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Abstract

The score-driven framework relies on pre-specified scoring rules tied to assumed
conditional densities, making it vulnerable to misspecification under outliers or struc-
tural breaks. We embed the flexible Barron loss within the quasi score-driven (QSD)
framework, allowing the degree of robustness to be learned from the data. The result-
ing Barron-Loss Adaptive Estimation (BLADE) filter generates a strictly stationary,
ergodic, and invertible sequence of time-varying parameters under mild regularity con-
ditions. Within an extended quasi score-driven estimation framework, obtained by
generalizing the required moment condition, the associated estimator is shown to be
consistent and asymptotically normal. The Barron loss is strictly consistent for a family
of functionals indexed by the shape parameter γ, enabling smooth adaptation between
classical and robust targets. We establish that the BLADE update belongs to the class
of Proper and Robust Autoregressive Derivative Adaptive (PRADA) models and is
therefore expected divergence reducing. We further establish that more robust updates
achieve an at least as large expected local divergence reduction as less robust ones over
explicit intervals, of step sizes in a non-contaminated setting and of contamination pro-
portions under a contaminated updating draw, providing a formal robustness guarantee
against corrupted observations. Monte Carlo experiments under non-contaminated and
contaminated estimation environments confirm these theoretical findings and demon-
strate superior performance relative to GARCH and βt–GARCH models when outliers
are present.
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1 Introduction

Over the last decade, score-driven models have emerged as a prominent subclass of observa-

tion driven time series models. The use of the gradient of the model-implied log-likelihood,

that is, the score, to update time-varying parameters was originally proposed by Creal et al.

(2013) and Harvey (2013). This framework has since generated a broad range of applica-

tions and has been adopted in more than 400 published papers. An up-to-date overview is

available at https://www.gasmodel.com. For comprehensive surveys, see Artemova et al.

(2022a), Artemova et al. (2022b) and Harvey (2022). Interest in the theoretical proper-

ties of score-driven models has increased more recently, with contributions by Gorgi et al.

(2024), De Punder et al. (2026), and Donker van Heel et al. (2025). In parallel, several

generalizations of the original score-driven formulations have been explored (Patton et al.

2019; Catania and Luati 2023; Blasques et al. 2023; Catania et al. 2025; De Punder 2026;

Creal et al. 2024).

In this paper, we address concerns raised by Donker van Heel et al. (2025) and Lange

et al. (2026) that score-driven filters may become unstable, even in settings as common

as volatility filtering under Gaussian assumptions. As suggested by Lange et al. (2026),

regularization of the update may improve robustness, in their case arising from an implicit

updating mechanism. We take a different approach by retaining the explicit and compu-

tationally convenient update of the original score-driven framework while modifying the

gradient of the log-likelihood. Specifically, we replace the log-likelihood with the gener-

alized and smoothed Huber loss proposed by Barron (2019) (extended in Barron (2025)),

thereby anchoring the update in the robust statistics literature (Huber 1981; Hampel et al.

1986). Related approaches to robust filtering under contamination include Muler and Yohai
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(2008), Muler et al. (2009), and Muler and Yohai (2013), who Huberize the innovation in-

side the residual recursion through a bounded function and combine this with a robust loss

in the estimation step, and Calvet et al. (2015), who impose a pointwise worst-case bound

on the filtering error under additive perturbations. In all cases the degree of Huberization

is fixed ex ante, whereas here it is governed by a single shape parameter learned from the

data.

We show that robust updating can reduce the expected loss under less robust evaluation

criteria in the presence of outliers or when learning rates are relatively large. For example,

median-based updates may improve, relative to squared loss updates, the expected squared

loss performance, even though squared loss is strictly consistent for the mean rather than

the median (Gneiting 2011).

The recursive Barron-Loss Adaptive Estimation (BLADE) of the time-varying param-

eter of interest constitutes a special case of both the quasi score-driven (QSD) framework

of Blasques et al. (2023) and the Proper and Robust Autoregressive Derivative Adaptive

(PRADA) models proposed by De Punder (2026). The former embedding is exploited to

establish stationarity and ergodicity, as well as uniform invertibility, which in turn facili-

tates consistent estimation of static parameters. In doing so, we extend the QSD estimation

framework (Blasques et al. 2023, Theorem 1) by generalizing its required moment condi-

tion. The nesting within the PRADA class shows that BLADE updates reduce an expected

local divergence, closely analogous to score-driven models, where updates reduce the global

expected Kullback–Leibler (KL) divergence from the true distribution. In particular, we

show that robust updates lead to enhanced reductions toward the true distribution under

a given expected local divergence measure. In related work, Creal et al. (2024) propose

updates based on the gradient of an expected generalized method of moments criterion

(EGMM) and show that these updates improve the EGMM criterion. De Punder et al.

(2026), however, emphasize that the conditions under which such improvements hold are
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unverifiable in practice. We therefore adopt the PRADA perspective, which links updates

directly to reductions in an expected local divergence measure.

In a recent paper, Catania et al. (2025) replace the gradient of the log-likelihood, or,

equivalently, the logarithmic scoring rule of Good (1952) by the Continuously Ranked

Probability Score (CRPS) of Matheson and Winkler (1976), thereby proposing a robust

alternative to classical score-driven updates. Both scoring rules are strictly proper (Gneiting

and Raftery 2007), implying that the expected scoring rule difference defines a divergence

measure, which reduces to the Kullback–Leibler divergence for the logarithmic scoring rule

and to the Cramér distance for the CRPS. Updates based on strictly proper scoring rules

are examples of PRADA updates, guaranteed to reduce the respective divergences from the

true distribution in expectation (De Punder 2026). The key distinction between the two

rules lies in their robustness properties. While the logarithmic scoring rule is well-known

for its sensitivity to outliers (Selten 1998), the CRPS has gained prominence due to its

inherent robustness. From an estimation perspective, the choice between the logarithmic

scoring rule and the CRPS reflects a trade-off between efficiency and robustness. As noted

by Gneiting and Raftery (2007, Section 9), when estimating the location parameter of a

Gaussian family with known variance, the CRPS reduces to a smooth analogue of the Huber

loss, further highlighting its close connection to robust statistics. De Punder (2026, Example

5) likewise considers the CRPS as a robust alternative in this setting and shows that, in

contrast to score-driven updates, CRPS-based updates yield uniformly bounded gradients

and Hessians, together with the same Winsorizing behavior as the Huber statistic.

Winsorization may alternatively be implemented by applying it directly to the loga-

rithmic scoring rule (Harvey and Ito 2020; Harvey and Liao 2023), a form of Huberizing

the update already noted above. Winsorization is closely connected to censoring (Bernoulli

1760; Tobin 1958) and to the corresponding censored likelihood score introduced by Diks

et al. (2011). As emphasized by Harvey and Ito (2020), for fat-tailed distributions such
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as the generalized beta distribution of the second kind, the resulting winsorized score for

location and scale naturally downweights extreme observations, thereby reducing the in-

fluence of outliers on the evolution of the filter. Winsorized scoring rules, including those

beyond the logarithmic scoring rule, are strictly locally proper with respect to the Win-

sorizing functional. Moreover, their expected scoring rule differences correspond to local

divergences with respect to the same functional (De Punder et al. 2025; De Punder 2026).

Patton et al. (2019) propose a score-driven updating rule for Value-at-Risk and Ex-

pected Shortfall, which form a jointly elicitable functional (Fissler and Ziegel 2016). A

strictly consistent scoring function exists for this functional, and this is equivalent to the

associated induced scoring rule being strictly locally proper with respect to the same func-

tional (Gneiting 2011; De Punder 2026). This unifying perspective is helpful because it

directly establishes that updates based on the induced strictly locally proper scoring rule

are PRADA. While Patton et al. (2019) motivate their updating rule intuitively as on-

line M -estimation, indications of alternative updating schemes based on Z-estimation are

hinted at by Dimitriadis et al. (2024). In a univariate context, the link between online

M - and Z-estimation is trivial by Osband‘s principle (Fissler and Ziegel 2016; De Punder

2026).

In contrast to the emphasis on tail-related functionals in Patton et al. (2019), the focus

here is on elicitable location functionals of the distribution, such as a conditional mean

and median. To remain within the scope of Barron (2019), attention is restricted to uni-

variate time series. The Barron loss encompasses a broad class of loss functions, including

the Cauchy or Lorentzian, Geman–McClure, Welsch or Leclerc, generalized Charbonnier,

Charbonnier or pseudo-Huber or L1–L2, and L2 loss functions. For the L2 loss, PRADA

updates reduce to well-known univariate filters, such as Autoregressive Moving Average

(ARMA) models for the conditional mean and Autoregressive Conditional Heteroscedas-

ticity and Generalized Autoregressive Conditional Heteroscedasticity (GARCH) models for
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the conditional variance (Engle 1982; Bollerslev 1986). As opposed to score-driven fil-

ters, ARMA- and GARCH-type filters are moment-driven rather than likelihood-driven,

and the functional form of the filter is correspondingly not implied by the model density.

Under correct model specification, this may be associated with a loss of efficiency, since

not all available information is incorporated into the filter. In practice, however, model

specifications are often incorrect, and filters based on moment conditions rather than the

full likelihood may be less sensitive to misspecification. An alternative perspective is that

moment driven filters effectively localize the full distribution to a single real-valued func-

tional. A direct consequence of this reduction is that a full likelihood specification becomes

redundant. The remaining link to the model likelihood in our setup naturally facilitates

improvements toward the true distribution, viewed through the lens of the functional of

interest.

The Barron loss is smooth in its robustness parameter and, as illustrated above, highly

flexible in terms of the attainable level of robustness. The robustness parameter is to be

treated as a tuning parameter optimized using an out-of-sample rolling window loss; this

means the required degree of robustness is data-driven. This flexibility is particularly ap-

pealing in an online estimation setting. We show that, even when interest is restricted to

mean squared error performance within an ARMA-GARCH framework, updating schemes

that are more robust than those implied by squared error loss may yield further reductions

in expected squared error under data generating processes contaminated with outliers. Ac-

cordingly, the Barron loss implied BLADE filter provides a robust alternative to traditional

ARMA-GARCH filters when demanded by the data, while retaining these classical filters

as special cases under the squared error nesting of the Barron loss.

The remainder of this paper is set up as follows. In Section 2 the formulation of

the BLADE filter is proposed along with some theoretical properties of the loss function.

Section 3 gives theoretical details on the robustness of the BLADE filter in both a non-
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contaminated updating setting and a contaminated updating setting. Section 4 contains

details on the asymptotic consistency and normality of the parameters in the BLADE filter.

Section 5 outlines the setup of the Monte Carlo study and presents the corresponding re-

sults, supplemented by graphical illustrations. Proofs and additional material are collected

in the Appendix. The replication code is available at https://github.com/Mrdijkst/

BLADE-Filter.

2 Barron–loss–based filtering

Consider a complete probability space (Ω,F ,P) and a measurable space (Y,G), with obser-

vation space Y and G := B(Y), the Borel σ-algebra on Y. Let {Yt}t∈Z denote a real-valued

stochastic process defined on (Ω,F ,P), with values in Y ⊆ R. The process is adapted to

its natural filtration {FY
t }t∈Z, with FY

t = σ(Ys : s ≤ t). We condition the true distribution

and model distribution on a potentially larger information set Ft−1 ⊇ FY
t−1, assuming Yt

is not Ft−1-measurable. Specifically, for each t ∈ Z, let Pt(·) denote the true conditional

distribution of Yt given Ft−1, defined as the probability kernel Pt(·) := P(Yt ∈ · | Ft−1), on

(Y,G), with distribution function Pt, and whenever a dominating measure µt exists, also

µt-density pt(y) :=
dPt
dµt

(y).

Model distributions are similarly denoted Ft|t−1(·) ≡ F(· | ϑt|t−1), with distribution func-

tions Ft|t−1(·) and µt-densities ft|t−1(y) :=
dFt|t−1

dµt
(y). The model distribution is conditional

on a time-varying parameter estimate ϑt|t−1, which is assumed to be Ft−1-measurable. After

observing yt, the time-varying parameter (and hence distribution) is updated via the update

rule, ϕ : Y×Θ → Θ, where Θ ⊆ R is the open and convex parameter space. This update de-

termines how the predicted parameters ϑt|t−1 are updated to ϑt|t = ϕ(yt, ϑt|t−1). The update

depends on static parameters λ1 ∈ Λ1 ⊆ Rq1 , while notationally suppressed. The update

step is followed by a prediction step, which yields ϑt+1|t, constructed as ϑt+1|t = ω̃ + β̃ϑt|t
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for some real-valued parameters ω̃ and β̃, collected in λ2 ∈ Λ2 ⊆ Rq2 , with q2 ∈ N allowing

for higher order lags. The model distribution is also allowed to depend on static nuisance

parameters, which are collected in λ3 ∈ Λ3 ⊆ Rq3 . The estimation problem is considered

for the whole vector λ := (λ⊤1 , λ
⊤
2 , λ

⊤
3 )

⊤ ∈ Λ ∈ Rq, with q = q1 + q2 + q3.

2.1 PRADA updates for functionals

The BLADE filter of Section 2.2 is a special case of the Proper and Robust Autoregressive

Derivative Adaptive (PRADA) framework of De Punder (2026), which extends score-driven

updates (Creal et al. 2013; Harvey 2013) by replacing the logarithmic scoring rule with any

strictly locally proper scoring rule S, thereby generalizing the KL-divergence contraction to

the score divergence induced by S.

The contraction guarantee is formalized through a score divergence measuring the ex-

pected improvement in fit when the model distribution is updated. Let S : P × Y →

R ∪ {−∞}, be a scoring rule, where P denotes a class of probability measures on (Y,G).

For any such S, the associated score divergence is

D†
S : P × P → R+ ∪ {∞}, D†

S(Pt∥Ft|t−1) := EPt

[
S(Pt, Yt)− S(Ft|t−1, Yt)

]
. (1)

Following De Punder (2026, Definition 1), S is strictly locally proper with respect to

(P, T ), for a functional T on P if the score divergence is non-negative and zero if and

only if T (Pt) = T (Ft|t−1) for all Pt,Ft|t−1 ∈ P. If D†
S is based on a strictly locally proper

scoring rule it constitutes a local divergence DS (De Punder 2026, Definition 2) and the

triple (P,DS , T ) a local divergence space. When T = id, where id is the identity functional,

strict local propriety reduces to standard strict propriety (Gneiting and Raftery 2007).

This paper specializes to T = u, where u : P → Θ is a robustified k-th moment

functional indexed by a tuning parameter, and S is strictly locally proper with respect to
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(P, u). The associated location estimators can, under mild regularity, be formulated as

zero-estimators (Z-estimators) satisfying moment conditions of the form

EPt

[
ψ̃
(
Y k
t − ϑ

)]
= 0, (2)

where Y k
t denotes the k-th power of the observation (e.g., k = 1 or k = 2) and ψ̃ is

monotone and odd around zero (Van der Vaart 1998, pp. 42–43). By Osband’s principle

(Dimitriadis et al. 2024), the identification function ψ̃ in (2) coincides, up to a positive

Pt-measurable scalar, with the gradient of the strictly locally proper scoring function S for

(P, u); consequently ϑ = u(Pt) is the unique solution to (2) whenever u is single-valued at

Pt. As shown in De Punder (2026, Corollary 3), embedding such an identification function

in a filter recursion yields a PRADA update with respect to the local divergence space

(P,DS , u).

The localization to u is encoded in

ϑt|t−1 := u(Ft|t−1), (3)

so recursive prediction depends on Ft|t−1 only through its local functional value u(Ft|t−1).

Since DS(Pt∥Ft|t−1) = 0 if and only if u(Pt) = u(Ft|t−1), the full specification of Ft|t−1

is redundant beyond (3) (Gneiting and Raftery 2007; Gneiting 2011; De Punder 2026).

This contrasts with ordinary score-driven models, which account for every feature of the

distribution and are therefore sensitive to distributional misspecification. Remaining within

the PRADA class guarantees reduction of DS for sufficiently small learning rates, regardless

of misspecification outside u.

Formally, consider an update rule ϕ : Y×Θ → Θ, indexed by a learning rate or step-size

parameter α̃ ∈ R, which maps the past parameter forecast and the new observation to an

updated parameter value, ϑt|t = ϕ(yt, ϑt|t−1). The reduction in the expected divergence
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of the update rule ϕ, when updated under a probability measure Rt defined on (Y,G),

is quantified by the expected divergence reduction. This reduction serves as a primary

criterion for determining update quality, generalizing De Punder (2026, Definition 3) to

updates evaluated under Rt that do not necessarily coincide with the true data-generating

process Pt.

Definition 1. Let S : P × Y → R ∪ {−∞} be a strictly locally proper scoring rule with

induced local divergence DS : P × P → R+. Let Yt ∼ Pt and let Y̌t ∼ Rt be the draw used

in the update rule ϕ : Y ×Θ → Θ. The expected divergence reduction is given by

∆DRt
S (ϕ) := DS(Pt∥Ft|t−1)− EY̌t∼Rt

[
DS(Pt∥Ft|t)

]
,

where the updated model Ft|t ≡ Fϑt|t depends on Y̌t through ϑt|t = ϕ(Y̌t, ϑt|t−1).

A positive value of ∆DRt
S (ϕ) indicates that, on average under Rt, the update brings the

model distribution closer to Pt in the local divergence DS . De Punder (2026) establishes

conditions on ϕ under which ∆DPt
S (ϕ) > 0 for an arbitrary strictly locally proper scoring

rule S, provided that the step-size α̃ is small enough. A model satisfying these conditions

is called PRADA with respect to the local divergence space (P,DS , T ).

While De Punder (2026) leaves the estimation problem of the static deep parameters

λ ∈ Λ unspecified, the PRADA updates can be embedded directly into the quasi score-

driven (QSD) framework of Blasques et al. (2023). Specifically, by setting the updating

step as ∆ϕ(yt, ϑt|t−1) := ϑt|t − ϑt|t−1 = α̃ψ(yt, ϑt|t−1), where α̃ ∈ R and ψ : Y × Θ → Θ is

measurable with respect to FY,Z
t := σ({Ys, Zs : s ≤ t}) ⊆ Ft for some observable exogenous

variables Zt, we map the filter into their setting. Combined with the prediction step, this

yields

ϑt+1|t = ω + αψ(yt, Zt, ϑt|t−1, λ) + β ϑt|t−1, (4)

10



for real-valued parameters ω, α, and β. The restriction to FY,Z
t ⊆ Ft makes estimation

feasible while allowing the true measure to depend on a latent state, e.g., under a state-space

specification.

The moment condition (2) and the recursion (4) together determine the filter entirely

through ψ. The following example illustrates how classical time-series filters arise as special

cases under quadratic loss.

Example 1. For a location model (k = 1) under quadratic loss, the moment condition (2)

reduces to EPt [Yt − ϑt|t−1] = 0, so that ψ(y, ϑ) = y − ϑ. Substituting into (4) yields

ϑt+1|t = ω + αyt + (β − α)ϑt|t−1,

corresponding to the ARMA(1,1) specification yt = ω + βyt−1 + (α− β)εt−1 + εt.

The second conditional moment is elicitable as the mean of Y 2
t (Fissler and Ziegel 2016),

giving moment condition EPt [Y
2
t − ϑt|t−1] = 0 and hence ψ(y, ϑ) = y2 − ϑ. For a volatility

model (k = 2), with conditional mean zero, this implies the conditional variance prediction

ϑt+1|t = ω + αy2t + (β − α)ϑt|t−1,

which corresponds to the standard GARCH filter upon reparameterization.

The ARMA and GARCH filters above correspond to γ = 2 in the Barron loss. Sec-

tion 2.2 replaces quadratic loss with the general Barron scoring function, which introduces

data-adaptive robustness while retaining these filters as special cases.

2.2 BLADE updates

Barron (2019) proposes a rich class of loss functions nesting many well-known robust lo-

cation estimators. The Barron loss (LB
k ) is infinitely differentiable in ϑ and its tuning
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parameters γ ∈ R̄ := R ∪ {−∞,∞} and ξ > 0, defining a Z-estimator through the gradi-

ent, ψB
k (y, ϑ; γ, ξ) := ∇ϑS

B
k (y, ϑ; γ, ξ), where S

B
k := −LB

k is the positively oriented scoring

function with SB
k : Y × Θ → R− ∪ {−∞}, and R− := (−∞, 0]. Both the Barron scoring

function and its gradient are given in Table (1) and illustrated in Figure 1.

Table 1: Barron score function and gradient for different values of γ.

SB
k (y, ϑ; γ, ξ) ψB

k (y, ϑ; γ, ξ)

γ = 2 −
1

2

(
yk − ϑ

ξ

)2
yk − ϑ

ξ2

γ = 0 − log

(
1 +

1

2

(
yk − ϑ

ξ

)2
)

2(yk − ϑ)

(yk − ϑ)2 + 2ξ2

γ = −∞ exp

(
−
1

2

(
yk − ϑ

ξ

)2
)

− 1
yk − ϑ

ξ2
exp

(
−
1

2

(
yk − ϑ

ξ

)2
)

otherwise −
|γ − 2|
γ

[(
1 +

(yk − ϑ)2

ξ2|γ − 2|

)γ/2

− 1

]
yk − ϑ

ξ2

(
(yk − ϑ)2

ξ2|γ − 2|
+ 1

) γ
2
−1

NOTE: This table reports the score function SB
k (y, ϑ; γ, ξ) introduced by Barron (2019) and its

gradient ψB
k (y, ϑ; γ, ξ), evaluated at four representative values of the robustness parameter γ. Here

y denotes the observation, ϑ the time-varying parameter being updated, ξ > 0 a scale parameter,
and k indexes the power of y entering the score. Specific values recover well-known loss functions:
quadratic (γ = 2), Charbonnier (γ = 1), Cauchy (γ = 0), and Welsch (γ → −∞).

For any γ ∈ R̄ and ξ ∈ R+, the gradient of the Barron score implies the BLADE update

ϕBk (yt, ϑt|t−1; γ, ξ) := ϑt|t−1 + αψB
k (yt, ϑt|t−1; γ, ξ). (5)

Together with the prediction step, we obtain the following general formulation of the

BLADE filter.

Definition 2. The BLADE(p̄, q̄) filter is given by

ϑt+1|t := ω +

p̄∑
i=1

αiψ
B
k (yt−i+1, ϑt−i+1|t−i; γ, ξ) +

q̄∑
j=1

βjϑt−j+1|t−j , (6)

where ψB
k is given in Table (1).

Generally, we will consider the BLADE(1,1) model and particularly the update step in
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Equation (5), recovered by ω = 0 and β ≡ β1 = 1, when studying its theoretical properties.

The latter case serves as the canonical Barron update.

Remark 1. In the case that γ = 2, we fix ξ = 1, as otherwise an identification problem

arises in (6). This issue does not occur for the other BLADE filters, where γ ̸= 2; in those

cases ξ can therefore be estimated.

In general, the choice of the scoring function determines the statistical functional tar-

geted by the estimator (Gneiting 2011). The Barron scoring function SB
k induces a family

of location functionals indexed by γ, defined as

uBγ,ξ(Fϑ∗) ≡ ϑ∗ = argmax
ϑ∈Θ

EP

[
SB
k (Y, ϑ; γ, ξ)

]
. (7)

For the Barron score in Table (1) it is convenient to introduce xk ≡ xk(yt, ϑt|t−1) :=

ykt −ϑt|t−1, which represents the model residual, whose interpretation depends on the chosen

state parametrization. For a conditional location model, the natural residual is yt − ϑt|t−1

(Blasques et al. 2023); for volatility models with mean zero it is common to use y2t −

ϑt|t−1 (Andersen and Bollerslev 1998), so that ϑt|t−1 tracks conditional variance and the

residual reflects deviations in squared returns. More generally, any differentiable model-

based residual can be used, provided it links ϑt|t−1 to yt in the chosen parametrization.

For each y, the Barron loss admits a unique minimizer in ϑ, so the Barron scoring

function is strictly consistent for its own functional (7) (Gneiting 2011). Evaluated at x1,

strict consistency for the mean u(Pt) = EPt [Yt] holds if and only if γ = 2; for γ < 2 the

induced functional departs from the mean, with γ = 1 yielding a median-type and γ → −∞

a mode-type functional (Barron 2019) (see Appendix B.4). An analogous result holds for

x2, where strict consistency for the variance requires ϑt|t−1 = EPt [Y
2
t ] and EPt [Yt] = 0. In

many practical settings, such as under contamination or heavy-tailed errors, the robustness

induced by smaller values of γ can result in improved filter updating, as the derivative
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ψB
γ,ξ becomes bounded and redescending for γ < 1, preventing extreme observations from

dominating the update step; see Figure 1.

Figure 1: The Barron Loss Function and its Gradient
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NOTE: The loss function (a) and its gradient (b) for different values of γ, the parameter ξ is fixed
to 1. Note that the gradient shown here is equivalent to the formulation of ψB

γ,ξ(yt, ϑt|t−1).

The implications of the choice of γ for the updating dynamics are illustrated in Exam-

ple 2. For notational simplicity, write ψB
k (y, ϑ; γ, ξ) ≡ ψ̃B

γ,ξ(xk(y, ϑ)), where

ψ̃B
γ,ξ(xk) :=

xk
ξ2

(
1 +

x2k
|γ − 2| ξ2

)γ/2−1

.

Example 2. Consider the simple scenario in which the parameters are fixed to ω = 0 and

β = 1, so that the update of ϑt|t−1 is given by

ϑt+1|t = ϑt|t−1 + αψ̃B
γ,ξ

(
xk(yt, ϑt|t−1)

)
,

where, for γ /∈ {−∞, 0, 2},

ψ̃B
γ,ξ(xk(y, ϑ)) =

xk
ξ2

(
x2k

ξ2|γ − 2| + 1

)γ/2−1

=
xk
ξ2
W (γ), W (γ) :=

(
1 +

x2k
ξ2|γ − 2|

)γ/2−1

.

