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Abstract

This paper introduces the class of Proper and Robust Autoregressive Derivative
Adaptive (PRADA) models, extending score-driven updates beyond the logarithmic
scoring rule to all strictly proper and locally proper scoring rules and strictly consis-
tent scoring functions. PRADA updates reduce an expected local divergence measure
under misspecification and thereby generalize the information-theoretic foundation of
score-driven models beyond the Kullback-Leibler divergence. They are interpreted as
the online analogues of M -estimators, and are linked to online Z-estimation through
strict identification functions. When derived from scoring functions or identification
functions, PRADA updates operate directly on elicitable functionals of the postu-
lated conditional distribution, such as conditional means, quantiles or risk measures,
and therefore do not require a parametric model. The results provide general condi-
tions under which updates are guaranteed to reduce their corresponding divergence,
establish robustness through bounded and censored updates, and encompass many
existing score-driven inspired models as special cases.
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1 Introduction

In time series modeling, the introduction of score-driven updates by Harvey (2013) and

Creal et al. (2013) has spurred a growing interest in their applications. This, in turn,

has led to an expanded analysis of the associated statistical properties of this model class,

including the analysis in Gorgi et al. (2024) and De Punder et al. (2026), as well as to

numerous extensions of the original framework (Patton et al. 2019; Harvey and Ito 2020;

Blasques et al. 2023; Creal et al. 2024). However, while stationarity, ergodicity and sta-

tistical inference have been established for broad classes of updating rules (Gorgi 2020;

Blasques et al. 2023), the information-theoretic foundation developed in De Punder et al.

(2026) remains confined to the log-likelihood framework. Moreover, since loss functions

must preserve a meaningful link with the underlying distribution (Gneiting and Raftery

2007; Gneiting 2011), not all parameter updates can rely on such a foundation.

In this paper, we extend the class of score-driven updates to the broader class of so-

called Proper and Robust Autoregressive Derivative Adaptive (PRADA) updates. PRADA

updates allow for replacing the derivative of the logarithmic scoring rule by the derivative

of any other loss function that preserves the theoretical foundation of score-driven updates

under an alternative divergence measure. More specifically, whereas score-driven updates

and their equivalents are unique in reducing the Expected Kullback and Leibler (1951)

divergence between the postulated time-varying density and the true density, PRADA

updates are unique in reducing some fixed expected (local) divergence measure. This

encompasses updates derived from strictly proper scoring rules, strictly consistent scoring

functions, and strictly locally proper weighted scoring rules. Many existing updates inspired

by the score-driven framework are PRADA updates for which this paper provides the

theoretical foundation, while also motivating the design of new, theoretically grounded
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updating rules.

A key motivation for departing from the logarithmic scoring rule is its sensitivity to

outliers (Selten 1998), as it penalizes events that are extremely unlikely under correct spec-

ification with losses tending to infinity. While such confidence in the postulated model can

be desirable for model discrimination (Neyman and Pearson 1933), robustness to model

misspecification often proves valuable in practical applications. Donker van Heel et al.

(2025) show that the sensitivity of the logarithmic scoring rule carries over to the in-

stability of the score-driven filter, resulting in mean-squared-error-unbounded updates in

commonly-used settings such as Gaussian volatility models and other non-Lipschitz contin-

uous scores. Similarly, De Punder et al. (2026) introduce clipped variants of score-driven

updates for cases in which global boundedness of the expected Hessian is not guaranteed

under the assumed model. In this paper, we additionally show that replacing the score

with a quasi-score, as per Blasques et al. (2023), does not necessarily yield a reduction

in the expected Kullback-Leibler (EKL) divergence. A more direct approach is to retain

the model specification and instead replace the logarithmic scoring rule with other proper

but more robust alternatives such as the Continuous Ranked Probability Score (CRPS) of

Matheson and Winkler (1976) and the censored likelihood score (CSL) proposed by Diks

et al. (2011). At this point, we address the terminological ambiguity that the term “score”

refers both to the outcome of a scoring rule and the gradient of the logarithmic scoring

rule. The intended meaning, however, is always clear from the context.

In a Gaussian location model the CRPS corresponds to a smooth version of the Huber

estimator (Huber 1981, p. 208), used to robustly estimate the population mean (Gneit-

ing and Raftery 2007). Estimating parameters based on the CRPS serves as a robust

alternative to traditional maximum-likelihood estimation and fits the framework of M -
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estimation (Huber 1964). An important difference with M -estimation is the online target,

custom in time-series applications. Viewing score-driven updates as the online version of

maximum-likelihood, the consistency of which relies on the strict propriety of the logarith-

mic scoring rule (Wald 1949; Gneiting and Raftery 2007), PRADA updates can be seen as

the online version of M -estimation under similar restrictions as required for consistency of

M -estimators.

To accommodate weighted scoring rules and scoring functions, we consider a broader

class of loss functions beyond that of the strictly proper scoring rules of Gneiting and

Raftery (2007). We show that the generalized class of strictly locally proper scoring rules

of Holzmann and Klar (2017) can be formulated in terms of strict propriety with respect

to some functional of the distribution, parameterized by a weight function on the outcome

space. Following the decision-theoretic perspectives of Grünwald and Dawid (2004), Dawid

(2007), Gneiting (2011) and Dawid and Musio (2014), we establish a unifying concept for

loss functions defined on different action domains, e.g., scoring functions on outcome spaces

or scoring rules on classes of distributions, which we term strict local propriety with respect

to a functional, generalizing Theorem 3 in Gneiting and Ranjan (2011). We correspondingly

extend the notion of local divergences with respect to a weight function, as in Definition 2

of De Punder et al. (2025), to local divergences with respect to a functional, identifying

the true distribution up to the chosen functional.

In less general contexts, the importance local divergences introduced by De Punder

et al. (2025) builds on a broad statistical literature (Gneiting and Raftery 2007; Diks et al.

2011; Gneiting and Ranjan 2011; Gneiting 2011; Holzmann and Klar 2017). The adverse

consequences of parameter updates that do not reduce a local divergence mirror those of

forecast evaluations based on improper scoring rules such as the linear or weighted likelihood
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scoring rule of Amisano and Giacomini (2007). As illustrated by Example 2 in Section 2,

parameter updates based on the linear scoring rule can become entirely independent of the

true distribution. This underscores that the general updating rules of Gorgi (2020) and

Blasques et al. (2023) require additional guidance; only those intersecting with the PRADA

class are guaranteed to reduce a local divergence with respect to the true distribution.

Many PRADA models were ahead of their theoretical formalization. Catania et al.

(2025) consider updates based on the CRPS to achieve more robust updating rules. Score-

driven models for count data and circular data, as discussed by Gorgi (2020) and Harvey

et al. (2024), respectively, are naturally encompassed by the generality of the outcome

space. Other types of updates also arise. The Hyvärinen (2005) scoring rule is second-

order local, as it depends on the likelihood through its first and second derivatives only,

and is therefore conceptually related to score-driven updates. The PseudoSpherical and

Power scoring rule families include the logarithmic scoring rule as limiting cases when their

tuning parameter tends to one, while providing more robust updating behavior for other

parameter values. Furthermore, the CRPS belongs to the broader class of kernel scores,

which accommodate highly general outcome spaces, and unlike likelihood-based updates

can be applied to distributions characterized only through their distribution function or

characteristic functions; see, for instance Example 12 in Gneiting and Raftery (2007).

Harvey and Ito (2020) introduce an example of a PRADA update based on the CSL,

guaranteed to reduce the expected censored Kullback-Leibler divergence. De Punder et al.

(2025) demonstrate that censoring can be applied to any other strictly proper scoring rule

while preserving the corresponding unweighted divergence measure. Weighting strictly

proper scoring rules, including those mentioned above, can be useful for downweighting

extreme observations, thereby enhancing the robustness of the updating step and simul-
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taneously addressing the issue of missing values (Harvey and Ito 2020). Our extension to

strict local propriety with respect to functionals further accommodates weighted scoring

rules beyond the class of strictly locally proper scoring rules, including updates based on

the threshold-weighted CRPS of Gneiting and Ranjan (2011) for center indicator functions,

and, analogously, the dynamic Tobit model proposed by Harvey and Liao (2023).

