V; for all ¢ € Z, we obtain
k 1 L e i1y,
U(fv) = ) log(27) — §log det(As) — JY VAV, y, (2.4)

if y, | %1 ~ N(0,X,), where v is an empty vector, and

O ) = 1ogr<” ; k) - logF(g) - glog (v —2)m)

+ k _ _
log (1+ (v = 2) 'y Vid, 'V, y,), (25)

1
b log det(A;) —

if Y ’ ;gzt_l ~ tl,<07 y—;22t), with v = v.
For convenience, we introduce the following additional notation. For i = 2,... k,
define the derivative operator %; := 0 / de;, acting component-wise on matrix-valued

functions of ¢ = (9, ..., %) ". This immediately implies

— (iR&l(W)) RZ-J( 2) (B + Ey) ( [ Reale ) (2.6)

l=i+1



That is, the operator Z; acts by rotating the matrix S(¢) by an additional /2
angle in the (4, 1) plane. We also define y* = y, ® y;, where © is the element-wise
Hadamard product. For the Gaussian and Student’s ¢ example densities in Eqgs. (2.4)

and (2.5), we can now formulate the following proposition.

Proposition 1. For the DSR model, we have 0ly(f,v) /0N = A7 [w,(V,Tyy)®* —
)\t] and
Yl VIZ2:S(e)] AV, y
ol(fr,v)

A - — Wt

Jep B
Y VI2:S ()] ATV, Ty,

v—2

“1
where w; = w(v) = & (1 + (v — 2)_1ytTVgAt’1Vt'Tyt) if yo | F1 ~
tl,(O, ”T_QZ}), and wy = 1 if yy | F_1 ~ N(0, ).

The Gaussian case is naturally nested in the Student’s t case, as w;, — 1 as
v — 0. When v < o0, the weight w; decreases as the quadratic form y, V;A; 'V, Ty,
becomes large. Hence, large realizations of y; have a smaller impact on the update
of f;, providing a natural robustness feature of the Student’s ¢ specification relative
to the Gaussian specification; see also Creal et al. (2011).

Under the dynamics in (2.3), we are now ready to construct the quasi maximum
likelihood estimator (QMLE) of 6. For ¢t > 2, let f,(0) := £.(6, fi) denote the
sequence initialized with a nonrandom value f1 e F. The QMLE of the static

parameters is then defined as

T
éT = éT(fl) € argmaxET(H) — argmax 7! Zﬁt(ft(é’), u). (2.8)
0cO® 0cO =1

The angles in the vector ¢; are allowed to evolve freely along the real line. Given
the periodicity of the Givens rotation matrices R;1(p;¢), it is tempting to think

that the angles in ¢; cannot be uniquely identified, except possibly over some small

10



range such as (—m/2,7/2]; see also the arguments raised in Hetland et al. (2023).
Somewhat surprisingly, however, we show in the next section that the model is
uniquely identified under weak conditions without imposing restrictions on the filter

space [F, of ¢, thus allowing the angles to vary over much wider ranges.

3 Asymptotic properties of the QMLE

In this section we derive the asymptotic properties of the QMLE in (2.8) under the
Gaussian model specification (2.4). The process y; itself, however, is not assumed to
be Gaussian, and the results in this section can therefore be interpreted within a quasi-
likelihood framework. Section 3.1 first derives stationarity and ergodicity properties
of the data generating process and establishes filter invertibility. Section 3.2 then
studies point identification of the static parameters, with particular attention to
the additional observational equivalences induced by the rotation-based eigenvector
dynamics. Finally, Section 3.3 uses these results to establish strong consistency and
asymptotic normality of the QMLE. Throughout this section, we treat V as fixed

and comment on its estimation in Section 5.

3.1 Stationarity and filter invertibility

The first step is to show that the proposed dynamic specification can generate
a well-defined stationary and ergodic (SE) data generating process (DGP). The
following proposition establishes this result by first deriving the stationary solution
for the eigenvalue dynamics and then combining it with the rotation dynamics for
the eigenvectors. This provides the probabilistic foundation for the invertibility and

asymptotic results developed further below.

Proposition 2 (Existence of SE DGP). Let {e;, t € Z} be an i.i.d. sequence
satisfying E HEtH2n < o for somen > 0. Fort>2 and 0 € @, consider the sequence

:\§ = Xi(@,s\i) € Fy < [0, +00)F, initialized at t = 1 with a nonrandom value

11



Xi e IFy, and defined recursively by the following equation:
Xf—&-l = (Ik — B)\)w,\ + B)\ Xi + A/\(//l\i 892 — Xi) = (Ik — B,\)w,\ + Slst 3\?, (31)

where /if = diag(s\f) and @, = (By, — A,) + Ay diag(e??). Assume that the space
of eigenvalue processes Fy is complete and separable.

(i) If E[log (H 1T, @tH)] < 0 for some integer r = 1, then, for every 8 € @, the
sequence {Xf, t e Z*} converges exponentially fast almost surely (e.a.s.) to the
unique SE sequence {)\i, te Z}.

(i1) Moreover, let y; = VS(cpi)Af’l/zet, where A = diag(XS), V is orthogonal, S(-)

is defined in (2.1), and the sequence {5, t € Z} admits the following representation

$iv1 = (I-1 — Bp)w, + B, i + A, 877 (f7,0), (3.2)
el A728(67) 1225 (011 A7 e
Si’p(ffa 0) = - . ) (33)

el AT S(00) T[ 715 (05)] AT ey

with f; = (2%) forte Z. If E(H 1T, QStHW) < 1 for some integer r = 1, F)
[, +0)* for some A, > 0, and Elog (HBWH+\/§(k—1))\21/2HA¢HH)\le/QHstH2) <0,

then the sequence {y;, t € Z} is SE with E lys > < 0.

Several remarks are in order. First, Proposition 2 does not impose a distributional
assumption on the innovation sequence €;: it only requires the moment condition
stated in the proposition. Second, we do not establish the contraction of the
joint initialized sequence (Xf, $5), since such an argument would require restrictive
uniform boundedness conditions on the eigenvalue process Xi in order to obtain
contractivity of 5. Instead, Proposition 2 first shows that Xf admits a unique SE
limit. Given this limit, the rotation angle recursion in (3.2) can be viewed as an
SRE driven by the SE input process {(A$,&;), t € Z}. The contraction condition
Elog (HBSDH +v2(k — 1)/\;1/2HA¢HH)é”l/zHetHz> < 0 in Part (ii) then guarantees

12



the existence of a unique SE solution {¢5, t € Z}, and the corresponding initialized
recursion converges to it e.a.s. Together, these results imply that y; is SE. Third,
the moment conditions involving @;, such as E[log (H 1T, @tH)] < 0 in Part (i),
are reminiscent of the top Lyapunov exponent. Fourth, Part (ii) requires the
eigenvalue processes to be bounded away from zero. Imposing (I, — By)wy = Ap 1
componentwise, together with componentwise nonnegativity of the matrices A, and
B, — A,, suffices to ensure that all eigenvalues are bounded away from zero for all
teZ.

Next, we impose conditions ensuring the invertibility of the score-driven filter.

Assumption 1 (Invertibility). (i) Assume that @ is compact, and that the filter
space F:=F\ xF, < [\, +0)% x R¥=1 4s conver, complete, and separable for some

)\L>O.

(ii) Let {y;, t € Z} be an SE sequence with IE(logJr ||ytH) < . There exists
an o > 0 such that the following conditions hold: Elog (SUpee@ {HB)\ — A,\H +
o A AVE=T [yl }) < 0 and Elog (suppee { |B,|+2 |4, A7 (k=1) [l +
20" | Ay VE—Twl?}) <0.

Assumption 1(i) is common and mild. Assumption 1(ii) only requires the
process {y;, t € Z} to be SE and does not impose any distributional assumption.
The remaining two logarithmic moment conditions in Assumption 1 are sufficient
contraction conditions for the joint filter. The first condition controls the contraction
of the eigenvalue block, while the second controls the contraction of the rotation
angle block. The additional terms involving || arise from the dependence between
the eigenvalue and eigenvector scores: changes in \; affect the update of the rotation
angles, and changes in (p; affect the update of the eigenvalues. The constant a > 0
is the weight used in the block norm for f; = (A], ¢/ )". It balances the two blocks:
increasing « relaxes the term multiplied by o' in the second condition, but tightens

the term multiplied by « in the first condition, and conversely. Thus, the assumption

13



requires that the two blocks can be weighted so that the joint score-driven update is
contractive on average.

The following proposition establishes the invertibility of the score-driven filter.

Proposition 3 (Invertibility). Consider the SRE given by (2.3) with the Gaussian
quasi scores from Proposition 1. Under Assumption 1, there exists a unique SE
sequence { fi(-), t € Z} and a constanty > 1 such that 7' supgee Hf}(@) — f(0)| =>
0 as t — o0. Moreover, ft() and fi(-) are uniformly continuous on © for allt € Z*

and t € Z, respectively.

Proposition 3 shows that the initialized sequence generated by (2.3) from the
Gaussian quasi scores in Proposition 1 asymptotically “forgets” its initial value and
converges exponentially fast to a unique SE limit, uniformly over the parameter space.
This result allows the likelihood based on the initialized filter to be asymptotically
replaced by its stationary counterpart, which is a key step for establishing the

consistency of the QMLE.

3.2 Point identification

We now turn to identification of the static parameters, which is a fundamental
theoretical issue for the proposed model. Identification is nontrivial because the
rotation angles are not uniquely determined by the conditional covariance matrix
alone. The key insight here is that the structure of the rotation matrix in (2.1),
together with the dynamic evolution of f;, restores point identification under mild
conditions.

Write wy = (wa1,...,wrk) " and w, = (Wy2,...,w,x) . Throughout, the true
parameters are denoted by an extra subscript 0. We now formulate the following

assumption for parameter identification.

Assumption 2 (Identification). (i) For every t € Z and for almost every real-

ization of F_1, the conditional distribution of y, given F; 1 admits a pdf that is

14



strictly positive on some nonempty open subset of RE. Moreover, det(Ayo) # 0 and

det(Ay) # 0.

(i1) The parameter space © satisfies wy; >0 fori=1,... k, and wy1 > wr, and
Wy, € (wr,wp +m| fori=2,...,k and some wy, € R. The matrices By — Ay and
B, are diagonal, and either the first or last (or both) diagonal elements of By — A,

are nonzero. Moreover, |B,| <1 and |B,| < 1.

The full rank condition on A, in Assumption 2(i) is analogous to rank conditions
commonly imposed in multivariate GARCH models, such as Assumption 3.5 of
Hetland et al. (2023). In the present model, however, the rotation angles that
determine the eigenvectors also vary over time, so that the identification problem
cannot be reduced to the eigenvalue recursion alone. We therefore separately impose
a similar rank requirement on A,y for the dynamics of the rotation angles. The
distributional assumption on the conditional density of y; is mild and typically
satisfied for common applications. Together, these conditions ensure that the
random quantities entering the updates of A; and ¢, contain sufficient local variation
to pin down the static parameters once the rotation-induced ambiguities have been
resolved.

The role of Assumption 2(ii) is then to resolve these ambiguities by removing
the remaining label, sign, and branch indeterminacies induced by the rotation
parametrization. The restrictions wy; > wy; and the requirement that at least one
of the first and last diagonal elements of B, — A, be nonzero are specific to our
setting, in which only the dominant eigenvector is rotated, and require an ordering
only between the first and last element of w,. This should not be interpreted
as imposing a pathwise ordering of the eigenvalue processes. The eigenvalues \;;
themselves are still allowed to cross over time. Rather, the restriction fixes the
labeling of the first and last eigenvalue dynamics through their static location
parameters, which correspond to their unconditional means under the correctly

specified score-driven recursion.
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The restrictions on w,, similarly fix the remaining sign and periodicity indeter-
minacies in the rotation angle dynamics. This is different from imposing restrictions
directly on the realized rotation angles. For instance, Hetland et al. (2023, Assump-
tion 3.6) impose a compact interval restriction on the static rotation angles in their
identification argument. In contrast, our rotation angles are themselves time-varying
state variables, and we do not require the realized path of ¢, to remain in a fixed
domain, i.e., the elements of ¢, themselves are allowed to move (far) outside, for
instance, the (0, 7] range and to cross at will. The identification of the true path of
dynamic angles can then be established using the domain of the static intercepts
in w, only. Finally, the conditions |B,| < 1 and |B,| < 1 simply require the
autoregressive coefficient matrix B = diag(B), B,,) in the updates of f; to lie inside
the unit circle, which is a standard and mild restriction in score-driven models.