Since 1 +
x2k

ξ2|γ−2| ≥ 1, the scaling factor, W (γ), satisfies 0 ≤ W (γ) ≤ 1 for γ ≤ 2, with
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W (γ) = 1 if γ = 2. Moreover, for fixed xk(yt, ϑt|t−1) ̸= 0, W (γ) is decreasing in γ on

(−∞, 2); this implies stronger down-weighting of large residuals for smaller values of γ,

thereby increasing robustness against large observations.

Notably, for γ = 2, ξ = 1 (see Remark 1) and k = 1, the scaling disappears entirely and

ψB(y, ϑ; γ, ξ) = yt − ϑt|t−1,

which is proportional to the Gaussian SD update for a location model. Thus, for certain

values of γ, the proposed BLADE filter reduces to well-known SD formulations.

Example 2 highlights two notable properties of the proposed BLADE filter. First, the

filter nests well-known SD models as special cases. Second, the update equation can be

reformulated to resemble an SD model with a normally distributed error term, but with

an adaptive scaling function. Further analytical properties of the Barron loss function are

provided in Appendix C.

3 Robustness

3.1 Contractive dominance

De Punder (2026) describes the conditions under which the update guarantees a reduc-

tion of the expected local divergence induced by the scoring rule S. A model satisfying

these conditions is called PRADA. From a theoretical perspective, embedding the BLADE

update within the class of PRADA updates is useful, as it directly links the updating mech-

anism to the reduction of a divergence measure. However, this property of an update does

not quantify how the magnitude of the reduction varies across model specifications. The

following theorem addresses this gap by deriving explicit conditions on the learning rate α

under which the update with γ1 < γ2, i.e., a more robust update, achieves a larger expected

15



reduction in the local S-divergence while both updates remain PRADA. This formalizes

the notion in which a more robust update dominates a less robust one in an expected

divergence-reducing sense.

For this purpose, we propose the expected divergence reduction difference as a measure of

relative update quality, allowing the updating distribution Rt to differ from the evaluation

distribution Pt.

Definition 3. Let S : P × Y → R ∪ {−∞} be a strictly locally proper scoring rule with

induced local divergence DS and consider two update rules ϕ1, ϕ2 : Y×Θ → Θ. Let Rt be the

distribution generating the updating draw Y̌t. The expected divergence reduction difference

is defined as

∆∆DRt
S (ϕ1∥ϕ2) := ∆DRt

S (ϕ1)−∆DRt
S (ϕ2)

= EPt⊗Rt

[
S(Fϑt|t(Y̌t,γ1), Yt)

]
− EPt⊗Rt

[
S(Fϑt|t(Y̌t,γ2), Yt)

]
,

where ϑt|t(Y̌t, γi) := ϕi(Y̌t, ϑt|t−1).

Definition 3 measures the relative performance of two updates by the difference in their

expected divergence reductions under a common updating measure Rt. A positive value of

∆∆DRt
S (ϕ1∥ϕ2) indicates that ϕ1 contracts the expected divergence towards Pt more than

ϕ2, and a negative value reverses the ordering. This motivates the following dominance

relation between update rules.

Definition 4. Consider two update rules ϕ1, ϕ2 : Y × Θ → Θ. Under the updating distri-

bution Rt let ∆∆DRt
S (ϕ1∥ϕ2) be defined as in Definition 3. If ∆∆DRt

S (ϕ1∥ϕ2) > 0, we say

that ϕ1 Pt–contractively dominates ϕ2 with respect to (P,DS , T ).

In line with the generalization error as the expected out-of-sample loss (Hastie et al.

2009, Chapter 7), we interpret ∆∆DPt
S (ϕ1∥ϕ2) as the difference in out-of-sample improve-
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ment between the two updates when both updating and evaluation occur under Pt. The-

orem 1 provides, under Assumption 1, explicit thresholds αt and ᾱt such that for any

α ∈ [αt, ᾱt) the robust update with γ1 < γ2 ≤ 2 Pt-contractively dominates the less ro-

bust update, while both updates remain PRADA. In particular, Assumption 1(iii) imposes

expected concavity of the score with curvature bounded by c, analogous to Gorgi et al.

(2024, Assumption 3), which controls the quadratic remainder and determines the upper

threshold ᾱt. Assumption 1(v) is the expected gradient alignment condition of De Punder

(2026, Definition 4), needed to establish the PRADA bound. For notational simplicity write

ψj(Y̌
k
t , ϑt|t−1) ≡ ψB

k (Y̌t, ϑt|t−1; γj , ξ) for j ∈ {1, 2}.

Assumption 1.

(i) For all y, the map ϑ 7→ S(Fϑ, y) is twice continuously differentiable, and

EPt

[∣∣∣∂S(Fϑ,Y
k
t )

∂ϑ

∣∣∣
ϑ=ϑt|t−1

∣∣∣] <∞.

(ii) For γi ≤ 2 with i ∈ {1, 2} and all u ∈ [0, 1], ϑt|t−1 + uαψB
i (Y

k
t , ϑt|t−1) ∈ Θ holds

Pt-a.s.

(iii) There exists c ∈ (0,∞) such that the expected Hessian satisfies −c ≤ EPt [HS(Yt, ϑ)] <

0 for all ϑ ∈ Θ.

(iv) For both i ∈ {1, 2}, EPt

[
ψB
i (Y

k
t , ϑt|t−1)

2
]
<∞.

(v) For both i ∈ {1, 2}, EPt

[
∇ϑS(Fϑt|t−1

, Y k
t )
]
EPt

[
ψB
i (Y

k
t , ϑt|t−1)

]
> 0.

Theorem 1. Consider two BLADE updates, ϕB1 , ϕ
B
2 , with γ1 < γ2 ≤ 2 and let Yt and Y̌t be

independent copies with distribution Pt. Fix ϑt|t−1 ∈ Θ and suppose Assumption 1 holds.

Then, ∆DPt
S (ϕBi ) > 0, for all i ∈ {1, 2} and ∆∆DPt

S (ϕB1 ∥ϕB2 ) ≥ 0, for any learning rate
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α ∈ [αt, ᾱt), where αt := max {0, α∗
t } and

α∗
t :=

EP⊗2
t

[
∇ϑS(Fϑt|t−1

, Y k
t )
(
ψB
2 (Y̌

k
t , ϑt|t−1)− ψB

1 (Y̌
k
t , ϑt|t−1)

)]
EP⊗2

t

[
H̃S(Y k

t , ϑt|t(Y̌
k
t , γ1))ψ

B
1 (Y̌

k
t , ϑt|t−1)2 − H̃S(Y k

t , ϑt|t(Y̌
k
t , γ2))ψ

B
2 (Y̌

k
t , ϑt|t−1)2

] ,
ᾱt := min

i∈{1,2}

2

c

EPt

[
∇ϑS(Fϑt|t−1

, Y k
t )
]
EPt

[
ψB
i (Y̌

k
t , ϑt|t−1)

]
EPt

[
ψB
i (Y̌

k
t , ϑt|t−1)2

] ,

where the integrated hessian term, H̃S(Y
k
t , ϑt|t(Y̌

k
t , γi)), is given by

H̃S(Y
k
t , ϑt|t(Y̌

k
t , γi)) :=

∫ 1

0
(1− u)HS

(
Y k
t , ϑt|t−1 + uαψB

i (Y̌
k
t , ϑt|t−1)

)
du.

The lower threshold αt depends on two components. The numerator of α∗
t measures

the gap between the expected updates of the two filters, EPt [ψ
B
2 − ψB

1 ], weighted by the

alignment with the expected score gradient EPt [∇ϑS]. The denominator measures the gap

in their Hessian-weighted second moments, which is non-negative under Assumption 1(iii).

Heuristically, the denominator measures the extent to which the robust update reduces

the second-moment contribution of observations relative to the less robust one. When this

difference in second moments is large, large observations contribute heavily to (ψB
2 )

2 but

are attenuated in (ψB
1 )

2, so the denominator is large and αt is small. Consequently, only a

modest learning rate is required for the robust update to be Pt–contractively dominating

over the less robust update.

The upper threshold ᾱt is determined by the curvature constant c from Assumption 1(iii)

and the first two moments of each ψB
i under Pt. It characterizes the largest learning rate

at which both updates remain PRADA. Intuitively, α > ᾱt describes the regime in which

the update ’overshoots’ its target; although the update direction remains correct, the step

size becomes too large to yield a reduction in divergence. Example C.1 illustrates both

thresholds for Student’s-t innovations and demonstrates that the interval [αt, ᾱt) is non-

empty.
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A complementary question in the score-driven literature concerns the choice of scaling

matrix. Existing recommendations are typically derived from asymptotic filter error vari-

ance arguments under correct density specification (Beutner et al. 2026), leaving open the

question of how to rank feasible scalings under a criterion that is well-defined irrespective

of specification. Definition 4 also induces such a ranking through expected divergence re-

ductions under Definition 3: rather than selecting scaling matrices heuristically, they can

be compared directly in terms of their expected divergence reduction. Appendix E develops

this connection in detail and Example 3 illustrates the comparison between scaling with

the inverse Fisher scalar and the identity.

Example 3. Consider a score-driven model with modeled conditional distribution Yt|Ft−1 ∼

N (0, ϑ), time-varying conditional variance ϑt|t−1, and score s(y, ϑ) = y2/(2ϑ2) − 1/(2ϑ)

with Fisher information It−1 = 1/(2ϑ2). Compare two updates with scaling factors S(1)
t−1 =

I−1
t−1 = 2ϑ2 (inverse Fisher) and S(2)

t−1 = 1 (identity), under Pt = N (0, 2) and ϑt|t−1 = 1.

Since the Hessian HLogS(y, ϑ) = 1/(2ϑ2) − y2/ϑ3 depends on y, the quantities ∆∆DPt
LogS

and ∆DPt
LogS are evaluated numerically as detailed in Appendix E.1, yielding

∆∆DPt
LogS(ϕ1∥ϕ2) > 0 for all α ∈ (0, 0.109),

while both updates remain PRADA on the larger interval (0, 0.195). Intuitively, the inverse

Fisher scaling doubles the effective step size relative to identity scaling; the threshold α =

0.109 marks the point at which this amplification overshoots and the curvature penalty of

the logarithmic scoring rule dominates.

3.2 Contractive dominance under contamination

In this section, we examine the robustness of the BLADE update in a contaminated setting.

We model contamination through the mixture measure (8),
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Pεt := (1− ε)Pt + εHt, ε ∈ (0, 1), (8)

following the gross error model of Huber (1981, Eq. (4.4)), adapted to a conditional setting.

Here Pt represents a clean data generating process and Ht a contamination, defined as the

probability kernel Ht(·) := P(Vt ∈ · | Ft−1) for some auxiliary real-valued stochastic process

{Vt}t∈Z on (Ω,F ,P), with values in V ⊆ R. Under Assumptions 1 and 2, Theorem 2 extends

Theorem 1 to a contaminated updating distribution Pεt , providing explicit lower and upper

bounds, ε and ε̄, on the contamination level such that for every ε ∈ [ε, ε̄) the robust BLADE

update with γ1 < γ2, Pt–contractively dominates the less robust update while both updates

remain PRADA.

Assumption 2.

(i) For γ ≤ 2 and all u ∈ [0, 1], ϑt|t−1 + uαψB
k (Y̌t, ϑt|t−1; γ, ξ) ∈ Θ holds Pεt -a.s.

(ii) For both i ∈ {1, 2}, EHt

[
ψB
k (Y̌t, ϑt|t−1; γi, ξ)

2
]
<∞.

Theorem 2. Consider two BLADE updates, ϕB1 , ϕ
B
2 , with γ1 < γ2 ≤ 2, and let Y k

t ∼ Pt

and Y̌ k
t ∼ Pεt be independent, where Pεt (8) denotes a contaminated updating distribution

with arbitrary contaminating distribution Ht. Suppose Assumption 1 and Assumption 2

hold, furthermore suppose that ∆∆DHt
S (ϕB1 ∥ϕB2 ) ≥ 0 and ∆DPt

S (ϕBi ) > 0 for all i ∈ {1, 2}.

Then ∆DPε
t

S (ϕBi ) > 0 for all i ∈ {1, 2} and ∆∆DPε
t

S (ϕB1 ∥ϕB2 ) ≥ 0 for any ε ∈ (ε, ε̄), where

ε̄ := mini∈{1,2} ε̄(γi, α) and

ε ≡ ε(γ1, γ2, α) := max

{
0,

−∆∆DPt
S (ϕB1 ∥ϕB2 )

∆∆DHt
S (ϕB1 ∥ϕB2 )−∆∆DPt

S (ϕB1 ∥ϕB2 )

}
,

ε̄(γi, α) := min

{
∆DPt

S (ϕBi )

∆DPt
S (ϕBi )−∆DHt

S (ϕBi )
, 1

}
.
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The key assumption, ∆∆DHt
S (ϕB1 ∥ϕB2 ) ≥ 0, requires that the dominance ordering already

holds when updating entirely under Ht. Corollary 1 provides a sufficient condition for

this assumption in terms of the tail behavior of Ht. For notational simplicity define the

conditional measure; for any M > 0, with Ht(|x̌k| > M) > 0, H>Mt := Ht (· | |x̌k| > M).

Corollary 1. Under the setting of Theorem 2, let x̌k = xk(Y̌
k
t , ϑt|t−1) be the residual map

evaluated in Y̌ k
t and suppose there exists M > 0 such that ∆∆DH>M

t
S (ϕ1||ϕ2) > 0 and

Ht(|x̌k| > M) ≥ max

0,
−∆∆DH≤M

t
S (ϕ1∥ϕ2)

∆∆DH>M
t

S (ϕ1∥ϕ2)−∆∆DH≤M
t

S (ϕ1∥ϕ2)

 ,

where the right-hand side lies in [0, 1]. Then ∆∆DPε
t

S (ϕB1 ∥ϕB2 ) ≥ 0 and ∆DPε
t

S (ϕBi ) > 0 for

all i ∈ {1, 2}, for every ε ∈ (ε, ε̄), where ε and ε̄ are as defined in Theorem 2.

The condition ∆∆DH>M
t

S (ϕ1||ϕ2) > 0 states that, conditional on the contamination draw

lying sufficiently far from the current state ϑt|t−1, the robust update yields a larger expected

divergence reduction. This is the natural regime: for larger |x̌k|, the more robust Barron

score attenuates the update relative to the less robust specification, so the second-order

variance reduction dominates the first-order loss. In the scenario where ∆∆DH≤M
t

S (ϕ1||ϕ2) ≥

0, the robust update is also favored for moderate contamination draws, and the max{0, ·}

structure in Corollary 1 yields ε = 0, so no tail-mass requirement is needed. However, when

∆∆DH≤M
t

S (ϕ1||ϕ2) < 0, moderate draws penalize the robust update. In such cases, the tail-

mass bound quantifies the amount of probability Ht must place on extreme observations to

compensate for the tail benefit.

The relation between α, γ1, γ2, ε and ε̄ is characterized by Theorem 2. To provide

some intuition, consider updates ϑt|t evaluated under the quadratic scoring rule S(x, y) =

−(x − y)2, with non-robust update γ2 = 2 and robust update γ1 < 2, and updates drawn

from (8) where Ht is Student’s-t with 4 degrees of freedom and scale 3.

Figure 2 displays ε(γ1, γ2, α) and ε̄(α) = mini∈{1,2} ε̄(γi, α) for several values of γi,

21



with the shaded region indicating the valid contamination interval [ε, ε̄). The curves are

convex and decreasing in α: at small α the update step is small and a large contamination

fraction is needed to guarantee improvement, while at large α the threshold is already

small and further increases in α yield little additional reduction. The curves shift upward

for smaller γ1 over the range shown, indicating that within this calibration a more robust

update requires a larger contamination fraction to dominate the non-robust benchmark.

The upper bound ε̄ is determined by ε̄(γ2, α) for every value of γ1 shown, reflecting that

the non-robust update γ2 = 2 is the first to violate the PRADA condition as contamination

increases. Importantly, ε captures only whether γ1 dominates γ2 = 2, not the magnitude

of the improvement; a smaller γ1 requires a larger contamination fraction to dominate

but yields a substantially larger MSE reduction once it does. Example C.2 furthermore

numerically illustrates a vertical slice of Figure 2 at α = 0.5 and γ1 = 1.

The results of the previous two subsections provide sufficient conditions under which a

more robust update (ϕB1 ) Pt-contractively dominates a less robust update (ϕB2 ). In practice

the underlying properties of the DGP are unknown, so the optimal degree of robustness

must be determined from the data. The continuous parameterization of the Barron loss

enables data-driven selection of γ1 by minimizing an out-of-sample criterion over a grid.

Section 5 implements this and shows that γ∗1 departs systematically from the quadratic case

as contamination increases.

Related notions of robustness appear in the literature. Calvet et al. (2015) study ro-

bustness in a state-space framework by requiring that contamination induces only bounded

distortions of the filtered state. In contrast to Definition 3, the robustness condition is

pointwise in the state and observations, and does not rely on an independent evaluation

draw (see Appendix C.7 for more details). A different complementary viewpoint is provided

by Hampel et al. (1986), who characterize robustness through the first-order influence of

infinitesimal contamination on the estimator; this perspective is taken up in the next sub-
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Figure 2: The relation between ε, ε̄ and α with Ht ∼ t4(0, 3
2)
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scale 3. For a given (γ1, α), any contamination fraction ε ∈ [ε, ε̄) guarantees that the robust update
outperforms the non-robust update in expected MSE and both updates remain PRADA under Pε

t .

section in the context of a BLADE update.

3.3 B-robustness

Theorem 2 characterizes robustness of the expected divergence reduction difference. A

complementary perspective due to Hampel et al. (1986) considers the first-order effect

of an infinitesimal contamination on the estimator. This notion, known as B-robustness,

requires that such an infinitesimal perturbation cannot have an arbitrarily large effect, and

is fully characterized by the boundedness of the influence function, introduced below.

Following Hampel et al. (1986) and Hampel (1974), we model a small contamination of

Pt by (8). The corresponding perturbed parameter is ϑε := u(Pεt ), with u : P → Θ. The

corresponding influence function measures the first–order effect of such a contamination on

the value of the functional.

Formally, the influence function is defined as the Gâteaux derivative of u at Pt in the
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direction of a point mass δy, that is,

IF(y;u,Pt) :=
d

dε
u
(
(1− ε)Pt + εδy

)∣∣∣∣
ε=0+

= lim
ε→0+

u
(
(1− ε)Pt + εδy

)
− u(Pt)

ε
, (9)

for y ∈ Y. Intuitively, IF(y;u,Pt) is the infinitesimal change in ϑ when an observation at y

is given an infinitesimally larger weight.

The relevance of the influence function for robustness is summarized by the gross–error

sensitivity

ζ∗(u,Pt) := sup
y∈Y

|IF(y;u,Pt)|,

which quantifies the maximum effect that an infinitesimal contamination at any point y

can exert on the estimator. If ζ∗(u,Pt) < ∞, the estimator is said to be B–robust at Pt,

since a small amount of contamination cannot produce an unbounded asymptotic effect.

By M–estimator theory (see, e.g., Hampel et al. 1986, Eq. (2.3.5)), the influence function

of the Barron functional (7) at Pt is

IF(y;uBγ,ξ,Pt) =Mγ(Pt)
−1 ψB

k (y, u
B
γ,ξ(Pt); γ, ξ), (10)

where Mγ(Pt) := −EPt

[
∇ϑψ

B
k (Y, u

B
γ,ξ(Pt); γ, ξ)

]
is the scalar sensitivity term; see Ap-

pendix C.4 for more details.

For the Barron functional, the robustness properties depend entirely on the tail behavior

of the score ψB
k . The following proposition formalizes this relationship and identifies the

parameter region for which B–robustness holds.

Proposition 1. Let Pεt be the contaminated measure defined in (8), and let uBγ,ξ(Pt) be the

Barron functional, defined in (7) with corresponding influence function IF(y;uBγ,ξ,Pt) (10).

The Barron functional, is B–robust at Pt for all ξ if and only if γ ≤ 1.

The tuning parameter γ thus acts as a continuous robustness index, with γ ≤ 1 guar-
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anteeing a bounded influence function and more negative values of γ providing stronger

protection against outlying observations. Furthermore, the robustness discussion can also

be related to asymptotic efficiency; this is discussed in Appendix C.6.

4 Estimation

This section establishes the consistency and asymptotic normality of the quasi-likelihood

estimator (QLE) λ̂T of the static parameter vector λ ∈ Λ of the BLADE filter ϑt|t−1(λ). We

assume correct specification for some fixed ξ ∈ (0,∞) and shape parameters γfil, γmom ≤ 2

governing the filter update and the estimation moment condition, respectively. Specifically,

following Blasques et al. (2023), the true conditional distribution is assumed parametric

in the true time-varying parameter ϑt ≡ ϑt|t−1(λ0) generated under λ0 ∈ Λ, such that

P̃t ≡ P̃ϑt . Formally, the conditional distribution P̃t is defined as the probability kernel

P̃t(·) := P(Yt ∈ · | FY,Z
t−1 ), on (Y,G).

For the Barron loss, the conditional moment condition of Theorem 1 in Blasques et al.

(2023) then generalizes to

EP̃t

[
ψB
γmom,ξ(Y

k
t − ϑt)

]
= 0, t ∈ Z, (11)

reducing to their specification under the identity ψB
γmom,ξ

. The shape parameter γmom

identifies ϑt as the corresponding functional of P̃t, while γfil governs the generating filter

recursion. Although the two need not coincide, we set γfil = γmom =: γ, so that the local

divergence reduced by the filter at each update step coincides with the divergence minimized

in estimation.

This framework allows estimation without specifying the parametric form of P̃t (Durbin

1960; Godambe 1960). Formally, define the estimating function, ht ≡ hkt (λ) := ψB
γ,ξ

(
Y k
t −

ϑt|t−1(λ)
)
∈ R, depending on Yt and ϑt|t−1 ≡ ϑt|t−1(λ). By the moment condition (11)
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and correct specification, the estimating function is conditionally unbiased at λ0, i.e.,

EP̃t

[
ht(λ0)

]
= EP̃t

[
ψB
γ,ξ

(
Y k
t − ϑt|t−1(λ0)

)]
= 0 for all t ∈ Z. Since ϑt|t−1(λ) depends on

the unobserved pre-sample {yt : t ≤ 0}, in practice it is replaced by the feasible recursion

ϑ̂t|t−1(λ) run from t ≥ 1 with arbitrary initialization ϑ̂1|0 obtaining

ϑ̂t+1|t(λ) = ω + αψB
γ,ξ(yt, ϑ̂t|t−1(λ)) + βϑ̂t|t−1(λ), for t ≥ 1.

The estimator solves the estimating equation λ̂T = argminλ∈Λ ∥ĜT (λ)∥, where the infeasi-

ble and feasible estimation vector components are given by gt ≡ gkt (λ) :=
ht(λ)
σ2
t (λ)

· ∂ϑt|t−1(λ)

∂λ

and ĝt ≡ ĝkt (λ) := ĥt(λ)
σ̂2
t (λ)

· ∂ϑ̂t|t−1(λ)

∂λ respectively. Similarly, define GT (λ) := 1
T

∑T
t=1 gt(λ)

and ĜT (λ) :=
1
T

∑T
t=1 ĝt(λ).

The estimating equation ĜT (λ) contains the functions ĥt(λ),
∂ϑ̂t|t−1(λ)

∂λ , σ̂2t (λ). These

functions are approximations to the functions ht(λ),
∂ϑt|t−1(λ)

∂λ , σ2t (λ), which depend on the

unobserved pre-sample. An approximation for σ2t = EP̃t
[h2t (λ)] is recursively computed

from {y1, . . . , yT }. Blasques et al. (2023) note that σ̂2t|t−1 may be chosen proportional to

either ϑ̂t|t−1 or ϑ̂2t|t−1, depending on the order of the conditional moment. The specific

scaling of σ̂2t|t−1 is without loss of generality and amounts only to a reparameterization

of the estimating equation. Furthermore, denote the marginal stationary distribution as

P̄ := plimT→∞
1
T

∑T
t=1 Pt.

Under the following sufficient conditions the estimator λ̂ is consistent and asymptotically

normal.

Assumption 3.

(i) Let (Yt,FY,Z
t )t∈Z be strictly stationary and ergodic. Moreover let EP̄

[
log+ |Yt|

]
<∞.

(ii) Let Λ ⊆ Rp be compact, γ ≤ 2 and let the updating equation (4) satisfy, |α|
ξ2

+ |β| < 1.

(iii) Assume that there exists a constant σ2 > 0 such that infλ∈Λ σ
2
t (λ) ≥ σ2 almost surely
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and supλ∈Λ |σ̂2t (λ)− σ2t (λ)|
a.s.−−→ 0 as t→ ∞.

(iv) Assume that for each t, the maps λ 7→ ht(λ), λ 7→ σ2t (λ) and λ 7→ ∂ϑt|t−1(λ)

∂λ are

continuous on Λ, and the population moment condition identifies λ0, that is, the

condition EP̄[gt(λ0)] = 0 is satisfied if and only if λ = λ0.

(v) Let

EP̄

[
log+ sup

λ∈Λ
|ϑt|t−1(λ)|

]
<∞, EP̄

[
log+ sup

λ∈Λ

∥∥∥∥∥∂ϑt|t−1(λ)

∂λ

∥∥∥∥∥
]
<∞.

(vi) Let

EP̄

[
sup
λ∈Λ

∣∣∣∣ht(λ)σt(λ)

∣∣∣∣2
]
<∞, EP̄

[
sup
λ∈Λ

∥∥∥∥ 1

σt(λ)

∂ϑt|t−1(λ)

∂λ

∥∥∥∥2
]
<∞.

Theorems 3 and 4 state the main asymptotic results on the estimated parameters.