In the context of strictly consistent scoring functions, score-driven-inspired updates in-

clude the updating rule for the elicitable (Value-at-Risk, Expected Shortfall) pair proposed

by Patton et al. (2019), as well as, the updating rule for the vector of quantiles introduced

by Catania and Luati (2023). By Osband’s principle (Fissler and Ziegel 2016), PRADA

updates can often be expressed in terms of identification functions, solutions to which we

interpret as an online Z-estimation problem. This formulation allows for direct incorpora-

tion of identification functions that are often readily available (Gneiting and Ranjan 2011;

Dimitriadis et al. 2024).

We proceed as follows. Section 2 introduces preliminaries on updating rules, loss func-

tions and local divergences. Section 3 presents the main theoretical results, with examples

for unweighted and weighted scoring rules included in Sections 3.4 and 3.5, respectively.

Section 4 examines the implications for strictly consistent scoring functions and strict iden-

tification functions. Section 5 concludes. Code for the reproduction of included figures is

available from the paper’s GitHub: https://github.com/rdpunder/PRADA.

2 Updating rules and divergence measures

Consider a complete probability space (Ω,F ,P) and a standard Borel measurable space

(Y ,G). For t = 1, . . . , T , with T ∈ N, define random variables Yt : (Ω,F) → (Y ,G) and

write Y1:T := (Y1, . . . , YT ) : Ω → YT with product σ-algebra G⊗T . The natural filtration is
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{Ft}Tt=1 with Ft := σ(Y1, . . . , Yt). We denote the true conditional distribution of Yt given

Ft−1 by the kernel Pt(·) := P
(
Yt ∈ ·

∣∣Ft−1

)
on (Y ,G), with distribution function Pt and,

whenever it exists, µt-density pt(y) =
dPt

dµt
(y). Here, we are explicit about the underlying

measurable space to allow for outcome spaces beyond Euclidean space and distributions

that are not Lebesgue dominated, such as the continuous-discrete censored distribution

introduced by De Punder et al. (2025).

The conditional distribution implied by the postulated model is denoted by Ft|t−1, driven

by a time-varying parameter ϑt|t−1 ∈ Θ ⊆ Rk. As in De Punder et al. (2026), we assume

that Θ is open and convex. An updating rule ϕ : Y → Θ determines how parameters ϑt|t−1

are updated to ϑt|t := ϕ(yt, ϑt|t−1) based on a realization yt, and induces the corresponding

update of the conditional distribution from Ft|t−1 ≡ Fϑt|t−1
to Ft|t ≡ Fϑt|t . Updating rules

under consideration therefore yield observation-driven models (Cox 1981). The conditional

distribution is allowed to depend on static parameters or exogenous variables as well, though

suppressed in the notation. Its distribution and, whenever it exists, µt-density, are denoted

by Ft|t−1 ≡ Fϑt|t−1
and ft|t−1 ≡ f(·|ϑt|t−1), respectively. The time-varying parameter ϑt|t−1

typically represents either a parameter vector indexing a parametric family or a functional

of the distribution. Whenever flexibility of the parameter space is desirable, dependence

on ϑt|t−1 can be represented through a link function Θ 7→ Θ̃, defined as any invertible and

continuous mapping, with Θ̃ ⊆ Rk (Creal et al. 2013, Sec. 2.4). Following De Punder et al.

(2025), we assume that the support of Ft|t−1 contains the support of Pt.

Whenever two random variables, densities or distribution functions are said to be equal,

this is understood to hold almost surely. Moreover, two measures Ft|t−1 and Gt|t−1 coin-

ciding on G, that is, Ft|t−1(E) = Gt|t−1(E),∀E ∈ G, is denoted by Ft|t−1 = Gt|t−1. Two

measures coinciding on (R ⊆ Y) ∈ G, that is, Ft|t−1(E ∩ R) = Gt|t−1(E ∩ R), ∀E ∈ G, is

7



similarly denoted Ft|t−1
R
= Gt|t−1. For a matrix A ∈ Rk×k, we denote the trace by tr(A), the

operator norm by ∥A∥2, which is induced by the Euclidean norm ∥x∥2 for vectors x ∈ Rk,

and positive (semi)definiteness by A ≻ (⪰) Ok, where Ok is the k × k zero matrix and

A ∈ Rk×k. Negative (semi)definiteness is analogously denoted A ≺ (⪯) Ok. The k × k

identity matrix is denoted Ik. For a function ḡ : Rl → R, with l ∈ N, we denote the gradient,

Hessian and Laplacian by ∇xḡ(x) :=
∂
∂x
ḡ(x), ∇2

xḡ(x) :=
∂2

∂x∂x⊤ ḡ(x) and ∆xḡ := tr
(
∇2

xḡ(x)
)
,

respectively. Moreover, the gradient of a vector-valued function ḡm : Rl → Rm, withm > 1,

is the m× l Jacobian matrix ∇xḡ(x) with elements [∇xḡ(x)]i,j =
∂gi(x)
∂xj

. We suppress time

dependence in ∇x, which will be clear from the context.

2.1 Local divergence space

PRADA updates will be defined with respect to a local divergence space (P ,D, T ), where

D denotes a local divergence with respect to a functional T . We carefully develop the

concept of a local divergence space. For notational convenience, we temporarily suppress

time indices.

Adopting the decision-theoretic perspective of Grünwald and Dawid (2004), Dawid

(2007), Gneiting (2011) and Dawid and Musio (2014), we define a loss function L : A×Y →

R̄ for actions a ∈ A and outcomes y ∈ Y . Throughout, we assume that losses are negatively

oriented, F-integrable for all F ∈ P , and G-measurable. We consider two types of losses:

scoring rules S : P × Y → R̄ := R ∪ {∞}, and scoring functions ℓ : X × Y → R̄, where

X ⊆ Rk̃, with k̃ ∈ N. In the context of scoring functions, we additionally require Y ⊆ Rl.

An action a∗P ∈ A is called a Bayes act under P ∈ P if it is a minimizer of the P-

expected loss, that is, a∗P ∈ argmina∈A EPLA(a, Y ). A scoring rule is termed proper with

respect to P if the true distribution P is a Bayes act, for all P ∈ P , and strictly proper with
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respect to P if it is the unique Bayes act (up to P-a.s. equivalence), for all P ∈ P . Similarly,

for a potentially set-valued functional ũ : P ↠ Y , a scoring function ℓ : X × Y → R is

called consistent with respect to (ũ,P) if every aP ∈ ũ(P) is a Bayes act, for all P ∈ P ,

and strictly consistent with respect to (ũ,P) if only every aP ∈ ũ(P) is a Bayes act, for

all P ∈ P (Gneiting 2011; Fissler and Ziegel 2016). A functional ũ that admits a strictly

consistent scoring function ℓ is called elicitable.

In applications, single-valued functionals u : P → Y are more common. We therefore

focus on this case and defer the treatment of set-valued functionals to Appendix D. For

instance, when a quantile qβ(F) := {limt↑x F (t) ≤ β ≤ F (x)}, with β ∈ (0, 1), is set-valued,

one may instead work with its associated Value-at-Risk, VaRβ(F) := inf qβ(F).

We also consider functionals of the form v : P → Q, where Q denotes a class of

distributions on (Y ,G). A prominent example is the censoring functional v♭R(·) introduced

by De Punder et al. (2025), which maps F ∈ P to censored distributions

F♭
R(E) ≡ v♭R#F(E) := F(E ∩R) + F(Rc)δ∗(E), ∀E ∈ G♭,

where G♭ := σ({G, ∗}), ∗ ̸∈ Y is an abstract censoring point extending the outcome space,

and (R ⊆ Y) ∈ G. When discussing properties common to both functional types, we refer

to the class of functionals encompassing u and v as T : P → V , with V ∈ {Y ,Q}.