Our identification statement in Proposition 4 starts with the identification of the
eigenvalue dynamics. As mentioned, identification of the eigenvector dynamics is
more involved, because the rotation matrix admits discrete equivalent representations
through sign changes and shifts by multiples of 7. Proposition 4(ii) therefore first
characterizes these equivalences and then concludes in part (iii) that these can
be resolved to identify the static parameters that characterize the rotation angle
dynamics. In the discussion below, whenever helpful, we make the dependence on
the static parameters @ explicit; in such cases, for instance, we write A;(0) and

p¢(0) instead of A; and ¢, respectively.

Proposition 4. Consider the Gaussian version of the DSR model given in (2.3)
and Proposition 1. For 0,0y € @, suppose that Xy(0) = X,(0y) a.s. for allt € Z,
and let Assumption 2 hold. Then the results below follow:

(i) (wx, Bx, Ax) = (wxo, Bxo, Axo);

(ii)  There exist integer vectors q;,qus1 € ZF' such that, a.s., @,(0) =
C(ar) ¢i(6o) + mqr and @i1(0) = C(qir1) Pr+1(00) + 7 qur for every t € Z, where

¢(q) = diag (Qg(q),...,Ck(q)) is a diagonal sign matriz with (3(q) = 1 and
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G(q) == (—1)23;12 % fori=3,...,k, for any integer vector q = (qa, ..., q)" € ZF7L;

(ZZZ) (wa(p,A@) = <wt,007B<p07Atp0)'

The proof of Proposition 4 proceeds in three steps. First, point identification of
the static parameters governing the eigenvalue dynamics is established by exploiting
the ordering wy; > wy; and the special structure and ordering of the rotation
matrices discussed in Remark 1 below. This also fixes the rotation angles up to
sign flips and integer multiples of 7. The remaining indeterminacies are resolved
through the score-driven dynamic specification in (2.3) by exploiting the constraints
of the parameter space, in particular the intervals for the intercepts w,; € (0, 7]
for ¢ = 2,..., k. This dynamic identification strategy contrasts with Blasques et al.
(2022), where identification is first obtained from the conditional density for a fired
value of the time-varying parameter, and the parameters governing its dynamics are

identified only thereafter.

Remark 1 (Point identification). The identification argument uses two separate
features of the model. The first is the structured form of the rotation matrix S(-)
in (2.1), which uses only rotations in planes involving the first coordinate and
therefore imposes a specific columnwise structure. This structure helps pin down the
labeling of the eigenvalue processes by restricting the permutations of eigendirections
that can be observationally equivalent. Once this labeling is fixed, the remaining
indeterminacies are the sign and periodicity equivalences in the rotation angles. The
second feature in the identification strategy is the score-driven recursion in (2.3),
which links the rotation angle process across consecutive time points and rules out
angle paths that would be equivalent at each individual (static) time point, but that
would be incompatible with the dynamic update.

Regarding the first feature, S(¢) exhibits a distinctive columnwise zero pattern;
see Lemma B.4 in the Online Appendix. Specifically, the first and last columns may

be fully nonzero, whereas, for j = 2,...,k — 1, the entries in rows j + 1,5 +2,...,k
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of the jth column are always zero, i.e.,

_____

Here, S(¢);¢ denotes the (j,¢)th entry of S(¢) for 1 < j,¢ < k. This pattern
restricts the possible permutations and sign changes that can leave the conditional
covariance matrix unchanged, making it possible to characterize the remaining angle
equivalences explicitly.

To illustrate this, consider the case k = 3. Define for j = 2,3, ¢; = cos(y;) and
s; = sin(yp;). Fix t € Z, and suppose that X(0) = X,(6,), where Assumption 2(i)
implies that A;;(6) # Aj¢(6o) a.s. for i # j. Then one can show that S(¢,(6)) =
S (¢:(60)) D II,", where D, = diag(+1,+1,+1) is a signed diagonal matrix and

IT] is a permutation matrix acting on the columns of S(¢;(6y))D;. Moreover,

Co9C3 Sg9 (283
S(p) = Ra1(p2)R31(p3) = | —s205 ¢a —sas3

—S83 0 C3

We see that the (3,2)th element is zero. Note that S(¢:(6)) and S(p:(6o))D;
must share the same special column-zero structure, as s3 # 0 and c3 # 0 a.s. due to
Assumption 2(i). This restricts the admissible column permutations; for example,
the second and third columns cannot be permuted. In fact, the only admissible
possibilities are the identity permutation and the permutation that swaps the first
and third columns. Hence, IT, = IT%, where IT,5 = <§ [[1; é) and 0; € {0,1}. As a
consequence, A,() = TI?L\(0,).

Applying the same argument at time ¢ + 1, we get Ay1(0) =
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IT5 A41(6,) for some 6,1 € {0,1}. Hence, we obtain (A(0), Ai51(0)) =
(Hfg (o), IT0; Ai+1(60)) as. for some (6;,0.01) € {0,1} x {0,1}. For this
specific t, set (8,0") = (&, d;41). By an open-support argument, which follows
from Assumption 2(i) (see Lemma B.3(i) in the Online Appendix for details),
the identity (A;(8), A11(0)) = (IT% Ai(0o), IT5 A+1(6p)) then yields By — Ay =
Hfl;(B,\o — Ay)IT), and Ay = Hf,;AAoﬂfk. Using the diagonality of By — A in
Assumption 2(ii), this further forces § = ¢’ € {0, 1}, and leads to wy = IT{wyo. If
we additionally impose wy 1 > wy3 and wyg1 > wxo,3, then the case § = 1 is ruled
out, so no nontrivial permutation remains. This establishes identification of the
static parameters governing the dynamics of A;.

The identification of the static parameters in the dynamics of ¢; is more in-
volved, but the result follows along the same line of reasoning. Specifically, the
conditions in Assumption 2(ii) are used to show that the integer vectors q; and g;;
in Proposition 4(ii) satisfy q; = g;+1 = 0; see the proof of Proposition 4 for the full

argument. O

3.3 Strong consistency and asymptotic normality

The following theorem shows that the QMLE converges almost surely to the true

static parameter.

Theorem 1 (Strong consistency). Let Assumption 1 and all conditions in Propo-
sition 4 hold. Suppose that the filter dynamics are generated by the Gaussian
quasi-likelihood recursion in (2.3) and Proposition 1 with true parameter value

6y € O, and that sup,., E |y,|* < 0. Then Or 25 0y as T — 0.

Further notation and assumptions are required to establish the asymptotic
normality of the QMLE. For € > 0, let C(0y, €) denote the open cube centered at 6,
with edge length 2e.

Assumption 3 (Asymptotic normality). (i) Let Oy € int(@) be an interior point
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of ©.

(ii) There exists some € > 0 such that @ = @ N C(By, €) is nonempty and, for
each t € Z, the map 6 — f,(0) admits continuous partial derivatives up to order two
on ©5. Moreover, for each @ € O5° and each t € Z, the first- and second-order
partial derivatives of fi(0) are F_i-measurable; as processes indexed by t, these

derivatives are strictly stationary and ergodic.

ik Et(ft(O),u)H) < w0, where OF < O n C(0y,¢€) is compact.

(i1i) E(SUPeeeg 20007
2
Moreover, E(HM ) < o0 and Jo = —]E<—69%29T&(ft(9),1/) ‘0 9> is
=6g

(6),v) ‘
00 0=0,

tnvertible.

Assumption 3 collects additional conditions for establishing asymptotic normality.
Condition (i) is standard; see, for example, Blasques et al. (2022, Theorem 4.15).
Assumption 3(ii) concerns the derivative filters. It requires the first- and second-
order derivative processes of fi(-) to be SE; see, for example, Artemova (2025,
Assumption 10). Condition (iii) imposes moment restrictions sufficient for applying
a uniform law of large numbers to the Hessian and a central limit theorem to
the score. Conditions (ii)—(iii) can, in principle, be verified from more primitive
contraction and moment assumptions; see Lin and Lucas (2025, Proposition 1). We
state them directly because deriving such primitive conditions for the present model
would require lengthy and cumbersome calculations for the derivative filters and
their moments, without providing additional theoretical insights beyond standard
arguments in score-driven asymptotic theory.

The following result provides a limiting approximation for the QMLE.

Theorem 2 (Asymptotic normality). Let {y;, t € Z} be generated according

to {y;,t € Z} in Proposition 2, where €, ~ (0,I;) are i.i.d. Suppose thal

the conditions of Theorem 1 and Assumption 3 hold. Then \/T(éT — 6y) <

N, T ' ToT ') as T — o, where Jo is defined in Assumption 3(iii), and

T, - E(aet(fgéexv) 2($1(6)) » )
=00
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Table 1: Static parameter accuracy

For sample sizes T' = 1000, 2000, 5000, the table shows the Monte Carlo mean and standard
deviation of the ML estimates.

T = 1000 T = 2000 T = 5000
Parameter True Mean Std. Mean Std. Mean Std.

% 0.1 0.100 0.016 0.100 0.011 0.100 0.007
Ba 0.8 0.800 0.031 0.799 0.022 0.800 0.013
Qy, 0.05 0.061 0.007 0.051 0.005 0.050 0.003
B 0.9 0.879 0.045 0.890 0.023 0.897 0.013
W2 1.0 1.002 0.049 1.001 0.034 1.001 0.021
W3 0.5 0.504 0.043 0.502 0.030 0.501 0.018

4 Simulations

To illustrate the theoretical results on identifiability and to see whether the asymp-
totic distribution provides a good approximation in finite samples, we perform several
simulation experiments. First, we focus on the accuracy of the consistency and
asymptotic normality results in finite samples. For this, we simulate data according
toy, | F_1 ~ N(0,X}), where the eigenvector and eigenvalue processes of X, follow
the dynamics in (2.3) and (2.4). Moreover, we set k = 3, wy = (wx1,wr2,wWr3) =
(2,1,0.5)7, wy = (wpa,we3)" = (1,0.5)T, Ay = apdy, By = B Iy, A, = a,Ii 1,
and B, = f, 1,1, with (o, By, oy, B,) = (0.1,0.8,0.05,0.9). For each simulated
time series, we then estimate the static parameters via (2.8).

In Table 1 we report the accuracy of the ML estimates using 1000 Monte Carlo
simulations and several empirically relevant sample sizes T' = 1000, 2000, 5000. For
each parameter, we report the true value and the Monte Carlo average and standard
deviation of the ML estimates. The results confirm that the ML estimator is highly
accurate in finite samples, already starting from sample sizes of T" = 1000.

Figure 2 presents kernel density estimates (KDE) of the t-statistics for the
same experiments. We see that for all sample sizes considered, the t-statistics are
approximately normally distributed, in line with the asymptotic normality results.

Only the t statistic of 3, seems to need a somewhat larger sample size T" to truly
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Figure 2: Empirical distribution

Kernel density estimates of the empirical distribution of each standardized estimator for
different sample sizes T' € {1000, 2000, 5000}. Each estimator is standardized by centering
at the true parameter value and scaling by the standard deviation of the corresponding
parameter estimates across the Monte Carlo repetitions. The black dotted line represents
the pdf of the standard normal distribution.

converge to the normal distribution. All other parameters, however, already seem to
have converged for the smallest sample size considered in the experiment.

To illustrate our identification result, we run a second simulation experiment.
For this, we simulate a path of T" = 5000 observations and estimate the model’s
static parameters. Using these, we filter the time-varying eigenvalues and rotation
angles. The results shown in Figure 3 clearly illustrate some of the more surprising
elements of the identification result. First, tick marks are placed on the horizontal
axis whenever the eigenvalues cross. We see that this happens regularly over the
sample period. However, it does not impede the recovery of the eigenvalue paths by
the DSR model in any way. The true and filtered paths continue to lie virtually on
top of each other, also during crossings. Similarly, we see that the rotation angles

can move over considerable ranges. In particular, they clearly move far outside
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Figure 3: Identification

This figure shows true and estimated time-varying parameter paths for our second simula-
tion experiment to assess the identifiability of the time-varying parameters.

the (0, 7] restricted ranges that hold for the intercepts w,;, with for instance @3,
ranging from around —8 to +10. Despite this, the estimated paths for the rotation
angles lie on top of their true values for all t. So even though the high value of
3+ ~ 10 around ¢ = 1250 could, for instance, in isolation be replaced by its modulo
7 counterpart, such a replacement would not be in line with the score-driven dynamic
specification. This results in the filtered path continuing its trajectory outside the
(0, 7] range, in line with the true simulated path. The novel dynamic rather than

static identification strategy from Section 3.2 formally explains this finding.