Theorem 3. Fix γ ≤ 2, ξ ∈ (0,∞) and k > 0. Let {Yt}t∈Z be generated by the model and

satisfy the conditional moment restrictions EP̃t

[
ψB
γ,ξ

(
Y k
t − ϑt|t−1(λ0)

)]
= 0, ∀t ∈ Z, while

{ϑt|t−1}t∈Z satisfies the BLADE filter recursion (6). Suppose Assumption 3 holds and let

λ̂T be any sequence satisfying the estimating equation

ĜT (λ̂T ) = 0.

Then

λ̂T
a.s.−−→ λ0, as T → ∞.

Define the Jacobian

J0 := −EP̄

[
∂

∂λ⊤
gt(λ)

∣∣∣∣∣
λ=λ0

]
.

Under the following additional sufficient conditions asymptotic normality of the estimated

parameters is established.

Assumption 4.
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(i) λ0 ∈ Int(Λ).

(ii) The moment condition EP̃t
[|Yt|2k+δ] <∞ is satisfied for some δ > 0,

(iii) For some neighbourhood V (λ0) of λ0.

EP̄

[
sup

λ∈V (λ0)

∥∥∥ 1
σ3
t (λ)

∂ϑt|t−1(λ)

∂λ
∂σ2

t (λ)

∂λ⊤

∥∥∥2] <∞, EP̄

[
sup

λ∈V (λ0)

∥∥∥ 1
σt(λ)

∂2ϑt|t−1(λ)

∂λ∂λ⊤
(λ)
∥∥∥2] <∞.

(iv) ϱ−t sup
λ∈Λ

∥∥∥∂σ̂2
t (λ)
∂λ − ∂σ2

t (λ)
∂λ

∥∥∥→ 0 a.s. as t→ ∞.

(v) The Jacobian J0 exists and is non–singular, and EP̄[gt(λ0)gt(λ0)
⊤] <∞.

Theorem 4. Let Assumptions 3 and 4 hold. Then

√
T (λ̂T − λ0)

d−→ N
(
0, J −1

0 Ω0J −1⊤
0

)
,

where Ω0 := EP̄[gt(λ0)gt(λ0)
⊤].

Remark 2. Theorems 3 and 4 presume the filter (6) is correctly specified. When this fails,

the estimator converges not to a true parameter but to a pseudo-true value λ∗. One may

either invoke Blasques et al. (2023, Theorem 2) directly, characterizing λ∗ as a Kullback–

Leibler projection, or extend that result by replacing the logarithmic scoring rule with a

Barron scoring function S that is strictly consistent for ϑt, giving the functional-level ana-

logue of that projection, to which it reduces when S is the log-score.

5 Monte Carlo

5.1 Simulation design

We conduct a Monte Carlo study to assess the performance and evaluate the robustness

properties of the BLADE filter under non-contaminated and contaminated training envi-
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ronments. We consider a volatility model of the form

Yt =
√
ϑt|t−1 ηt, ηt

i.i.d.∼ t10,

ϑt+1|t = ω + α
(
Y 2
t − ϑt|t−1

)
+ βϑt|t−1.

This DGP corresponds to a standard GARCH(1,1) specification and coincides with a

BLADE filter based on the quadratic Barron loss, i.e., ψB
2 (yt, ϑt|t−1; γ = 2, ξ = 1). The

innovations (ηt) of the DGP are drawn from a Student–t distribution with 10 degrees of

freedom. The true parameters are set to (ω0, α0, β0) = (0.02, 0.10, 0.88), which imply a

persistent volatility process comparable to daily equity index returns. The recursion is

initialized at the unconditional variance, ϑ0|−1 =
ω0

1−α0−β0 .

The simulated sample consists of 2500 observations for estimation and 1000 observations

for evaluation. Contamination is introduced exclusively in the training sample, while the

test sample remains non-contaminated. In line with the contaminated measure in (8), the

observations are drawn from a mixture of a true conditional distribution Pt and a contami-

nation measure Ht, where Ht denotes the conditional distribution induced by adding a heavy

tailed shock with scale proportional to
√
ϑt|t−1 to a clean draw from Pt. Operationally, the

non-contaminated sequence is first generated and observational outliers are subsequently

added to the training set according to, yobst = ynct + Itut, where It ∼ Bernoulli(ε) deter-

mines whether an observation is contaminated and ε ∈ {0.00, 0.01, 0.02, 0.03} denotes the

fraction of contaminated observations.

The contamination component is specified as

ut = κ
√
ϑt|t−1 Zt, Zt ∼ t3,

so that outliers scale proportionally with the prevailing conditional volatility. We set κ = 10,
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generating large volatility proportional shocks. This design isolates the effect of contami-

nated parameter estimation on subsequent out-of-sample forecasting performance.

Remark 3. Theorems 3 and 4 require the BLADE filter to be correctly specified for the

target functional, which for the DGP above holds at γfil = 2. By design the Monte Carlo

departs from this benchmark, taking γfil < 2 to increase robustness, so the resulting estimates

are pseudo-true values rather than the λ0 of the asymptotic theory. This is deliberate: the

experiment is meant to show that under contamination the most useful filters are precisely

the robust ones that fall outside the correctly-specified case.

For each generated time series, BLADE volatility models are estimated with ξ fixed at

1 and robustness parameter γfil varying over a grid using QLE developed in Section 4. For

each specification, we construct one-step-ahead forecasts ϑ̂t|t−1 and evaluate forecast errors

relative to the latent conditional variance path, δt = ϑtruet|t−1 − ϑ̂t|t−1. We report the mean

absolute error (MAE) and the mean squared error (MSE), the latter of which corresponds

to a Barron loss with γ = 2 and ξ = 1. We additionally consider the Barron loss at γ = 1.5

and γ = 4 for evaluation. The optimal robustness parameter γ∗fil is selected separately for

each evaluation loss.

As a benchmark, we include the βt–GARCH(1,1) model of Harvey and Chakravarty

(2008), defined by

ϑt+1|t = ω + α
ν + 1

ν − 2 + η2t|t−1

η2t|t−1ϑt|t−1 + βϑt|t−1,

where ηt = Yt/
√
ϑt|t−1, and parameters are estimated by maximum likelihood. All results

are averaged across 1000 Monte Carlo replications.
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5.2 Results

Table 2 reports the loss minimizing robustness parameter γ∗fil across contamination levels.

Under non-contaminated data (ε = 0), the optimal γfil slightly exceeds two for all loss cri-

teria, indicating that little robustness is required when the model is correctly specified. In

this setting, efficiency can be fully exploited and a sensitive update yields the lowest forecast

error. As contamination increases, the loss-minimizing shape parameter γ∗fil departs sys-

tematically from the quadratic case γfil = 2, which corresponds to the true data-generating

process and continues to govern the evaluation sample. Despite the fact that performance

is assessed under the original quadratic DGP, updates using γfil < 2 become optimal when

estimation is conducted on contaminated data. For ε = 0.03, the optimal value for γfil is

approximately 1.3 under MAE and MSE and remains below 1.7 even when evaluated under

the more tail-sensitive Barron–4 loss. In line with Section 3.1, this shift reflects that, under

contaminated estimation environments, the use of the quadratic loss (γ = 2) in the update

step, is no longer optimal in terms of generalization error. Instead, values γfil < 2, which

induce functionals that are less sensitive to extreme observations, yield a larger reduction

in out-of-sample loss.

Table 2: Optimal γ∗fil across contamination levels.

ε = 0.00 ε = 0.01 ε = 0.02 ε = 0.03

MAE 2.206 1.556 1.455 1.333
Barron 1.5 2.141 1.677 1.455 1.333
MSE 2.108 1.677 1.455 1.333
Barron 4 2.043 1.798 1.697 1.636

NOTE: Optimal values of γ∗fil selected for each evaluation criterion and contamination level ε. For
MAE, Barron losses, and MSE, γ∗fil minimizes the average out-of-sample loss. The models are trained
on a sample of 2500 observations and evaluated on 1000 observations. Results are based on Monte
Carlo averages over 1000 Monte Carlo replications.

Table 3 presents the corresponding optimal loss values and compares them to the βt–

GARCH(1,1) model. Forecast error increases with contamination under all criteria. For
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example, the optimal MSE rises from 0.0049 in the non-contaminated setting to 0.0147

when ε = 0.03. Similar patterns are observed for MAE and Barron losses. While con-

tamination mechanically increases forecast error, the increase is substantially mitigated

when γfil is lowered to induce more robust updates. The lower panel of Table 3 reports

a performance comparison between the βt–GARCH(1,1) benchmark and BLADE. Under

non-contaminated data, differences are small, indicating comparable performance. How-

ever, as contamination increases, the gap widens substantially across all evaluation criteria.

This suggests that, while the heavy-tailed score specification of βt–GARCH provides some

robustness, training in a contaminated setting still distorts parameter estimates and dete-

riorates out-of-sample performance.

Table 3: Optimal loss values

ε = 0.00 ε = 0.01 ε = 0.02 ε = 0.03

BLADE

MAE 5.14 6.81 6.61 6.33
Barron 1.5 0.22 0.53 0.59 0.60
MSE 0.49 1.22 1.42 1.47
Barron 4 0.37 1.53 2.71 3.57

Difference (βt-GARCH − BLADE)

MAE 0.47 7.56 17.11 27.13
Barron 1.5 0.04 0.83 3.16 8.92
MSE 0.05 1.61 6.64 22.04
Barron 4 0.00 0.24 2.38 22.98

NOTE: Upper panel: BLADE losses scaled by a factor of 100 at the optimal γfil. Lower panel: βt-
GARCH(1,1) minus BLADE scaled by a factor of 100. Positive values indicate BLADE improvements.
The models are trained on a sample of 2500 observations and evaluated on 1000 observations. Reported
values are Monte Carlo averages over 1000 replications.

Figure 3 illustrates these findings for the MSE criterion by plotting the full loss surface as

a function of γfil. In the non-contaminated case, the loss is minimized at values of γfil close to

the quadratic specification γfil = 2, which coincides with the true DGP. As contamination

increases, the minimum shifts leftward. Moreover, the loss surface becomes increasingly

steep for values of γfil larger than the minimum, indicating heightened sensitivity of non-
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robust updates to extreme realizations.

These findings can be interpreted through the lens of Theorem 1 and 2. Under MSE

evaluation, a more robust update can be Pt–contractively dominating a less robust update

when the update magnitude is sufficiently large. In the present volatility setting, large

update magnitudes correspond to realizations of y2t that are extreme relative to the current

conditional variance ϑt|t−1. The observational outliers in the training sample generate pre-

cisely such extreme squared-return realizations. While choosing γfil < 2 introduces a small

bias relative to the quadratic target, it substantially reduces the variability of the estimated

parameters under contamination. The resulting reduction in variance more than offsets the

increase in squared bias, leading to a lower generalization error. By down-weighting extreme

updates during estimation, the robust specification therefore yields volatility forecasts that

remain closer to the latent variance path in the evaluation sample.

Figure 3: Robustness and forecast accuracy under a contaminated training sample
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6 Conclusion

This paper introduces the BLADE filter, combining the PRADA class of De Punder (2026)

with the conditional moment QSD filter of Blasques et al. (2023) by incorporating the

adaptive loss of Barron (2019) into the parameter updating mechanism. The robustness of

the update is governed by a continuous shape parameter γ which is learned from the data

rather than fixed by a prespecified loss.

Under mild regularity conditions, the BLADE filter generates a strictly stationary,

ergodic, and invertible sequence of time-varying parameters, and the associated quasi-

likelihood estimator of the static parameters is consistent and asymptotically normal. We

obtain these results by extending the QSD estimation framework of Blasques et al. (2023,

Theorem 1) through a generalization of its required moment condition, which accommo-

dates the Barron-loss-based estimating equation.

The BLADE filter belongs to the PRADA class, ensuring that an update reduces a

local divergence from the true distribution in expectation. To compare update rules, we

introduce Pt-contractive dominance, which orders two updates by their expected local diver-

gence reduction towards Pt. Section 3.1 characterizes an explicit interval of learning rates

over which a more robust BLADE update Pt-contractively dominates a less robust one

under non-contaminated data, and we extend this to an explicit interval of contamination

proportions under a contaminated updating draw, while both updates remain PRADA.

Monte Carlo experiments confirm the finite-sample relevance of these results. In non-

contaminated samples the quadratic case (γ = 2) performs competitively, in line with strict

consistency. Under contamination, the loss-minimizing γ departs systematically from 2,

and values γ < 2 yield lower out-of-sample loss than both fixed-γ QSD filters and the

benchmark GARCH and βt–GARCH(1,1) models. This result is in line with Section 3.1,

where more robust Barron updates achieve larger expected divergence reductions across a
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wider range of step sizes.
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Appendix

A Proofs of the main results

A.1 Proof of Theorem 1

Proof. Let (Yt, Y̌t) ∼ P⊗2
t be independent copies. For i ∈ {1, 2}, denote the BLADE update,

ϑt|t(γi, Y̌t) := ϑt|t−1 + αψB
k (Y̌t, ϑt|t−1; γi, ξ).

We first obtain an upper bound on the learning rate for the Barron updates to be

PRADA (De Punder 2026, Theorem 1). For any y, y̌ ∈ Y, the path-integral version of the

mean-value theorem applied to S(Fϑt|t(γi,y̌)), y) at ϑt|t−1 is given by

S(Fϑt|t(γi,y̌)), y)− S(Fϑt|t−1
, y)

= (ϑt|t(γi, y̌)− ϑt|t−1)∇ϑS(Fϑt|t−1
, y)

+ (ϑt|t(γi, y̌)− ϑt|t−1)
2

∫ 1

0
(1− u)HS(y, (1− u)ϑt|t−1 + uϑt|t(γi, y̌))du.

Where ∇ϑS(Fϑt|t−1
, y) := ∂S(Fϑ,y)

∂ϑ

∣∣∣
ϑ=ϑt|t−1

and HS(y, ϑ) :=
∂2S(Fϑ,y)

∂ϑ2
. Using this expression

in the expected divergence difference (1) and using (1) we obtain

∆DPt
S (ϕi) := DPt

S (Pt∥Ft|t−1)− EY̌t∼Pt
DPt
S (Pt∥Ft|t)

= EPt

[
S(Pt, Y

k
t )− S(Fϑt|t−1

, Y k
t )
]
−
(
EP⊗2

t

[
S(Pt, Y

k
t )− S(Fϑt|t(γi,Y̌ k

t ), Y
k
t )
])

= EP⊗2
t

[
S(Fϑt|t(γi,Y̌ k

t ), Y
k
t )− S(Fϑt|t−1

, Y k
t )
]
.

Using the path-integral mean-value theorem expansion yields, the following representation

1



of the expected local S-divergence reduction

∆DPt
S (ϕi) = αEPt

[
∇ϑS(Fϑt|t−1

, Y k
t )
]
EPt

[
ψB
k (Y̌

k
t , ϑt|t−1; γi, ξ)

]
+ α2 EP⊗2

t

[
ψB
k (Y̌

k
t , ϑt|t−1; γi, ξ)

2 H̃S(Y
k
t , ϑt|t(Y̌

k
t , γi))

]
, (A.1)

where the integrated Hessian is exact:

H̃S(Y
k
t , ϑt|t(Y̌

k
t , γi)) :=

∫ 1

0
(1− u)HS

(
Y k
t , ϑt|t−1 + uαψB

k (Y̌t, ϑt|t−1; γi, ξ)
)
du. (A.2)

Here we used that Yt and Y̌t are independent and that ϑt|t(γi, y̌t)−ϑt|t−1 = ψB
k (y̌t, ϑt|t−1; γi, ξ).

Similar to Gorgi et al. (2024, Assumption 3), we use that by Assumption 1(iii), there exists

a c ∈ (0,∞) such that −c ≤ EPt

[
∂2S(Fϑ,Y

k
t )

∂ϑ2

]
≤ 0 for all ϑ ∈ Θ. This implies in particular

that supϑ∈Θ

∣∣∣EPt [HS(Y
k
t , ϑ)]

∣∣∣ ≤ c, which is used to bound the path-integrated Hessian

∣∣∣EP⊗2
t

[
ψB
k (Y̌

k
t , ϑt|t−1; γi, ξ

2) H̃S(Y
k
t , ϑt|t(Y̌

k
t , γi))

] ∣∣∣
=

∣∣∣∣EP⊗2
t

[
ψB
k (Y̌

k
t , ϑt|t−1; γi, ξ)

2

∫ 1

0
(1− u)HS

(
Y k
t , ϑt|t−1 + uαψB

k (Y̌
k
t , ϑt|t−1; γi, ξ)

)
du

]∣∣∣∣
≤ EPt

[∣∣∣ψB
k (Y̌

k
t , ϑt|t−1; γi, ξ)

2
∣∣∣ ∣∣∣∣∫ 1

0
(1− u)EPt

[
HS

(
Y k
t , ϑt|t−1 + uαψB

k (Y̌
k
t , ϑt|t−1; γi, ξ)

)]
du

∣∣∣∣]
≤ EPt

[∣∣∣ψB
k (Y̌

k
t , ϑt|t−1; γi, ξ)

2
∣∣∣ ∫ 1

0
(1− u)

∣∣∣EPt

[
HS

(
Y k
t , ϑt|t−1 + uαψB

k (Y̌
k
t , ϑt|t−1; γi, ξ)

)]∣∣∣ du]
≤ EPt

[∣∣∣ψB
k (Y̌

k
t , ϑt|t−1; γi, ξ)

2
∣∣∣ ∫ 1

0
(1− u) sup

ϑ∈Θ

∣∣∣EPt

[
HS

(
Y k
t , ϑ

)]∣∣∣ du]
=
c

2
EPt

[∣∣∣ψB
k (Y̌

k
t , ϑt|t−1; γi, ξ)

2
∣∣∣]

=
c

2
EPt

[
ψB
k (Y̌

k
t , ϑt|t−1; γi, ξ)

2
]
.

Where the third line results from independence of Y k
t and Y̌ k

t under P⊗2
t and by using

that for any random variable Z, |E[Z]| ≤ E[|Z|]. Assumption 1(iv) ensures finiteness. This

2



allows us to conclude that

∆DPt
S (ϕi) ≥ αEPt

[
∇ϑS(Fϑt|t−1

, Y k
t )
]
EPt

[
ψB
k (Y̌t, ϑt|t−1; γi, ξ)

]
− c

2
α2 EPt

[
ψB
k (Y

k
t , ϑt|t−1; γi, ξ)

2
]
,

which is strictly positive whenever

0 < α <
2

c

EPt

[
∇ϑS(Fϑt|t−1

, Y k
t )
]
EPt

[
ψB
k (Y̌t, ϑt|t−1; γi, ξ)

]
EPt

[
ψB
k (Y

k
t , ϑt|t−1; γi, ξ)2

] =: ᾱt(γi),

where we use gradient alignment to conclude that the upper bound is positive (Assump-

tion (1)(v)). Taking the minimum over i ∈ {1, 2} gives ᾱt = mini ᾱt(γi), so ∆DPt
S (ϕi) > 0

for both i ∈ {1, 2} and all α ∈ (0, ᾱt).

Now we obtain a lower bound on α for the robust update to induce a larger divergence

reduction. Define

g(ϑ1, ϑ2) := S(Fϑ1 , Y
k
t )− S(Fϑ2 , Y

k
t ),

so that ∆∆DPt
S (ϕB1 ∥ϕB2 ) = EP⊗2

t
[g
(
ϑt|t(Y̌

k
t , γ1), ϑt|t(Y̌

k
t , γ2)

)
]. Applying a second-order Tay-

lor expansion of g in the vector ϑ = (ϑ1, ϑ2) around ϑ0 = (ϑt|t−1, ϑt|t−1) gives

g
(
ϑt|t(Y̌

k
t , γ1), ϑt|t(Y̌

k
t , γ2)

)
= ∇ϑS(Fϑt|t−1

, Y k
t )
[(
ϑt|t(Y̌

k
t , γ1)− ϑt|t−1

)
−
(
ϑt|t(Y̌

k
t , γ2)− ϑt|t−1

)]
+
(
ϑt|t(Y̌

k
t , γ1)− ϑt|t−1

)
H̃S(Y

k
t , ϑt|t(Y̌

k
t , γ1))

(
ϑt|t(Y̌

k
t , γ1)− ϑt|t−1

)
−
(
ϑt|t(Y̌

k
t , γ2)− ϑt|t−1

)
H̃S(Y

k
t , ϑt|t(Y̌

k
t , γ2))

(
ϑt|t(Y̌

k
t , γ2)− ϑt|t−1

)
.

(A.3)

Substituting ϑt|t(Y̌
k
t , γi)−ϑt|t−1 = αψB

k (Y̌t, ϑt|t−1; γi, ξ) into (A.3) and taking expectations

3



under P⊗2
t yields,

∆∆DPt
S (ϕB1 ∥ϕB2 ) = αEP⊗2

t

[
∇ϑS(Fϑt|t−1

, Y k
t )
(
ψB
1 (Y̌

k
t , ϑt|t−1)− ψB

2 (Y̌
k
t , ϑt|t−1)

)]
+ α2 EP⊗2

t

[
H̃S(Y

k
t , ϑt|t(Y̌

k
t , γ1))ψ

B
1 (Y̌

k
t , ϑt|t−1)

2 (A.4)

− H̃S(Y
k
t , ϑt|t(Y̌

k
t , γ2))ψ

B
2 (Y̌

k
t , ϑt|t−1)

2
]

= −αAt + α2Qt, (A.5)

where H̃S(Y
k
t , ϑt|t(Y̌

k
t , γ1)) is given in (A.2). With

At := EP⊗2
t

[
∇ϑS(Fϑt|t−1

, Y k
t )
(
ψB
k (Y̌t, ϑt|t−1; γ2, ξ)− ψB

k (Y̌t, ϑt|t−1; γ1, ξ)
)]
, (A.6)

and

Qt :=EP⊗2
t

[
H̃S(Y

k
t , ϑt|t(Y̌

k
t , γ1))ψ

B
k (Y̌t, ϑt|t−1; γ1, ξ)

2

− H̃S(Y
k
t , ϑt|t(Y̌

k
t , γ2))ψ

B
k (Y̌t, ϑt|t−1; γ2, ξ)

2
]
. (A.7)

We now show Qt ≥ 0. For any γ ≤ 2, the Barron score admits the representation

ψB
k (Y̌t, ϑt|t−1; γ, ξ) =W ′

t(γ)ψ
B
k (Y̌t, ϑt|t−1; γ=2, ξ),

where

W ′
t(γ) :=

(
1 +

(Y̌ k
t − ϑt|t−1)

2

ξ2|γ − 2|

)γ/2−1

.

Since γ/2 − 1 is increasing in γ and 1 + (·)2 ≥ 1, a smaller values of γ gives a smaller

exponent, so γ1 ≤ γ2 implies W ′
t(γ1) ≤W ′

t(γ2) a.s., with both weights in (0, 1] a.s.

4



Define, for each fixed Y̌ k
t and i ∈ {1, 2},

H̄i(u) := EPt

[
HS

(
Y k
t , ϑt|t−1 + uαψB

k (Y̌t, ϑt|t−1; γi, ξ)
)]
,

which is finite for all u ∈ [0, 1] a.s. and satisfies H̄i(u) ≤ 0 for all u ∈ [0, 1] by Assump-

tions 1(ii),(iii), since ϑt|t−1 + uαψB
k (γi) ∈ Θ a.s. By Assumption 1(iv), Fubini’s theorem

gives

EPt

[
H̃S(Y

k
t , ϑt|t(Y̌

k
t , γi))

]
=

∫ 1

0
(1− u) H̄i(u) du.

Using ψB
k (γi) =W ′

t(γi)ψ
B
k (γ=2) and performing the substitution s = uW ′

t(γi) for each i,

(W ′
t(γi))

2EPt

[
H̃S(Y

k
t , ϑt|t(Y̌

k
t , γi))

]
=

∫ W ′
t (γi)

0
(W ′

t(γi)− s) H̄∗(s) ds, (A.8)

where H̄∗(s) := EPt [HS(Y
k
t , ϑt|t−1+ sαψB

k (γ=2))] ≤ 0 is the same function for both i, since

both paths are parametrized through the common reference score ψB
k (γ=2).

We show (W ′
t(γ1))

2EPt [H̃S(Y
k
t , ϑt|t(Y̌

k
t , γ1))] ≥ (W ′

t(γ2))
2EPt [H̃S(Y

k
t , ϑt|t(Y̌

k
t , γ2))] via

two inequalities. Since H̄∗(s) ≤ 0 and 0 ≤W ′
t(γ1)− s ≤W ′

t(γ2)− s for s ∈ [0,W ′
t(γ1)] a.s.,

replacing the weight W ′
t(γ1)− s by the larger W ′

t(γ2)− s makes the integral more negative,

∫ W ′
t (γ1)

0
(W ′

t(γ1)− s) H̄∗(s) ds ≥
∫ W ′

t (γ1)

0
(W ′

t(γ2)− s) H̄∗(s) ds. (A.9)

Since H̄∗(s) ≤ 0, extending the integration domain from [0,W ′
t(γ1)] to [0,W ′

t(γ2)] only adds

non-positive contributions, so

∫ W ′
t (γ1)

0
(W ′

t(γ2)− s) H̄∗(s) ds (A.10)

≥
∫ W ′

t (γ2)

0
(W ′

t(γ2)− s) H̄∗(s) ds = (W ′
t(γ2))

2 EPt

[
H̃S(Y

k
t , ϑt|t(Y̌

k
t , γ2))

]
.

5



Combining (A.8), (A.9), and (A.10), one obtains

(W ′
t(γ1))

2 EPt

[
H̃S(Y

k
t , ϑt|t(Y̌

k
t , γ1))

]
≥ (W ′

t(γ2))
2 EPt

[
H̃S(Y

k
t , ϑt|t(Y̌

k
t , γ2))

]
.