The censoring functional can be used to reformulate the notion of strict local propriety

introduced by Holzmann and Klar (2017), who discuss scoring rules localized by some

measurable weight function w : Y → [0, 1], to emphasize regions of interest Rw := {y ∈ Y :

w(y) > 0}. They define a weighted scoring rule Sw : P × Y → R̄ to be localizing if F
Rw= G

implies S(F, y) = S(G, y), for all y ∈ Y and generalize the notion of strict propriety to

strict local propriety with respect to (P , w). The latter is equivalent to Sw being strictly

locally proper with respect to (P , v♭Rw
).
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Definition 1. A scoring rule S : P×Y → R̄ is strictly locally proper with respect to (P , T )

if DS(P∥F) := EPS(F, Y ) − EPS(P, Y ) ≥ 0, ∀P,F ∈ P, with strict equality if and only if

T (P) = T (F), ∀P,F ∈ P.

Defining Sℓ(F, y) := ℓ(u(F), y), it follows that Sℓ is strictly locally proper with respect

to (P , u) if ℓ is strictly consistent with respect to (P , u), generalizing Theorem 3 in Gneiting

and Ranjan (2011) for point-valued functionals. Section 4 elaborates on this special case,

which we illustrate with the following example.

Example 1. Let P1 denote a class of distributions with finite mean u1(F) = EF[Y ] < ∞,

for all F ∈ P1, and let u1 be the functional of interest, that is, F ≡ Fϑ, with ϑ = u1(Fϑ). The

functional u1 is elicitable with strictly consistent scoring function ℓ1(ϑ, y) = (ϑ− y)2. The

induced scoring rule Su1(F, y) = (EF[Y ]− y)2 is proper with respect to P1, but not strictly

proper since distributions sharing the same mean yield the same expected score. This lack

of strict propriety reflects the intentional localization of Su1 to the mean, disregarding all

other aspects of the distribution, and is therefore accommodated by the third condition of

strict local propriety with respect to (P1, u1) in Definition 1. In this sense Fϑ represents

any distribution with mean ϑ, corresponding to the semi-parametric score-driven approach

by Patton et al. (2019), albeit for a different functional.

The expected score difference in Definition 1 satisfies the fundamental properties of a

local divergence with respect to T .

Definition 2. Let T : P → V be a functional. A map D : P × P → R+ is called a local

divergence with respect to T if (i) T (F) = T (G) implies D(P∥F) = D(P∥G), ∀P,F,G ∈ P,

(ii) D(P∥F) ≥ 0, ∀P,F ∈ P, and (iii) D(P∥F) = 0 if and only if T (P) = T (F), ∀P,F ∈ P.

The first condition ensures that the local divergence is insensitive to events outside the

scope of T . The second anchors the divergence in nonnegativity; no distribution can have
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smaller divergence from P than P itself. The third ensures that only distributions equivalent

to P under T have zero divergence from P, meaning that zero divergence uniquely identifies

P up to T -equivalence. For the censoring functional v♭Rw
, Definition 2 coincides with the

notion of a local divergence introduced in Definition 2 of De Punder et al. (2025).

When considering expected score differences of any (potententially improper) scoring

rule S, we follow Gneiting and Raftery (2007) by referring to them as score divergences

D†
S(P∥F) := EPS(F, Y )− EPS(P, Y ), where the superscript “†” emphasizes that the score

divergence does not necessarily satisfy the conditions of a local divergence in Definition 2.

For a meaningful comparison of distributions F ∈ P , the restriction D†
S = DS is essential,

as without it, F could become statistically closer to P than P itself. With the restrictions

in Definition 2 imposed, we refer to the triplet (P ,D, T ) as a local divergence space.

3 PRADA

Pinning down the (infinite-dimensional) degree of freedom ϕ in an observation-driven time

series model is a nontrivial task. Since Blasques et al. (2015), the class of score-driven

models introduced by Creal et al. (2013) and Harvey (2013) has often been regarded as a

solution to this problem, claiming its “information-theoretic optimality”. As explained by

De Punder et al. (2026), such a claim of optimality, in the sense of identifying an updating

rule ϕ∗ that yields maximal reduction in a KL-based divergence from the true distribution

among all feasible updating rules ϕ, has never been shown; neither in Blasques et al. (2015)

nor in De Punder et al. (2026). What was shown by De Punder et al. (2026), is that

score-driven updates

ϕSD(yt, ϑt|t−1) := ϑt|t−1 − ASt−1s(yt, ϑt|t−1) (1)
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with ASt−1 ≻ Ok, where A is a parameter matrix and St−1 an Ft−1-measurable scaling

matrix, are to a certain extent unique in ensuring EKL reductions for sufficiently small

updates. So, when fixing the (local) divergence space to (P ,KL, id), where id is the identity

functional, Theorem 1 of De Punder et al. (2026) identifies ϕSD (and equivalents thereof)

as the class of updating rules for which sufficiently small updates guarantee improvements

towards Pt in (P ,KL, id). The purpose of this section is to extend this characterization to

more general local divergence spaces (P ,DS, T ).

In the following, we first show that reductions can be guaranteed for any update implied

by a scoring rule, as long as differences with respect to Pt are measured by the associated

score divergence. However, as emphasized in Section 2.1 and in the discussion of the

trimmed KL measure of Blasques et al. (2015) by De Punder et al. (2026), only score

divergences based on strictly locally proper scoring rules induce local divergences and hence

a meaningful comparison with the true distribution. PRADA updates are then defined as

precisely those updates that guarantee reductions in local divergence space for sufficiently

small updates.

3.1 Updates implied by scoring rules

We consider a generalization of score-driven updates ϕSD to the class of derivative-adaptive

updating rules induced by a scoring rule S, that is,

ϕS(yt, ϑt|t−1) := ϑt|t−1 − At|t−1ψS(yt, ϑt|t−1), ψS(yt, ϑt|t−1) := ∇ϑS(Fϑt|t−1
, yt), (2)

where At|t−1 denotes a Ft−1-measurable learning rate matrix with ∥At|t−1∥2 < ∞. Unless

stated otherwise, we assume At|t−1 ≻ Ok. The model-implied Hessian is similarly defined

as HS(yt, ϑt|t−1) := ∇2
ϑS(Fϑt|t−1

, yt). For S = LogS, we obtain the score-driven update

with s(yt, ϑt|t−1) ≡ ψLogS(yt, ϑt|t−1), H(yt, ϑt|t−1) ≡ HLogS(yt, ϑt|t−1) and At|t−1 = ASt|t−1.
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Whether an updating rule belongs to the PRADA class will not depend on a more specific

choice of At|t−1, paralleling that strict propriety is preserved under affine transformations

of the scoring rule (Gneiting and Raftery 2007). The flexibility in specifying At|t−1 can be

exploited, for instance, to minimize reductions in local divergence to the true distribution;

see Dimitriadis et al. (2024) for a related discussion in the context of identification functions,

where strict identification functions are shown to belong to similar equivalence classes.

Following Blasques et al. (2015) and De Punder et al. (2026), we evaluate the updating

rule ϕS by the implied reduction of the associated score divergence from the true distribution

Pt, under hypothetical redraws of Yt ∼ Pt. Definition 3 formalizes this criterion, reducing

to the EKL difference in Definition 2 of De Punder et al. (2026) for S = LogS.

Definition 3. Let Yt and Y
′
t denote independent copies with distribution Pt, ϕ : Y×Θ → Θ

an updating rule, and D†
S : P × P → R a score divergence induced by the scoring rule S.