5 Empirical application

This section discusses the empirical application of the DSR model to US financial

equities. We first discuss the data for the application, the performance metrics, and
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the benchmark models in Sections 5.1, 5.2, and 5.3, respectively. Section 5.4 then

presents the in-sample and out-of-sample estimation results.

5.1 Data

We apply the DSR model to daily returns on 10 financial US equities from the
S&P 500 index: C, JPM, BAC, GS, WFC, KEY, COF, MTB, USB, and AXP.
The underlying firms are listed in order of their SRISK systemic importance, with
the most systemically important institutions listed first.! The dataset spans the
period January 2002 to January 2023. As we are mainly interested in the predictive
performance of the model, we produce one-step-ahead predictions of the fitted
covariance matrices and re-estimate the model parameters approximately every
month (20 days). The initial estimation window size is set to 1,250 days, spanning
from January 2002 to January 2007. The out-of-sample period then contains 4,000
observations between January 2007 and January 2023. The 16-year out-of-sample
window thus contains several periods of increased financial turmoil, such as the 2008
financial crisis, the European sovereign debt crisis, the 2011 US downgrade by S&P,
and COVID-19, all of which put the stability and accuracy of the proposed model

to the test.

5.2 Performance metrics

We compare the different models in terms of the log-scores of their density forecasts,
with the time-t log-score computed as log p(y; | X}, v). The statistical significance
of differences in log-scores is assessed by the Diebold-Mariano (DM) test (Diebold

and Mariano, 2002). In addition, we measure model performance in terms of the

'For this, we take the sample averages over the entire sample period of the SRISK values of
each institution as reported on https://vlab.stern.nyu.edu/srisk/RISK.USFIN-MR.MES.
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Frobenius norm H . HF and QLIKE (Bollerslev et al., 2018). At time ¢t + 1, define
Froby,; = HRC,5+1—2H1HF, QLIKE,,, = logdet (£y,,) +tr (S?;;l RCtH),

where we compare the forecast of the covariance matrix 2t+1 with a realized
covariance matrix RC},; based on 5-minute intraday intervals and the guidelines of
(Brownlees and Gallo, 2006; Barndorff-Nielsen et al., 2009; Shephard and Sheppard,
2010). The out-of-sample Frobenius norm and QLIKE are then averaged over time
and compared across models, with statistical significance again assessed using the
DM test.

We also perform an economic evaluation using a Global Minimum Variance
Portfolio (GMVP) framework (Chiriac and Voev, 2011). If w1, denotes a vector

of portfolio weights constructed at time ¢ for a portfolio from ¢ to ¢t + 1, then the

T

1)t i Wiyt 1S

weight vector that minimizes the portfolio variance o7, ., = w

given by

T N “lral
Wiy = (wl,t+1|t> s awk,t+1|t) = <1Z Et+11 1k> <2t+11 ]-k)a (5-1)

with 1, a (k x 1) vector of ones. For each point in the out-of-sample period,
we compute the portfolio return w,’ 1 Y and report its out-of-sample standard
deviation. We use Hautsch et al. (2015) to additionally compare the realized
portfolio variances rc,f 41 = th+1|  RC 1wy, of the GMVP across models. We

also report corresponding measures of portfolio turnover (DeMiguel et al., 2009) and

concentration (see, e.g., Goetzmann and Kumar, 2008), namely

k
TO, = Z Wi g+1)t — Witlt—1

i=1

I+ yis
1+ w;:—lyt

i 1/2
) CO, = <Zwi2,t+1|t> g
i=1

where y;, denotes the i¢th element of y,. Finally, to assess the significance of

differences in ex-post variance, we apply the DM test to the series of squared GMVP
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returns (denoted as 77).

5.3 Benchmark models and baseline eigenvectors

To compare the out-of-sample performance of the new DSR model with relevant
alternatives, we consider two benchmark models in an out-of-sample analysis of the
DSR model. Our first obvious benchmark is the A-GARCH model of Hetland et al.
(2023). In contrast to the k = 3 dimensional application in Hetland et al. (2023),
the k£ = 10 dimensional out-of-sample application in this section provides a more
challenging setting for both models. We specify the A-GARCH model analogously
to the DSR model, using either a Gaussian or Student’s ¢ distribution, with the only
difference being whether the eigenvectors are time-varying or not. The eigenvectors
for the Hetland et al. (2023) model are estimated using the two-step estimation
procedure of Hetland (2020), which targets the eigenvectors via the eigenvectors of
the unconditional covariance matrix of the data. We use the same target as our V.
in the DSR model to keep the two models as comparable as possible.

We also experimented with alternative specifications for the time-varying eigen-
vectors in the DSR model. For instance, we considered a specification with rotations
among the first three dominant eigenvectors only, as well as a specification where
not only the first, but also the second eigenvector is allowed to vary freely over
time. Empirically, however, none of these alternative specifications outperforms the
simple specification with only the first eigenvector time-varying. This is not entirely
unexpected: for stocks, the first eigenvector by far explains the largest portion of
the variance, such that it is most worthwhile to get this principal direction right.
Further eigenvalues are typically an order of magnitude smaller, such that time
variation in their corresponding eigenvalues has a much smaller effect on the model’s
fit. We therefore focus the presentation of the results on the baseline specification
where only the first eigenvector varies over time. See Appendix C for more details

and empirical results for the alternative specifications mentioned above.
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Table 2: Full-sample DSR estimation results

This table shows the estimation results for 10 financial US equities for the Gaussian
and Student’s t-based DSR model. The full-sample estimation period is approximately
21 years, with 5250 observations, ranging from the 2nd of January 2002 to the 22nd of
February 2023. The parameter estimates and corresponding sandwich standard errors
from Theorem 2 are given in parentheses.

an B ap(x1073) By v log-lik BIC
Gaussian 0.075 0.994 0.605 0.997 — 74324 148759
(0.008)  (0.001) (0.058)  (0.001)
Student’s ¢ 0.052 0.998 0.847 0.998 6.934 —71899 143917
(0.003)  (0.000) (0.061)  (0.000) (0.271)

As our second benchmark, we compare the DSR model to a standard BEKK
model (Engle and Kroner, 1995). Here, we again assume that the vector of returns y;
either follows a Gaussian or Student’s ¢ distribution. The time-varying conditional

covariance matrix X in the BEKK is defined recursively as

Ya=01-a-p)R2+alyy,)+BX,

where {2 is estimated as the sample covariance matrix of the observed returns. With

both benchmark models in place, we can now turn to the empirical results.

5.4 Results

We first present the in-sample results for the DSR model, followed by a comparison
of the DSR model with the benchmark models in an out-of-sample analysis. Table 2
shows the full-sample estimation results for the new model. We see that both the
eigenvalue and the eigenvector dynamics are highly persistent, with 5y and 8, both
close to one. These results are robust to the choice between the Gaussian and the
Student’s ¢ specifications. Figure 4 plots the logarithm of the eigenvalues over time.
The first log-eigenvalue clearly lies between 2 and 3 points higher than the second

log-eigenvalue, meaning it is between a factor e? ~ 7 and e ~ 20 higher than the
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Figure 4: Dynamics of conditional eigenvalues

This figure shows the time series of all conditional log-eigenvalues. The full-sample analysis
spans the period January 2002 to January 2023.

second largest eigenvalue. This is in line with the importance of a systematic risk
factor such as a market or sector factor in a typical stock market analysis. The
eigenvalues in Figure 4 also clearly follow the key economic events during the sample
period, with volatility peaking along the principal eigendirection during major crisis
times.

Figure 5 presents the time series patterns of the estimated rotation angles. All
angles show modest movements over time and over similar ranges, indicating that
all of these rotations may be important at different moments in time. As the angles
themselves may not be so easy to interpret, we also plot the elements of the first
eigenvector in Figure 6. As all elements of this vector turn out to be positive at all
times, we plot the squared elements in a stacked way, given the unit length of the
eigenvector itself. The firms with the largest systematic risk (SRISK) are plotted
at the bottom. There is clear variation over time in the relative importance of the
different stocks in the first eigenvector. Most of the globally active international
banks are at the bottom given their large SRISK, whereas the top five positions are

taken by lenders that are more locally active and concentrated on retail. This also
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Figure 5: Angle dynamics

This figure shows the time dynamics in the rotation parameters a4, ..., 910+ The time
dynamics are shown for the full-sample period from January 2002 to February 2023.
shows in the elements of the second eigenfactor (see Appendix C), where the former
and latter financial institutions have loadings with opposite signs.

Looking at Figure 6, we see that the combined squared weights of the first five
banks range from as low as 40% in the early 2000s and after 2020, to as high as
65% in 2012. The weight of individual banks may also vary substantially over
time, as can be seen, for example, from the width of the band for BAC, which
ranges from about 0.05 in 2003 to 0.2 in 2012. We also observe clear responses
in the weights around several major financial market events during the sample
period. For instance, the August 2007 BNP freeze of payments, marking the start
of the financial crisis, substantially increases the proportion of the less systemically
important banks (plotted at the top) in the first eigenvector, as the entire financial
sector went through turbulent times. The fall of Lehman, on the other hand, seems

to have a much less persistent effect. The US downgrade by S&P in August 2011,

29



Q© Y N
e o2 430 (2%
e a0 o 2 ©O°
1.0 LRV N GO oY
. 2
MMMWW VAXP, 1,1
2
VUsB, 1,t
0.8 )
UNTB, 1, ¢
o 2
© VCOF, 1,¢
< 0.6 2
0 VKEY, 1,t
T 2
2 UWFC,1,t
IS 0.4 .
] Uz o
(@) GS, 1,¢
2
0.2 MWWM\JW “BAG L?
2
WWWW VIPM, 1,4

2
I S N T I Y N Y Y Y N (A Y Y R N | VG,

I A T M AP gL
t

o
=}

Figure 6: Dynamics of eigenvector composition

This figure shows the time series of all squared elements of the first eigenvector of the
conditional covariance matrix. The full-sample analysis spans the period January 2002 to
January 2023. The assets are ordered by mean SRISK over the sample period. The asset
with the highest SRISK is presented at the bottom.

the doubling of the CBOE VIX index (Volmageddon) in February 2018, and the
COVID-19 lockdowns and FED responses in early 2020, all have visible effects on the
direction of the eigenvector. Not all these effects are the same, though. Whereas the
US downgrade seems to concentrate the eigenvector more towards the systemically
most important and internationally most active banks, the COVID event instead
pushes the eigenvector to a more equally weighted scenario. The current DSR model
helps uncover these effects and facilitates further analysis.

Finally, we compare the new DSR model with the benchmark models from
Section 5.3 in an out-of-sample analysis. Table 3 presents the results. Panel A
of Table 3 clearly shows that the DSR outperforms its competitors in terms of
log-scores, Frobenius norm, and QLIKE: most of the DM statistics are statistically
significant in favor of the DSR model. Panel B of the same table shows that also
in economic terms, using the ex-post variance of the Global Minimum Variance
(GMV) portfolio returns, the DSR model performs well. Using the realized portfolio

variance measures (,/7¢,s), the DSR is clearly significantly better. These economic
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Table 3: Out-of-Sample performance

This table shows the results of the predictive application for 10 financial US equities.
The performance is shown for the Gaussian and Student’s t-distribution in the left and
right panels, respectively. A comparison is made between the proposed DSR model and
the benchmark models: the A-GARCH model of Hetland et al. (2023) and the BEKK
model of Engle and Kroner (1995). The results are based on predictions over a 16-year
out-of-sample period of data spanning from January 2007 to February 2023, with re-
estimation of the model every 20 days. The rows represent the performance measures and
are divided into two panels: Panel A contains matrix forecasting measures, and Panel
B contains an economic value comparison. Panel A shows the out-of-sample log-scores,
the average Frobenius-normed difference between the forecasted covariance matrix and
the observed (estimated) realized covariance matrix, and the mean QLIKE. Panel B
shows the standard deviation of the Global Minimum Variance Portfolio (GMVP) returns,
the mean realized GMV portfolio volatility, the mean portfolio turnover, and the mean
portfolio concentration. The Diebold-Mariano (DM) test statistic and p-values are also
shown for each of the measures and benchmark models in comparison to the DSR model.
Stars indicate statistical significance of the DM test against the DSR model, applied to
Log-score, Frob, QLIKE, StDev 7, (tested on {rgf}), and {,/7¢,r}: *p < 0.1, **p < 0.05,
and ***p < 0.01.