Multiplying both sides by ψB
k (Y̌t, ϑt|t−1; γ=2, ξ)2 ≥ 0 and using ψB

k (γi) = W ′
t(γi)ψ

B
k (γ=2)

followed by taking expectations over Y̌ k
t under Pt,

EP⊗2
t

[
H̃S(Y

k
t , ϑt|t(Y̌

k
t , γ1))ψ

B
1 (Y̌

k
t , ϑt|t−1)

2 − H̃S(Y
k
t , ϑt|t(Y̌

k
t , γ2))ψ

B
2 (Y̌

k
t , ϑt|t−1)

2
]
≥ 0,

hence Qt ≥ 0.

Since Qt ≥ 0, the right-hand side of (A.5) is a convex parabola in α ≥ 0. If At ≤

0, every term is non-negative and ∆∆DPt
S (ϕB1 ∥ϕB2 ) ≥ 0 for all α ≥ 0. If At > 0, then

ψB
k (Y̌t, ϑt|t−1; γ=2) ̸= 0 under Pt (otherwise At = 0) , and Assumption 1(iii) yields Qt > 0.

The parabola then crosses zero at αt := At/Qt > 0, and −αAt + α2Qt ≥ 0 for all α ≥ αt.

Combining with the PRADA upper bound ᾱt, both ∆DPt
S (ϕi) > 0 and ∆∆DPt

S (ϕB1 ∥ϕB2 ) ≥

0 hold simultaneously for all α ∈ [αt, ᾱt), this completes the proof.

A.2 Proof of Theorem 2

Proof. From Definition 1 we obtain the following expression for the divergence reduction

of a BLADE update ϕBi , ∆DPε
t

S (ϕBi ) = DS(Pt∥Ft|t−1) − EY̌t∼Pε
t
DS(Pt∥Ft|t). Following the

proof of Theorem 1 expand ∆DPε
t

S (ϕBi )

∆DPε
t

S (ϕBi ) = αEPt

[
∇ϑS(Fϑt|t−1

, Y k
t )
]
EPε

t

[
ψB
i (Y̌

k
t , ϑt|t−1)

]
+ α2 EPt⊗Pε

t

[
ψB
i (Y̌

k
t , ϑt|t−1)

2 H̃S(Y
k
t , ϑt|t(Y̌

k
t , γi))

]
.
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By independence of Y k
t ∼ Pt and Y̌

k
t ∼ Pεt and using linearity of the expectation, expanding

Pεt = (1− ε)Pt + εHt yields

∆DPε
t

S (ϕBi ) = αEPt

[
∇ϑS(Fϑt|t−1

, Y k
t )
] (

(1− ε)EPt

[
ψB
i (Y̌

k
t , ϑt|t−1)

]
+ εEHt

[
ψB
i (Y̌

k
t , ϑt|t−1)

])
+ α2

(
(1− ε)EP⊗2

t

[
ψB
i (Y̌

k
t , ϑt|t−1)

2 H̃S(Y
k
t , ϑt|t(Y̌

k
t , γi))

]
+ εEPt⊗Ht

[
ψB
i (Y̌

k
t , ϑt|t−1)

2 H̃S(Y
k
t , ϑt|t(Y̌

k
t , γi))

])
.

= (1− ε)∆DPt
S (ϕBi ) + ε∆DHt

S (ϕBi )

For both updates to remain PRADA we must have that ∆DPε
t

S (ϕBi ) > 0. Under Assump-

tion 1 both updates are PRADA under Pt, so ∆DPt
S (ϕBi ) > 0 for i ∈ {1, 2}. Using the

mixture decomposition ∆DPε
t

S (ϕBi ) = (1 − ε)∆DPt
S (ϕBi ) + ε∆DHt

S (ϕBi ), two cases arise. If

∆DHt
S (ϕBi ) ≥ 0, the convex combination is strictly positive for all ε ∈ [0, 1] and the PRADA

condition is satisfied regardless of the contamination level. If ∆DHt
S (ϕBi ) < 0, requiring

∆DPε
t

S (ϕBi ) > 0 yields

ε <
∆DPt

S (ϕBi )

∆DPt
S (ϕBi )−∆DHt

S (ϕBi )
,

where the right-hand side lies in (0, 1). Combining the two cases results in,

ε̄(γi, α) = min

{
∆DPt

S (ϕBi )

∆DPt
S (ϕBi )−∆DHt

S (ϕBi )
, 1

}
.

Requiring both updates to remain PRADA simultaneously gives the overall upper bound

ε̄ := min
i∈{1,2}

ε̄(γi, α).

We now establish a lower bound on the contamination level ε for the robust update to

be Pt–contractively dominating the less robust update. Recall from Definition 3 that the

7



expected divergence reduction difference of two BLADE updates, ϕB1 , ϕ
B
2 , which are updates

using the contaminated measure Pεt = (1− ε)Pt + εHt (8), is given by

∆∆DPε
t

S (ϕB1 ∥ϕB2 ) = αEPt⊗Pε
t

[
∇ϑS(Fϑt|t−1

, Y k
t )
(
ψB
1 (Y̌

k
t , ϑt|t−1)− ψB

2 (Y̌
k
t , ϑt|t−1)

)]
+ α2 EPt⊗Pε

t

[
H̃S(Y

k
t , ϑt|t(Y̌

k
t , γ1))ψ

B
1 (Y̌

k
t , ϑt|t−1)

2

− H̃S(Y
k
t , ϑt|t(Y̌

k
t , γ2))ψ

B
2 (Y̌

k
t , ϑt|t−1)

2
]

= −αAt + α2Qt.

Importantly, we apply this contamination only to the updating draw, so the two integrating

measures are Pt (for Y
k
t ) and Pεt (for Y̌

k
t ). Under this product measure, the expansion can

be written as,

∆∆DPε
t

S (ϕB1 ∥ϕB2 ) = −αAεt + α2Qεt , (A.11)

where

Aεt := EPt⊗Pε
t

[
∇ϑS(Fϑt|t−1

, Y k
t )
(
ψB
2 (Y̌

k
t , ϑt|t−1)− ψB

1 (Y̌
k
t , ϑt|t−1)

)]
,

Qεt := EPt⊗Pε
t

[
H̃S(Y

k
t , ϑt|t(Y̌

k
t , γ1))ψ

B
1 (Y̌

k
t , ϑt|t−1)

2 − H̃S(Y
k
t , ϑt|t(Y̌

k
t , γ2))ψ

B
2 (Y̌

k
t , ϑt|t−1)

2
]
.

Since Y k
t ∼ Pt and Y̌

k
t ∼ Pεt are independent and enter different factors of the integrands,

expanding Pεt = (1− ε)Pt + εHt yields

Aεt = (1− ε)At + εAHt ,

Qεt = (1− ε)Qt + εQHt ,

8



where At, Qt are the non-contaminated quantities computed under P⊗2
t , and

AHt := EPt

[
∇ϑS(Fϑt|t−1

, Y k
t )
]
EHt

[
ψB
2 (Y̌

k
t , ϑt|t−1)− ψB

1 (Y̌
k
t , ϑt|t−1)

]
,

QHt := EPt⊗Ht

[
H̃S(Y

k
t , ϑt|t(Y̌

k
t , γ1))ψ

B
1 (Y̌

k
t , ϑt|t−1)

2 − H̃S(Y
k
t , ϑt|t(Y̌

k
t , γ2))ψ

B
2 (Y̌

k
t , ϑt|t−1)

2
]
.

Using these expressions we obtain the following expression for ∆∆DPε
t

S (ϕB1 ∥ϕB2 ),

∆∆DPε
t

S (ϕB1 ∥ϕB2 ) = −α
(
(1− ε)At + εAHt

)
+ α2

(
(1− ε)Qt + εQHt

)
=− α(1− ε)At − αεAHt + α2(1− ε)Qt + α2εQHt

=(1− ε)∆∆DPt
S (ϕB1 ∥ϕB2 ) + ε∆∆DHt

S (ϕB1 ∥ϕB2 ). (A.12)

Assuming that ∆∆DHt
S ≥ 0, we separate two cases on ∆∆DPt

S (ϕB1 ∥ϕB2 ). If ∆∆DPt
S (ϕB1 ∥ϕB2 ) ≥

0 the inequality in (A.12) is greater than 0 for all ε ∈ [0, 1]. In the other case that

∆∆DPt
S (ϕB1 ∥ϕB2 ) ≤ 0, solving (A.12) for ε, we obtain the following bound on ε for which

∆∆DPε
t

S (ϕB1 ∥ϕB2 ) ≥ 0,

ε ≥ ε :=
−∆∆DPt

S (ϕB1 ∥ϕB2 )
∆∆DHt

S (ϕB1 ∥ϕB2 )−∆∆DPt
S (ϕB1 ∥ϕB2 )

,

where ε ∈ [0, 1]. Combining the two cases give the lower bound,

ε := max

{
0,

−∆∆DPt
S (ϕB1 ∥ϕB2 )

∆∆DHt
S (ϕB1 ∥ϕB2 )−∆∆DPt

S (ϕB1 ∥ϕB2 )

}
,

which for all ε ≥ ε result in ∆∆DPε
t

S (ϕB1 ∥ϕB2 ) ≥ 0.

Combining the upper and lower bound on ε, we conclude that for ε ∈ ( ε, ε̄ ) the robust

update induces a larger divergence reduction under contamination and both updates remain

PRADA.
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A.3 Proofs for consistency and asymptotic normality of the QLE esti-

mates

We state Lemmas 1–4 of Blasques et al. (2023) needed for Theorem 3 and 4; they are verified

in Appendix D. Following the notation of Blasques et al. (2023), denote the exogenous

variables, zt = (εt, X
′
t)
′ ∈ Rd and note that the time-varying parameter ϑt|t−1 satisfies

a recurrence relation of the form ϑt+1|t = φ(zt, ϑt|t−1). Conditions for the QSD model

to generate a stationary sequence have been proposed by Blasques et al. (2023) in their

Lemma 1.

Lemma A.1. Assume that (zt) is stationary and ergodic. Suppose that

(i) EP̄

[
log+

∣∣ψB
γ,ξ

(
g(ϑ0, εt), ϑ

0
)∣∣] <∞, ϑ0 ∈ Θ ⊂ R; (A.13)

(ii) EP̄

[
logLt

]
< 0, Lt = sup

ϑ∈Θ

∣∣∣γ ∂

∂ϑ
ψB
γ,ξ

(
g(ϑ, εt), ϑ

)
+ β

∣∣∣, (A.14)

Then there exist unique strictly stationary and ergodic solutions to {ϑt|t−1}t∈Z and {yt}t∈Z

to yt = g(ϑt|t−1, εt) and ϑt|t−1 follows (4).

A sufficient condition for (i) is EP̄ log+ |Yt| < ∞, since |ψB
γ,ξ| is uniformly bounded for

γ ≤ 1 and bounded by |xk|/ξ2 for 1 < γ ≤ 2. For condition (ii) a sufficient condition is that

|α|
ξ2

+ |β| < 1.

Lemma 2 in Blasques et al. (2023) gives conditions for unconditional bounded moments.

Lemma A.2. Under the assumptions of Lemma A.1 hold, if the sequence {Lt} is i.i.d. and

for some r > 0,

(i) EP̄

[∣∣ψB
k

(
g(ϑ0, εt), ϑ

0; γ, ξ
)∣∣r] < ∞ and (ii) EP̄

[
sup
ϑ∈Θ

∣∣∣∂ψB
k

(
g(ϑ, εt), ϑ; γ, ξ

)
∂ϑ

∣∣∣r] < ∞,

10



for some ϑ0 ∈ Θ. Then ϑt|t−1 satisfies EP̄ |ϑt|t−1|s <∞ for some s > 0.

These conditions hold in the proposed model if γ ≤ 2 and if EP̄|xk(yt, ϑt|t−1)| is bounded.

To show that the BLADE filter is invertible, the following condition from Blasques et al.

(2023) is shown to hold,

Lemma A.3. Let {yt, Xt}t∈Z be stationary and ergodic, and suppose that

(i) for all λ ∈ Λ, there exists ϑ0 ∈ Θ such that EP̄

[
log+

∣∣ψB
k (yt, ϑ

0; γ, ξ)
∣∣] <∞,

(ii) EP̄

[
log sup

ϑ∈Θ
sup
λ∈Λ

∣∣α ∂

∂ϑ
ψB
γ,ξ(yt, ϑ) + β

∣∣] < 0.

Then for all λ ∈ Λ, there exists a unique stationary and ergodic solution to {ϑt|t−1(λ)}λ∈Λ

to ϑt+1|t(λ) = ω + αψB
γ,ξ(yt, ϑt|t−1(λ)) + βϑt|t−1(λ), t ∈ Z. Furthermore, for all starting

functions ϑ̂1(·) ∈ C(Λ,Θ), there exists ϱ ∈ (0, 1) such that

ϱ−t sup
λ∈Λ

∣∣ϑ̂t|t−1(λ)− ϑt|t−1(λ)
∣∣→ 0 a.s. as (t→ ∞).

The model is then said to be uniformly invertible.

Under similar assumptions as in Lemma A.1 the two conditions of Lemma A.3 hold.

The sufficient assumptions are, γ ≤ 2 and EP̄ log+ |Yt| <∞.

This proposition sets the conditions for stationarity and invertibility of the derivatives

of the filter. Define,

ϑ′′t+1|1(λ) := vec

(
∂2ϑt+1|t

∂λ ∂λ⊤

)
= Ct + bt ϑ

′′
t|t−1(λ), (A.15)

11



where

bt = α
∂ψB

k

∂ϑ
+ β,

Ct = vec

(
∂α

∂λ

∂ψB
k

∂λ⊤
+
∂ψB

k

∂ϑ

∂α

∂λ

(
ϑ′t
)⊤

+
∂ψB

k

∂λ

∂α

∂λ⊤
+ α

∂2ψB
k

∂ϑ ∂λ

(
ϑ′t
)⊤

+ α
∂2ψB

k

∂λ ∂λ⊤

+
∂β

∂λ

(
ϑ′t
)⊤

+
∂ψB

k

∂ϑ
ϑ′t

∂α

∂λ⊤
+ αϑ′t

∂2ψB
k

∂ϑ ∂λ⊤
+ α

∂2ψB
k

∂ϑ2
ϑ′t
(
ϑ′t
)⊤)

,

with ϑ′t :=
∂ϑt|t−1

∂λ and ψB
k = ψB

k (yt, ϑt|t−1; γ, ξ). Using xk(y, ϑ) = yk − ϑ so that ∂xk
∂ϑ = −1

and ∂2xk
∂ϑ2

= 0, the score derivatives simplify to

∂ψB
k

∂ϑ
= −

∂2S̃B
γ,ξ

∂x2k
,

∂2ψB
k

∂ϑ2
=
∂3S̃B

γ,ξ

∂x3k
,

∂2ψB
k

∂ϑ ∂λ
= −

∂3S̃B
γ,ξ

∂x2k ∂λ
,

where all derivatives of S̃B
γ,ξ are evaluated at xk(yt, ϑt|t−1). The derivative of ϑ̂t|t−1(λ) w.r.t.

λ is given by

∂ϑ̂t+1|t(λ)

∂λ
=
∂ω

∂λ
+ ψB

γ,ξ

∂α

∂λ
+ α

∂ψB
γ,ξ

∂λ
+ ϑ̂t|t−1(λ)

∂β

∂λ
+

(
α
∂ψB

γ,ξ

∂ϑ
+ β

)
∂ϑ̂t|t−1(λ)

∂λ
, (A.16)

where ψB
γ,ξ ≡ ψB

k (yt, ϑ̂t|t−1; γ, ξ).

Lemma A.4. Let the conditions of Lemma A.3 hold, assume that ψB
γ,ξ admits continuous

second-order derivatives with respect to its last two components, and suppose that

(i) for all λ ∈ Λ, EP̄

[
log+ |ψB

k |+ log+
∥∥∥∥∂ψB

k

∂λ

∥∥∥∥+ log+
∣∣∣∣∂ψB

k

∂ϑ

∣∣∣∣+ log+ |ϑt|t−1(λ)|
]
<∞.

Then, for all λ ∈ Λ, there exists a unique strictly stationary and ergodic solution {ϑ′t|t−1(λ)}t∈Z

to (A.16). If in addition

(ii) EP̄

[
log+

(
sup
ϑ∈Θ

∣∣∣∣∂ψB
k

∂ϑ

∣∣∣∣+ sup
ϑ,λ

∥∥∥∥∂2ψB
k

∂λ∂ϑ

∥∥∥∥+ sup
ϑ∈Θ

∥∥∥∥∂2ψB
k

∂ϑ2

∥∥∥∥+ sup
λ

∥∥∥ϑ′t|t−1(λ)
∥∥∥)] <∞,
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then, for all starting functions ϑ̂1(·) ∈ C(Λ,Θ) and ϑ̂′1(·) ∈ C(Λ,Rq), there exists ϱ ∈ (0, 1)

such that

ϱ−t sup
λ∈Λ

∥∥∥ϑ̂′t|t−1(λ)− ϑ′t|t−1(λ)
∥∥∥→ 0 a.s. as t→ ∞.

Furthermore, assuming that

(iii) for all λ ∈ Λ, EP̄

[
log+

∥∥∥∥ ∂2ψB
k

∂λ∂λ⊤

∥∥∥∥+ log+
∥∥∥∥∂2ψB

k

∂λ∂ϑ

∥∥∥∥+ log+
∥∥∥∥∂2ψB

k

∂ϑ2

∥∥∥∥] <∞,

then, for all λ ∈ Λ, there exists a unique strictly stationary and ergodic solution {ϑ′′t|t−1(λ)}t∈Z

to (A.15). Under the additional assumption

(iv) EP̄

[
log+

(
sup
ϑ,λi,λj

∣∣∣∣ ∂3ψB
k

∂λi∂λj∂ϑ

∣∣∣∣+ sup
ϑ,λi

∥∥∥∥ ∂3ψB
k

∂λi∂ϑ2

∥∥∥∥+ sup
ϑ∈Θ

∥∥∥∥∂3ψB
k

∂ϑ3

∥∥∥∥
)]

<∞,

with ψB
k = ψB

k (yt, ϑt|t−1), then, for all starting functions ϑ̂1(·) ∈ C(Λ,Θ), ϑ̂′1(·) ∈ C(Λ,Rq),

and ϑ̂′′1(·) ∈ C(Λ,Rq2), there exists ϱ ∈ (0, 1) such that

ϱ−t sup
λ∈Λ

∥∥∥ϑ̂′′t|t−1(λ)− ϑ′′t|t−1(λ)
∥∥∥→ 0 a.s. as t→ ∞.

These conditions hold under mild assumptions. These include bounded derivatives of

xk(yt, ϑt|t−1) with respect to ϑ, up to and including the fourth derivative and γ ∈ Λ ⊆

(−∞, 2], ξ > 0 so that all partial derivatives of SB
γ,ξ(xk(yt, ϑt|t−1), γ, ξ) with respect to

xk(yt, ϑt|t−1) are bounded.

A.4 Proof of Theorem 3

Proof. This proof follows the same structure as the proof of Theorem 1 in Blasques et al.

(2023). Under Assumption 3(i),(ii), (Yt,FY,Z
t )t∈Z is a strictly stationary and ergodic process

and let Λ ⊆ Rp be compact. Recall that P̃t denotes the true conditional distribution of Yt

given FY,Z
t−1 , and that the target functional ϑt solves EP̃t

[ψB
γ,ξ(Y

k
t −ϑt)] = 0. Under Assump-

13



tion 3, for each λ ∈ Λ the recursion (4) admits a unique stationary solution ϑt|t−1(λ) ∈ R.

We maintain throughout that the filter is correctly specified for this functional: there exists

λ0 ≡ λ0(γ) ∈ Λ such that ϑt|t−1(λ0) = ϑt a.s. for all t ∈ Z, so that the estimating function

is conditionally unbiased, EP̃t
[ht(λ0)] = 0. Let

∂ϑt|t−1(λ)

∂λ
:=

∂

∂λ⊤
ϑt|t−1(λ) ∈ R1×p.

Let ψB
γ,ξ : R → R be the (Barron) function applied to the scalar residual xk = Y k

t −ϑt|t−1(λ)

and ht = ψB
γ,ξ

(
Y k
t − ϑt|t−1(λ)

)
.

For each γ ≤ 2, let λ0 ≡ λ0(γ) be the pseudo truth, the moment condition under the

true measure Pt holds,

EP̃t
[ht(λ0)] = 0. (A.17)

Define the (conditional) scaling

σ2t (λ) := EP̃t

[
ht(λ)

2
]
,

then under Assumption 3(iii) there exists σ2 > 0 such that

inf
λ∈Λ

σ2t (λ) ≥ σ2. (A.18)

Then define the infeasible estimating term and its average

gt(λ) :=
ht(λ)

σ2t (λ)

∂ϑt|t−1(λ)

∂λ
, GT (λ) :=

1

T

T∑
t=t0+1

gt(λ).

Let ϑ̂t|t−1(λ) denote the feasible recursion computed from observed data and an arbi-

trary initialization, and let ϑ̂′t|t−1(λ) be its derivative recursion. Using Assumption 3, a

14



feasible σ̂2t (λ) is available. Define

ĥt(λ) := ψB
γ,ξ

(
Y k
t − ϑ̂t|t−1(λ)

)
, ĝt(λ) :=

ĥt(λ)

σ̂2t (λ)
ϑ̂′t|t−1(λ), ĜT (λ) :=

1

T

T∑
t=t0+1

ĝt(λ),

and let λ̂T be any solution to

ĜT (λ̂T ) = 0.

We show that there exist K <∞ and a nonnegative process Ut such that, for sufficiently

large t,

sup
λ∈Λ

∥gt(λ)− ĝt(λ)∥ ≤ K ρt Ut a.s. (A.19)

Use the definition of gt(λ) and add and subtract ĥt(λ)
σ̂2
t (λ)

∂ϑt|t−1(λ)

∂λ :

gt(λ)− ĝt(λ) =
ht(λ)

σ2t (λ)

∂ϑt|t−1(λ)

∂λ
− ĥt(λ)

σ̂2t (λ)
ϑ̂′t|t−1(λ)

=

(
ht(λ)

σ2t (λ)
− ĥt(λ)

σ̂2t (λ)

)
∂ϑt|t−1(λ)

∂λ︸ ︷︷ ︸
(I)

+
ĥt(λ)

σ̂2t (λ)

(
∂ϑt|t−1(λ)

∂λ
− ϑ̂′t|t−1(λ)

)
︸ ︷︷ ︸

(II)

. (A.20)

Hence, by the triangle inequality,

∥gt(λ)− ĝt(λ)∥ ≤ ∥(I)∥+ ∥(II)∥. (A.21)

Start with the first term (I). One can rewrite it to obtain the following,

ht(λ)

σ2t (λ)
− ĥt(λ)

σ̂2t (λ)
=
ht(λ)− ĥt(λ)

σ2t (λ)
+ ĥt(λ)

( 1

σ2t (λ)
− 1

σ̂2t (λ)

)
. (A.22)
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Therefore,

∥(I)∥ ≤
[
|ht(λ)− ĥt(λ)|

σ2t (λ)
+ |ĥt(λ)|

∣∣∣ 1

σ2t (λ)
− 1

σ̂2t (λ)

∣∣∣] ∥∥∥∥∂ϑt|t−1(λ)

∂λ

∥∥∥∥ . (A.23)

By the mean value theorem,

|ht(λ)− ĥt(λ)| =
∣∣ψB
γ,ξ(Y

k
t − ϑt|t−1(λ))− ψB

γ,ξ(Y
k
t − ϑ̂t|t−1(λ))

∣∣
=

∣∣∣∣∣∂ψB
γ,ξ(xk)

∂xk

∣∣∣∣
xk=x̃

(
ϑt|t−1(λ)− ϑ̂t|t−1(λ)

)∣∣∣∣∣
≤ sup

xk

∣∣∣∣∣∂ψB
γ,ξ(xk)

∂xk

∣∣∣∣∣ ∣∣∣(ϑt|t−1(λ)− ϑ̂t|t−1(λ)
)∣∣∣

≤ 1

ξ2
|ϑt|t−1(λ)− ϑ̂t|t−1(λ)|. (A.24)

Where in the last line we use the bound of Barron (2019),
∂ψB

γ,ξ(xk)

∂xk
≤ 1

ξ2
for γ ≤ 2. First,

by (A.18),

1

σ2t (λ)
≤ 1

σ2
, ∀λ ∈ Λ.

Next, Assumption 3(iii) implies that there exists a T0 such that for all t ≥ T0,

sup
λ∈Λ

|σ̂2t (λ)− σ2t (λ)| ≤
1

2
σ2.

Hence, for t ≥ T0 and all λ,

σ̂2t (λ) ≥ σ2t (λ)− 1
2σ

2 ≥ 1
2σ

2, so
1

σ̂2t (λ)
≤ 2

σ2
.

Therefore, for t ≥ T0,

∣∣∣ 1

σ2t (λ)
− 1

σ̂2t (λ)

∣∣∣ = |σ̂2t (λ)− σ2t (λ)|
σ2t (λ)σ̂

2
t (λ)

≤ 2

σ4
|σ̂2t (λ)− σ2t (λ)|. (A.25)
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Similarly we can bound the second term using the same reasoning to obtain (taking the

supremum)

sup
λ∈Λ

∥II∥ ≤ 2

σ2

(
sup
λ∈Λ

|ĥt(λ)|
)(

sup
λ∈Λ

∥∥∥∥ϑ̂′t|t−1(λ)−
∂ϑt|t−1(λ)

∂λ

∥∥∥∥) .
Combining the two results and taking the supremum, there exists a T1 such that for all

t ≥ T1,

sup
λ∈Λ

∥gt(λ)− ĝt(λ)∥ ≤ sup
λ∈Λ

∥(I)∥+ sup
λ∈Λ

∥(II)∥

≤ sup
λ∈Λ

∥∥∥∥∂ϑt|t−1(λ)

∂λ

∥∥∥∥ [ 1

ξ2σ2
sup
λ∈Λ

|ϑ̂t|t−1(λ)− ϑt|t−1(λ)|

+
2

σ4

(
sup
λ∈Λ

|ĥt(λ)|
)(

sup
λ∈Λ

|σ̂2t (λ)− σ2t (λ)|
)]

+
2

σ2

(
sup
λ∈Λ

|ĥt(λ)|
)(

sup
∈Λ

∥∥∥ϑ̂′t|t−1(λ)−
∂ϑt|t−1(λ)

∂λ

∥∥∥) a.s.