The expected score divergence difference implied by D†
S and ϕ is defined as

∆D†
S(ϕ) := EYt∼PtD

†
S(Pt∥Ft|t)− D†

S(Pt∥Ft|t−1),

where D†
S(Pt∥Ft|t) = EY ′

t∼Pt

[
S(Ft|t, Y

′
t )− S(Pt, Y

′
t )
]
, in which the dependence on Yt is im-

plicit in Ft|t ≡ Fϑt|t, with ϑt|t = ϕ(Yt, ϑt|t−1).

A desirable property of an updating rule ϕ is to reduce the divergence of the model

distribution from Pt under the update, that is, ∆D†
S(ϕ) < 0, provided that D†

S is a local

divergence (see Definition 2). The latter restriction is essential for drawing meaninful

conclusions from reductions in D†
S. Example 2 shows why. It considers an updating rule

for the variance, evaluated by the score divergence induced by the improper Linear scoring

rule, which is not a local divergence. In this case, reductions in the score divergence are

entirely disconnected from the true distribution. Hence, decreases in this divergence are

uninformative about the statistical distance with respect to the true distribution Pt.
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Example 2. Let Pγ be the class of zero mean Gaussian densities with variance γ. Given

yt ∈ R and γt|t−1 > 0, ft|t−1 is updated to ft|t, with γt|t = ϕγ(yt, γt|t−1) for some updating

rule ϕγ. The true variance is denoted γt. A direct calculation gives EptLinS(ft|t−1, Yt) =

1/
√
2π(γt + γt|t−1). Correspondingly, ∆D†

LinS(ϕγ) = 1√
2π

(
1√

γt+γt|t−1
− 1√

γt+γt|t

)
< 0 if

and only if γt|t < γt|t−1, for all γt. Therefore, a reduction toward the true density occurs as

soon as the variance of ft|t is smaller than ft|t−1, independent of what the actual variance

is. Reductions in terms of DLinS are therefore completely uninformative about the relative

divergence from the true density pt. In contrast, ∆DLogS(ϕγ) < 0 if and only if γt >

log
(

γt|t
γt|t−1

)
γt|tγt|t−1

γt|t−γt|t−1
for γt|t > γt|t−1, with the inequality reversed for γt|t < γt|t−1. Taking

γt|t−1 = 1 and γt|t = 2, a reduction in DLogS therefore only occurs if γt > 2 log(2) ≈ 1.38,

that is, if an update from γt|t−1 to γt|t moves sufficiently toward the true variance γt.

Below, we formalize that reductions in an expected score divergence can always be

achieved through sufficiently small gradient updates implied by the scoring rule that defines

the score divergence. In other words, the restriction to local divergences is not required for

obtaining a negative ∆D†
S(ϕ), but only for ensuring that the reduction is informative. This

observation supports the discussion of the trimmed KL (TKL) of Blasques et al. (2015)

by De Punder et al. (2026), where it was argued that the results in Blasques et al. (2015)

are formally correct yet uninformative because TKL is not a local divergence. To formally

characterize the class of updating rules that reduce a score divergence, we first generalize

the notion introduced by De Punder et al. (2026) of being score equivalent in expectations

to that of being expected gradient aligned.

Definition 4. An updating rule ϕ is said to be Pt-expected gradient aligned (EGA) for S

at ϑt|t−1 ∈ Θ if
(
EPtψS(Yt, ϑt|t−1)

)⊤EPt∆ϕ(Yt, ϑt|t−1) < 0, where ∆ϕ(y, ϑ) := ϕ(y, ϑ)− ϑ.

The inner product of two expectations in Definition 4, rather than an expectation of
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an inner product, intuitively follows from the definition of the expected score divergence

EPtD
†
S(Pt∥Ft|t), in which the outer expectation averages over the hypothetical redraws of Yt.

By Theorem 1 below, reductions in an expected score divergence, i.e. ∆D†
S(ϕ) < 0, are then

guaranteed for sufficiently small updates, that is, for the scaled analogue ϕκ of ϕ.

Definition 5. Let ϕ : Y × Θ → Θ denote an updating rule, and 0 < κ < ∞ a parameter.

The scaled updating rule ϕκ of ϕ is such that ϑκ
t|t − ϑt|t−1 = κ(ϑt|t − ϑt|t−1), where ϑ

κ
t|t :=

ϕκ(yt, ϑt|t−1).

To establish an equivalence between updates that are EGA and reduce ∆D†
S(ϕ), we

introduce, for any given ϑt|t−1 ∈ Θ, the non-degeneracy condition for Pt:

(
EPtψS(Yt, ϑt|t−1)

)⊤EPt∆ϕ(Yt, ϑt|t−1) ̸= 0. (ND)

The condition (ND) ensures that the first order effect in the expansion of the expected

score divergence does not vanish. If ∆ϕ(Yt, ϑt|t−1) = αψS(Yt, ϑt|t−1), this condition rules out

distributions Pt that render ϑt|t−1 a pseudo-truth ϑ∗
t|t−1, i.e. satisfying EPtψS(Yt, ϑ

∗
t|t−1) = 0.

Given Assumption 1, 2 and 3 stated below, we then establish the result in Theorem 1.

Assumption 1. The scoring rule S : P × Y → R̄ is twice continuously differentiable in ϑ

for Pt-almost every y ∈ Y, EPt∥∆ϕ(Yt, ϑt|t−1)∥22 and EPtψS(Yt, ϑt|t−1) are finite.

Assumption 2. The expected Hessian is uniformly bounded in the parameter ϑ, that is,

supϑ∈Θ ∥EPtHS(Yt, ϑ)∥2 <∞.

Assumption 3. The expected Hessian is locally bounded in the parameter ϑ, that is, for

any ϑt|t−1 ∈ Θ, there exists a compact ball B̃r ≡ B̃r(ϑt|t−1) ⊂ Θ of radius r > 0 around

ϑt|t−1 such that supϑ∈B̃r(ϑt|t−1)
∥EPtHS(Yt, ϑ)∥2 <∞.
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Theorem 1. Fix ϑt|t−1 ∈ Θ, let Pt ∈ P satisfy condition (ND), and suppose Assumption 1

holds. If, additionally, Assumption 2 is satisfied, the following equivalence holds:

∃κ̄ > 0 such that ∀κ ∈ (0, κ̄] : ∆D†
S(ϕκ) < 0 ⇐⇒ ϕ is EGA for S at ϑt|t−1.

Moreover, this equivalence continues to hold under the relaxation of Assumption 2 to As-

sumption 3 for any bounded updated ϕ : ∥∆ϕ(Yt, ϑt|t−1)∥2 < d(ϑt|t−1) <∞.

Theorem 1 characterizes the class of updating rules for which the integral ∆D†
S(ϕκ)

becomes negative for sufficiently small κ > 0. If, in addition, S is strictly locally proper

with respect to (P , T ), this yields reduction within the local divergence space (P ,DS, T ).

3.2 Proper updates

Building on the result of Theorem 1, we now refine this characterization by introducing a

subclass of updating rules that guarantee movement toward the true distribution within

some given local divergence space (P ,DS, T ).

Definition 6. Let T : P → V denote a functional and let S : P × Y → R̄ be a scoring

rule that is strictly locally proper with respect to (P , T ). The updating rule ϕ : Y ×Θ → Θ

is called Proper and Robust Autoregressive Derivative Adaptive (PRADA) with respect to

(P ,DS, T ) if for every ϑt|t−1 ∈ Θ, and every Pt ∈ P satisfying (ND), there exists κ̄ > 0

such that ∀κ ∈ (0, κ̄]: ∆DS(ϕκ) < 0. The implied updates ϕ(yt, ϑt|t−1) are called PRADA

updates with respect to (P ,DS, T ).

Working on (P ,DS, T ), a canonical PRADA updating rule is the derivative-adaptive

updating rule ϕS based on a scoring rule S that is strictly locally proper with respect to

(P , T ). This is formally stated in Corollary 1.
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Corollary 1. Consider a functional T : P → V. Let S : P ×Y → R̄ be a scoring rule that

is strictly locally proper with respect to (P , T ). Assume EPtψS(Yt, ϑt|t−1) to be non-zero

and let Assumptions 1 and 2 hold. Then ϕS(yt, ϑt|t−1) = ϑt|t−1 − At|t−1ψS(yt, ϑt|t−1) is a

PRADA update with respect to (P ,DS, T ).