Gaussian Student’s ¢
DSR A-GARCH BEKK DSR M-GARCH BEKK

Panel A: Likelihood

Log-score —14.588 —14.715***  —14.676* —14.028 —14.190***  —14.067**

Frob 23.735 24.043*** 25.926%** 23.459 23.541* 23.818

QLIKE 14.323 14.312 16.214*** 16.692 16.779%** 22 581 ***
Panel B: Economic Value Comparison

StDev 7y 1.602 1.680** 1.544 1.554 1.656*** 1.524

\TCos 1.650 1.706%** 1.733%** 1.623 1.679*** 1.709%**

TO; 0.239 0.152 0.176 0.219 0.134 0.192

CO; 0.806 0.805 0.890 0.818 0.802 0.894

improvements in realized variances are obtained at about the same or even a lower
level of GMV portfolio concentration (CO) and a somewhat higher portfolio turnover.
We conclude that also out-of-sample, the new DSR gives good and robust out-of-
sample results compared to its competitors. Only if daily ex-post returns are used
rather than realized variances, the BEKK model is slightly better, but the difference

is insignificant in this case.
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6 Conclusion

We introduced the new Dynamic Spectral Rotation (DSR) model for dynamic
covariance matrices by allowing both eigenvalues and the principal eigenvector to
vary over time through score-driven dynamics. We developed a full asymptotic
framework for this model. In particular, we obtained a new identification result
based on a dynamic rather than static identification strategy, which explains why
large variations in the rotation angles of the eigenvectors, even outside the [—7, 7]
range, can still be recovered from the data. The asymptotic results carried over
accurately to finite samples, as shown in our controlled simulation study.

In an empirical application to 10 US financial stocks, the new DSR model delivered
a favorable out-of-sample performance relative to two benchmark models, illustrating
that allowing for time variation in the leading eigenvector can be empirically relevant,
both statistically and economically. The filtered time-varying first eigenvector clearly
aligned with some of the major events in financial markets over this period.

Looking forward, we mention two directions for future research. First, although
our empirical results show that a generalization of the current model to a setting
with multiple time-varying eigenvectors is easily implementable, it is also interesting
to see whether the new theoretical identification results can be generalized to such a
setting. For this, one can try to further exploit the column structure of the products
of Givens rotation matrices. Second, our approach to model eigenvectors as dynamic
objects might also be relevant in other contexts where eigenvalues and eigenvectors
play a dominant role, and it is interesting to explore whether the current modeling
strategy could have applications there as well. We leave these extensions for now for

a future paper.
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A Proofs of the main results

Notation: For a complete separable metric space denoted by (E, dg), we define

the Lipschitz coefficient p associated with a random map h: F — FE as:

p(h) = sup {dE(h(m),h(y)) } (A1)

z,yelE, x#y dE<x7 y)

If h is measurable, then so is p(h) (Bougerol, 1993, p. 955). This definition will be
used repeatedly in the subsequent sections, with the specific space F being identified
in each instance. We use the notation for matrix derivatives suggested by Magnus

and Neudecker (2019):

_ Ovec(F(X))

DxF(X) = 557 (A.2)

Finally, the symbol C denotes a generic positive constant, which may differ from

one occurrence to another.

Proof of Proposition 1. Note that, by definition, for ¢ = (p2,..., )", one has
dS(p) = 3, 2:8(p) dg;, where 2;8(¢p) is provided in (2.6). Recall that V; =
V'S;. Using the fact that dlogdet(X) = tr(X 'dX) and dX ! = — X 1(dX)X !
for any matrix X, if y;, | %1 ~ N(0, X,), we obtain

1 1
dey(fi,v) = 5 tr (A;'dA;) — 51/;‘/2((1/1;1)‘/?% —y, (AV)A'V Ty,

1 koo
"2 Z /\i_’f[(vfyt)? B )\i’t] dAie = Z Y, V[2:S(p)| AV, Yy depss.
i=1 =

Similarly, if y; | %1 ~ t, (O7 "T_QZ't), by (2.5), we have

1 1
A6(furv) = =5 tr (A714A) = S (2y] (@VDAT'V, g+ 4 Vi(dAT) V, 1)

1
— —§(tr (A;1dA,) + w ytTVE(dA?l)VZTyt) —wy, (AV) AV, Ty,
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L& B
=3 Z Nt [wt(VtTyt)j - )‘i,t] dA; e — wy Z Y/ V[2:5(e1)| AV, g dgiy,
=1

=2
which in turn yields the results presented in Proposition 1. O

In the proofs below, we repeatedly use the following inequalities (see, e.g., Lin
and Lucas, 2025a, (B.3)—(B.4)): for any matrices X;, t =1,..., K, where K € Z*

and the dimensions are compatible,

K
< log(K) —I—Z log™ | X,]. (A.3)

t=1

K
<) log" Xy,  log*

t=1

log™

K K
[[x. DX
t=1 t=1

Proof of Proposition 2. For Proposition 2(i), we view Xi for t € Z* as an
element of the complete and separable metric space (E,dg) = (Fy,| - |). Write
the SRE in (3.1) as 3‘§+1 = 2N (A9), where ¥ (A) = (I, — By)wy + @, A, where
&, = (B, — A)) + A, diag(¢??) is defined below (3.1). Since ¢; for t € Z are i.i.d.,
the sequence {¢f’A, t € Z} is SE for any 0 € © (see, e.g., White, 2001, Theorem
3.35). The convergence of {Rf , t € Z"} then can be obtained from Theorem 3.1 in

Bougerol (1993) by verifying the following conditions. For 0 € ©,

(a) E[log" | i’\(%) - XiH] < o for some nonrandom Xi € ), where p is defined

in (A.1);
(b) E[log" p(4i™)] < o

() E[log p(4;™")] < 0, where g5 () = i () o i () oo i, () s

the r-fold convolution of 1); * for some integer r > 1.

Note that E[ log* Hwi’\(jﬁ) - XiH] < oo in condition (@) immediately follows from
(A.3), and the condition that E|e;|*" < oo for some > 0. For the condition
(b), by applying a mean value theorem for vector-valued functions (e.g., Rudin,
1976, Theorem 9.19), we obtain p(z,bf”\) < SUDyep, H&z,bf”\()\)/@)\TH = |®. It

follows immediately that E[log™ p( f’\)] < o under the condition that E|e;||*" <
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o for some 7 > 0. Finally, condition (¢) is implied by the assumption that
E[log (| TT;—, ®¢[)] < 0 for some integer r > 1.

To prove Proposition 2(ii), note that E(|[];_,®:|") < 1 implies
E[log (| [T;_, ®¢|)] < 0 by Jensen’s inequality. Therefore, the results in Part

(i) continue to hold. Before continuing, we first show that
E(JA]") <. (A4)

Note that A7 admits an almost sure representation as a measurable function of
{er-1 80, }le, X5 = X700 (TT)_y §i—e) (I — Bu)wy with [T)_, - = I, If n <
1, we have E(|A|") < (I = Bawa|" X2 E| [T)—; Bi—|" by the ¢,-inequality.
Following the same argument as that between Eqgs. (3.17) and (3.18) in Straumann
and Mikosch (2006), we obtain E|| [T, @t_an < C,, 8/ for some § € (0,1) and
all integers j > 0, where C,, = max {1, (E|®:|")"} < oo with r > 1. Therefore,
E([X]") < |(Z — Bx)wy|" Cy.r D0 6"l < oo, For n = 1, applying Minkowski’s
inequality yields E( |Af]") < [ (Ix — By)w,|" Cg,r[deo (6Y/m) Li/r] ]n < oo. Hence,
(A.4) holds.

To continue, we first show that the joint process {( A T) te Z} is SE. If
this holds, then the SE property of {yf, t € Z} follows immediately, since y; is a
continuous, and hence measurable, function of ( T T) To this end, we show that
the eigenvector dynamics in (3.2), viewed as an SRE with input {(A;T,&])T,t € Z},
admits a unique SE solution ¢f to which any initialized sequence converges e.a.s.
If this holds, then ¢f is measurable with respect to {(AZ7,e])T, s <t — 1}, and
hence is also ultimately measurable with respect to {€; 1,&; o,...}. Therefore,
{( <l r-:tT) ,te Z} is a measurable function of {e;,&;_1,€;_9,...}, and is thus SE

(White, 2001, Theorem 3.35). For ¢ > 2, let @5 be an initialized sequence with
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nonrandom initial value @5 € R*~!, and suppose that it follows the SRE in (3.2):
~e E,p ( e ~e e ( pe pe A
Bivt = Vi (B)) = (L1~ Blw,+ B, G+ A, 577(f5,0), fi = (3) . (A)

where {1;?, t € Z} is SE for any 6 € @ because {(X",e])",t € Z} is SE. Similar
to the proof of Part (i), E[log™ |¢7%($5) — @i|] < o follows from the moment
condition on &; in Proposition 2, the lower bound of F, as required in Part (ii), and
(A.4) above. Moreover, by a mean value theorem for vector-valued functions (e.g.,
Rudin, 1976, Theorem 9.19) and the contraction condition imposed in Part (ii), it is
not hard to obtain the contraction condition E[log p( N ’“’)] < 0; see also the proof
of Proposition 3 for more details. It follows that {@5, t € Z*} converges e.a.s. to
the unique SE solution {5, t € Z} defined by (3.2).

Finally, we establish the existence of moments of y$. Note that ||S(¢)|| = 1 for any
¢ € RF71. Since ¢ is measurable with respect to {€;_1,&;_2,...} and is therefore
independent of &;, we have E |y;[*" < E([X]” [e*) = E(|X|2)E([e]*").

Because E [g,|*" < o0 and |AZ], < XS], E |ys]|*” < oo follows immediately from

o

(A.4). This completes the proof. O

Additional notation is required to establish the invertibility of the filter. Let
CY ((—),IF) denote the space of all continuous F-valued functions on @, equipped
with the supremum norm | - |, defined by ||f]g = supgee ||£(0)] for f € C°(O,F).
Moreover, for any measurable map f : & — R™™ with block decomposition
£(0) = (u(®)", 'v(O)T)T, where u(0) € R™ and v(0) € R", we define the weighted

supremum norm | - ||, for a > 0 as

[Floo =3 IfO)a.  [£(O)ls:=[w(O)] +afv(®)]. (A.6)

By the norm equivalence established in Lemma B.1 and by the compactness of

O required in Assumption 1(i), it follows that (CO (@, F), |- H@,a) is complete and
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separable, and hence a Polish space; see Kechris (2012, Theorem 4.19). Finally, for

any matrix A, let |Al, := sup,q |Az|,/|lx|, be the induced operator norm.

Proof of Proposition 3. For a > 0, we regard the sequence {ft(), t e Z+},
initialized at some nonrandom fl() = f'1 e IF, as a sequence of random elements
taking values in the Polish space (E,dg) = (C°(©,F), | - lo.a ); see Eq. (A.1). Write
f =T, """, where the first component corresponds to the eigenvalues and the
second to the parameters determining the eigenvectors, where ¢ = (¢g,..., ).

For convenience, let 4; = V Ty, and s,(f) = (:ﬁg; ), where

X . 5 (2250147 [S(¢)] 5
sp(F) = (S()'9e) " =N, s7(f) =~ ;

) , A= diag(A).