This expression can be simplified further by noting that

|ĥt(λ)| ≤ |ykt |+ |ϑ̂t|t−1(λ)| ≤ |ykt |+ |ϑt|t−1(λ)|+ |ϑ̂t|t−1(λ)− ϑt|t−1(λ)|,

whence

sup
λ∈Λ

|ĥt(λ)| ≤ sup
λ∈Λ

(|ykt |+ |ϑt|t−1(λ)|+ |ϑ̂t|t−1(λ)− ϑt|t−1(λ)|) ≤ sup
λ∈Λ

(|ykt |+ |ϑt|t−1(λ)|+ 1)

Furthermore we can use Lemma A.3 and A.4, which hold under Assumption 3, to obtain

that there exist finite random constants Cϑ, Cϑ′ , and Cσ such that, for all sufficiently large

t,

sup
λ∈Λ

|ϑ̂t|t−1(λ)− ϑt|t−1(λ)| ≤ Cϑρ
t, sup

λ∈Λ
|σ̂2t (λ)− σ2t (λ)| ≤ Cσρ

t,
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and

sup
λ∈Λ

∥ϑ̂′t|t−1(λ)−
∂ϑt|t−1(λ)

∂λ
∥ ≤ Cϑ′ρ

t.

Substituting these bounds yields

sup
λ∈Λ

∥gt(λ)−ĝt(λ)∥ ≤ ρt
[
K1 sup

λ∈Λ

∥∥∥∥∂ϑt|t−1(λ)

∂λ

∥∥∥∥+K2 sup
λ∈Λ

∥∥∥∥∂ϑt|t−1(λ)

∂λ

∥∥∥∥ sup
λ∈Λ

|ĥt(λ)|+K3 sup
λ∈Λ

|ĥt(λ)|
]
,

for some finite constants K1,K2,K3. Using the the bound on supλ∈Λ |ĥt(λ)|, this can be

rewritten as,

sup
λ∈Λ

∥gt(λ)− ĝt(λ)∥ ≤ K ρt Ut,

where

Ut :=
(
1 + sup

λ∈Λ
|ϑ′t|t−1(λ)|

)(
2 + |ykt |+ sup

λ∈Λ
|ϑt|t−1(λ)|

)
, (A.26)

and K <∞ is a generic constant absorbing K1,K2,K3 and σ2. This proves (A.19).

By (A.19), there exist ρ ∈ (0, 1) and an a.s. finite random constant K < ∞ such that,

for all sufficiently large t,

sup
λ∈Λ

∥gt(λ)− ĝt(λ)∥ ≤ K ρt Ut a.s. (A.27)

Using Assumption 3(v), EP̄

[
log+ supλ∈Λ |ϑt|t−1(λ)|

]
<∞ and EP̄

[
log+ supλ∈Λ

∥∥∥∥∂ϑ̂t|t−1(λ)

∂λ

∥∥∥∥] <
∞. From these assumptions and results it follows that, EP̄ log+ Ut < ∞. Then, by

Lemma 2.1 of Straumann and Mikosch (2006),

∞∑
t=1

sup
λ∈Λ

∥gt(λ)− ĝt(λ)∥ <∞ a.s.

Since ρt → 0 a.s., K is a finite constant and R is a Banach space.
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Finally, for any T ,

sup
λ∈Λ

∥GT (λ)− ĜT (λ)∥ = sup
λ∈Λ

∥∥∥ 1
T

T∑
t=t0+1

(
gt(λ)− ĝt(λ)

)∥∥∥
≤ 1

T

T∑
t=t0+1

sup
λ∈Λ

∥gt(λ)− ĝt(λ)∥ ≤ 1

T

∞∑
t=1

sup
λ∈Λ

∥gt(λ)− ĝt(λ)∥,

This entails that,

sup
λ∈Λ

∥GT (λ)− ĜT (λ)∥ = O(T−1) a.s. (A.28)

Recall,

GT (λ) :=
1

T

T∑
t=t0+1

gt(λ),

and let,

G(λ) := EP̄[gt(λ)] .

Hence, under Assumption 3(v) by the uniform ergodic theorem

sup
λ∈Λ

∥GT (λ)−G(λ)∥ a.s.−−→ 0. (A.29)

Fix λ ∈ Λ with λ ̸= λ0. The condition EP̃t
ht(λ0) = 0 (A.17) implies that EP̄[gt(λ0)] =

EP̄

[
EP̃t

[gt(λ0)]
]
= EP̄

[
∂ϑt|t−1(λ0)/∂λ

σ2
t (λ0)

EP̃t
[ht(λ0)]

]
= 0 as

∂ϑt|t−1(λ0)/∂λ

σ2
t (λ0)

is FY,Z
t−1 measurable.

Furthermore by Assumption 3(iv) since G(λ) ̸= 0 and G(·) is continuous, there exists an

open neighborhood V (λ) ⊂ Λ and a constant c(λ) > 0 such that

inf
λ′∈V (λ)

∥G(λ′)∥ ≥ 2c(λ). (A.30)

By the uniform ergodic theorem (A.29), for every ε > 0 there exists a (random) integer
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Tε <∞ such that, for all T ≥ Tε,

sup
µ∈Λ

∥GT (µ)−G(µ)∥ < ε a.s. (A.31)

Choosing ε = c(λ) > 0, it follows that for all sufficiently large T ,

sup
µ∈Λ

∥GT (µ)−G(µ)∥ < c(λ) a.s.

For any λ′ ∈ V (λ), the reverse triangle inequality yields

∥GT (λ′)∥ ≥ ∥G(λ′)∥ − ∥GT (λ′)−G(λ′)∥.

Taking the infimum over λ′ ∈ V (λ) and using (A.30), we obtain

inf
λ′∈V (λ)

∥GT (λ′)∥ ≥ inf
λ′∈V (λ)

[
∥G(λ′)∥ − ∥GT (λ′)−G(λ′)∥

]
≥ inf

λ′∈V (λ)
∥G(λ′)∥ − sup

λ′∈V (λ)
∥GT (λ′)−G(λ′)∥

≥ 2c(λ)− sup
µ∈Λ

∥GT (µ)−G(µ)∥,

Hence, for all sufficiently large T ,

inf
λ′∈V (λ)

∥GT (λ′)∥ ≥ c(λ) a.s.

Taking the lower limit concludes that

lim inf
T→∞

inf
λ′∈V (λ)

∥GT (λ′)∥ ≥ c(λ) > 0 a.s. (A.32)
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Furthermore, continuity of G(·) implies that for every neighborhood V (λ0) of λ0,

lim sup
T→∞

inf
λ′∈V (λ0)

∥GT (λ′)∥ = 0 a.s. (A.33)

We already concluded in (A.29) that

sup
λ∈Λ

∥ĜT (λ)−GT (λ)∥ a.s.−−→ 0.

Fix λ ∈ Λ with λ ̸= λ0 and let V (λ) be the neighborhood from (A.30). By the reverse

triangle inequality,

inf
λ′∈V (λ)

∥ĜT (λ′)∥ ≥ inf
λ′∈V (λ)

∥GT (λ′)∥ − sup
µ∈Λ

∥ĜT (µ)−GT (µ)∥. (A.34)

Combining this with (A.29) and (A.32) yields

lim inf
T→∞

inf
λ′∈V (λ)

∥ĜT (λ′)∥ ≥ c(λ) a.s. (A.35)

Similarly, for any neighborhood V (λ0) of λ0,

inf
λ′∈V (λ0)

∥ĜT (λ′)∥ ≤ inf
λ′∈V (λ0)

∥GT (λ′)∥+ sup
λ∈Λ

∥ĜT (λ)−GT (λ)∥, (A.36)

which together with (A.29) and (A.33) imply

lim sup
T→∞

inf
λ′∈V (λ0)

∥ĜT (λ′)∥ = 0 a.s. (A.37)

This establishes separation of the minima.

We can now conclude the consistency of λ̂. Let λ̂T satisfy ĜT (λ̂T ) = 0. Suppose, by

contradiction, that λ̂T ̸→ λ0. Since λ̂T ̸→ λ0, there exist ε > 0 and a subsequence (T ′) such
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that ∥λ̂T ′ −λ0∥ ≥ ε for all T ′. By Assumption 3(ii) Λ is compact, so (λ̂T ′) admits a further

convergent subsequence (λ̂Tj )j≥1 with limit λ ∈ Λ (Bolzano–Weierstrass). By construction

∥λ − λ0∥ ≥ ε > 0, so λ ̸= λ0. Let V (λ) be any neighborhood of λ. Then λ̂Tj ∈ V (λ) ∩ Λ

for all j sufficiently large. Hence,

0 = ∥ĜTj (λ̂Tj )∥ ≥ inf
µ∈V (λ)∩Λ

∥ĜTj (µ)∥.

But by (A.35), since V (λ) ∩ Λ is a neighborhood of λ in Λ,

lim inf
j→∞

inf
µ∈V (λ)∩Λ

∥ĜTj (µ)∥ ≥ c(λ) > 0 a.s.,

a contradiction. Therefore,

λ̂T → λ0 a.s.

A.5 Proof of Theorem 4

Proof. The proof follows the proof of Theorem 1 in Blasques et al. (2023) step for step. The

only difference is that our estimating function uses the Barron score ht = ψBγ,ξ(Y
k
t − ϑt|t−1)

in place of the identity residual Y k
t − ϑt|t−1, so that differentiating gt introduces the factor

ψB′
γ,ξ(xt) in the term arising from ∂ht/∂λ

⊤. Since |ψB′
γ,ξ| ≤ ξ−2 for γ ≤ 2 (Barron 2019), this

factor is uniformly bounded and enters the domination bounds as a constant, leaving every

step unchanged; at γ = 2 it equals ξ−2 and the setting reduces to theirs.

By Theorem 3, λ̂T
a.s.−−→ λ0, with λ0 ∈ Int(Λ) by Assumption 4(i). Throughout write

ϑ′t := ∂ϑt|t−1(λ)/∂λ, ϑ
′′
t := ∂2ϑt|t−1(λ)/∂λ∂λ

⊤, xt := Y k
t − ϑt|t−1(λ) and ht = ψBγ,ξ(xt).
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Differentiating gt(λ) =
ht(λ)

σ2t (λ)
ϑ′t(λ), and using ∂xt/∂λ

⊤ = −ϑ′⊤t ,

∂GT (λ)

∂λ⊤
=

1

T

T∑
t=t0+1

[
ht
σ2t

ϑ′′t −
ht
σ4t

ϑ′t
∂σ2t
∂λ⊤

−
ψB′
γ,ξ(xt)

σ2t
ϑ′t ϑ

′⊤
t

]
, (A.38)

where ψB′
γ,ξ(xt) := ∂ψBγ,ξ(x)/∂x|x=xt satisfies |ψB′

γ,ξ| ≤ ξ−2 for γ ≤ 2 (Barron 2019), and

reduces to the constant ξ−2 at γ = 2. By already given arguments, Lemma A.4 and

Assumption 4(iv) show that

sup
λ∈Λ

∥∥∥∥∥∂GT (λ)∂λ⊤
− ∂ĜT (λ)

∂λ⊤

∥∥∥∥∥ = O(T−1) a.s. (A.39)

Now (A.38), the ergodic theorem and Et−1[ht(λ0)] = 0 imply

ĠT :=
∂GT (λ0)

∂λ⊤
a.s.−−→ −J0, J0 := −EP̄

[
∂

∂λ⊤
gt(λ)

∣∣∣
λ=λ0

]
, (A.40)

which by Assumption 4(v) is finite and non–singular.

Doing Taylor expansions of G1T (·), . . . , GpT (·), where GiT (λ) denotes the i-th element

of GT (λ), and using (A.28), we have almost surely

0p =
√
T ĜT (λ̂T ) =

√
T GT (λ0)− JT

√
T (λ̂T − λ0) + o(1), (A.41)

where the i-th row of JT is of the form − ∂GiT (λ̃iT )/∂λ
⊤ with λ̃iT a point between λ̂T and

λ0.

The consistency of λ̂T entails that, for T large enough,

∥∥JT + ĠT
∥∥ ≤ 1

T

T∑
t=t0+1

sup
λ∈V (λ0)

∥∥∥∥∂gt(λ)∂λ⊤
− ∂gt(λ0)

∂λ⊤

∥∥∥∥ (A.42)

for any neighbourhood V (λ0) of λ0. In view of Assumption 4(iii), the floor σ2t ≥ σ2
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(Assumption 3(iii)), the bound |ψB′
γ,ξ| ≤ ξ−2 and the Cauchy–Schwarz inequality, the three

terms of (A.38) are dominated:

EP̄ sup
λ∈V (λ0)

∥∥∥∥ htσ2t ϑ′′t
∥∥∥∥ ≤

(
EP̄ sup

λ∈V (λ0)

∥∥∥∥htσt
∥∥∥∥2 EP̄ sup

λ∈V (λ0)

∥∥∥∥ϑ′′tσt
∥∥∥∥2
)1/2

<∞,

EP̄ sup
λ∈V (λ0)

∥∥∥∥ htσ4t ϑ′t ∂σ
2
t

∂λ⊤

∥∥∥∥ <∞, EP̄ sup
λ∈V (λ0)

∥∥∥∥∥ψB′
γ,ξ(xt)

σ2t
ϑ′tϑ

′⊤
t

∥∥∥∥∥ ≤ 1

ξ2
EP̄ sup

λ∈V (λ0)

∥∥∥∥ϑ′tσt
∥∥∥∥2 <∞.

In view of (A.38), it follows that, by the ergodic theorem, the right-hand side of (A.42)

tends almost surely to

EP̄ sup
λ∈V (λ0)

∥∥∥∥∂gt(λ)∂λ⊤
− ∂gt(λ0)

∂λ⊤

∥∥∥∥ .
By the dominated convergence theorem this expectation is arbitrarily small when V (λ0) is

small. In view of (A.40), it follows that

JT a.s.−−→ J0. (A.43)

Since (A.39) is uniform in λ, it holds at the feasible intermediate points defining the rows

of ĴT , so ∥ĴT −JT ∥ → 0 a.s.; with (A.43), the consistency of ĴT follows exactly as that of

JT ,

ĴT a.s.−−→ J0, (A.44)

which is non–singular for T large enough, with Ĵ −1
T

a.s.−−→ J −1
0 .

Finally, by (A.28),
√
T (ĜT (λ0)−GT (λ0)) → 0 a.s.; by (A.17) and the Ft−1–measurability

of ϑ′t(λ0) and σ
2
t (λ0), {gt(λ0)}t∈Z is a strictly stationary and ergodic martingale difference

sequence with Ω0 := EP̄[gt(λ0)gt(λ0)
⊤] finite under Assumption 4(iii). The central limit

theorem for stationary ergodic martingale differences (Blasques 2019, p. 24) thus gives

√
T GT (λ0) =

1√
T

T∑
t=t0+1

gt(λ0)
d−→ N (0,Ω0). (A.45)
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Combining (A.41), (A.44) and (A.45) with Slutsky’s theorem,

√
T (λ̂T − λ0) = J −1

T

√
T GT (λ0) + op(1)

d−→ N
(
0, J −1

0 Ω0 (J −1
0 )⊤

)
.

B Additional proofs and derivations

B.1 Proof of Corollary 1

Proof. The condition on Ht(|x̌k| > M) together with the positivity assumption on

EHt [g(Y̌
k
t , γ1, γ2) | |x̌k| > M ] satisfies the assumptions of Lemma B.1, which yields

∆∆DHt
S (ϕB1 ∥ϕB2 ) ≥ 0. The conclusions then follow from Theorem 2.

Lemma B.1. Under the setting of Theorem 2, let x̌k = xk(Y̌
k
t , ϑt|t−1) be the residual map

evaluated in Y̌ k
t and denote the conditional measure; for anyM > 0, with Ht(|x̌k| > M) > 0,

H>Mt := Ht (· | |x̌k| > M). Suppose there exists M > 0 such that ∆∆DH>M
t

S (ϕ1∥ϕ2) > 0.

Then ∆∆DHt
S (ϕB1 ∥ϕB2 ) ≥ 0 provided that

Ht(|x̌k| > M) ≥ max

0,
−∆∆DH≤M

t
S (ϕ1∥ϕ2)

∆∆DH>M
t

S (ϕ1∥ϕ2)−∆∆DH≤M
t

S (ϕ1∥ϕ2)

 ,

where the right-hand side lies in [0, 1].
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B.2 Proof of Lemma B.1

Proof. Define,

g(Y̌ k
t , γ1, γ2) :=αEPt

[
∇ϑS(Fϑt|t−1

, Y k
t )
](
ψB
1 (Y̌

k
t , ϑt|t−1)− ψB

2 (Y̌
k
t , ϑt|t−1)

)
+ α2 EPt

[
H̃S(Y

k
t , ϑt|t(Y̌

k
t , γ1))ψ

B
1 (Y̌

k
t , ϑt|t−1)

2

− H̃S(Y
k
t , ϑt|t(Y̌

k
t , γ2))ψ

B
2 (Y̌

k
t , ϑt|t−1)

2
]
,

Now decompose EHt

[
g(Y̌ k

t , γ1, γ2)
]
over the events {|x̌k| ≤M} and {|x̌k| > M}

EHt

[
g(Y̌ k

t , γ1, γ2)
]
= EHt

[
g(Y̌ k

t , γ1, γ2)
∣∣ |x̌k| ≤M

]
(1−Ht(|x̌k| > M))

+ EHt

[
g(Y̌ k

t , γ1, γ2)
∣∣ |x̌k| > M

]
Ht(|x̌k| > M).

If EHt

[
g(Y̌ k

t , γ1, γ2)
∣∣ |x̌k| ≤M

]
≥ 0, both conditional expectations are non-negative, so

EHt [g(Y̌
k
t , γ1, γ2)] ≥ 0 for all Ht.

When, EHt

[
g(Y̌ k

t , γ1, γ2) | |x̌k| ≤M
]
< 0 and EHt

[
g(Y̌ k

t , γ1, γ2) | |x̌k| > M
]
> 0, the

denominator satisfies

EHt

[
g(Y̌ k

t , γ1, γ2)
∣∣ |x̌k| > M

]
− EHt

[
g(Y̌ k

t , γ1, γ2)
∣∣ |x̌k| ≤M

]
> 0,

and rearranging (1 − p)EHt [g(Y̌
k
t , γ1, γ2) | |x̌k| ≤ M ] + pEHt [g(Y̌

k
t , γ1, γ2) | |x̌k| > M ] ≥ 0

for p := Ht(|x̌k| > M) yields the stated bound. The right-hand side equals

−EHt

[
g(Y̌ k

t , γ1, γ2)
∣∣ |x̌k| ≤M

]
EHt

[
g(Y̌ k

t , γ1, γ2)
∣∣ |x̌k| > M

]
− EHt

[
g(Y̌ k

t , γ1, γ2)
∣∣ |x̌k| ≤M

] ,
which lies in (0, 1). Recall the conditional measure; for anyM > 0, with Ht(|x̌k| > M) > 0,

H>Mt := Ht (· | |x̌k| > M). Gives that EHt

[
g(Y̌ k

t , γ1, γ2)
∣∣ |x̌k| > M

]
= ∆∆DH>M

t
S (ϕ1∥ϕ2)
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and EHt

[
g(Y̌ k

t , γ1, γ2)
∣∣ |x̌k| ≤M

]
= ∆∆DH≤M

t
S (ϕ1∥ϕ2), the right hand side equals

−∆∆DH≤M
t

S (ϕ1∥ϕ2)
∆∆DH>M

t
S (ϕ1∥ϕ2)−∆∆DH≤M

t
S (ϕ1∥ϕ2)

,

B.3 Proof of proposition 1

For details on the Von Mises expansion see Appendix C.4

Proof. We treat uγ as an M–estimator with score function

ψ̃B
γ,ξ(xk) = ∇ϑS

B
k (y, ϑ; γ, ξ), xk = Y k − ϑ,

and estimating equation

EP[ψ̃
B
γ,ξ(Y − uγ(P))] = 0.

By the general Hampel–Huber formula for one–dimensional M–estimators (Hampel

et al. 1986, Eq. (2.3.5) in Sec. 2.3a), if uγ(F ) solves
∫
ψ(y, uγ(F )) dF(y) = 0, then

IF(y;u,F) =
ψB
k (y, uγ(F))

−
∫
ψ

′B
γ,ξ(z, uγ(F)) dF(z)

.

we obtain

IF(y;uγ ,Pt) =Mγ(Pt)
−1 ψ̃B

γ,ξ (xk(y, uγ(Pt)) ,

where

Mγ(Pt) := −EPt

[
ψ̃

′B
γ,ξ(xk(Y, uγ(Pt))

]
.
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By Hampel’s formula, the influence function is

IF(y;uγ ,Pt) =Mγ(Pt)
−1 ψ̃B

γ,ξ(xk(y,uγ(Pt)),

so the influence function is bounded if and only if ψ̃B
γ,ξ is bounded, because Mγ(Pt) is a

finite nonzero constant under the usual regularity assumptions.

From the explicit derivative bounds of the Barron loss,

∣∣∣∣ψ̃B
γ,ξ (xk)

∣∣∣∣ ≤


1

ξ

(
γ − 2

γ − 1

) γ−1
2

≤ 1

ξ
, γ ≤ 1,

|xk|
ξ2

, γ > 1,

we see that the score ψ̃B
γ,ξ(xk) = ∂LB

γ,ξ/∂xk is uniformly bounded on R for γ ≤ 1. For

γ > 2, a lower bound on the score is given by

∣∣∣∣ψ̃B
γ,ξ (xk)

∣∣∣∣ = |xk|
ξ2

(
x2k

ξ2|γ − 2| + 1

) γ
2
−1

>
|xk|
ξ2

,

which demonstrates that the score is unbounded in that case. For 1 < γ < 2,

∣∣∣∣ψ̃B
γ,ξ (xk)

∣∣∣∣ = |xk|
ξ2

(
x2k

ξ2|γ − 2| + 1

) γ
2
−1

>
|xk|
ξ2

(
x2k

ξ2|γ − 1| + x2k

) γ
2
−1

∝ |xk|
γ
2 , for|xk| > 1,

so also then the score is unbounded. Finally, for γ = 2, the Barron loss corresponds to the

quadratic loss L̃B
2,ξ(xk) = x2k/(2ξ

2), with corresponding score satisfying |∂L̃B
2,ξ(xk)/∂xk| =

|xk|/|ξ|, which is unbounded as well.

Conclude that ψB
k is bounded if and only if γ ≤ 1, which is equivalent to boundedness

of the influence function. Hence uγ is B–robust at Pt if and only if γ ≤ 1.
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B.4 Consistency verification of the Barron Loss for different values of γ

For this section we focus on the Barron Loss function LB
k : Y × Θ → R+ ∪ {∞}, which

satisfies LB
k = −SB

k , to align with the orientation of Gneiting (2011).

Let I be the interval representing the potential range of outcomes of a random variable

Y , and let P be a class of probability distributions in the sample space of I. A loss function

L : I × I → [0,∞) is consistent, for a functional u : P → Pr(I) and F → u(F) ⊆ I, if

EF[L(t, Y )] ≤ EF[L(y, Y )] (B.1)

for all probability distributions F ∈ P, all t ∈ u(F), and all y ∈ I.

The loss function L is strictly consistent for the functional u if it is consistent, and

equality in the above expression implies that y ∈ u(F).

The following derivations, show a couple of examples of functionals for which the Barron

Loss is strictly consistent. We start by showing consistency of the Barron loss function for

the mean if and only if γ = 2. We specify the error term as xk(yt, ϑ) = yt − ϑ.

Consider first the case γ = 2. In this case, the Barron loss reduces to the standard

quadratic form

L̃B
γ,ξ(x1(yt, ϑ)) =

1
2

(
yt−ϑ
ξ

)2
.

Differentiating the expected loss with respect to ϑ yields

∂

∂ϑ
EPt

[
1
2

(
yt−ϑ
ξ

)2]
= EPt

[
− (yt−ϑ)

ξ2

]
= 0,

which is solved when ϑ = EPt [Yt]. Because the loss is convex in ϑ, this solution uniquely

minimizes the expected value of the score. Hence, ϑ = EPt [Yt] ∈ u(P) attains the minimal

expected score, implying that for γ = 2 the Barron loss is a strictly F-consistent scoring

function for the mean.
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Now consider the general case γ ̸= {2, 0,−∞}. In the general case, the Barron loss is

defined as

L̃B
γ,ξ(x1(yt, ϑ)) =

|γ − 2|
γ

[(
1 +

x1(yt, ϑ)
2

ξ2|γ − 2|

)γ/2
− 1

]
.

Differentiating its expectation with respect to ϑ gives

∂

∂ϑ
EPt [L̃

B
γ,ξ(x1(yt, ϑ))] = EPt

[
−(yt − ϑ)

ξ2

(
1 +

(yt − ϑ)2

ξ2|γ − 2|

)γ/2−1
]
= 0.

For these values of γ, the derivative includes a residual-dependent weight term and therefore

no longer minimizes at ϑ = EPt [Yt] in general.

Next consider the special case γ = 0. For γ = 0, the loss simplifies to the logarithmic

form

L̃B
0,ξ(x1(yt, ϑ)) = log

(
1
2

(
x1(yt,ϑ)

ξ

)2
+ 1

)
,

and differentiation yields

∂

∂ϑ
EPt [L̃

B
0,ξ(x1(yt, ϑ))] = EPt

[
− 2(yt − ϑ)

(yt − ϑ)2 + 2ξ2

]
= 0.