Corollary 1 nests the result for score-driven updates in Corollary 1 of De Punder

et al. (2026) as a special case. Specifically, Corollary 1 implies that ϕLogS, with At|t−1 =

ADt|t−1 ≻ Ok, for some Ft−1-measurable scaling matrix Dt|t−1, is a PRADA update with

respect to (P ,KL, id). Moreover, by the characterizing part of Theorem 1, the PRADA

update in Corollary 1 is, to a certain extent, unique. In particular, only updates for which

EPt [ψS(Yt, ϑt|t−1)]
⊤(EPtϕ(Yt, ϑt|t−1) − ϑt|t−1

)
< 0 can be PRADA updates with respect to

(P ,DS, T ). Corollary 2 highlights an implication of this characterization.

Corollary 2. Fix a triplet (P ,DS, T ), where DS : P ×P → R+ denotes a local divergence

with respect to T . Consider the updating rule ϕλ(yt, ϑt|t−1) = ϑt|t−1 −At|t−1λ(yt, ϑt|t−1), for

some measurable map λ : Y ×Θ → Rk. Assume EPtψS(Yt, ϑt|t−1) ̸= 0, EPtλ(Yt, ϑt|t−1) ̸= 0

and let Assumption 1 hold. Then ϕλ is a PRADA update with respect to (P ,DS, T ), if and

only if

EPtλ(Yt, ϑt|t−1) = at|t−1EPtψS(Yt, ϑt|t−1) + bt|t−1,

where at|t−1 > 0 and bt|t−1 is such that
(
EPtψS(Yt, ϑt|t−1)

)⊤
At|t−1bt|t−1 = 0, with at|t−1 and

bt|t−1 both Ft−1-measurable.

As illustrated by Corollary 2, a specific local divergence space (P ,DS, T ) necessitates

updates to align with the expected gradient of the strictly locally proper scoring rule S.

This classification mirrors the equivalence between score divergences of strictly proper

scoring rules and Bregman divergences advocated by Gneiting and Raftery (2007), with
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canonical pairs such as LogS ∼ KL dating back to Good (1952). Hence, the characterization

through expected DS is considered natural, corresponding to an online version of optimal

score estimation (Gneiting and Raftery 2007), for local scoring rules, or, more broadly, M -

estimation. Generalizations of other performance criteria than EKL such as the conditional

expected variation (CEV) of Gorgi et al. (2024) and expected GMM (EGMM) criterion of

Creal et al. (2024) are therefore, albeit feasible, not considered; see De Punder et al. (2026)

for a detailed comparison of these performance criteria.

The characterization of the class of PRADA updates in Corollary 2 confirms that the

choice of the learning rate matrix is inconsequential for being a PRADA update or not.

An analogous argument applies when including lagged terms of the gradients, i.e.,

ϕS(yt, ϑt|t−1; p̄) := ϑt|t−1 −
p̄∑

i=1

Ãi,t|t−1ψS(yt−i+1, ϑt−i+1|t−i). (3)

Combining Equation (3) with the updating step ϑt+1|t = ω + Bϑt|t, and adding lags

gives, under reparameterization, the canonical prediction-to-prediction formulation of the

PRADA(p̄,q̄) model,

ϑt+1|t := ω −
p̄∑

i=1

Ai,t|t−1ψS(yt−i+1, ϑt−i+1|t−i) +

q̄∑
j=1

Bjϑt−j+1|t−j,

which reduces to the well-known GAS(p̄,q̄) specification of Creal et al. (2013, Eq. (2)) for

the (negatively oriented) logarithmic scoring rule and Ai,t|t−1 = AiDt|t−1, i ∈ {1, . . . p̄} for

some coefficient vector ω and matrices A1, . . . , Ap̄, B1, . . . , Bq̄. For theory development,

the arguments above allow us to focus on the canonical PRADA update in Corollary 1, by

which we follow Gorgi (2020) and Blasques et al. (2023).

3.3 Robust updates

A well-known disadvantage of the logarithmic scoring rule, and, accordingly, score-driven

updates, is their unboundedness (Selten 1998; Donker van Heel et al. 2025). We consider

18



an explicit example. Hereinafter, we occasionally omit the local divergence space when

referring to PRADA updates when it is clear from the context.

Example 3. Consider a Gaussian location-scale model with mean µt|t−1 and variance

σ2
t|t−1 = exp(γt|t−1). Assume that EPtY

2
t <∞. The model implies the score

s(yt, ϑt|t−1) = − 1

σ2
t|t−1

 yt − µt|t−1

1
2

(
(yt − µt|t−1)

2 − σ2
t|t−1

)


and Hessian

H(yt, ϑt|t−1) =

 1
σ2
t|t−1

zt
σt|t−1

zt
σt|t−1

1
2
z2t

 ,

where zt := (yt − µt|t−1)/σt|t−1. For a constant variance σ2
t|t−1 = exp(γ), ∀t, the expected

Hessian is uniformly bounded in µt|t−1 and the score-driven update is a PRADA update with

respect to (R,KL, id). In contrast, when fixing the mean µt|t−1 = µ, ∀t, the expected Hessian

is not uniformly bounded in γt, and therefore Assumption 2 of Corollary 1 not satisfied.

Although the expected Hessian is locally bounded in the sense of Assumption 3, the update

itself is unbounded. Therefore, the Assumption 3 part of Theorem 1 is not applicable, and

EKL improvements cannot be guaranteed.

The sensitivity of the score-driven filter illustrated by Example 3 has been addressed

in several ways. Blasques et al. (2023, p. 252) argue that the strong link between the

model-implied conditional distribution and the updating equation in score-driven filters

is not always desirable. However, by breaking this link, QSD updates, with s̃(yt, ϑt|t−1)

for the quasi-score, constitute PRADA updates with respect to (R,KL, id) if, and only if,

EPt

[
s̃(Yt, ϑt|t−1)

]⊤
At|t−1EPt

[
s(Xt, ϑt|t−1)

]
> 0, which may, or may not hold, depending on

the true distribution Pt (De Punder et al. 2026, App. F). Similarly, the QSD update in the
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GARCH-T example of Blasques et al. (2023, p. 253) is a PRADA update, if and only if

EPt

[
Y 2
t − ϑt|t−1

]
EPt

[
ν + 1

ν − 2 +X2
t /ϑt|t−1

X2
t − ϑt|t−1

]
> 0,

which holds trivially as ν → ∞, the score-driven case, but not in general.

We propose to retain the link between the model density and the updating rule while

adapting the scoring rule instead. This can be accomplished by replacing the logarithmic

scoring rule with a more robust alternative such as the CRPS (Catania et al. 2025), em-

ploying a weighted variant to censor or winsorize extreme observations (Harvey and Ito

2020), or by combining both approaches, for instance using the twCRPS of Gneiting and

Ranjan (2011). Alternative scoring rules may also be desirable for reasons beyond robust-

ness, analogous to their diverse use in forecast evaluation. In particular, the principle of

coherent use of the same scoring rule for estimation and evaluation (Gneiting and Raftery

2007), extends naturally to its role in PRADA updates, inviting updates based on a rich

variety of scoring rules. Detailed examples of unweighted and weighted scoring rules are

deferred to Sections 3.4 and 3.5, respectively.

In the remainder of this section, we adopt the censoring framework of De Punder et al.

(2025) to incorporate weight functions into PRADA updates. Censoring is appealing be-

cause it preserves the divergence DS, thereby directly identifying the local divergence space

in which a censored updating rule is PRADA. This preservation stems from its projection-

type nature, which we exploit to develop theory for unbounded updates such as those in

Example 3. Although the associated Theorem 2 relies on indicator weight functions, we

introduce censored PRADA updates for general weight functions in anticipation of Sec-

tion 3.5.