37 [2:S(@)] A [S ()] 5

Then the Gaussian SRE 4, (f, @) defined in (2.3) and Proposition 1 can be expressed
as ¥, (f,0) = (Iys_1 — B)w + Bf + As,(f). Accordingly, f.1 = ut(ft), where
pe : (C°(O,F),]- H@’a) — (C°(®,F),|- ||@’a) is a random mapping defined by
[:(£)](0) = .(£(0),0). Since {y;, t € Z} is SE, it follows that {p,, t € Z} is
also SE. As in Proposition 2, it suffices to verify the following conditions to apply

Straumann and Mikosch (2006, Theorem 2.8):

(a) E[log* H,u,t(fl) —fi | < o0, where f1(8) = f1 € F for all 6 € ©;

(6) E[log p(ja.)] < 0.

To prove Condition (@), by Lemma B.1, (A.3), and the compactness of @, we
obtain E[log™ | (f1) = filg,.] < o, provided that E[log™ |s}(f1)]] < o and
E[log™ |sf(f1)|] < . Note that |S(p)| = 1 and [Z;S(¢)| = 1 fori = 2,....k.
Moreover, by the definition g, = VTy,, it follows that log* [(S(¢)Tg,) ™| <
log* (stﬂf |9:|*) = 2log™ |y. Since E[log™ |y ] < oo, it follows immediately
that E[log" |s}(f1)|] < co. Similarly, noting that log* |sf(f1)] < log*[A\;'(k —
)] + 2log™ [y, we have E[log™ [s7(f1)]] < .
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To establish Condition (b), note that p(ft;) < Supgee Sup seg | 09: (f, 0) /é’fTH

SUPge@ SUP fep HB + Ads(f)/o0 fTHa using a mean value theorem for vector-valued

functions (Rudin, 1976, Theorem 9.19). Note that 0s,(f)/of " = (D*st (#) Des (£) )

Dxs? (f) Desf (f)
By the block bound derived in Lemma B.2, we further obtain supg.g Sup fep HB +

Aos(f /ofTH < max {Qlt , Qo )}, where

Q1.+(a) = supsup {HB,\ + A\Das)(f)]| + | Ay DAsf(f)H}, (A.7)
0O feF

Q2.(a) = supsup {HB¢ + A, Dg,sf(f)H + a_lHA,\ D¢s,§\(f)"}. (A.8)
0cO feF

We therefore proceed to derive the components of s, (f)/df .

Since dz®? = 2z O dz, we have dsMNf) = 22§=2[(5(¢)Tgt) o
([.@iS(cp)]Tgt)]d% — dX\.  Therefore, Das)(f) = —I, and Dys)f) =
2 diag (S((,o)Tgt)<[.%S(<p)]Tgt,...,[@kS(go)]Tgt>. Furthermore, by dA™ =
mA™1dA for any m € R, we obtain —dy,[Z:S(¢)|A7[S(e)] Ty = P + P/,
where P} = g/ [7,S(p)]A*(dA)[S(¢)] g and

k
- = 2 (01298 A7 (S 5+ 5125 (@A [20S(0)] i o

We then obtain that Dys/(f) is a (k — 1) x (k — 1) matrix whose (4, j)th entry
equals —4/[2;112i18(@)] AT [S(P)] 9 — 9/ [Zi11S ()| A [ 2118 (¢)] y: for
[9/ [725(#)]A721015/ S(¢)]
1<i,j<k—1,and Dasy(f) = :
[9/ (7S ()] A”*]0lg, S(e)]

norm ||| < ||z, where |-|; denotes the Frobenius norm. Moreover, for any

) . Note that the spectral

compatible vectors a and b, we have |a © b|| = ||diag(a)b| < |a]| ||b]|. Putting these

results together, we obtain

Qi4(0) < supsup {[ By — Ay + o | A, [Dasf ()}
© feF

k
< supsup {HBA -~ A +alay (2 5/ (2:5()]A°*
0e® feF i=2

ST

o) W}



<supsup {| By — As| + 0| A, | VE— L Jwel 4] |

0e® feF

<sup {[By— Ax] + |4, VE= 1wl },
€

and similarly,  Qou(a) < supgeo { By + 2[ AL AN (E — 1) [y
a VA VE =1 [y }. Under Assumption 1(ii), it follows immediately
that E[ log p(p)] < 0.

Then, by Theorem 2.8 of Straumann and Mikosch (2006), there exists a unique
SE sequence {ft(-), te Z} such that Hft — ftH@,a %% 0 as t — oo. The first part of
Proposition 3 then follows from the norm equivalence established in Lemma B.1.
Moreover, the same theorem also implies that f; is .%#;_;-measurable and admits the
almost sure representation f; = lim, o g1 0+ 0 o ( fl) for all t € Z, where the
limit is independent of f; and the convergence holds in the norm |- ©.o- Moreover,
foreachr > 1, py_10---0 ,U't—r(fl) is continuous on @. Since @ is compact, it
follows from the classical result that the uniform limit of continuous functions is
continuous (Rudin, 1976, Theorem 7.12) that f; is uniformly continuous on @; see

also Lin and Lucas (2025, Proof of Proposition 1). O

Lemma A.1. Recall L1(0) = T G(f, (0 ),v) from (2.8). Define the station-
ary counterpart L7(0) = T~* Zt L (f:(0),v) and L(0) = E(6,(f:(0),v)). For the

Gaussian specification in (2.4), suppose that Assumption 1 and sup,.; E |y.|> < oo

hold, we then have

sup |Lr(8) — L(0)] £50, T — oo, (A.9)
S

where L(+) is continuous on ©.

Proof of Lemma A.1. The key steps of the proof are analogous to those in Lin
et al. (2025, Lemma 1). We shall prove that (%) supgeg ‘2T(0) — L7(0)] ** 0 and

(ii) supgee | L7(0) — L(8)] > 0, as T — 0. Then (A.9) follows immediately from

S8



the triangle inequality. Note that, in the Gaussian model specification (2.4), ¢;(f,v)
does not depend on v and can therefore be denoted simply by ¢,(f) below.

For the first term (%), by Proposition 3, there exists 7 > 1 such that
SUDgeo Hft(e) — f1(8)| < Cy™" as. Vt € ZT. Applying a mean value theorem
of ﬁt(ft(e)) around ¢;( f;(0)), we have

T
sup !/3T(0) — Lp(0)| <CT™! Z {V_t sup
0O =1 JeF

ftg ) H} (A.10)

where Et(f)/é’f is provided in Eq. (2.7). Given the SE property of y;, the sep-
arability of F, and the continuity of the mapping f — /4,(f), it follows that
{supsep |00:(f)/0f |, t € Z} is SE. By the construction in (2.7), and following
steps analogous to those in the proof of Proposition 3, it is straightforward to show
that E(log™ supep |00(f)/0f ) < oo provided that A, > 0 and E(log* |y.] ) < oo,
as already required by Assumption 1. The conclusion supgy.g ‘EAT(O) — L7(0)] =50
then follows from Berkes et al. (2003, Lemma 2.2).

The second term (%¢) and the continuity of 8 — L(6) follow immediately
from the uniform law of large numbers (ULLN) in White (1996, Theorem A.2.2),
applied to the SE sequence {&( fi(0)),t € Z} (by Proposition 3), provided that

E(supgeo |¢:(£:(6))|) < 0. By the definition (2.4) and Assumption 1(i), we have
k + 1 -1 2
E((sup |6(£(6))]) < € + S E(log" Al ) + 507 Emil (A.11)
0@ 2 2

Given the assumption that E |y;|* < o, it suffices to show that E([|A% ) < oo for
some p € (0,1] in order to establish (A.11). Let K, := supgee |Bx — A,||". By one
of the contraction conditions in Assumption 1(ii), it follows that K, < 1 for any

p € (0,1]. By iterating backward m € Z* steps and applying the ¢,-inequality for
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€ (0,1], we arrive at

m—

(M%) < K7 E(nl) 2 3 (sup Jn” +5up [ 4,17 E 3] ). (412

For any p € (0,1], because {X;, t € Z} is SE, because E |y, |*” < oo follows from the
condition sup,.,; E |y,||> < o0, and because @ is compact, we obtain E(|XMe) < (1—

K,) ! (supgeo |wh|” + supgee | Ar|" E |y1|*) < oo. This completes the proof. [

To proceed, we define

Ly :={)\i7t(00) # Xjt(600), Vi # j, 1 <i,j < k:}

N { sin (gi4(60)) # 0, cos (p;4(80)) #0, 2 <i < k;} teZ. (A.13)

The event F; rules out cases in which the eigenvalues are tied or the rotation angles
take values at which the column structure of S(¢p;), as discussed in Remark 1,
fails to hold. Lemma B.3(iii) shows that E; occurs a.s. for every ¢ € Z under

Assumption 2(i).

Proof of Proposition 4. In the proof below, whenever a quantity depends on the
static parameters 8, we make this dependence explicit. For instance, V; = V S(¢p;)
depends on @ through ¢, = ¢,(0). Accordingly, we write V;(6) below whenever
needed. Let Z4(60,0,) := S(cpt(H))T,S'(got(Oo)). If 3,(0) = X:(6y), then A,(0) =
Z(0,00)A:(00)=:(0,0,)". Note that =;(0,60,) is an orthogonal matrix. Hence,
the matrices A,(0) and A;(6y) are similar and share the same set of eigenvalues.
Since they are diagonal, it follows that A;(@) must be a permutation of A;(6y).
Note that the entries \;+(6y) are strictly positive. Moreover, they are distinct for
i=1,...,k when E; occurs. By Lemma B.3(iii), it follows that =;(@, 6y) must be
a signed permutation matrix a.s. That is, it can be written as =,(0,6y) = II,D;,
where D, = diag(+1,+1,...,+1), and II; is a permutation matrix (i.e., a square

matrix with exactly one entry equal to 1 in each row and each column, and all other
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entries equal to 0). This implies that S (¢:(0)) = S(¢:(6o)) D.I1;. By Lemma B.4,
IT] = IT% for all t, where ITy;, = (ex, €2, €3, ..., ex_1, 1), €; denotes the ith
canonical basis vector in R*, and §; € {0,1}. That is, IT, = IT,] = II;, if 6; = 1,
and IT, = I, if §; = 0. This implies that A,(8) = IT% A;(6,) IT}:, and hence
A(0) = IT% \,(8,). Similarly, A 1(8) = IT" Ay 1(8y) for all ¢ € Z. We now

proceed to establish the results (i)—(iii) separately.

Proof of Proposition 4(i1): Combining the results above and writing B, =B, — A,,

by the construction of the Gaussian SRE defined in (2.3) and (2.7), we have

IT} X1 (80) = Az (0)
~ T — T ®2
= (Ik — B/\)w,\ + B)\At(0> + A)\ [S(cpt(ﬁ)) \ % yt]

~ _ ©2
= (Ik — B,\)U)A + B>\ Hf]tc )\t(eo) + A)\ [Hf]iDtS(got(eo))Tvat]

2

= (I — By)wy + (ByIT%) A(60) + (ANITE) (Vi(60)Tw,) . (A14)

Since the true dynamics are given by A 1(6y) = (I — Byo)wxo + é,\o)\t(eo) +
Ay (Vi(60)Ty:)®, it follows that

I A1 (6) = IT0 (I, — Bio)wio

2

+ (I3 Bao) A(80) + (IT3™ Aso) (Vi(60) ). (A.15)

Note that for any ¢ € Z, Lemma B.3(iii) implies that P(E; N By 1) = 1 — P(E} U
E{. ) = 1. Fix t € Z and set (6,8") = (6;,0:+1) € {0,1} x {0,1}. Then the pair
(04, 0441) s fixed as (6, 0”) at this time index. By (A.14)—(A.15), we obtain an equality
of the form (B.5) in Lemma B.3. Hence, by Assumption 2(i) and Lemma B.3(i), it

follows a.s. that

(I, — By)wy = IT?, (I, — Byo)wyo, B, = T, B IT’,, A, =1II, A\ IT},.
(A.16)
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By Assumption 2(ii), both B \ and B \o are diagonal, which forces the permutation to
preserve diagonality and hence implies 6 = §’ € {0, 1}, given that the first and/or the
last diagonal element of both B \ and B \0 are non-zero. Since ]§,\ = IT}, B o IS,

and Ay = IT?%, Ay, IT?,, it follows by summation that By = IT¢, By, IT?, and

(I — By)wy = IT}, (I, — Byo)wixo
— (I — I}, Byo IT},)w, = II}, (I;, — Byo)wyo
= I}, (I, — IT}, Byo IT},)w, = (In — Byo)wxo

= (Ik — BAO)HiS]g Wy = (Ik — B)\O)UJ)\O.