Again, because the weighting term depends on the residual (yt − ϑ), the minimizer of the

expected loss need not coincide with the mean.

Furthermore consider the limit case where γ = −∞. The same arguments hold for the

case where γ = −∞, in that case, the scoring function is also not minimised at ϑ = EPt [Yt].

Barron (2019) note that this function instead is minimised at the mode.

We therefore conclude that the Barron loss is strictly consistent for the mean if and

only if γ = 2. For other values of γ, including the limit cases γ = 0 and γ → −∞, the

corresponding score functions target alternative functionals and hence are inconsistent for

the mean.

The derivation of strict consistency of the mean, directly translates to strict consistency
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of the conditional variance under the assumption that EPt [Yt] = 0. This condition ensures

elicitablity of the conditional variance (Fissler and Ziegel 2016). Through reparameteriza-

tion the problem in terms of Zt := Y 2
t and considering the induced conditional distribution

Zt ∼ P
(2)
t . Applying the same arguments as for the mean in this section to Zt yields strict

consistency for the variance functional.

Derivation of consistency of the median is done in a similar manner. Barron (2019)

note that for γ = 1 the loss function is resembles the L1 (tick) loss that is commonly used

for median estimation. The correspondence is approximate for finite positive ξ because the

loss function does not exactly reduce to L1 loss for γ = 1, but rather a smoothed version

of the L1 loss (Charbonnier loss). The loss function reduces to

LB
1,ξ(yt, ϑ) =

√(
yt − ϑ

ξ

)2

+ 1− 1.

Barron (2019) notes that the loss function is approximately an L1 loss function for ξ

small. Indeed, one finds

L̃B
1,ξ(yt − ϑ) ≈ |yt − ϑ|

ξ
− 1

for values of ξ that are much smaller than yt − ϑ. To obtain exact correspondence, it is

useful to consider a linearly rescaled version of the Barron loss (this rescaling preserving

the location of the minimum of the loss function) for γ = 1 in the limit as ξ ↓ 0:

|ξ|
(
1 + L̃B

1,ξ (yt − ϑ)
)
=
√
|yt − ϑ|2 + ξ2 −→

ξ↓0
|yt − ϑ|.

We next show that this function in expectation minimises at ϑ = median(yt) if the

median is unique and yt follows a distribution with pdf pt(·). Taking expectations one finds

EF [|yt − ϑ|] =
(∫ ϑ

−∞
(yt − ϑ)p(yt) dyt −

∫ ∞

ϑ
(yt − ϑ)p(yt) dyt

)
.
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Now, taking the derivative results in

∂

∂ϑ

(∫ ϑ

−∞
(yt − ϑ)p(yt) dyt −

∫ ∞

ϑ
(yt − ϑ)p(yt) dyt

)
=

(
∂

∂ϑ

∫ ϑ

−∞
(yt − ϑ)p(yt) dyt −

∂

∂ϑ

∫ ∞

ϑ
(yt − ϑ)p(yt) dyt

)
=

([∫ ϑ

−∞

∂

∂ϑ
(yt − ϑ)p(yt) dyt + (ϑ− ϑ)p(ϑ)

]
−
[
−(ϑ− ϑ)p(ϑ) +

∫ ∞

ϑ

∂

∂ϑ
(yt − ϑ)p(yt) dyt

])
=

(∫ ϑ

−∞
−p(yt) dyt +

∫ ∞

ϑ
p(yt) dyt

)
=(1− 2P (ϑ)).

In the third line Leibniz’s rule has been applied because the integration bound depends on

the variable being differentiated over. Setting the last line to zero to find the minimum

reveals that P (ϑ) = 0.5, implying that ϑ is the median of Yt. Therefore the function is

consistent for the median for γ = 1 in the limit as ξ ↓ 0.

For the limiting case that γ = −∞, the Barron loss is shown to be consistent for the

(local) mode. For this purpose, let x1(y, ϑ) = y − ϑ for the location model. For γ = −∞

the Barron loss used in the QSD update is

L̃B
−∞,ξ(x1) = 1− exp

(
− 1

2(xk/ξ)
2
)
,

and its derivative w.r.t. the time-varying parameter ϑ is

ψB
−∞,ξ(y, ϑ) =

∂LB
−∞,ξ

∂ϑ
=
∂L̃B

−∞,ξ

∂xk
· ∂xk
∂ϑ

= −(y − ϑ)

ξ2
exp

(
− 1

2

(y−ϑ
ξ

)2)
.

These formulas match the definitions in Table 1.
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We aim to minimize the expected loss

min
ϑ

∫
Y
p(y)LB

γ,ξ(y − ϑ, ξ)dy.

This has first order condition (assuming the derivative and integral can be interchanged)

0 =

∫
Y
p(y)

(y − ϑ)

ξ2
exp

(
−1

2

(y − ϑ)2

ξ2

)
dy.

Rearranging terms gives

∫
Y
p(y)

y

ξ2
exp

(
−1

2

(y − ϑ)2

ξ2

)
dy = ϑ

∫
Y

p(y)

ξ2
exp

(
−1

2

(y − ϑ)2

ξ2

)
dy,

which results in

ϑ =

∫
Y p(y)

y
ξ2

exp
(
−1

2
(y−ϑ)2
ξ2

)
dy∫

Y
p(y)
ξ2

exp
(
−1

2
(y−ϑ)2
ξ2

)
dy

=: u(ϑ).

This is a fixed-point equation and leads to the iterative scheme

ϑ(k+1) = T (ϑ(k)) =

∫
Y p(y) y exp

(
− 1

2((y − ϑ(k))/ξ)2
)
dy∫

Y p(y) exp
(
− 1

2((y − ϑ(k))/ξ)2
)
dy

. (B.2)

Equation (B.2) defines the mean-shift iteration, a fixed-point mapping ϑ(k+1) = T (ϑ(k))

that moves ϑ in the direction of the weighted average of the data under Gaussian weights

centered at the current estimate (Comaniciu and Meer 2002). The update step

ϑ(k+1) − ϑ(k) =

∫
p(y) (y − ϑ(k)) exp

(
− 1

2((y − ϑ(k))/ξ)2
)
dy∫

p(y) exp
(
− 1

2((y − ϑ(k))/ξ)2
)
dy

=
d

dϑ
pξ(ϑ)

is proportional to the gradient of the population level version of a Gaussian kernel estimator.
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Here the Gaussian kernel estimator is given by

pξ(ϑ) =

∫
Y
p(y)

1√
2πξ

exp
(
− 1

2

(y−ϑ
ξ

)2)
dy.

with gradient

d

dϑ
pξ(ϑ) =

∫
Y
p(y)

(y − ϑ)

ξ2
exp

(
− 1

2

(y−ϑ
ξ

)2)
dy,

so the first-order condition EPt [ψ
B
−∞,ξ(Y, ϑ)] = 0 is equivalent to ∇ϑpξ(ϑ) = 0. Conse-

quently, every fixed point of (B.2) is a stationary point of the smoothed density pξ(ϑ).

When pξ has isolated maxima, each such point corresponds to a (local) mode.

We hence conclude that for γ = −∞, the Barron loss yields an expected score whose

zeros coincide with the stationary points of the Gaussian–smoothed density pξ(ϑ). Mini-

mizing the expected loss therefore selects the local mode functional

u(P) = argmax
ϑ

pξ(ϑ),

establishing (local) mode consistency of the Barron loss in this limit. The associated fixed-

point iteration (B.2) recovers the classical mean-shift procedure, and the QSD update thus

uses the local-mode seeking mechanism of Van den Boomgaard and Van de Weijer (2002).

C Further details

Properties of the Barron function

To support the use of the Barron (2019) loss, we briefly review its key properties. Repa-

rameterization gives ψB
k (y, ϑ; γ, ξ) ≡ ψ̃B

γ,ξ(xk(y, ϑ)), where

ψ̃B
γ,ξ(xk) :=

xk
ξ2

(
1 +

x2k
|γ − 2| ξ2

)γ/2−1

.
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Figure 1 shows the Barron loss function and its first order derivative for different values

of γ. Specific values of γ reproduce several existing loss functions: L2 loss (γ = 2), Char-

bonnier loss (γ = 1), Cauchy loss (γ = 0), Geman-McClure loss (γ = −2) and Welsch loss

(γ = −∞). From Figure 1, it can be seen that lower values of γ decrease the effect of large

values of xk on the loss. The same holds for the effect of large values of xk on the derivative

of the loss function, which is relevant because this is used in the update equation for the

time-varying parameters.

Barron (2019) mentions some additional properties of the loss function. For instance,

the loss function is smooth (C∞) with respect to xk, γ and ξ. Also, the loss function has

bounded gradient,

∣∣∣ψ̃B
γ,ξ(xk(y, ϑ))

∣∣∣ ≤


1
ξ

(
γ−2
γ−1

)( γ−1
2 )

≤ 1
ξ if γ ≤ 1,

|xk|
ξ2

if γ ≤ 2,

(C.1)

and

ψ̃B
γ,ξ(xk(y, ϑ))

∂xk
≤ 1

ξ2
, if γ ≤ 2. (C.2)

These properties imply that for values of γ less than 1, the derivatives are bounded,

preventing gradient explosion. For γ ≤ 2 the gradient is bounded by a function that is

linearly dependent on xk. The loss function also has the shape parameter ξ > 0, which

determines the shape of the quadratic bowl near xk = 0.

Barron (2019) explains that the first order derivative gives some intuition about how γ

affects the behavior of the loss function when it is being minimized by gradient descent. For

a given value of γ, the derivative is approximately linear when |xk| < ξ. This means that

the effect of the residual is linearly proportional to its magnitude. If γ = 2, the derivative

stays linearly proportional to its magnitude. If γ is decreased to 1, the derivative tends

to 1/ξ as |xk| increases. For γ < 1, the derivative is redescending when |xk| > ξ. The
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parameters γ and ξ offer great flexibility to tune the trade-off between responsiveness and

robustness when used as the loss function in the QSD framework.

C.1 Illustration of the Convergence Dynamics

Figure C.1: Convergence Dynamics under Different Values of γ
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(a) γ = 0.5
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(b) γ = 1.5

NOTE: Convergence of the estimate ϑt|t−1 under the recursion (4) when observing yt = 2 for 20
time steps. The different curves correspond to different starting values of ϑ0. In this illustration,
ξ is set to 1. Figure (a), γ = 0.5 and figure (b), γ = 1.5 demonstrate that larger γ, yields larger
update steps and faster convergence, while smaller γ produces more conservative adjustments.

Figure C.1 illustrates the trajectories of the estimate ϑt|t−1 under the recursion (4) in a

situation where observations with the same value yt = 2 become available for 20 consecutive

time steps. Assuming a location model, we see that ϑt|t−1 converges to the true value y = 2,

as expected. The effect of γ is immediately visible, a larger value of γ (C.1b) produces larger

update steps, whereas a smaller γ yields more conservative adjustments. This highlights

the role of γ in controlling the sensitivity of the loss to large residuals, thereby providing

robustness against outliers.

C.2 Example illustrating Theorem 1

Example C.1. Consider the following setting, let Yt be conditionally Student’s-t distributed

with 4 degrees of freedom, i.e., Yt | Ft−1 ∼ t4(0, 1), take k = 1 and fix ϑt|t−1 = 1, fur-
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thermore take ξ = 1, γ1 = 1, γ2 = 2. In this setting the non-robust update (γ2 = 2),

coincides with an ARMA model. Evaluate the updates using the quadratic scoring rule

S(Fϑ, y) := −(y − ϑ)2. Since ∂2S
∂ϑ2

= −2 is a constant, the Taylor expansion in Theorem 1

is exact with c = 2.

By symmetry of the Student’s-t distribution around zero, EPt [∇ϑS(F1, Yt)] = −2 and

EPt [ψ
B
i (Y̌t, 1)] < 0 for both i ∈ {1, 2}, so Assumption 1(v) holds. For γ2 = 2, ψB

2 (Y̌t, 1) =

Y̌t − 1 gives EPt

[
ψB
2

]
= −1 and EPt

[
(ψB

2 )
2
]
= 4

2 + 1 = 3 exactly. For γ1 = 1, numerical

integration under t4 gives EPt

[
ψB
1

]
≈ −0.476 and EPt

[
(ψB

1 )
2
]
≈ 0.510. Using the results of

Theorem 1, the upper and lower bound of the interval are given by

ᾱt(γi) =
2

c
· EPt

[
∇ϑS(F1, Yt)

]
EPt

[
ψB
i

]
EPt

[
(ψB

i )
2
] , αt =

EPt

[
∇ϑS(F1, Yt)

]
(EPt

[
ψB
2

]
− EPt

[
ψB
1

]
)

EPt

[
(ψB

2 )
2
]
− EPt

[
(ψB

1 )
2
] .

Direct computation results in, ᾱt(γ2) =
2
3 , ᾱt(γ1) ≈ 1.866 and αt ≈ 0.421.

Hence the interval [αt, ᾱt) = [0.421, 23) is non-empty. For any α in this interval, both

updates are individually divergence-reducing and ϕB1 achieves a weakly larger expected di-

vergence reduction than ϕB2 .

Two remarks are in place: first note that this example illustrates only the update step

ϑt|t and excludes the prediction step ϑt+1|t; the interval [αt, ᾱt) = [0.421, 23) should there-

fore not be compared directly to learning rates calibrated for a full recursive filter, where α

compounds over time through repeated interaction with the persistence parameter β. Sec-

ond, the interval [αt, ᾱt) over which Theorem 1 establishes formal Pt-contractive dominance

arises as the intersection of two separate conditions: the divergence-reduction comparison

∆∆DPt
S (ϕB1 ∥ϕB2 ) ≥ 0 and the joint PRADA admissibility region. In the present example

the comparison itself holds for every α ≥ αt = 0.421, but the non-robust update ceases to

be PRADA at ᾱt(γ2) =
2
3 , while the robust update remains PRADA up to ᾱt(γ1) ≈ 1.866.

On the resulting gap ᾱt(γ2) ≤ α ≤ ᾱt(γ1), the two thresholds separate and ϕB1 cannot be
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said to Pt-contractively dominate ϕB2 in the sense of Definition 4: with ∆DPt
S (ϕB2 ) ≤ 0, the

non-robust update no longer contracts toward Pt, so the comparison is between a divergence-

reducing and a divergence-increasing update rather than between two contractions of dif-

fering magnitudes. Nevertheless, ∆∆DPt
S (ϕB1 ∥ϕB2 ) > 0 throughout this interval and ϕB1

remains PRADA, so the robust update preserves its divergence-reducing behaviour over a

strictly larger range of α than the non-robust one. This asymmetry motivates retaining

the joint PRADA cap ᾱt = mini∈{1,2} ᾱt(γi) in Theorem 1: outside this cap a positive

sign of ∆∆DPt
S reflects the failure of ϕB2 as a contraction rather than a genuine relative

improvement of ϕB1 over a competing contraction.

C.3 Example illustrating Theorem 2

Example C.2. Consider the contaminated setting of Theorem 2, let Yt be conditionally

standard normal under the clean measure, Pt = N (0, 1), and let the contaminating distri-

bution be a scale-3 Student’s-t4, Ht = 3 · t4, where Pεt = (1− ε)Pt + εHt (8). Consider the

situation where k = 1, fix ϑt|t−1 = 1, ξ = 1, γ1 = 1, γ2 = 2, and S(Fϑ, y) = −(y − ϑ)2, so

that c = 2 and EPt [∇ϑS(F1, Y
k
t )] = −2. In this situation the non-robust update (γ2 = 2),

coincides with ARMA (k = 1) model.

For γ2 = 2, ψB
2 (Y̌t, 1) = Y̌t − 1 gives EPt

[
ψB
2

]
= EHt

[
ψB
2

]
= −1, EPt

[
(ψB

2 )
2
]
= 2,

and EHt

[
(ψB

2 )
2
]
= 19 exactly. For γ1 = 1, numerical integration gives EPt

[
ψB
1

]
≈ −0.514,

EPt

[
(ψB

1 )
2
]
≈ 0.479, EHt

[
ψB
1

]
≈ −0.224, EHt

[
(ψB

1 )
2
]
≈ 0.710.

By the mixture decomposition,

∆DPε
t

S (ϕBi ) = (1− ε)∆DPt
S (ϕBi ) + ε∆DHt

S (ϕBi ), ∆∆DPε
t

S = (1− ε)∆∆DPt
S + ε∆∆DHt

S .

Fix α = 0.5, direct computation yields ∆DPt
S (ϕB1 ) ≈ 0.394, ∆DPt

S (ϕB2 ) = 0.500, ∆DHt
S (ϕB1 ) ≈
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0.046, ∆DHt
S (ϕB2 ) = −3.750, ∆∆DPt

S ≈ −0.106, and ∆∆DHt
S ≈ 3.796. Two thresholds arise:

ε =
−∆∆DPt

S

∆∆DHt
S −∆∆DPt

S

≈ 0.027,

ε̄ =
∆DPt

S (ϕB2 )

∆DPt
S (ϕB2 )−∆DHt

S (ϕB2 )
≈ 0.118.

Hence the admissible range is ε ∈ [ε, ε̄] ≈ [0.027, 0.118]. Below ε, the variance penalty under

contamination is too small to flip dominance and the non-robust update remains preferable.

Above ε̄, the contamination is severe enough that ϕB2 overshoots and ceases to be PRADA

on the mixture.

C.4 Von Mises expansion

As noted by Hampel et al. (1986), the functional u : P → Θ admits a first–order von Mises

expansion around Pt: if a distribution G is “close” to Pt, then

u(G) = u(Pt) +

∫
IF(y;u,Pt)

(
G− Pt

)
(dy) + o

(
∥G− Pt∥TV

)
. (C.3)

With ∥G− P0∥TV := sup|f |≤1

∣∣∫ f d(G− P0)
∣∣.

Specializing (C.3) to the contamination model G = Pεt = (1− ε)Pt + εHt yields

d(G− Pt) = dPεt − dPt = ε d(Ht − Pt),

and hence, to first order in ε,

u(Pεt ) = u(Pt) + ε

∫
IF(y;u,Pt)

(
Ht − Pt

)
(dy) + o(ε). (C.4)
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In the particularly important case Ht = δy, we obtain

u
(
(1− ε)Pt + εδy

)
= u(Pt) + ε IF(y;u,Pt) + o(ε),

so that the influence function IF(y;u,Pt) is the coefficient of the linear term in the contam-

ination level ε. This representation directly motivates the notion of B-robustness: bound-

edness of the influence function ensures that infinitesimal contamination cannot induce

arbitrarily large changes in the functional u.

C.5 Influence function of the Barron functional

We work in a static setting with Y ∼ P and residual xk = yk − ϑ. For a given shape

parameter γ and scale parameter ξ > 0, the Barron loss given in (1) with associated score

for γ ̸∈ {2, 0,−∞} is given by

ψ̃B
γ,ξ(xk) =

xk
ξ2

(
1 +

x2k
|γ − 2| ξ2

)γ/2−1

.

The corresponding functional is the population minimizer

uγ(P) := argmax
ϑ∈Θ

EP

[
SB
k (Y, ϑ; γ, ξ)

]
,

which satisfies the estimating equation

EP

[
ψ̃B
γ,ξ(xk(Y, uγ(P))

]
= 0.

ByM–estimator theory (see, e.g., Hampel et al. 1986, Eq. (2.3.5)), the influence function

of uγ at P is

IF(xk;uγ ,P) =Mγ(P)
−1 ψ̃B

γ,ξ

(
xk(Y, uγ(P)

)
, (C.5)
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where the sensitivity term is the scalar

Mγ(P) = EP

[
ψ̃

′B
γ,ξ(Y − uγ(P))

]
. (C.6)

Hence the robustness of uγ is entirely determined by the growth of the score ψB
k . Sub-

stituting xk = y − uγ(P) gives

ψ̃B
k (xk) =

xk
ξ2

(
1 +

x2k
|γ − 2| ξ2

)γ/2−1

.

For γ = 2, the score simplifies to ψ2(xk) = xk/ξ
2, and therefore grows linearly in xk,

resulting in an unbounded influence function.

For γ < 2, the exponent γ/2 − 1 is negative, so the factor
(
1 + x2k/(|γ − 2|ξ2)

)γ/2−1

downweights large residuals. Using the explicit bound

∣∣∣ψ̃B
γ,ξ(xk)

∣∣∣ ≤ 1

ξ
whenever γ ≤ 1,

we see that the score is uniformly bounded on R for γ ≤ 1, and increases strictly slower

than linearly for 1 < γ < 2.

Combining this bound with (10) shows that the Barron functional has a bounded in-

fluence function if and only if γ ≤ 1. Thus, in the sense of Hampel et al. (1986), uγ is

B–robust for γ ≤ 1, while the quadratic case γ = 2 is not robust. The tuning parameter

γ therefore acts as a continuous robustness index, with smaller values providing stronger

protection against the effect of outlying observations.

Example C.3. Influence of contamination under a Gaussian DGP

To illustrate the expansion in (C.3), consider a Gaussian location model Y = µ0 + σZ

with Z ∼ N (0, 1), and set ξ = 1 for simplicity. The Barron location functional uγ(P) is
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defined by the estimating equation

EP

[
ψB
k (Y, ϑ; γ, ξ)

]
= 0, ψB

k (y, uγ ; γ, ξ) = (y − ϑ)

(
1 +

(y − ϑ)2

|γ − 2|

)γ/2−1

.

Since ψB
k is odd and Y − µ0 is symmetrically distributed, Fisher consistency holds and

uγ(Pt) = µ0 for all γ < 2.

Let Pεt = (1 − ε)Pt + εHt denote a contaminated distribution. Applying the von Mises

expansion gives

uγ(P
ε
t ) = µ0 + ε

∫
ψB
k (y, µ0; γ, ξ) d(Ht − Pt)(y)

EPt [ψ
′B
k (y, µ0; γ, ξ)]

+ o(ε).

Using the estimating equation EPt [ψ
B
k (Yt, µ0; γ, ξ)] = 0, the numerator can be seen to sim-

plify to EHt [ψ
B
k (Yt, µ0; γ, ξ)], yielding

uγ(P
ε
t ) = µ0 + ε

EHt [ψ
B
k (Yt, µ0; γ, ξ)]

EPt [ψ
′B
k (Yt, µ0; γ, ξ)]

+ o(ε).

For γ = 2, the Barron loss reduces to the quadratic loss and the score simplifies to ψ̃B
γ,ξ(xk) =

xk. Consequently, the influence function is linear in xk and therefore unbounded, coinciding

with the classical influence function of the sample mean.

For 1 < γ < 2, the score ψ̃B
γ,ξ(xk(y, uγ)) grows slower than linearly as |xk(y, uγ)| → ∞,

which attenuates but does not eliminate the impact of extreme observations. In this case,

the influence function remains unbounded, though its growth rate is reduced relative to the

quadratic loss.

For γ ≤ 1, the score is uniformly bounded (and redescending for γ < 1), implying that

the influence function

IF(xk;uγ ,Pt) =Mγ(Pt)
−1ψB

k (y, uγ ; γ, ξ)
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is bounded on R. Hence full B–robustness is attained exactly when γ ≤ 1.

C.6 Asymptotic linearity and the Cramér–Rao lower bound

Let X1, . . . , Xn be a strictly stationary and ergodic sequence with marginal distribution Pt,

and denote by

Pn(xk) :=
1

n

n∑
i=1

1{Xi ≤ xk}

the empirical cumulative distribution function. By the Glivenko–Cantelli theorem for

strictly stationary ergodic sequences (Tucker 1959), ∥Pn − Pt∥∞ → 0 almost surely. Con-

sider an estimator of the form Tn := u(Pn), where u is a real-valued statistical functional.

Consider the influence function for u at Pt: Under standard regularity conditions en-

suring asymptotic linearity we have

u(Pn) = u(Pt) +

∫
IF(x;u,Pt) (Pn − Pt)(dx) + op

(
n−

1
2

)
, (C.7)

see also Hampel et al. (1986).

Since
∫
IF(x;u,Pt) dPt(xk) = 0, this simplifies to

u(Pn)− u(Pt) =
1

n

n∑
i=1

IF(Xi;u,Pt) + op

(
n−

1
2

)
.

After multiplying by
√
n,

√
n
(
u(Pn)− u(Pt)

)
=

1√
n

n∑
i=1

IF(Xi;u,Pt) + op(1). (C.8)

By the central limit theorem,

√
n
(
u(Pn)− u(Pt)

) d−→ N (0, V (u,Pt)) , V (u,Pt) :=

∫
IF(x;u,Pt)

2 dPt(x).

43



Suppose now that {Pλ : λ ∈ Λ} is a correctly specified regular parametric model,

differentiable in quadratic mean, and that u is Fisher consistent, u(Pλ) = λ. The Fisher

information is given by

J(Pλ) =

∫ (
∂

∂λ
log pλ(x)

)2

dPλ(x).

Differentiating the identity
∫
IF(x;u,Pλ) dPλ(x) = 0 with respect to λ and using Fisher

consistency yields

1 =

∫
IF(x;u,Pλ)

∂

∂λ
log pλ(xk) dPλ(xk). (C.9)

Applying the Cauchy–Schwarz inequality to (C.9) gives

V (u,Pλ) =

∫
IF(x;u,Pλ)

2 dPλ(xk) ≥ 1

J(Pλ)
,

which is the Cramér–Rao lower bound. Equality holds if and only if

IF(x;u,Pλ) ∝
∂

∂λ
log pλ(xk) Pλ-a.s.

For the Barron location functional, the influence function is proportional to the score

ψB
k . Hence, boundedness of ψB

k (which holds for γ ≤ 1) implies bounded influence and

B-robustness in the sense of Hampel et al. (1986). In a Gaussian model, only γ = 2 yields

proportionality to the likelihood score, whereas γ < 2 induces a deviation from the score

and therefore a loss of efficiency.