For a regular scoring rule S, weight function w and nuisance distribution H̄ ∈ H ⊆ P ,
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the censored scoring rule is defined as

S♭(Ft|t−1, yt) := w(yt)S(F
♭
t|t−1, yt) +

(
1− w(yt)

)
EH̄S(F

♭
t|t−1, Qt), (4)

where F♭
t|t−1 ≡ v♭w(F) is given by dF♭

t|t−1 := dFw
t|t−1 + F̄t|t−1dH̄, with dFw

t|t−1 := wdFt|t−1

F̄t|t−1 := 1−
∫
Y wdFt|t−1 andQt ∼ H̄, independently of Yt. The weight function and nuisance

distribution may be adapted to Ft|t−1, although this is suppressed in the notation. The

combination S = LogS and H̄ = δr, where δr denotes the Dirac measure at r ∈ Y , implies

the CSL of Diks et al. (2011). If the unweighted scoring rule is proper with respect to

P♭ := {F♭
t|t−1,Ft|t−1 ∈ P} then S♭ is strictly locally proper with respect to (P , v♭Rw

), under

the regularity given by Assumption 1 in De Punder et al. (2025). When no distribution

Ft|t−1 ∈ P assigns positive mass to r, any weight function is compatible with choosing

H̄ = δr by this assumption.

The weight function and nuisance distribution are independent of ϑt|t−1. Consequently,

ψS♭(yt, ϑt|t−1) = w(yt)∇ϑS(F
♭
t|t−1, yt) +

(
1− w(yt)

)
EH̄∇ϑS(F

♭
t|t−1, Qt),

and a similar convex combination follows for the Hessian HS♭(yt, ϑt|t−1). By Corollary 1,

ϕS♭(yt, ϑt|t−1) = ϑt|t−1 − At|t−1ψS♭(yt, ϑt|t−1)

is a PRADA update with respect to (P ,DS♭ , v♭Rw
), with DS♭(Pt∥Ft|t−1) = DS(P

♭
t∥F♭

t|t−1),

under Assumptions 1, 2 and Assumption 1 in De Punder et al. (2025), and provided that

F̄t|t−1 < 1, for all Ft|t−1 ∈ P .

To ensure bounded updates in the formal sense of Theorem 1, we consider censoring for

the special case where w(yt) = 1C(yt) and H̄ = δr. Then

S♭
C(Ft|t−1, yt) := S

(
F♭
t|t−1, Y

♭
C,t(yt)

)
, Y ♭

C,t(yt) := yt1C(yt) + r
(
1− 1C(yt)

)
, (5)
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is strictly locally proper for some r ∈ Y such that Ft|t−1(r) = 0. Moreover, the censored

distribution F♭
C,t|t−1 is the pushforward measure of Ft|t−1 by the G/G♭

C-measurable map

Y ♭
t : Y → Y♭

C, where Y♭
C := C ∪ {r} and G♭

C := σ({E ∩ C : E ∈ G} ∪ {r}). The pushforward

operator ΠC(F) := Y ♭
C,t#F is idempotent, as Y ♭

C,t ◦ Y ♭
C,t = Y ♭

C,t. Therefore ΠC acts as a

projection from the space of distributions P on (Y ,G) onto P♭
C := {F♭

C,t|t−1 : Ft|t−1 ∈ P} on

(Y♭
C,G♭

C).

Updates that are already bounded allow for C = Y , in which case ΠC = id and no cen-

soring occurs. For unbounded updates, C ⊂ Y , and ΠC serves as a preliminary projection,

ensuring boundedness. If y 7→ ψS(y, ϑt|t−1) is continuous for all ϑt|t−1, then updates are

trivially bounded on any compact C by Weierstrass. Since any compact subset suffices,

one may take C large enough for ΠC to approximate the identity mapping in practice. In

Example 3, for instance, while (yt − µt|t−1)
2 is not uniformly bounded in yt on R, for any

µt|t−1 ∈ R, choosing C = [−c̄, c̄] with c̄ equal to machine precision effectively renders ΠC

redundant in applications. A formal result is stated in Theorem 2.

Assumption 4. With C ⊆ Y and r ∈ Y such that F(r) = 0,∀F ∈ P, the scoring rule

S : P × Y → R̄ and updating rule ϕS : Y × Θ → Θ are such that for all ϑt|t−1 ∈ Θ there

exists d ≡ d(ϑt|t−1) > 0 : supy∈C ∥ψS(y, ϑt|t−1)∥2 ∨ ∥ψS(r, ϑt|t−1)∥2 < d.

Theorem 2. Let v : P → Q be a functional, and S : P × Y → R̄ a scoring rule that

is strictly locally proper with respect to (P , v). Let C ⊆ Y be measurable, r ∈ Y, and

S♭
C defined in Equation (5), with F♭

C,t|t−1 = Y ♭
C,t#Ft|t−1. Let Assumption 1, 3 and 4 hold,

EPtψS♭
C
(Yt, ϑt|t−1) ̸= 0 and P♭

C ⊆ P. Then ϕS♭
C
(yt, ϑt|t−1) = ϑt|t−1 − At|t−1ψS♭

C
(yt, ϑt|t−1) is a

PRADA update with respect to (P ,DS♭
C
, v ◦ ΠC), where D♭

SC
= DS if ΠC = id.
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3.4 Examples for unweighted scoring rules

The class of PRADA updates accommodates a wide range of strictly proper unweighted

scoring rules beyond the logarithmic score, which, as discussed in Section 3.3, is known

for its sensitivity to outliers. Departing from the logarithmic scoring rule can therefore

improve robustness, but also facilitates applicability to cases where only a distribution or

characteristic function is available. For a comparison with score-driven updates, however,

we generally assume the existence of a µt-density.

A family that nests the logarithmic scoring rule is the PseudoSpherical (PsSphS) family

ψPsSphSβ(yt, ϑt|t−1) = − 1

β − 1

(
ft|t−1(yt)

β−1

∥ft|t−1∥β−1
β

− 1

)
, β > 1,

where ∥f∥β := (
∫
Y f

βdµ)1/β denotes the Lβ-norm on (Y ,G), and the logarithmic scoring

rule is obtained as β ↓ 1. For all β > 1, the PseudoSpherical family is strictly proper with

respect to the class of densities Pβ, satisfying ∥f∥β <∞, for all f ∈ Pβ, and has divergence

DPsSphSβ(pt∥ft|t−1) = ∥pt∥β −
∫
Y ptf

β−1
t|t−1

dµt

∥ft|t−1∥
β−1
β

(Gneiting and Raftery 2007). The gradient reads

ψPsSphSβ(yt, ϑt|t−1) =
ft|t−1(yt)

β−1

∥ft|t−1∥β−1
β

(
s(yt, ϑt|t−1)− Ef̃β

t|t−1
s(Yt, ϑt|t−1)

)
,

which converges to s(yt, ϑt|t−1) as β ↓ 1 since Eft|t−1
s(Yt, ϑt|t−1) = 0. The corresponding

Hessian is provided in Appendix B.1, together with the analogous derivations for the Power

scoring rule.

Example 4. Consider the PseudoSpherical scoring rule with parameter β > 1 and recon-

sider the Gaussian location-scale model of Example 3. The implied gradient is

ψPsSphSβ(yt, ϑt|t−1) =

(
σt|t−1√
2π/β

)−β−1
β √

2πφ
(√

β − 1 zt

) − zt
σt|t−1

1
2
(1− z2t )− β−1

2β

 .

For any fixed β > 1 and γt|t−1 ∈ R, the exponential factor ensures that both the gradient and

Hessian are uniformly bounded in yt ∈ R. This contrasts with the logarithmic scoring rule
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(obtained as β ↓ 1), for which the gradient and Hessian are unbounded in the observation

(see Example 3). The PseudoSpherical scoring rule with β > 1 therefore yields a robust

alternative to the logarithmic scoring rule.