Since |Byo| < 1 (Assumption 2(ii)), Iy — B)¢ is invertible. It then follows that
Wy = ka wyo. Let wyo,; be the ith element of wy for ¢ = 1,..., k. Imposing the
normalization wy; > wy, and wy1 > wyox then rules out the case § = 1, and
therefore yields (wy, By, Ay)) = (wxo, B, Axo) and Z,(0,600) = D,, which implies
that S(¢:(0)) = S(¢:(00))D; for every t € Z a.s.

Proof of Proposition 4(ii): By the preceding arguments and Lemma B.6, we
immediately obtain Proposition 4(ii), where Dy = D(q;). Here, for an integer vector
q=(q.-..,q)" €7 D(q) := ], D% denotes a k x k diagonal sign matrix,
where Dy; is an identity matrix with the (1,1) and (7,4) diagonal entries replaced

by —1.

Proof of Proposition 4(iii): By the representations in Proposition 4(ii) as derived
above and the identities (I1)—(12) given in the proof of Lemma B.5, applied repeatedly,

we obtain, for i = 2,...,k,

Y VI2:S(04(0))]A:(0)'V,(0) Ty

= y:V[-@is(SOt(9))]At<0)7ls(¢t(@)TVT%

= Gi(q)y/ VI[2:5(¢:(6))] D(q:)Ai(60) ' D(q:) S(Sot(eo))TVTyt
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= Gi(q) Y/ VIZ:5(04(60))] Ar(80) " Vi(60) "y, (A.17)

where we use the fact that A((0) = Ai(6y) a.s. by the proof of Part (i). Using
(A.17) and the likelihood score in (2.7), we can write

ol(fi,v) _ C(Qt)'%t(fhy)

p p . (A.18)
Pt et=C(qt) pt(00)+7 qr, Ae=Ae(00) Pt Pt=pt(00), At=At(60)

Therefore, by the representations given in Proposition 4(ii) and (A.18), and by the

construction of the Gaussian SRE defined in (2.3) and (2.7), we arrive at

C(qt+1) Pr+1(00) + T @1 = p141(0) = (L—1 — Bcp)‘-%

+ B,[¢(q1) p1(00) + T ai] + Ay C(qr) ot v) . (A.19)

0Pt |ipi=(80), A= Ar(80)

On the other hand, using the true dynamics, we have

C(qrs1) pi+1(00) = C(qry1) (i1 — Buo)wyo

oly(fi, v
+ C(qt+1)B<p0 QOt(eo) + C(Qt+1)A<p0 % (A-20)
Pt @wit=p¢(00), Ae=X¢(00)
Comparing (A.19) and (A.20), one has
K(q, qi1) + G(q1, qi1) p1(00)
oly(fi, v
+ H(q:, ge41) % =0,
Pt

pt=¢t(00), At=A¢(60)

where K(qy, @i1) = (Ix-1 — Byp)w, — C(Gi41)(Tx-1 — Bpo)weo + 7 By @ — ™ i,
G(qi, qi+1) == ByC(qi) — €(qi+1)Byo, and H(qy, qi1) = AyC(qr) — C(qi1)Ago-
For the argument below, take an arbitrary representation obtained in Part (ii) as
fixed. For each fixed ¢ € Z, Lemma B.3 is then applied to the resulting fixed pair

(@, @1+1). By Lemma B.3(ii), this implies that G(q:,g;+1) = H(q:,q:+1) = 0 and
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k(qt,Gi+1) = 0.
Given the diagonality of B, and B, we obtain B, = ¢(qi+1)B,0¢(q:) = Byo (:
by G(g:,qi+1) = 0, where ¢; = diag(Cay, - - -, Cet) = €(gi+1)C(q:) with £1s on the

diagonal. From k(q;, q;1+1) = 0, we also obtain

g1 = B Giqi + %[(Ik—l — By &) wy, — (Tim1 — Bpo)C (i) weo]|.  (A21)
For the fixed representation under consideration, (A.21) holds with g, q;1 € Z*~*
for all t € Z.

Before continuing, note that, for an integer-valued scalar sequence {ry, t € Z}
satisfying r,,1 = bry + ¢ with |b| < 1 and ¢ € R, one must have r; = ¢/(1 — b) for all
t € Z. Indeed, if b = 0, then ;1 = ¢ for all ¢, and hence r, = ¢ = ¢/(1 — b) for all t.
If b # 0, fix t € Z in what follows, and let r* = ¢/(1 — b). Iterating the recursion
gives 1y, — 1* = 0"(ry — r*) for all n = 0. Since |b| < 1, ryy, — r* as n — .
Since 144, — r* (as n — o0) and each ry,, is an integer, the sequence {r;,, n = 0}
must be eventually constant. Indeed, for all sufficiently large n, the terms r;,,, lie
within distance 1/2 of the limit r*; an integer sequence can contain at most one
value in such a neighborhood. Hence r;,,, = r* for all sufficiently large n. Since
rep1 — 1 = b(rs —r*) and b # 0, rg,1 = r* implies ry = r*. Repeating this step
backward from s =t +n — 1 down to s =t gives r;, = r*. Since t is arbitrary, the
claim follows.

Now write q; = (q2.4, ¢34, - - - qrt) | and Byo = diag(Byo.2, Byo3s - - - s Byox). Note
that (o; = 1 for all t € Z because (3(g;) = 1 for every q; € Z*~!. By the assumption

|Byo2| < 1, regardless of whether B+ is zero or not, the first coordinate of (A.21)

yields
(1 = Bgo2)(Wp2 — weo2) Wp2 — Weo,2
Q2,641 = Bpo2 @+ = z z = (21 = —m 2% e (-1, 1),
T T
under the restriction wy,; € (wp,wr, + ] for i = 2,..., k and some wy, € R as imposed
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in Assumption 2(ii). Since g»; € Z, this implies that g = 0 for all ¢ € Z, and
thus w2 = weo,2. We proceed by induction. Suppose that, for some i € {3,..., k},
@2t = -+ = gi—14 = 0 for all ¢ € Z. Then, by the structure of {(q;), we have
Ci(gy) = 1 for all t € Z, and hence (;; = 1. Similarly, the ith coordinate of (A.21)

gives

1= B R . o '
Git+1 = Bpoi gig + ( 20i) (Wi = Wou.i) = (it = Weii — Wi (—

1,1).
s 1)

Using the same argument as above, we obtain ¢;; = 0 for all ¢ € Z and thus
Wy,i = Weoi, where i € {3,...,k}. As a result, we obtain g, = 0 for all t € Z and
thus w, = wyp. At the same time, we obtain ¢(q;) = ¢(gi+1) = Iy—1, and thus

A, = A, B, = B, This completes the proof. O

Proof of Theorem 1. The proof follows from standard consistency arguments as
in Blasques et al. (2022, Theorem 4.6), which rely on Lemma A.1, Proposition 4,
and White (1996, Theorem 3.4). O

Proof of Theorem 2. We prove the theorem by applying Theorem 3(b) of An-
drews (1999). In view of Theorem 1 in the same reference, it suffices to verify
Assumptions 1, 2%, 3*, 5*, and 6 therein. Recall that in the Gaussian filter dynamics,
that is, under (2.4), £,(f,v) does not depend on v and may therefore be written sim-
ply as £,(f) without confusion. Also recall the notation £7(8) = T S 0 f}(a))
and Lr(0) =T} Zf:l (,(f:(0)) as given in Lemma A.1. Note that Assumption 1

of Andrews (1999) follows immediately from Theorem 1.

Verification of Assumption 2*. We first establish the condition in Eq. (9.1) of

Andrews (2001), which in the current paper reduces to showing that

sup T‘ (Lr(6) — L7(60)) — (L1(0) — zT(eo))‘ = op(1) (A.22)

0cO: |0—6||<vr
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for all 7 — 0. Note that the left-hand side of (A.22) is bounded by

T

sp —|(4(£0)) — 6(£10)) — (6(F(60) = t(£:(60)) |- (4.23)

1—1 0€0:|0—00| <1

By the arguments given below (A.10), we have >,/ | Supgeg ’&(f;(@)) —4(f.(0))] <
o. Moreover, ft(ft(O)) — 4y(f:(0)) is continuous in @ € @ by Proposition 3. Hence,
by (A.23) and by the same argument as in Eq. (9.26) of Andrews (2001), (A.22) is ob-
tained immediately by further noting that supgee. j9—gy <z (¢4 (ft(e)) —4,(£:(0))) —
(€:(£1(80)) — L:(£1(60))) | < 25UDgeo. jo—go|<rr |6 (F:(0)) — L(£:(8))].

Following arguments similar to those in Andrews (2001, Appendix A), in partic-
ular Egs. (9.2)-(9.3), one can obtain the quadratic approximation of Lr(-) given in
Eq. (3.2) of Andrews (1999) directly in terms of 0L7(68,)/060 and 0*L1(6,)/0006T.
That is, if Assumption 2%* in Andrews (1999) holds for £7(-), then Assumption
2* holds for Lr(+); in turn, by (A.22), Assumption 2* also holds for [,AT(-), with
the quadratic approximation in Eq. (3.2) of Andrews (1999) defined in terms of
0L (6y)/00 and 0*L1(6y)/00007 for the terms involving the operators D and D?,
respectively.

Now we verify Assumption 22* for £5(-). Let @ in Andrews (1999) be given
by O5° = @ n C(By,€), where ¢ > 0 is as specified in Assumption 3(ii). Then
Assumption 2% (a) is trivially satisfied given Assumption 3(i). Assumption 22" (b)

follows from Assumption 3(ii). To verify Assumption 22*(c), it suffices to show that

(_ a?zT(a)> _ 70

oo — op(1), (A.24)

sup
0O

where @5 < ©O5° (see Assumption 3(iii) for the definition), and J(8) =
—E(%ﬁdﬁ(@))). Note that 0%¢,(f,(0))/00060" is a measurable function of
(ys, £:(0),01:(0)/00,0%f,(6)/0606T). By Assumption 3(ii), it is continuous in

0 € ©F and is SE as a process indexed by t. Therefore, (A.24) follows directly from
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Assumption 3(iii) and the ULLN for SE processes in White (1996, Theorem A.2.2).

Verification of Assumption 3*. As discussed above, it suffices to verify Assump-
tion 3* for LAT() using the terms appearing in the quadratic approximation, namely
0L1(6y)/00 and 0*L1(6,)/00060T. We first establish the asymptotic distribution of
VT 0L7(6y)/06. Note that

OLr(0;) 1 & ol(f.(0
\/7T0_ Zt

of.(00)\ " o0(F)
- H2 (%) %

where 8ft(90)/80T is .#;_1-measurable by Assumption 3(ii). Since &; ~ (0, I)

0=0, ‘fft(e())

are i.i.d. and {y,, t € Z} is generated according to {y$,t € Z} in Proposi-

tion 2, it is not hard to compute that E((%t(f)/(?f ‘f_f

}},1) = 0 and thus
ST [8&5( 1:(6))/06 | o—0, ] is a partial sum of SE martingale difference (m.d.) ran-
dom variables. We apply the Cramér-Wold device together with a central limit
theorem (CLT) for SE m.d. sequences, such as Theorem 24.3 of Davidson (1994)
(see also Theorems 13.12 and 23.16, as well as the discussion in Chapter 24.3, p. 385
of the same reference), provided that E(|0¢,(f.(6))/06 ‘0:90“2) < oo as required in

Assumption 3(iii). This implies that, as T — oo,

0L7(0o) a 0t:(f:(0)) 0L.(f:(6))
VT =2 = N(0.1y). IO:E( 00 007

MO). (A.25)

Finally, note that J(6) is symmetric, nonrandom, and nonsingular by Assump-

tion 3(iii). This completes the verification of Assumption 3*.