C.7 Robustness comparison between Calvet et al. (2015) and BLADE

Calvet et al. (2015), evaluate the robustness of a filter in a state space model by requiring

that the effect of contamination on the filtered state is uniformly bounded by a linear

function of the perturbation size. Their robustness criterion is a pointwise worst-case bound
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on the filtering error at the realized contaminated observation, with no separate evaluation

draw. By contrast, BLADE ranks two updates by their expected divergence reduction,

where the updating draw and the evaluation draw are independent.

Calvet et al. (2015) model contamination as additive in the observation: yt = y∗t + η ut,

where y∗t is drawn from the clean density and η is a perturbation magnitude, and every

observation is distorted. The BLADE framework instead uses a mixture Pεt = (1−ε)Pt+εHt,

where ε is a contamination fraction: a proportion ε of draws comes from an arbitrary

contaminating measure Ht and the remaining fraction 1− ε is non-contaminated .

A filter in Calvet et al. (2015) is called robust if there exists C1 ∈ R+ such that

∣∣log λ(xt|yt, Yt−1)− log λcont(xt|yt, Yt−1, η)
∣∣ ≤ C1|η|

for all xt ∈ X , yt ∈ Rp, Yt−1 ∈ R(t−1)p, and η ∈ I. This is a worst-case property of

the filtering map, bounding how badly any single contaminated observation can distort

the posterior. The BLADE robustness result in Theorem 2 instead establishes an expected

comparison between two updates, if ε ≥ ε(γ1, γ2, α) then ∆∆DPε
t

S (ϕBγ1) ≥ ∆∆DPε
t

S (ϕBγ2),

ranking two updates relative to each other in terms of their expected local S-divergence

reduction. Whereas Calvet et al. (2015) view robustness as a stability property of the

filtering map under contamination, Theorem 2 views robustness as a comparative property:

which of two updates reduces the expected divergence more when the updating draw is

contaminated?

C.8 QLE volatility model

The Monte Carlo study on a volatility model was estimated by QLE as described in Sec-

tion 4. For this the following results are needed to compute ∂ϑ̂t+1(λ)
∂λ where λ = (ω, α, β, γ, ξ).
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The derivative of ϑ̂t|t−1(λ) w.r.t. λ is given by

∂ϑ̂t+1(λ)

∂λ
=
∂ω

∂λ
+ ψB

k

∂α

∂λ
+ α

∂ψB
k

∂λ
+ ϑ̂t|t−1(λ)

∂β

∂λ
+

(
α
∂ψB

k

∂ϑ
+ β

)
∂ϑ̂t|t−1(λ)

∂λ
.

Here ∂ω
∂λ = (1, 0, 0, 0, 0)′, ψB

k
∂α
∂λ = (0, ψB

k , 0, 0, 0)
′, α

∂ψB
k

∂λ = (0, 0, 0, α∂ψ∂γ , α
∂ψ
∂ξ )

′, ϑ̂t|t−1(λ)
∂β
∂λ =

(0, 0, ϑ̂t|t−1, 0, 0)
′. When we set xk = xk(yt, ϑt|t−1) = y2t −ϑt|t−1, the second order derivative

needed are

∂ψ̃B
γ,ξ

∂ϑ
=
∂2S̃B

γ,ξ

∂x2k
=



1

ξ2
, γ = 2,

1

ξ2
1− 1

2(xk/ξ)
2(

1 + 1
2(xk/ξ)

2
)2 , γ = 0,

1

ξ2

(
1− x2k

ξ2

)
exp
(
−1

2(xk/ξ)
2
)
, γ = −∞,

1

ξ2

(
(xk/ξ)

2

|γ−2| + 1
) γ

2
−2[

(xk/ξ)
2

|γ−2| + 1 +
(γ
2 − 1

)
2e2

ξ2 |γ−2|

]
, otherwise.

∂ψ̃B
k

∂γ
=

xk

(
x2k

ξ2|γ−2| + 1
) γ

2
−1

 ln

(
x2k

ξ2|γ−2|
+1

)
2 − x2k(

γ
2
−1)

ξ2
(

x2
k

ξ2|γ−2|
+1

)
|γ−2|(γ−2)


ξ2

, γ ̸= 0, 2,−∞

∂ψ̃B
k

∂ξ
=



− 2e

ξ3
, γ = 2,

− 8xkξ(
x2k + 2c2

)2 , γ = 0,

[
−2e

ξ3
+
x3k
ξ5

]
exp
(
−1

2

(
xk
ξ

)2)
, γ = −∞,

[
− 2e

ξ3
+

xk
ξ2

(
γ
2 − 1

)( x2k
ξ2|γ−2| + 1

) γ
2
−2 ·

(
−2
) x2k
ξ3|γ−2|

]( x2k
ξ2|γ−2| + 1

) γ
2
−1
, otherwise.
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D Proofs of the results in Appendix A

This section verifies Lemmas 1-4 in Blasques et al. (2023), this done by the verification of

Lemma A.1–A.4.

D.1 Verification of Lemma A.1, stationarity and ergodicity

Proof. We separately check condition (i) and (ii) of Lemma A.1.

Proof of Condition (i)

EP̄

[
log+

∣∣ψB
k

(
g(ϑ0, εt), ϑ

0; γ, ξ
)∣∣] <∞, ϑ0 ∈ Θ ⊂ R;

For the proposed model, we have that yt = g(ϑt|t−1, εt) and the update equation of ϑt+1|t =

φ(zt, ϑt|t−1) = ω + αψB
k (yt, ϑt|t−1) + βϑt|t−1. Assume xk(y, ϑ) to be finite. Furthermore in

this proposition ϑ0 is to be held constant. ψB
k is given by

ψB
k (y, ϑ

0; γ, ξ) = −
∂S̃B

γ,ξ

(
xk(y, ϑ

0)
)

∂xk(y, ϑ)

∂xk(y, ϑ
0)

∂ϑ
,

so

|ψB
k (y, ϑ

0; γ, ξ)| =
∣∣∣∣∣−∂S̃B

γ,ξ

(
xk(y, ϑ

0)
)

∂xk(y, ϑ)

∂xk(y, ϑ
0)

∂ϑ

∣∣∣∣∣
=

∣∣∣∣∣∂S̃B
γ,ξ

(
xk(y, ϑ

0)
)

∂xk(y, ϑ)

∂xk(y, ϑ
0)

∂ϑ

∣∣∣∣∣
=

∣∣∣∣∣∂S̃B
γ,ξ

(
xk(y, ϑ

0)
)

∂xk(y, ϑ)

∣∣∣∣∣ ·
∣∣∣∣∂xk(y, ϑ0)∂ϑ

∣∣∣∣ .
In this paper xk(y

k, ϑ) = yk−ϑ. Hence,
∣∣∣∂xk(y,ϑ0)∂ϑ

∣∣∣ = 1 which means that the score reduces

to

|ψB
k (y, ϑ

0; γ, ξ)| =
∣∣∣∣∣∂S̃B

γ,ξ(xk(y, ϑ
0))

∂xk

∣∣∣∣∣ .
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For γ ≤ 1, the Barron score is uniformly bounded in xk, implying that |ψB
k (y, ϑ

0; γ, ξ)| ≤ C

for some constant C > 0. Consequently,

log+ |ψB
k (y, ϑ

0; γ, ξ)| ≤ logC <∞,

and hence

EP̄

[
log+ |ψB

k (Y, ϑ
0; γ, ξ)|

]
<∞.

For 1 < γ ≤ 2, the Barron score grows at most linearly in xk, so that
∣∣∣ψ̃B
γ,ξ(xk)

∣∣∣ ≤ |xk|
ξ2

.

This can be written as

|ψB
k | ≤

|Y k
t − ϑ0|
ξ2

.

Taking logs we obtain

log+ |ψB
k | ≤ log+

( |Y k
t − ϑ0|
ξ2

)
= log+ ξ−2 + log+ |Y k

t − ϑ0|

≤ log+ ξ−2 + log+ |Y k
t |+ log+ |ϑ0|

≤ log+ ξ−2 + k log+ |Yt|+ log+ |ϑ0|.

Hence for Condition (i) to hold it is sufficient that the following moment condition hold,

EP̄ log+ |Yt| <∞.

Proof of Condition (ii)

To verify:

EP̄

[
logLt

]
< 0, Lt = sup

ϑ∈Θ

∣∣∣α ∂

∂ϑ
ψB
k

(
g(ϑ, εt), ϑ; γ, ξ

)
+ β

∣∣∣. (D.1)
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First, consider the second-order derivative

∣∣∣∣∂ψB
k (y, ϑ; γ, ξ)

∂ϑ

∣∣∣∣ =
∣∣∣∣∣∂2S̃B

γ,ξ(xk(y, ϑ))

∂xk(y, ϑ)2
·
(
∂xk(y, ϑ)

∂ϑ

)2

+
∂S̃B

γ,ξ(xk(y, ϑ))

∂xk(y, ϑ)
· ∂

2xk(y, ϑ)

∂ϑ2

∣∣∣∣∣ .
The following expression can be simplified

sup
ϑ

∣∣∣∣α∂ψB
k (y, ϑ; γ, ξ)

∂ϑ
+ β

∣∣∣∣ ,
where ϑ∗ is the ϑ that maximizes the expression. By the triangle inequality, we have that

sup
ϑ

∣∣∣∣α∂ψB
k (y, ϑ; γ, ξ)

∂ϑ
+ β

∣∣∣∣ ≤ |α| sup
ϑ

∣∣∣∣∂ψB
k (y, ϑ; γ, ξ)

∂ϑ

∣∣∣∣+ |β| .

For stationarity to hold and by Jensen’s inequality (because log(·) is concave),

EP̄

[
log

(
|α| sup

ϑ

∣∣∣∣∂ψB
k (y, ϑ; γ, ξ)

∂ϑ

∣∣∣∣+ |β|
)]

≤ log

(
EP̄

[
|α| sup

ϑ

∣∣∣∣∂ψB
k (y, ϑ; γ, ξ)

∂ϑ

∣∣∣∣+ |β|
])

< 0,

which is equivalent to

EP̄

[
|α| sup

ϑ

∣∣∣∣∂ψB
k (y, ϑ; γ, ξ)

∂ϑ

∣∣∣∣+ |β|
]
= |α| sup

ϑ
EP̄

[∣∣∣∣∂ψB
k (y, ϑ; γ, ξ)

∂ϑ

∣∣∣∣]+ |β| < 1.

Barron (2019) derives the following conditions

∣∣∣∣∣∂2S̃B
γ,ξ(xk(y, ϑ))

∂xk(y, ϑ)2

∣∣∣∣∣ ≤ 1

ξ2
,

∣∣∣∣∣∂S̃B
γ,ξ(xk(y, ϑ)

∂xk(y, ϑ)

∣∣∣∣∣ ≤


1
ξ if γ ≤ 1,

|xk(y,ϑ)|
ξ2

if γ ≤ 2,

(D.2)
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which results in the following bounds:

∣∣∣∣∂ψB
k (y, ϑ; γ, ξ)

∂ϑ

∣∣∣∣ ≤ 1

ξ2

(
∂xk(y, ϑ)

∂ϑ

)2

+
|xk(y, ϑ)|

ξ2

∣∣∣∣(∂2xk(y, ϑ)∂ϑ2

)∣∣∣∣ if γ ≤ 2,

and ∣∣∣∣∂ψB
k (y, ϑ; γ, ξ)

∂ϑ

∣∣∣∣ ≤ 1

ξ2

(
∂xk(y, ϑ)

∂ϑ

)2

+
1

ξ

∣∣∣∣(∂2xk(y, ϑ)∂ϑ2

)∣∣∣∣ if γ ≤ 1.

Case 1: γ ≤ 1

Using the bound for γ ≤ 1 gives

|α| sup
ϑ∈Θ

EP̄

[∣∣∣∣∂ψB
k (y, ϑ; γ, ξ)

∂ϑ

∣∣∣∣] ≤ |α| sup
ϑ

EP̄

[
1

ξ2

(
∂xk(y, ϑ)

∂ϑ

)2

+
1

ξ

∣∣∣∣∂2xk(y, ϑ)∂ϑ2

∣∣∣∣
]

=
|α|
ξ2

sup
ϑ∈Θ

EP̄

[(
∂xk(y, ϑ)

∂ϑ

)2
]
+

|α|
ξ
EP̄

[∣∣∣∣∂2xk(y, ϑ)∂ϑ2

∣∣∣∣] .
For stationarity, we need

|α|
ξ2

sup
ϑ∈Θ

EP̄

[(
∂xk(y, ϑ)

∂ϑ

)2
]
+

|α|
ξ
EP̄

[∣∣∣∣∂2xk(y, ϑ)∂ϑ2

∣∣∣∣]+ |β| < 1.

Case 2: 1 < γ ≤ 2

Using the bound for γ ≤ 2 one finds

|α| sup
ϑ∈Θ

EP̄

[∣∣∣∣∂ψB
k (y, ϑ; γ, ξ)

∂ϑ

∣∣∣∣] ≤ |α| sup
ϑ
EP̄

[
1

ξ2

(
∂xk(y, ϑ)

∂ϑ

)2

+
|xk(y, ϑ)|

ξ2

∣∣∣∣∂2xk(y, ϑ)∂ϑ2

∣∣∣∣
]

=
|α|
ξ2

sup
ϑ∈Θ

EP̄

[(
∂xk(y, ϑ)

∂ϑ

)2
]

+
|α|
ξ2

EP̄

[
|xk(y, ϑ)| ·

∣∣∣∣∂2xk(y, ϑ)∂ϑ2

∣∣∣∣] .
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For stationarity, we need

|α|
ξ2

sup
ϑ∈Θ

EP̄

[(
∂xk(y, ϑ)

∂ϑ

)2
]
+

|α|
ξ2

EP̄

[
|xk(y, ϑ)| ·

∣∣∣∣∂2xk(y, ϑ)∂ϑ2

∣∣∣∣]+ |β| < 1.

Using that xk(y, ϑ) := ykt − ϑt|t−1, we can simplify the conditions using,

∂xk(y, ϑ)

∂ϑ
= −1,

∂2xk(y, ϑ)

∂ϑ2
= 0.

This simplifies our conditions to: for both γ ≤ 1 and 1 < γ ≤ 2, |α|
ξ2

+ |β| < 1.

D.2 Verification of Lemma A.2, existence of bounded unconditional mo-

ments

Proof. Proof of Condition (i)

If one assumes that εt is i.i.d, {Lt} is i.i.d., we verify that

EP̄

[∣∣ψB
k

(
g(ϑ0, εt), ϑ

0; γ, ξ
)∣∣r] <∞

holds for general r > 0. Recall that xk(y, ϑ) := yk−ϑ, so |∂ϑxk| = 1. For γ ≤ 1, the Barron

score derivative is uniformly bounded, |∂xk S̃B
γ,ξ| ≤ 1/ξ, so |ψB

k |r ≤ ξ−r < ∞ for any r > 0,

and no moment condition on Yt is required.

For 1 < γ ≤ 2, the score derivative grows at most linearly, |∂xk S̃B
γ,ξ| ≤ |xk|/ξ2, giving

|ψB
k |r ≤ |xk(y, ϑ0)|r/ξ2r. Taking expectations, condition (i) holds provided that

EP̄

[∣∣Yt∣∣kr] <∞.

Proof of Condition (ii)
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We need to show that

EP̄

[
sup
ϑ∈Θ

∣∣∣∂ψB
k

(
g(ϑ, εt), ϑ; γ, ξ

)
∂ϑ

∣∣∣r] <∞.

The derivative of the score expands as

∂ψB
k (y, ϑ; γ, ξ)

∂ϑ
=
∂2S̃B

γ,ξ(xk(y, ϑ))

∂x2k

(
∂xk(y, ϑ)

∂ϑ

)2

+
∂S̃B

γ,ξ(xk(y, ϑ))

∂xk
· ∂

2xk(y, ϑ)

∂ϑ2
.

Using xk(y, ϑ) = yk − ϑ, we have ∂ϑxk = −1 and ∂2ϑxk = 0, so this simplifies to

∂ψB
k (y, ϑ; γ, ξ)

∂ϑ
=
∂2S̃B

γ,ξ(xk(y, ϑ))

∂x2k
.

Since |∂2xk S̃B
γ,ξ| ≤ 1/ξ2 (Barron 2019), the derivative is uniformly bounded in both y and ϑ,

giving

sup
ϑ∈Θ

∣∣∣∂ψB
k

∂ϑ

∣∣∣r ≤ 1

ξ2r
<∞ for any r > 0.

Taking expectations immediately yields condition (ii).

Since both conditions (i) and (ii) hold for the same r > 0, the general result of Blasques

et al. (2023) guarantees that EP̄[|ϑt|t−1|s] <∞ for some s > 0, establishing the existence of

bounded unconditional moments.

D.3 Verification of Lemma A.3, invertibility of the BLADE filter

Proof. Proof of Condition (i)

For γ ≤ 1, the Barron score is uniformly bounded in xk, so

EP̄

[
log+ |ψB

k (Yt, ϑ
0; γ, ξ)|

]
<∞

holds without further assumptions.
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For 1 < γ ≤ 2, the score grows at most linearly in xk, i.e.

|ψB
k (Yt, ϑ

0; γ, ξ)| ≤ |Y k
t − ϑ0|
ξ2

.

Hence

log+ |ψB
k | ≤ log+ ξ−2 + log+ |Y k

t − ϑ0| ≤ log+ ξ−2 + k log+ |Yt|+ log+ |ϑ0|.

Since ϑ0 is fixed, it follows that

EP̄

[
log+ |ψB

k |
]
<∞

whenever EP̄ log+ |Yt| <∞.

Proof of Condition (ii)

Condition (ii) is very similar to the verification of Lemma A.1. By the triangle inequality,

we then obtain

sup
ϑ∈Θ

sup
λ∈Λ

∣∣∣∣α∂ψB
k (y, ϑ; γ, ξ)

∂ϑ
+ β

∣∣∣∣ ≤ |α| sup
ϑ∈Θ

sup
λ∈Λ

∣∣∣∣∂ψB
k (y, ϑ; γ, ξ)

∂ϑ

∣∣∣∣+ |β| .

A sufficient Condition (ii) to be satisfied is when |α| supϑ∈Θ supλ∈Λ

∣∣∣∂ψB
k (y,ϑ;γ,ξ)
∂ϑ

∣∣∣+ |β| < 1.

Using the bounds on the derivatives of the Barron loss function, and noting that

∂xk(y,ϑ)
∂ϑ = −1 and ∂2xk(y,ϑ)

∂ϑ2
= 0, we obtain

sup
ϑ∈Θ

sup
λ∈Λ

∣∣∣∣∂ψB
k (y, ϑ; γ, ξ)

∂ϑ

∣∣∣∣ ≤ sup
xk∈R

∣∣∣∣∣∂2S̃B
γ,ξ(xk)

∂x2k

∣∣∣∣∣ ≤ 1

ξ2
.

Consequently,

|α| sup
ϑ∈Θ

sup
λ∈Λ

∣∣∣∣∂ψB
k (y, ϑ; γ, ξ)

∂ϑ

∣∣∣∣+ |β| ≤ |α|
ξ2

+ |β|.
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Therefore, the sufficient condition

|α|
ξ2

+ |β| < 1

implies that Condition (ii) is satisfied.

We now have confirmed that the DGP is invertible, since the conditions of Lemma 3

from Blasques et al. (2023) are satisfied.

D.4 Verification of Lemma A.4, invertibility properties for the deriva-

tives of the filter

For the proofs of the following conditions we use Table D.1 for the explicit forms of the

derivatives used.

Proof. Proof of Condition (i)

To check condition one, we split the expectation into the four separate parts and evaluate

them separately:

EP̄

[
log+ |ψB

γ,ξ|+ log+
∥∥∥∥∂ψB

k

∂λ

∥∥∥∥+ log+
∣∣∣∣∂ψB

k

∂ϑ

∣∣∣∣+ log+ |ϑt|t−1(λ)|
]

= EP̄

[
log+ |ψB

k |
]
+ EP̄

[
log+

∥∥∥∥∂ψB
k

∂λ

∥∥∥∥]+ EP̄

[
log+

∣∣∣∣∂ψB
k

∂ϑ

∣∣∣∣]+ EP̄

[
log+ |ϑt|t−1(λ)|

]
.

From left to right, the first term EP̄

[
log+ |ψB

k |
]
< ∞ by the same arguments as in

Lemma A.1, sufficient conditions are EP̄ log+ |Yt| < ∞ and EP̄

[
log+ supλ∈Λ |ϑt|t−1(λ)|

]
<

∞. The second term is EP̄

[
log+

∥∥∥∂ψB
k

∂λ

∥∥∥]. Since γ is fixed, only the ξ-component is non-

zero. Writing xk = xk(Yt, ϑt|t−1) and u = 1 + x2k/(|γ−2|ξ2), differentiation of f(xk, ξ) =

xkξ
−2uγ/2−1 with respect to ξ gives

∂ψBk
∂ξ

= −2xk
ξ3

uγ/2−1 − 2
(γ
2 − 1

)
x3k

|γ − 2| ξ5 uγ/2−2.
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Both terms have rate O(|xk|γ−1) as |xk| → ∞, so the derivative grows at most polynomially

in xk. Hence there exist constants C1, C2 > 0 depending only on Λ and ξ such that

log+
∥∥∥∥∂ψBk∂ξ

∥∥∥∥ ≤ C1 + C2 log
+ |xk|.

Since xk = yk−ϑt|t−1 is linear in Yt, we have log
+ |xk| ≤ log 2+C3+k log

+ |Yt|+log+ |ϑt|t−1|

for some finite constant C3, and therefore

EP̄

[
log+

∥∥∥∥∂ψBk∂ξ
∥∥∥∥] ≤ C1+C2(log 2+C3)+kC2 EP̄[log

+ |Yt|]+C2 EP̄

[
log+ sup

λ∈Λ
|ϑt|t−1(λ)|

]
< ∞,

under the maintained conditions EP̄[log
+ |Yt|] <∞ and EP̄[log

+ supλ |ϑt|t−1(λ)|] <∞.

Proof of Condition (ii)

Condition (ii) requires

EP̄

[
log+

(
sup
ϑ

∣∣∣∣∂ψBk∂ϑ
∣∣∣∣+ sup

ϑ,λ

∥∥∥∥ ∂2ψBk∂λ ∂ϑ

∥∥∥∥+ sup
ϑ

∥∥∥∥∂2ψBk∂ϑ2

∥∥∥∥+ sup
λ

∥ϑ′t|t−1(λ)∥
)]

<∞.

Using log+(x1 + x2 + x3 + x4) ≤ log 4 +
∑4

i=1 log
+ xi, it suffices to show each of the four

expectations is finite.

First term: ∂ϑψ
B
k . By the chain rule,

∂ψBk (y, ϑ; γ, ξ)

∂ϑ
=
∂2S̃B

γ,ξ(xk)

∂x2k

(
∂xk
∂ϑ

)2
+
∂S̃B

γ,ξ(xk)

∂xk

∂2xk
∂ϑ2

.

Since xk = yk−ϑ we have ∂ϑxk = −1 and ∂2ϑxk = 0, so this reduces to ∂ϑψ
B
k = ∂2xk S̃

B
γ,ξ(xk).

From the explicit Barron score, supxk∈R |∂2xk S̃B
γ,ξ(xk)| ≤ ξ−2 for all (γ, ξ) ∈ Λ with γ ≤ 2

and ξ ≥ ξ > 0. Hence

sup
ϑ∈Θ

∣∣∣∣∂ψBk∂ϑ
∣∣∣∣ ≤ 1

ξ2
< ∞,
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and EP̄[log
+(ξ−2)] <∞ since ξ is a deterministic constant.

Second term: ∂λ∂ϑψ
B
k . Using ∂ϑxk = −1 and ∂2ϑxk = 0 as above, ∂ϑψ

B
k = ∂2xk S̃

B
γ,ξ(xk).

Differentiating with respect to λ = ξ, and noting that xk = yk − ϑ does not depend on ξ,

the operator ∂ξ acts only on the explicit ξ-dependence in S̃B
γ,ξ:

∂2ψBk
∂ξ ∂ϑ

=
∂

∂ξ

(
∂2xk S̃

B
γ,ξ(xk)

)
= ∂ξ∂

2
xk
S̃B
γ,ξ(xk).

This is a finite sum of terms of the form cj(γ, ξ) ·xnj

k ·uγ/2−rj with u = 1+x2k/(|γ−2|ξ2) and

rate exponent nj + γ − 2rj = γ − 2 ≤ 0, see Table D.1, since there is one ϑ-differentiation

and γ ≤ 2. Hence each term is uniformly bounded on R. Since Λ is compact with ξ ≥ ξ > 0

and |γ − 2| ≥ c > 0 for γ < 2 (when γ = 2 the derivative is equal to 0, see Remark 1), the

prefactors cj(γ, ξ) are bounded on Λ, giving

sup
ϑ∈Θ, λ∈Λ

∥∥∥∥ ∂2ψBk∂λ ∂ϑ

∥∥∥∥ ≤ C < ∞,

and EP̄[log
+C] <∞ follows immediately.

Third term: ∂2ϑ2ψ
B
k . Using ∂ϑ = −∂xk on f(xk, ξ) = ψBk ,

∂2ψBk
∂ϑ2

=
∂2f

∂x2k
(xk, ξ),

which is a finite sum of terms cj(γ, ξ) · xnj

k · uγ/2−rj with rate exponent nj + γ − 2rj =

γ − 3 ≤ −1 < 0 for γ ≤ 2. Explicitly, derived from Table D.1,

∂2ψBk
∂x2k

=
sgn(γ − 2)xk

ξ4
uγ/2−3

[
3 +

(γ − 1)x2k
|γ − 2|ξ2

]
,
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which behaves as O(xγ−3
k ) as |xk| → ∞. Since γ ≤ 2, the exponent γ − 3 ≤ −1 < 0, so

sup
ϑ∈Θ, λ∈Λ

∥∥∥∥∂2ψBk∂ϑ2

∥∥∥∥ ≤ C < ∞,

and EP̄[log
+C] <∞.