Figure 1 displays the marginal influence functions implied by the Gaussian location-

scale model (fixing either location or scale) in Examples 3 and 4. The figure compares

the PseudoSpherical scoring rule for several values of β > 1 with the logarithmic scoring

rule and CRPS, the latter discussed later in Example 5. Whereas the logarithmic scoring

rule produces unbounded responses for both mean and variance and is highly sensitive

to outliers, the PseudoSpherical scoring rule yields smooth and bounded gradients, with

robustness increasing in β.

Figure 1: Influence functions for the Gaussian location-scale model
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Influence function for the mean and log-variance in the Gaussian location-scale model
based on the scoring rules LogS, PsSphS and CRPS, discussed in Examples 3, 4 and 5,
respectively.

The Hyvärinen (2005) score provides another example closely related to the logarithmic

scoring rule. For Y = Rl, it is defined as

HS(ft|t−1, yt) := ∆y log ft|t−1(yt) +
1

2

∥∥∇y log ft|t−1(yt)
∥∥2
2
,
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where derivatives are now with respect to yt. The Hyvärinen score is strictly proper with

respect to the class of distributions whose densities ft|t−1(y) are twice continuously differen-

tiable in y and satisfy s(y, ϑt|t−1) → 0, as ∥y∥2 → ∞ (Parry et al. 2012, Sec. 2.5). Where the

logarithmic scoring rule depends only on the density through the outcome, the Hyvärinen

score only depends on the outcome through the first and second derivatives of the density;

hence referred to as local of order two (Parry et al. 2012; Ehm and Gneiting 2012). The

associated divergence reads DHS(pt∥ft|t−1) =
1
2
Ept∥∇y log pt(Yt)−∇y log ft|t−1(Yt)∥22, aiming

to match the y-score sy(yt, ϑt|t−1) := ∇y log f(yt|ϑt|t−1) of ft|t−1 with the y-score of the true

density pt.

The y-score matching objective of the Hyvärinen score is reflected by its gradient

ψHS(yt, ϑt|t−1) = ∆ys(yt, ϑt|t−1) +
(
∇ϑsy(yt, ϑt|t−1)

)⊤
sy(yt, ϑt|t−1), (6)

which penalizes misalignment between the current y-score and the parameter gradient of

the y-score. Importantly, the Laplacian term involves only second-order derivatives of the

score with respect to y ∈ Rl but not the score itself, which also extends to the Hessian

(see Appendix B.3). Because the Hyvärinen score is still local, now with respect to a

neighborhood of yt, rather than yt itself, updates are expected to be more robust than

those based on the logarithmic scoring rule, though not as robust as nonlocal scoring rules

that depend on a global norm (PsSphS) or are distance sensitive (CRPS); see De Punder

et al. (2025).

This general behavior is illustrated in the Gaussian location-scale model of Example 3,

where the Hyvärinen score induces an inverse-variance scaling proportional to 1/σ2
t|t−1,

dampening updates when the conditional variance is large. This enhances local robustness

but does not eliminate unboundedness, aligning its properties more with the logarithmic

score than with bounded alternatives such as the PsSphS and CRPS. Appendix E confirms

these results by presenting the implied gradient and Hessian for the Gaussian univariate

location-scale and the multivariate location model with fixed variance.
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Leaving the class of density-based scoring rules, the rich class of kernel scores (Gneiting

and Raftery 2007) generally remains applicable when only a distribution function is avail-

able. Their inherent distance-sensitivity, or at least, non-locality contributes to robustness

in the resulting updates (De Punder et al. 2025). Let ρ : Y × Y → R be a negative defi-

nite kernel, defined as a symmetric function satisfying
∑n

i=1

∑n
j=1 aiajρ(yi, yj) ≤ 0 for all

n ∈ N, a1, . . . , an ∈ R. Then Sρ(Ft|t−1, yt) := EFt|t−1
ρ(Xt, yt)− 1

2
EFt|t−1

ρ(Xt, X
′
t)− 1

2
ρ(yt, yt)

defines a kernel score with associated score divergence DSρ(Pt∥Ft|t−1) = EPt,Ft|t−1
ρ(Xt, Yt)−

1
2
EPtρ(Xt, X

′
t)− 1

2
EFt|t−1

ρ(Yt, Y
′
t ). The map DSρ is a divergence if Sρ is strictly proper, for

which different assumptions exist (Gneiting and Raftery 2007; Steinwart and Ziegel 2021).

Under mild conditions allowing interchanging integration and differentiation, we obtain

ψSρ(yt, ϑt|t−1) = EFt|t−1

[(
EFt|t−1

ρ(Xt, X
′
t)− ρ(Xt, yt)

)
s(Xt, ϑt|t−1)

]
, (7)

with details (including HSρ) deferred to Appendix B.4. Interestingly, the score operates

within the expectation and is scaled by the realized ρ-similarity with regard to its expected

value, both of which are helpful in robustifying the score-driven update. Indeed, while

scores are unbounded for many model specifications, the expected score is often bounded.

We consider an explicit example.

Example 5. Consider the CRPS, that is, Sρ1 with ρ1(y, y
′) = |y − y′|. For the Gaussian

case of Example 3, the CRPS simplifies to the expression provided by Gneiting and Raftery

(2007, p.367), which implies the gradient and Hessian

∇ϑCRPS =

1− 2Φ(zt)

σt|t−1φ̃(zt)

 , ∇2
ϑCRPS =

 2zt
σt|t−1

φ(zt) ztφ(zt)

ztφ(zt) 2σt|t−1 (z
2
tφ(zt) + φ̃(zt))

 ,

where zt = (yt − µt|t−1)/σt|t−1, φ(z) = 1/
√
2π exp(−z2/2), and φ̃(z) = φ(z) − 1/(2

√
π).

For any fixed γt|t−1 ∈ R, both the gradient and Hessian are uniformly bounded in yt ∈ R

and µt|t−1 ∈ R, since φ(z)zk is bounded ∀k ∈ N. As shown in Figure 1, the CRPS displays

winsorizing behavior in the mean component, smoothly approximating the Huber (1964) loss
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in this case (Gneiting and Raftery 2007, Sec. 9.1). This is in contrast with LogS, for which

the gradient and Hessian are unbounded in the observation.

3.5 Examples for weighted scoring rules

Section 3.3 introduced censoring as means to bound unweighted updates by applying a cen-

ter indicator function. Robustification of updates can also be achieved through continuous

weight functions, and the incorporation of other weight functions to emphasize different

regions of interest follows their applications in focused forecast evaluation. A first exam-

ple is the CSL by Diks et al. (2011), which is strictly locally proper with respect to v♭Rw

(Holzmann and Klar 2017), so that

ψLogS♭w
(yt, ϑt|t−1) = w(yt)s(yt, ϑt|t−1) +

(
1− w(yt)

)
EF♯

1−w
s(Yt, ϑt|t−1), (8)

yields a PRADA update, with dF♯
w := 1−w

F̄w
dFt|t−1. The first term scales the score by

the weight function, directly reducing the influence of extreme observations and allowing

emphasis on specific regions of interest. The second term, which inclusion ensures strict

local propriety, is generally bounded and therefore stabilizes the update when the raw score

becomes unbounded.

Censoring can also be applied recursively: since Theorem 2 already admits strictly

locally proper scoring rules such as the censored scoring rule itself, one may first emphasize

a region such as the left tail of the distribution, and then apply a second round of censoring

through the robustness operator ΠC as formalized in Theorem 2. For the Gaussian location-

scale model introduced in Example 3, censoring the logarithmic score yields analytical

expressions for both terms in Equation (8) from which the boundedness of EF♯
1−w

s(Yt, ϑt|t−1)

follows immediately (see Appendix E.2).