Verification of Assumptions 5% and 6. Since 6, € int(@), we may take the
cone A in Assumption 5*(a) of Andrews (1999) to be A = RY™(®) where dim(6y)
denotes the dimension of 8y. Moreover, Assumption 5*(b) is satisfied by taking
by = /T. Hence, Assumption 5* holds. Assumption 6 follows immediately because

the cone A specified above is convex.
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The proof is completed by a direct application of Theorem 3(b) of Andrews
(1999). O
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B Proofs of auxiliary results

Lemma B.1 (Equivalence of | -|g , and |- |g). For any a > 0 and all f : © —

R™*™ " there exist positive constants ¢, and C,,, depending only on «, such that

ca|flo < lfloa < Calfle (B.1)

Proof of Lemma B.1. For a fixed 0 € @, write f(0) = (u(@)T,v(O)T)T. Recall
|£(0)], = ()] + a[v(6)]. We have

| £()ll, = min{1, a}(|u(8)] + [v(6)])
> min{l,oz}\/l!ﬂ(@!\2 +[v(O)]" = ca [ £(O)] . (B.2)

where ¢, := min{1, a}. Second, using a + b < 4/2(a? + b?) for a,b = 0, we have

|£(0)]o < max{1,a}([u(®)] + [v(6)])
< \/imax{l,Oé}\/Hu(i‘))H2 +[v(O)* = Ca [ £(0)] (B.3)

where C, := v/2max{1, a}. Taking supg.g on both sides yields Lemma B.1. O

Note that Lemma B.1 implies that, for a sequence of functions {f;}, we have

Ifileo — 0if and only if | fillg — 0 as t — 0.

Lemma B.2. Consider a block matric M = (%; %g) e RP*(m+1) forp m,ne Z*.

Then
| M|, < max {| M| + o | My, [ M| + o' |[Mi] }, Va>0. (B4)

Proof of Lemma B.2. Let ¢ = (x],x;)" # 0 with £; € R™ and x, € R". Note

S19



that Mz = (ﬁ;giﬁgﬁz ). By definition of |-|,, in (A.6) and the triangle inequality,

HM(EHO( = ||M11331 + MlgiUQ” + « ||M21£131 + MQQCBQ”
< (M) + o | Mo |) 2] + (| Mo + o[ Mo ) 2]
= ([Mu] + o[ Mo ) 2] + (| Mas] + ™! | M| ) a |z,

< max { |[Mu] + o[ M|, |Msy| + o™ M| } (] + afz] ).

This implies |Mex|,/|z|, < max{|Mu| + a|Mos|, | M| + o [ M|} for all

x # 0. Lemma B.2 is then obtained by taking the supremum over x. O]

Lemma B.3. Suppose that the filter dynamics are generated by the Gaussian quasi-
likelihood recursion in (2.3) and Proposition 1 under the true parameter value 6y € ©.
Suppose further that for every t € Z and for almost every realization of %#;_1, the
conditional distribution of y, | Fi_1 admits a pdf with a support that contains a
nonempty open subset of R¥. Let k : ZF"' x ZF-! - RF-! G H : 7ZF! x 7F1 —
RE=DxE=1) pe nonrandom maps.

(i) For each t € Z, if det(Ayxg) # 0, then A(0y) admits a pdf with a support

containing a nonempty open subset of R¥. Moreover, for constant coefficient matrices

A, , Ap,, and Ay, if
A, + A, A(60y) + Ay, (Vt(@o)T?Jzt)@2 =0 as, (B.5)

then (A, ,Ap,,A4,) = (0,0,0).
(ii) For each t € Z, if det(Ay,o) # 0, then ¢ (0y) admits a pdf with a support that
contains a nonempty open subset of R¥=. Moreover, for each t € Z and almost

surely, the conditional distribution of dly( f, 1/)/(3%‘ given Fy_1 18

pt=p1(00), Ae=A¢(60)

absolutely continuous with respect to Lebesque measure with a support that contains
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a nonempty open subset of RF1. If

k(q,q") + G(q,q') p: (o)

+ H(q,q') ot v) =0, as (B.6)

Pt |ipmpr(60), A= (00)

for a nonrandom pair (q,q') € Z*=* x Z*~!, then k(q,q') = 0, G(q,q') = 0, and
H(q,q)=0.

(iii) For each t € Z, the event Ey defined in (A.13) occurs almost surely.

Proof of Lemma B.3. Proof of Lemma B.3(i): Fix t € Z. Conditional on .%;_;,
both A;(6y) and V;(8,) are fixed. Since V;(6y) is orthogonal (and thus invertible), the
change-of-variables formula implies that, almost surely, the conditional distribution
of u; := V;(6y) "y, given .%,_; also admits a density that is positive on a nonempty
open subset of R*. Let U, be a nonempty open set on which the conditional density of
u; given %, 4 is positive and all coordinates of w; are nonzero. Then {u®2 cu e Uy}
is a nonempty open subset of R*. Therefore, conditional on .%,_;, the random vector
u®? has support containing a nonempty open subset of R¥. Under the true eigenvalue
recursion, we have A\, 1(0y) = (I — Bxo)wxo + (Bxo — Axo) Ai(6g) + Ay uP?. Since
det(Ayp) # 0 by assumption, the map &€ — (I —Big)wxo+ (Bxo—Axo) At (0g)+Ax &
has nonsingular Jacobian A,y with respect to &€, and therefore maps nonempty
open sets in R¥ to nonempty open sets by the inverse function theorem of Rudin
(1976, Theorem 9.24 (a)). It follows that, for almost every realization of .%;_1, the
conditional support of A;;1(0y) given .%;_; contains a nonempty open subset of R¥.

To continue, suppose that (B.5) holds. Note that P(G) = E[E(1g |5)] for
a o-field 7 and any event 7, where 1y, is an indicator function. Let G* be the
complement of G. Setting G = {AwA + Ap, Ai(6p) + Aa, (Vt(Bo)Tyt)@2 = 0}, and
A = Fi_q, we have 0 = P(G") = E[E(Lge | )] = 0, and thus E(Lg | #) =
P(G' | #) = 0 a.s. Equivalently, P(G | 2#) = 1 a.s. That is, (B.5) also holds

with conditional probability one given .#; ; a.s. For almost every realization of
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Fi_1, M(0y) and V;(0;) are fixed, and, by the argument above, u$* has conditional
support containing a nonempty open subset of R¥. It follows that the map & —
A, +Ag, A(6) + Ay, € is equal to zero on a nonempty open subset of R*. This is
possible only if Ay, = 0. The equality therefore reduces to A,, + Ag, At(6y) =0
a.s. Since A;(6y) conditional on .%;_» has support containing a nonempty open
subset of R* and using a similar argument as before, the map & — A,, + Ap, £

must be zero on a nonempty open subset of R¥. It follows that Ag, = 0 and

A,, =0. Hence (A,,,Ap,,A4,) =(0,0,0).

Proof of Lemma B.3(ii):  Note that the preceding argument implies that the
conditional distribution of A;(6y) given .#;_, is absolutely continuous. Its un-
conditional distribution is therefore also absolutely continuous, using the identity
P(G) = E[P(G | )] for any event G and o-field #. Namely, for each fixed ¢ € Z,

the entries of A;(6y) are pairwise distinct a.s., that is,
P(\is(60) = \ja(60)) =0, i % (B.7)

We shall work on this almost sure event. Define x; := A;(8y)"*V;(8,) " y,. Since
A,(00)72V,(6,)7 is nonsingular almost surely, @, | .%,_, admits a density that is
positive on a nonempty open subset of R* almost surely. For fixed A;(0y) and ¢;(6y),

define the map g, : R¥ — R*¥~! by

27 A4(80)"2S(01(60))T[2:S (p1(80))] Au(8y) V2

T A4(00)"2S(1(60))"[Z:S (01(60))] A (00) 2

Then g;(x;) is exactly the true Gaussian rotation angle score entering the recursion

for ¢4(6o).
To apply the inverse function theorem (see, e.g., Rudin, 1976, Theorem 9.24), we

now verify that the Jacobian of g; has full row rank £—1 on a nonempty open subset of
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R*. We fix the first coordinate of & = (2, x,..., ;)" and use the (k—1) x (k—1)
submatrix of the Jacobian formed by columns 2,..., k. Nonsingularity of this
submatrix implies that g, maps local variation in (zs,...,2;)" into a nonempty
open subset of R¥~! due to the inverse function theorem.

To establish the nonsingularity of the Jacobian, let §i7t =
S(pi(00))T[Z:5(pi(8y))] for i = 2,....k, and note that SJ, = —S,;. The
latter follows directly from Eq. (B.8) below. For i = 2,... k, the Jacobian of the

1th component g;, of g, is then given by

agal;:('rw) - —x' (At(eo)l/Qgi,tAt<00)_l/2 - At(ao)_l/QgivtAt(eo)l/Q)'

Furthermore, we observe that

gi,t = < H R, (W,t(‘%))) (6161T —ez'elT)< 1_[ Rm(@m(%))); (B-S)

l=i+1 l=i+1

where e; denotes the ith canonical basis vector of R*, with 1 in the ith entry
and 0 elsewhere. Since Hif:z 1 Rea (@g,t(Ho)) leaves the ith coordinate unchanged,
this matrix has the form §i7t = nme; — emgt, for the unit length vector n;; :=
<H’Z:i+1 Rm(gom(eo)))Tel € span{ey, €;41,...,€e,} with antH = 1. Therefore,
among columns 2, ..., k, the row vector dg; () / ox' can have nonzero entries only
in columns 7,7+ 1,...,k for ¢ > 2, i.e., it has an upper-triangular structure. With

regard to its diagonal entries, note that the ith diagonal entry for ¢ > 2 is given by

09i4(x)
ox’

ei=—x' (At<00)1/2)\i,t(00)71/2 - At(00>71/2)\i7t<90)1/2> it

where we used n;; € span{ey, €41, ..., e} and thus n;tei = 0. Since n;; is a unit
length vector with zero ith coordinate, it has at least one nonzero coordinate outside
the ¢th position. Since the entries of A;(8y) are pairwise distinct a.s. by (B.7), for

each i = 2,...,k, the sets {a: e RF : (6gi,t(a:)/8wT)ei = 0} all have Lebesgue
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measure Zero.

Since x; | %1 admits a pdf, the diagonal elements of the above Jacobian
submatrix are strictly non-zero almost surely. Viewing g, as a map from the
remaining k — 1 coordinates to R*~1 after fixing the first coordinate of x (at its
realized value), the change-of-variables formula implies that g;(x;) | %1 also
admits a pdf on R¥~!. Moreover, since the diagonal elements of the upper triangular
Jacobian submatrix are continuous functions of «, their nonzero values at x; remain
nonzero in a neighborhood of x; almost surely. Thus, after fixing the first coordinate
of x, the inverse function theorem applied to the remaining coordinates of & implies
that the image of a local open subset under g, contains a nonempty open subset
of R¥=!. Hence the support of g;(x;) | .#;_1 contains a nonempty open subset of
R*1. Since the true recursion can be written as ¢;11(0y) = (Ix_1 — Bo) wyo +
By p:(00) + Ay gi(x,) with det(Ay) # 0 by assumption, and since g;(x;) | F_1
admits a pdf with conditional support containing a nonempty open subset of R¥~1,
the conditional distribution of ¢;41(6y) given %;_; also admits a pdf, and its
conditional support contains a nonempty open subset of R*~!. Consequently, the
unconditional distribution of ¢;,1(6y) also admits a pdf on R¥~L.

Finally, we consider (B.6). For each fixed pair (q,q’) € Z*~! x Z*~!, conditional
on Z;,_1, ¢i(0y) is fixed, while the conditional support of g;(x;) contains a nonempty
open subset of R¥"1. Hence, by similar arguments as for Part (i) and given the
above results, we obtain H(q,q') = 0. Eq. (B.6) then reduces to k(q,q’) +
G(q,q)p:(0y) = 0 a.s. Again, by a similar argument as for Part (i), since the support
of ¢(0y) | F_2 also contains a nonempty open subset, we get that G(q,q’) = 0,

and thus, finally, that x(gq,q’) = 0.