Fourth term: supλ ∥ϑ′t|t−1(λ)∥. We require finiteness of EP̄[log
+ supλ ∥ϑ′t|t−1(λ)∥] which

is guaranteed by Assumption 3

All four terms are finite, so Condition (ii) holds.

Proof of Condition (iii)

Condition (iii) requires, for all λ ∈ Λ,

EP̄

[
log+

∥∥∥∥ ∂2ψBk∂λ∂λ⊤

∥∥∥∥+ log+
∥∥∥∥∂2ψBk∂λ∂ϑ

∥∥∥∥+ log+
∥∥∥∥∂2ψBk∂ϑ2

∥∥∥∥] <∞.

Since γ is fixed, λ = ξ and the three required derivatives are ∂2ξ2ψ
B
k , ∂ξ∂ϑψ

B
k , and ∂

2
ϑ2ψ

B
k .

Write ψBk (y, ϑ; γ, ξ) = f(xk, ξ) where xk = yk − ϑ and u := 1 + x2k/(|γ−2|ξ2).

Terms 2 and 3: ∂ξ∂ϑψ
B
k and ∂2ϑ2ψ

B
k . Both derivatives are finite sums of terms of the

form cj(γ, ξ) · xnj

k · uγ/2−rj with rate exponent nj + γ − 2rj = γ − 1−m, where m ∈ {1, 2}

is the number of ϑ-differentiations, see Table D.1. Since m ≥ 1 and γ ≤ 2, this exponent

satisfies γ − 1 − m ≤ 0. When the exponent is strictly negative, |xk|nj+γ−2rj → 0 as

|xk| → ∞, so each term is bounded on R by continuity; when the exponent equals zero,

the term is constant in xk. In either case, every term is uniformly bounded on R. Since Λ

is compact with ξ ≥ ξ > 0 and |γ − 2| ≥ c > 0 (the quadratic case γ = 2 is excluded from

the general analysis, with ξ = 1 fixed by Remark 1), the prefactors cj(γ, ξ) are bounded on

Λ. Hence both suprema are bounded by deterministic constants, and EP̄[log
+(· · · )] < ∞

follows immediately. Term 1: ∂2ξ2ψ
B
k . The derivative is given by the following expression,
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(
yk − ϑ
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2

|γ−2|ξ2 + 1

) γ
2
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ξ4
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14
(γ
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) (
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)3((yk−ϑ)
2

|γ−2|ξ2 + 1

) γ
2
−2

|γ − 2| ξ6

+

4
(γ
2 − 2

) (γ
2 − 1

) (
yk − ϑ

)5((yk−ϑ)
2

|γ−2|ξ2 + 1

) γ
2
−3

(γ − 2)2 ξ8

Since xk does not depend on ξ, the operator ∂ξ acts only on the explicit ξ-dependence in

f . The derivative ∂2ξ2f(xk, ξ) is a finite sum of terms cj(γ, ξ) · xnj

k · uγ/2−rj with m = 0 ϑ-

differentiations. Inspecting the explicit expression, the leading term as |xk| → ∞ grows like

|xk|γ−1. Since each term in ∂2ξ2ψ
B
k is a finite product of powers of xk and u, the derivative

grows at most polynomially in xk, so there exist constants C1, C2 > 0 depending only on Λ

and ξ such that

log+
∣∣∣∣∂2ψBk∂ξ2

∣∣∣∣ ≤ C1 + C2 log
+ |xk|.

Since xk = yk − ϑt|t−1, we have

log+ |xk| ≤ log 2 + k log+ |Yt|+ log+ |ϑt|t−1|,

and therefore

EP̄

[
log+

∥∥∥∥∂2ψBk∂ξ2

∥∥∥∥] ≤ C1+C2 log 2+kC2 EP̄[log
+ |Yt|]+C2 EP̄

[
log+ sup

λ∈Λ
|ϑt|t−1(λ)|

]
< ∞,

where both expectations are finite by the maintained conditions EP̄[log
+ |Yt|] < ∞ and

EP̄[log
+ supλ |ϑt|t−1(λ)|] < ∞ guaranteed in Assumption 3. All three terms are finite, so

Condition (iii) holds.

Proof of Condition (iv)
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Condition (iv) requires

EP̄t

[
log+

(
sup
ϑ,λi,λj

∣∣∣∣ ∂3ψB
t

∂λi∂λj∂ϑ

∣∣∣∣+ sup
ϑ,λi

∥∥∥∥ ∂3ψB
t

∂λi∂ϑ2

∥∥∥∥+ sup
ϑ

∥∥∥∥∂3ψB
t

∂ϑ3

∥∥∥∥
)]

<∞. (D.3)

Since γ is fixed, λ = ξ is the only free parameter, so λi = λj = ξ and the three required

derivatives are ∂ξ2∂ϑψ
B
t , ∂ξ∂ϑ2ψ

B
t , and ∂ϑ3ψ

B
t .

Write ψBk (y, ϑ; γ, ξ) = f(xk, ξ) where xk = yk − ϑ and

f(x, ξ) :=
x

ξ2

(
1 +

x2

|γ − 2|ξ2
)γ/2−1

.

Since xk depends on ϑ but not on ξ, the operator ∂ϑ acts as −∂x on f(xk, ξ), while ∂ξ acts

on the explicit ξ-dependence in f . These two operations commute. Therefore

∂3ψB
t

∂ξ2∂ϑ
= − ∂3f

∂ξ2∂x
(xk, ξ),

∂3ψB
t

∂ξ ∂ϑ2
=

∂3f

∂ξ ∂x2
(xk, ξ),

∂3ψB
t

∂ϑ3
= −∂

3f

∂x3
(xk, ξ). (D.4)

Setting u := 1 + x2k/(|γ − 2|ξ2), each of the three derivatives in (D.4) is a finite sum of

terms of the form

Tj(xk, ξ) := cj(γ, ξ) · xnj

k · uγ/2−rj ,

where nj ≥ 0 and rj ≥ 1 are non-negative integers and cj(γ, ξ) is a rational function of (γ, ξ)

whose explicit form is given in Table D.1. Denoting by m the number of ϑ-differentiations,

the index pairs (nj , rj) appearing in each derivative are:
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Derivative m nj rj

∂ξ2∂ϑψ
B
t 1 {0, 2, 4, 6} nj/2 + 1

∂ξ∂ϑ2ψ
B
t 2 {1, 3, 5} (nj + 1)/2 + 1

∂ϑ3ψ
B
t 3 {0, 2, 4} nj/2 + 2

We show each term Tj is uniformly bounded over xk ∈ R. Since u ≥ 1 > 0 and

γ/2 − rj ≤ γ/2 − 1 ≤ 0 (as rj ≥ 1 and γ ≤ 2), the map t 7→ tγ/2−rj is non-increasing on

(0,∞). Using u ≥ x2k/(|γ − 2|ξ2) therefore gives

uγ/2−rj ≤
(

x2k
|γ − 2|ξ2

)γ/2−rj
,

and hence

|Tj(xk, ξ)| ≤ |cj(γ, ξ)| · (|γ − 2|ξ2)rj−γ/2 · |xk|nj+γ−2rj . (D.5)

The exponent of |xk| satisfies

nj + γ − 2rj = γ − 1−m (D.6)

for every term in the derivative with m ϑ-differentiations. Identity (D.6) holds because

each differentiation in x raises nj by 1 and rj by 1 simultaneously via the product and

chain rules, so nj − 2rj decreases by 1 per differentiation, which can be verified directly

from Table D.1. Since m ≥ 1 and γ ≤ 2,

nj + γ − 2rj = γ − 1−m ≤ γ − 2 ≤ 0.

When this exponent is strictly negative, |xk|nj+γ−2rj → 0 as |xk| → ∞, so the function
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is bounded on R by continuity. When the exponent equals zero (only at γ = 2, treated

separately as the quadratic case with ξ = 1 fixed), the term is constant in xk. In either

case,

sup
xk∈R

|xk|nj+γ−2rj ≤ Kj < ∞.

The prefactor (|γ− 2|ξ2)rj−γ/2 in (D.5) is continuous in (γ, ξ) on Λ. Since Λ is compact

with ξ ≥ ξ > 0 and |γ − 2| ≥ c > 0 (as γ = 2 is excluded from the general case and

handled separately), this prefactor is bounded on Λ. Likewise, cj(γ, ξ) is continuous and

hence bounded on Λ. Therefore

sup
xk∈R, (γ,ξ)∈Λ

|Tj(xk, ξ)| ≤ sup
Λ

|cj | · sup
Λ

(|γ − 2|ξ2)rj−γ/2 ·Kj =: Cj < ∞.

Since each of the three derivatives in (D.4) is a finite sum of such terms, the three suprema

in (D.3) are each bounded by a deterministic constant C <∞ not depending on Yt.

It follows that

log+

(
sup
ϑ,ξ

∣∣∣∣ ∂3ψB
t

∂ξ2∂ϑ

∣∣∣∣+ sup
ϑ,ξ

∣∣∣∣ ∂3ψB
t

∂ξ ∂ϑ2

∣∣∣∣+ sup
ϑ

∣∣∣∣∂3ψB
t

∂ϑ3

∣∣∣∣
)

≤ log+(3C) < ∞

almost surely, and taking EP̄[ · ] yields (D.3).

This appendix verified that the BLADE filter satisfies all requirements of Lemmas 1–4

in Blasques et al. (2023). In particular, under mild assumptions, the recursion is shown to

admit a stationary and ergodic solution, possess bounded unconditional moments and to

be invertible. Moreover, the derivative of the filter are themselves, stationary, ergodic and

invertible. These results ensure the existence of well-defined and stable data-generating

process for the proposed BLADE filter and justify the use of sample-based approximations.

Consequently, the regularity conditions ensure that the results of Theorem 3 and 4 hold.
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E Evaluation of a scaling matrix using the expected diver-

gence reduction difference

In the classical score drive model literature originally proposed by Creal et al. (2013) and

Harvey (2013) (see https://www.gasmodel.com for an overview), the use of a scaling ma-

trix St in the update equation is common. The update equation pre-multiplies the inner

score by a scaling matrix St−1, measurable with respect to FY
t−1. The canonical family of

choices is parametrized by an exponent ϱ ∈ {0, 1/2, 1} and given by

St−1(ϱ) =

(∫
Y
s
(
y, ϑt|t−1

)
s
(
y, ϑt|t−1

)⊤
ft|t−1(y) dy

)−ϱ
, (E.1)

s
(
y, ϑt|t−1

)
:= ∇ϑ log f

(
y
∣∣ϑ)∣∣∣

ϑ=ϑt|t−1

,

conditional Fisher information St−1(1) = I−1
t−1 with

It−1 := EFϑt|t−1

[
s
(
Yt, ϑt|t−1

)
s
(
Yt, ϑt|t−1

)⊤
], (E.2)

and ϱ = 1/2 yields the inverse symmetric square root St−1(1/2) = I−1/2
t−1 . The integral

in (E.1) is taken under the postulated model density ft|t−1, so that St−1(ϱ) is computable

from the model alone and is FY
t−1-measurable by construction. A fourth common choice,

outside the family (E.1), is the inverse conditional expected Hessian

SH
t−1 = H−1

t−1, Ht−1 := −EFϑt|t−1

[
∇2
ϑ S
(
Fϑt|t−1

, Yt
)]
, (E.3)

defined relative to the scoring rule S that enters the divergence DS . The Fisher information

(E.2) is a property of the model specification Fϑt|t−1
alone, whereas the expected Hessian

(E.3) depends on the choice of scoring rule.

The BLADE filter uses the identity scaling St−1(0) = I throughout. The choice between
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alternative scalings in (E.1)–(E.3) is typically motivated in the score-driven literature by

heuristic considerations of efficiency or invariance, rather than by a formal criterion link-

ing the scaling matrix to a divergence-reduction property of the resulting update. In this

appendix we observe that the expected divergence reduction difference of Definition 3 sup-

plies such a criterion; holding the inner score fixed and varying only the scaling matrix, the

criterion isolates the contribution of St−1 to the expected divergence reduction.

To formalize this, consider the following setup. Let ϑt|t−1 ∈ Rk, extending the time

varying parameter to a higher dimensional space. Let ψ : Y × Θ → Θ be an inner score

and let Rt denote the updating distribution generating the updating draw Y̌t. Consider two

updates that share ψ and differ only in their scaling matrices St−1

ϕi
(
y, ϑt|t−1

)
= ϑt|t−1 +AS(i)

t−1

(
ϑt|t−1

)
ψ
(
y, ϑt|t−1

)
, i ∈ {1, 2}, (E.4)

with A the learning rate matrix with AS(i)
t−1 ≻ Ok and S(1)

t−1 ̸= S(2)
t−1 both positive and

FY
t−1-measurable. Following Definition 4, we say that ϕ1 Pt-contractively dominates ϕ2 for

the inner score ψ, with respect to (P,DS , T ), whenever ∆∆DRt
S

(
ϕ1
∥∥ϕ2) ≥ 0.

Because ψ is shared between both update rules, the ranking between S(1)
t−1 and S(2)

t−1

is, at fixed inner score ψ, fixed scoring rule S, and fixed true measure Pt, governed by

the pair
(
S(1)
t−1,S

(2)
t−1

)
alone. Across configurations, however, ψ, S, and Pt each affect the

sign of ∆∆DRt
S

(
ϕ1
∥∥ϕ2); any notion of scaling-matrix optimality is therefore relative to the

configuration
(
ψ, (P,DS , T )

)
.
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E.1 Score-driven updates

For illustrational purposes we specialize to the score-driven updates of Creal et al. (2013)

in a univariate setting, for which we obtain the following update structure,

ϕi
(
y, ϑt|t−1

)
= ϑt|t−1 + αS(i)

t−1 s
(
y, ϑt|t−1

)
, i ∈ {1, 2}, (E.5)

where s(y, ϑt|t−1) := ∇ϑ log f(y | ϑ)
∣∣
ϑ=ϑt|t−1

∈ R is the log-score of the postulated model,

S(i)
t−1 ∈ R is FY

t−1-measurable, α > 0 is a scalar learning rate, and the scoring rule entering

the divergence DS is the logarithmic scoring rule, S = LogS. These updates induce the

local divergence space (P,KL, id), where KL denotes the Kullback–Leibler divergence and

id the identity functional.

To interpret the effect of the scaling factor on the update we use the exact Taylor

expansion from the proof of Theorem 1. Substituting (E.5) into ∆∆DPt
S (ϕ1 ∥ϕ2) introduced

in the proof of Theorem 1 yields

∆∆DPt
LogS(ϕ1∥ϕ2) := ∆DPt

LogS(ϕ1)−∆DPt
LogS(ϕ2)

= EPt⊗Pt

[
LogS(Fϑt|t(Y̌t,γ1), Yt)

]
− EPt⊗Pt

[
LogS(Fϑt|t(Y̌t,γ2), Yt)

]
= −αAt + α2Qt, (E.6)

with At, Qt ∈ R are given by the expressions

At = EPt⊗Pt

[
∇ϑ LogS

(
Fϑt|t−1

, Yt
)(
S(2)
t−1 − S(1)

t−1

)
s
(
Y̌t, ϑt|t−1

)]
, (E.7)

Qt = EPt⊗Pt

[
H̃LogS

(
Yt, ϑ

(1)
t|t
)(
S(1)
t−1s

(
Y̌t, ϑt|t−1

))2 − H̃LogS

(
Yt, ϑ

(2)
t|t
)(
S(2)
t−1s

(
Y̌t, ϑt|t−1

))2]
,

(E.8)

where S(i)
t−1 := St(ϱi), ϑ(i)t|t := ϕi(Y̌t, ϑt|t−1), and H̃LogS(Yt, ϑ

(i)
t|t ) denotes the integrated Hes-
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sian

H̃LogS

(
Yt, ϑ

(i)
t|t
)

:=

∫ 1

0
(1− u)∇2

ϑLogS
(
F
ϑt|t−1+uαS

(i)
t−1s
(
Y̌t,ϑt|t−1

), Yt) du.
For the purpose of illustration we compare an update ϕ1 with S(1)

t−1 = I−1
t−1 (E.2) and ϕ2

with S(2)
t−1 = 1. In this setting (E.6) obtains At and Qt equal to

At = EPt⊗Pt

[
∇ϑLogS

(
Fϑt|t−1

, Yt
)(
1− I−1

t−1

)
s
(
Y̌t, ϑt|t−1

)]
, (E.9)

Qt = EPt⊗Pt

[
H̃LogS

(
Yt, ϑ

(1)
t|t
)(
I−1
t−1s

(
Y̌t, ϑt|t−1

))2 − H̃LogS

(
Yt, ϑ

(2)
t|t
)
s
(
Y̌t, ϑt|t−1

)2]
,

(E.10)

with updated parameters

ϑ
(1)
t|t = ϑt|t−1 + α I−1

t−1 s
(
Y̌t, ϑt|t−1

)
, ϑ

(2)
t|t = ϑt|t−1 + α s

(
Y̌t, ϑt|t−1

)
.

First-order term. Using ∇ϑLogS(Fϑ, y) = s(y, ϑ) for the logarithmic scoring rule, the

FY
t−1-measurability of I−1

t−1, and independence of Yt and Y̌t under Pt ⊗ Pt, At in equa-

tion (E.7) factorizes as

At =
(
1− I−1

t−1

)
EPt

[
s(Yt, ϑt|t−1)

]2
,

This term is negative if 1 < I−1
t−1, equivalently 1 > It−1. That is when the fisher information

scalar is small enough the first order term is sufficient for ϕ1 to be Pt–contractively dominate

ϕ2. Hence, when the Fisher information is sufficiently small, the first-order contribution

favors the inverse Fisher scaled update ϕ1 over the identity scaled update ϕ2.

This admits a natural interpretation. The Fisher information measures the local vari-

ability, or sensitivity, of the score. When It−1 is small, the score is relatively stable and

contains less local curvature information. In this regime the inverse Fisher scaling satisfies

I−1
t−1 > 1,
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so the update is amplified relative to the identity scaling. The procedure therefore takes a

larger step in the average score direction, allowing the parameter to move more aggressively

toward the true value.

Conversely, when It−1 > 1, the score exhibits larger local variability. The inverse Fisher

scaling then shrinks the update, damping the step size to avoid overly aggressive movements

in a region where the score is highly sensitive to perturbations in the parameter.

We can use the second order term to refine this interpretation.

Second-order term. By Assumption 1(iii), the Hessian

HLogS(Yt, ϑ) := ∇2
ϑLogS(Fϑ, Yt) ≤ 0

for every ϑ ∈ Θ and Pt-almost every Yt.

On the event {It−1 ≥ 1} we have

0 < I−2
t−1 ≤ 1.

Furthermore,

ϑ
(1)
t|t = ϑt|t−1 + αI−1

t−1s
(
Y̌t, ϑt|t−1

)
, ϑ

(2)
t|t = ϑt|t−1 + αs

(
Y̌t, ϑt|t−1

)
,

so the inverse Fisher scaling shrinks the update relative to the identity scaling.

Using the definition of the integrated Hessian,

EPt

[
I−2
t−1 s

(
Y̌t, ϑt|t−1

) 2
H̃LogS(Yt, ϑ

(1)
t|t )
]

= EPt

[
I−2
t−1 s

(
Y̌t, ϑt|t−1

) 2 ∫ 1

0
(1− u)HLogS

(
Yt, ϑt|t−1 + uαI−1

t−1s
(
Y̌t, ϑt|t−1

))
du

]
.
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Applying the change of variables

z = uI−1
t−1, du = It−1 dz,

gives

EPt

[
I−2
t−1 s

(
Y̌t, ϑt|t−1

) 2
H̃LogS(Yt, ϑ

(1)
t|t )
]

= EPt

[
s
(
Y̌t, ϑt|t−1

) 2 ∫ I−1
t−1

0
(I−1
t−1 − z)HLogS

(
Yt, ϑt|t−1 + αzs

(
Y̌t, ϑt|t−1

))
dz

]
.

Since I−1
t−1 ≤ 1 adapted to FY

t−1, for every z ∈ [0, I−1
t−1],

0 ≤ I−1
t−1 − z ≤ 1− z.

Moreover, by Assumption 1(iii),

EPt

[
HS(Y

k
t , ϑ)

]
≤ 0 for all ϑ ∈ Θ,

so multiplying by the larger weight (1− z) makes the integral more negative. Hence

EPt

[
s
(
Y̌t, ϑt|t−1

) 2 ∫ I−1
t−1

0
(I−1
t−1 − z)HLogS

(
Yt, ϑt|t−1 + αzs

(
Y̌t, ϑt|t−1

))
dz

]

≥ EPt

[
s
(
Y̌t, ϑt|t−1

) 2 ∫ I−1
t−1

0
(1− z)HLogS

(
Yt, ϑt|t−1 + αzs

(
Y̌t, ϑt|t−1

))
dz

]
.

Since the integrand is nonpositive, extending the integration domain from [0, I−1
t−1] to
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[0, 1] can only decrease the value of the integral. Therefore,

EPt

[
s
(
Y̌t, ϑt|t−1

) 2 ∫ I−1
t−1

0
(1− z)HLogS

(
Yt, ϑt|t−1 + αzs

(
Y̌t, ϑt|t−1

))
dz

]

≥ EPt

[
s
(
Y̌t, ϑt|t−1

) 2 ∫ 1

0
(1− z)HLogS

(
Yt, ϑt|t−1 + αzs

(
Y̌t, ϑt|t−1

))
dz

]

= EPt

[
s
(
Y̌t, ϑt|t−1

) 2
H̃LogS(Yt, ϑ

(2)
t|t )
]
.

Combining the inequalities yields

EPt

[
I−2
t−1 s

(
Y̌t, ϑt|t−1

) 2
H̃LogS(Yt, ϑ

(1)
t|t )
]
≥ EPt

[
s
(
Y̌t, ϑt|t−1

) 2
H̃LogS(Yt, ϑ

(2)
t|t )
]
.

Taking expectations over Y̌t under Pt gives Qt ≥ 0 on {It−1 ≥ 1}.

The argument on the event {It−1 ≤ 1} proceeds symmetrically, yielding Qt ≤ 0.

Combined ranking. Combining the first- and second-order terms yields

∆∆DPt
LogS

(
ϕ1 ∥ϕ2

)
= −αAt + α2Qt.

When It−1 < 1, the inverse Fisher scaling satisfies I−1
t−1 > 1, so the score update is amplified

relative to the identity scaling. In this regime the score is locally less variable, meaning

that a larger step in the score direction is beneficial. Consequently, At < 0 and −αAt > 0,

so the first-order contribution favors the inverse Fisher scaled update ϕ1.

Conversely, when It−1 > 1, the inverse Fisher scaling shrinks the score update since

I−1
t−1 < 1. Here the score is locally more variable, so aggressive updates become less reliable.

The Fisher scaling then acts as a stabilizer by damping the update magnitude. In this case

At > 0 and −αAt < 0 meaning that the first-order term favors the identity scaled update

ϕ2.

The second-order term Qt captures the curvature effect of the logarithmic scoring rule
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along the update path. Since the expected hessian of the logarithmic score is negative

assumed to be negative analogue to Assumption 1, larger updates incur a larger curvature

penalty. This explains why the sign of Qt is opposite to that of At. Indeed, when It−1 < 1,

the inverse Fisher scaling expands the update and therefore traverses a longer path through

the negatively curved geometry of the score. This produces a larger negative curvature

contribution, yielding Qt ≤ 0. Conversely, when It−1 > 1, the inverse Fisher scaling shrinks

the update and reduces the curvature penalty relative to the identity scaling, implying

Qt ≥ 0.

Hence the two terms admit a natural interpretation; the first-order term rewards ag-

gressive movement toward the true parameter, whereas the second-order term penalizes

excessively large steps through the local curvature of the scoring rule. The inverse Fisher

scaling balances these effects automatically through the local magnitude of the Fisher in-

formation.

Example E.1 is the extended version of Example 3 in the main text, providing the full

details of the calculation.

Example E.1. Consider the setting of Example 3. With ϑt|t−1 = 1 and Pt = N (0, 2), the

contraction dominance criterion reduces to

∆∆DPt
LogS(ϕ1∥ϕ2) = EP⊗2

t

[
LogS

(
ϕ1(Y̌t, 1), Yt

)
− LogS

(
ϕ2(Y̌t, 1), Yt

)]
,

where ϕi(y̌, 1) = 1 + αS(i)
t−1s(y̌, 1) and s(y̌, 1) = 1

2(y̌
2 − 1). Since Yt ⊥ Y̌t, the inner

expectation over Yt evaluates to SLogS(ϑ
′,Pt) = −1

2 log(2πϑ
′) − 1/ϑ′, leaving the single

integral

∆∆DPt
LogS(ϕ1∥ϕ2) =

∫ ∞

−∞

[
−1

2
log

1 + α(y̌2 − 1)

1 + α
2 (y̌

2 − 1)
− 1

1 + α(y̌2 − 1)
+

1

1 + α
2 (y̌

2 − 1)

]
e−y̌

2/4

√
4π

dy̌.
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Setting this equal to zero yields α∗ = 0.109. The individual divergence reductions ∆DPt
LogS(ϕi),

obtained by replacing LogS(ϕj(Y̌t, 1), Yt) with LogS(ϑt|t−1, Yt) in the second term, are eval-

uated analogously, giving PRADA bounds ᾱ1 = 0.195 and ᾱ2 = 0.390 for ϕ1 and ϕ2 re-

spectively. The binding bound ᾱ = 0.195 confirms that the dominance interval (0, 0.109) is

non-trivially contained within the PRADA interval (0, 0.195).

For interpretation, the expansion −αAt + α2Qt(α) from Theorem 1 identifies At =

−1
4 < 0 as the source of the first-order gain: small Fisher information allows the step to

be amplified beyond identity scaling. The threshold α = 0.109 marks the point at which the

path-integral curvature penalty Qt(α) exactly offsets this gain.
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