Proof of Lemma B.3(iii):  Since ¢;(0y) admits a pdf on R*"! it assigns zero
probability to any set of Lebesgue measure zero in R¥~'. We have P(cos (;+(6o)) #
O) =1fori=2,...,k and ]P’(sin (gpm(Oo)) # 0) = 1. Together with (B.7), this
yields P(E;) = 1 for each fixed t € Z. O
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Lemma B.4 (Column-structure uniqueness). For k > 2, recall that S(p) =
Hf:Q R;1(p;), where @ = (pa,..., 1) " . Suppose that cos(p;) # 0 fori=2,....k
and sin(pg) # 0. If there exist a permutation matrix IT, a signed matriz
D = diag(£1,+1,...,%1), and a vector @ such that S(@) = S(p)DII, then
IT € {I}, I1,;}, where Iy, = (ek, €, €3, ..., €L 1, el), and e; denotes the ith

canonical basis vector in R”.

Proof of Lemma B.4. Note that when k = 2, any permutation matrix IT neces-
sarily satisfies IT € {I}, ITy;}, so the above result holds trivially.

In what follows, let k& > 3. For any matrices U = (U.,...,U.;) and V =
(V.1,...,V.y), where U.; and V.; denote the ith columns for ¢ = 1,... k, if

U = VR, (¢), then we have
U., =cos(p)V.1—sin(p)V.;, U.; =sin(p)V.1+cos(p)V.;,, U.,=V.,, (¢ {1,i}.

Namely, right-multiplying V' by R;:(-) only changes the first and the ith columns.
Define V) = V(i_l)Rm(gpi) fori=2,...,k with V) = I, = (ei,...,ex), where
e; denotes the jth standard basis vector of R. Clearly, S(¢) = V*).

Fix any 7 = 2,3, ...,k and note that:
(a) for i < j, since each step only modifies the first and the ith columns, the jth
column remains unchanged; that is, V_S) = e;j.
(b) fori=j,

Vg) = Sin(@j)V(ffl) + cos(goj)V.,(fn = sin(goj)V,’(f*l) + cos(p;)e;. (B.9)

*y

Over the first 7 — 1 steps, the first column V(f - only interacts with columns
2,...,7—1. As aresult, the 5,5+ 1,...,k rows of fo_l) are all zero. This, in turn,
implies that the j + 1,5 +2,..., k rows of V,g) are zero, provided that cos(y;) # 0.
(¢) for i > j, the column Vf;) remains unchanged and satisfies Vf;) = V(J] ). In words,

for any column j > 2 of S§(¢) = V¥ with k > 3, all entries in rows j + 1,...,k for
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column j are equal to zero, and the largest row index at which a nonzero entry can
occur is j in column j.

Note that for any ¢ and @, S(¢)D and S(@) must share the same column
zero structure described above. Since right multiplication of S(¢)D by IT merely
permutes its columns, if S(@) = S(¢)DII, then each column of S(¢)D must be
mapped to a column position with an identical zero structure, which implies that
the columns 2,3,...,k — 1 of S(¢)D must be fixed. However, the first and last
columns may exhibit the same nonzero structure and may therefore be interchanged,

which implies that IT € {I}, II;}. This completes the proof. ]

Lemma B.5. Recall S(p) from (2.1), where ¢ = (3, ..., o) ". For any integer vec-
torq = (qa,...,qp)" € Z*¥, define the k x k diagonal sign matriz D(q) := H?:g D
where Dy; = (—eq,es,...,€;_1,—€;,€i11,...,€x) for canonical basis vectors e;, or
in words, Dy; is an identity matriz with the (1,1) and (i,i) diagonal entries re-
placed by —1. Also define the diagonal matriz {(q) := diag (¢2(q), .- -, Ck(q)) acting

componentwise on @, where

i—1

G(g) =1,  (lg):=(—1)%—2%  i=3.. .k

Then, for every ¢ € R¥! we have

S(p+mq) =S(C(a)y) D(g), VgeZ'™ (B.10)

That is, the effect of adding 7 q to the angles can be expressed as (i) a componentwise
sign flip of the angles determined by {(q), and (ii) a right multiplication by a diagonal

sign matriz D(q).

Proof of Lemma B.5. Recall that S(¢) = [, Ri1(:). We use two elementary

identities.
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(I1) Foreachi>2, R;1(yv; £7) = R;1(p;)Dy;. This follows directly from the 2 x 2

rotation block in R;;(+), since adding 7 multiplies that block by —Is.

(I2) For any M = diag(my,...,my), where m; = +1 for j = 1,..., k, we have for
any ¢ > 2 that M R, 1(¢;) = Ri1(mim; ;) M.

Using (1), we obtain S(p + 7q) = []-, (Ri1(p:)Df).  We now move
all diagonal matrices D{; to the far right. Each time a factor D} passes a
later rotation R, (yp;) with ¢ > j, identity (I2) shows that ¢; changes sign,
because ij- flips the first coordinate, but not the i¢th. Consequently, the to-
tal sign accumulated by ¢; equals (—1)23‘;12 % That is, (HZ ; Dq3> R, (i) =
R, <(—1)Z§;12 % %) <Hl . qu) After all diagonal matrices have been moved to
the right, they combine into D(q) = Hf:Q D and the remaining rotation product
equals S(¢(q)e). This proves (B.10). O

Lemma B.6. Assume that for some vectors @ = (p2,..., 1) and @y =
(002, pok), we have S(¢) = S(po) D, where D = diag(+1,...,+1) is a

sign matriz. Then there exists an integer vector ¢ = (qo, ..., qx)" € Z*! such that

v =¢(@) po+mq, (B.11)

that is, the angles satisfy the componentwise relation ¢; = (i(q)po; + mq; for
i=2,...,k, where {(-) = diag (&2(), .., (")) is given in Lemma B.5. Moreover,
D = D(q) = [[\_, D%, where Dy; is defined in Lemma B.5.

Proof of Lemma B.6. Note that det(D) = 1 must hold. Indeed, each Givens
rotation matrix has determinant one, and hence det (S(¢)) = det (S(¢0)) = 1.
Taking determinants on both sides of S(¢p) = S(¢o) D therefore gives det(D) = 1.
We prove the representation (B.11) by induction on k > 2

Consider k = 2. Then S(¢) = Ry1(p2). We have Ry 1(p2) = Ra1(po2) D. Since
det(D) = 1, then D € {I,,—I,}. It is straightforward to verify that (B.11) holds
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with (3(g2) = 1, with g3 € Z, and that Lemma B.6 holds with D = (—1I5)%.

Induction step. Assume that the statement holds for dimension k — 1, and prove it

for dimension k£ > 3. Write

S(p) = R2,1(<P2) (HRzl(SOz)>

A crucial fact is that for every ¢ > 3, R;;(-) does not mix coordinate 2 with
any other coordinate; hence the second column of S(¢) depends only on s and
equals coly (S(¢)) = (sin(p2),cos(2),0,...,0)", where col;j(Q) denotes the jth
column of the matrix Q. The same holds with ¢(. Since right-multiplication by
D = diag(d, ..., dy) multiplies the second column by da, it implies that sin(yy) =

dy sin(pp2) and cos(pse) = da cos(pg2). Therefore there exists ¢, € Z such that
P2 =102+ Tq,  dy=(-1)" (B.12)

Now left-multiply S(¢) = S(¢o) D by Rs1(—p2). By the basic angle sum and

difference identities for trigonometric functions, one has

Rz,l(—SOQ)Rz,l(SOz) = I, Rz,l(—902)R2,1(900,2) = R2,1(900,2—902) = R2,1<_7TQ2)-

Hence,

HRz‘,l(SOi) = R2,1(—7TCI2) <HRi,1(<Po,i)> D. (B-13)

=3

By Part (I1) in the proof of Lemma B.5, we have Ry1(—7mq) = D73. Define
D = diag(dy,...,dy) := D% D. Then D is diagonal with det(D) = 1, and its
second diagonal entry is dy = (—1)%dy = 1 by (B.12). By (B.13) and Part (I2) in
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the proof of Lemma B.5, we then obtain

k

HRi,l(SOi) = (HRz‘,l(@o,i)> D, Goi = (—=1)" wo,- (B.14)

=3

Because the left-hand side of (B.14) leaves coordinate 2 unchanged, we may restrict
(B.14) to the (k — 1)-dimensional subspace spanned by coordinates {1, 3,4, ..., k}
(i.e., remove the second row and second column). On that subspace, Hf:?) R;1(pi)
and ]_[fzg R, 1(p0;) retain exactly the same structure as in dimension k£ — 1 (with
the role of index 3 now playing the role of “2”, etc.), and the restricted D2 (i.e.,
obtained by removing the second row and second column of the original 1~)) is again
a diagonal sign matrix with determinant 1. Since (B.11) is assumed to hold for
k — 1 by the induction hypothesis, there exist integers qs, ..., gx such that for each
1=3,...,k,

i = (~1) 559G, + 7 g, (B.15)

with the convention that 2?:22 - =0 for {1 < {y. Since @g; = (—1)% ¢y, we have
o = (—1)23;12 %o +mq; for i = 3,..., k, which, together with (B.12), implies that
(B.11) also holds for k. Note that the additional factor (—1)% arises from the sign
flip of the first coordinate introduced by D= D% D in (B.14). Hence, the induction

step is established and therefore (B.11) holds.
Ezpression for D. By (B.10) in Lemma B.5 and (B.11), we have S(¢) =

S(¢(@)¢(a)po)D(a) = S(po)D(g). On the other hand, S(¢) = S(po) D by

assumption. It then follows that D = D(q), which completes the proof. O
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C Additional empirical results

Figure C.1 complements Figure 6 in Section 5 by plotting the elements of the
second eigenvector of the DSR model over time. Note that the second eigenvector
automatically changes over time if we rotate the first eigenvector, at least if the
first angle in ¢; is not zero. Differences, however, are less pronounced than for
the first eigenvector; compare Figure 6. The loadings of the second eigenvector are
positive for the top 5 institutions (less systemically important in terms of SRISK)

and negative for the bottom 5 institutions (characterized by the highest average

SRISK).
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Figure C.1: Dynamics of the second eigenvector

This figure shows the time series of all elements of the second eigenvector of the conditional
covariance matrix. The sample period spans January 2002 to January 2023.

As mentioned in Section 5, we also experimented with two alternative rotation
schemes for the baseline orthogonal matrix V. The first specification, labeled DSR
Az, only allows for rotations between the eigenvectors corresponding to the three

most dominant eigenvalues. Namely, we set

2 3

H i (Pige); (C.1)

j=11
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Table C.1: Additional DSR specifications

This table shows the results for 10 financial US equities between various DSR. specifications.
In particular, the table includes the DSR model adopted in Section 5, a specification labeled
“DSR Ag3” defined in (C.1), and a specification labeled “DSR 2vec” in (C.2). The results
are based on predictions on 16 years of data spanning from January 2007 to February
2023. The columns represent the performance measures: the in-sample log-likelihood, the
out-of-sample log-score, the mean Frobenius-normed difference between the forecasts of
the conditional covariance matrix and the observed (estimated) realized covariance matrix,
and the QLIKE value. Stars indicate statistical significance of the DM test against the
DSR model for the out-of-sample measures: *p < 0.10, **p < 0.05, and ***p < 0.01.

In-sample Log-Lik  Log-score  Frobenius Norm  QLIKE

DSR —74324 —14.588 23.735 14.323
DSR Asg —74966 —14.679*** 24.003*** 14.274
DSR 2vec = —74048 —14.682%** 23.967*** 14.497***

where ¢; j; is the rotation angle in the (4, j) plane. The idea behind this specification
is that most of the empirical gain can be obtained by rotations along the first three
principal axes, as these capture most of the variation in the data. In our second
alternative specification, labeled DSR 2vec, we rotate both the first and the second
eigenvectors (with all other possible eigenvectors), i.e.,
2k
Vi=V [ ][] Ris(ei)- (C.2)
j 1

j=1i=j+

The idea behind this specification is that changing the second principal axis over
time may also result in sizable empirical gains, while allowing the rotations to have
maximum freedom along all principal axes.

Table C.1 shows that the baseline DSR specification in Section 5 captures the
data better than the two alternative specifications. Although in-sample the DSR
2vec model performs better than the baseline model, this appears to be due to
overfitting. When we move to the out-of-sample results, the baseline model appears
to be the overall winner. Only for QLIKE, the DSR Aj specification does slightly
(insignificantly) better, whereas the model loses in terms of log-score and Frobenius

norm. Given these results, we restrict ourselves to the baseline DSR specification.
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