For general weight functions and unweighted scoring rules, De Punder et al. (2025,
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App. C) show that Equation (4) admits the compact form

S♭
w,H̄(Ft|t−1, yt) = EBw(yt),H̄S

(
F♭
t|t−1, Y

♭
t (yt, Zt, Qt)

)
,

accompanied with the censored random variable

Y ♭
t (yt, zt, qt) :=


yt, if zt = 1,

qt, if zt = 0,

where Zt|(Yt = yt) ∼ Bw(yt), the Bernoulli distribution with probability of success w(yt).

Censored equivalents of gradients are then easily derived. For instance, the kernel score

PRADA update with gradient (7) becomes

ψS♭
ρ
(yt, ϑt|t−1) = EBw(yt),H̄EF♭

t|t−1

[(
EF♭

t|t−1

[
ρ(Xt, X

′
t)
]
− ρ(Xt, Y

♭
t )
)
s(Xt, ϑt|t−1)

]
,

where the expectations over Xt, X
′
t are with respect to F♭

w,H̄
, whereas the outer integral

is with respect to Zt|(Yt = yt) ∼ Bw(yt) and Qt ∼ H̄, conditional on the realization yt.

The same structure applies to the Hessian in Appendix B.4. For the nuisance distribution

H̄, De Punder et al. (2025) recommends a convex combination of Dirac measures at the

pivotal points of the weight function; e.g. H̄ = γδr1 +(1− γ)δr2 for w1(y) = 1[r1,r2](y), with

γ ∈ [0, 1].

As mentioned above, a key advantage of the censoring procedure is the preservation

of the underlying divergence measure. Updating rules implied by S♭
w,H̄

, which allow for

PRADA updates with respect to (P ,DS♭
w,H̄
v♭Rw

) by Corollary 1, are directly interpretable

through the unweighted divergence DS. For example, the updates based on ψS♭
ρ
, reduce

the local divergence DS♭
ρ
(Pt∥Ft|t−1) = EP♭

t,F
♭
t|t−1

ρ(Xt, Yt)− 1
2
EP♭

t
ρ(Xt, X

′
t)− 1

2
EF♭

t|t−1
ρ(Yt, Y

′
t ),

which follows directly from the expression for DSρ given in Section 3.4.

Generalized censoring through Dirac measures is infeasible for the Hyvärinen score,

which requires twice continuous differentiability. Instead, consider a continuous distribution

H̄ on Rl, with continuous density h̄. Assumption 1 in De Punder et al. (2025) is satisfied if H̄
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assigns positive probability to a measurable subset of the outcome space where w(y)f(y) =

0. Under this condition, the censored Hyvärinen score is strictly locally proper with respect

to v♭Rw
. Hence, its gradient

ψHS♭
w,h̄

(yt, ϑt|t−1)

= w̄(yt)
(
∆ys(yt, ϑt|t−1) + w̄(yt)∇ys(yt, ϑt|t−1)

(
sy(yt, ϑt|t−1) + swy (yt)

))
+ w̄(yt)

(
1− w̄(yt)

)
Ξ(yt, ϑt|t−1),

facilitates a PRADA update, where

Ξ(yt, ϑt|t−1) ≡ Ξ
(
sy(yt, ϑt|t−1),∇ys(yt, ϑt|t−1), s

w
y (yt), s

h̄
y(yt), d

♯
s(yt, ϑt|t−1), w̄(yt)

)
,

w̄(yt) := w(yt)ft|t−1(yt)/f
♭
t|t−1(yt), d

♯
s(yt, ϑt|t−1) := s(yt, ϑt|t−1) − Ef♯

t|t−1
s(Yt, ϑt|t−1), s

w
y :=

∇y logw and sh̄y := ∇y log h̄; see Appendix C.3 for further details.

The censored Hyvärinen scoring rule only depends on the score in deviation from the

conditional expectation of the score. The latter is a consequence of the censoring procedure,

similar to the additional dependence on w̄(yt) ∈ (0, 1), swy (yt) and sh̄y(yt) relative to the

unweighted gradient (6). The dependence on the score and sh̄y(yt) vanish if w̄(yt)
(
1 −

w̄(yt)
)
= 0 for all yt ∈ Rl. In that case, the censored Hyvärinen score depends on the

nuisance density only through the weight function w̄(yt). This condition would be trivially

satisfied for indicator weight functions, but these are differentiable only for almost every

yt ∈ Rl. Although the Hyvärinen score could, in principle, be extended to accommodate

weak derivatives, it is often more convenient to use smooth approximations of indicators.

An example is provided in Appendix E.3, illustrating how the contribution to the gradient

through Ξ vanishes as the smooth approximation approaches the indicator function.

We next discuss some alternative localization methods. The threshold-weighted CRPS

(twCRPS) of Gneiting and Ranjan (2011) is strictly locally proper with respect to v♭w1

for one-sided indicator functions (Holzmann and Klar 2017, Theorem 4) but not for

w1(yt) = 1R1(yt), where R1 = [r1, r2], rendering the twCRPS non-localizing (Pelenis 2014).
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Consequently DS♭
ρ1

is not a local divergence with respect to v♭w1
. As indicated by De Punder

et al. (2025, App. E.4), the twCRPS can be formulated by the winsorizing functional

v♮w1
#Ft|t−1(E) := Ft|t−1(E ∩R1) + Ft|t−1

(
(Rc

1)1
)
δr1(E) + Ft|t−1

(
(Rc

1)2
)
δr2(E),

∀E ∈ G, where (Rc
1)1 = (−∞, r1] and (Rc

1)2 = [r2,∞). Specifically,

twCRPSw1(Ft|t−1, yt) = EF♮
t|t−1

∣∣Xt − y♮t
∣∣− 1

2
EF♮

t|t−1
|Xt −X ′

t| ,

where y♮t = yt1[r1,r2](yt) + r11(−∞,r1)(yt) + r21(r2,∞)(yt) and F♮
t|t−1 := v♮w1

#Ft|t−1, is strictly

locally proper with respect to (P , v♮w1
). Rewriting the twCRPS in this way clarifies why it is

non-localizing with respect to v♭w1
(F): equality v♮w1

(P) = v♮w1
(F) is not implied by v♭w1

(P) =

v♭w1
(F) since the former requires knowledge of the individual F

(
(Rc

1)1
)
and F

(
(Rc

1)2
)
.

A related example is the dynamic Tobit model of Harvey and Liao (2023), which is a

score-driven model based on the winsorized likelihood

f ♮
w1
(yt) = ft|t−1(yt)

1[r1,r2]
(yt)Ft|t−1(r1)

1(−∞,r1)
(yt)(1− Ft|t−1(r2)

)1(r2,∞)(yt), yt ∈ R,

corresponding to Equation (2) in Harvey and Liao (2023). The same reasoning extends to

other scoring rules, that is, S♮
w1

: P × R → R̄, defined by S(Ft|t−1, yt) := S(F♮
t|t−1, y

♮
t) is

strictly locally proper with respect to v♮w1
, if S : P♮

w1
×R → R̄, where P♮

w1
:= {F♮

w1
,F ∈ P},

denotes a scoring rule and F(R1) < 1, ∀F ∈ P , with P defined on (R,B(R)).

While winsorizing arguably retains too much information of the distribution, condition-

ing may retain too little (De Punder et al. 2025). In particular, the conditional scoring rule

Sw(F
♯
t|t−1, yt) = w(yt)S(F

♯
t|t−1, yt) is strictly locally proper with respect to the conditioning

functional v♯Rw
#F(E) = F(E)/F(Rw), ∀E ∈ G♯

Rw
:= G|Rw , provided that F(Rw) > 0. This

result follows directly from Theorem 1 in Holzmann and Klar (2017).

In the context of kernel scores, Allen et al. (2023) also adopt a functional perspective by

transforming unweighted kernel scores based on a kernel ρ(y, y′) through so-called chaining

functions ū : Y → Y . They characterize chaining functions for which the transformed
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kernel score ρv̄(y, y
′) := ρ

(
ū(y), ū(y′)

)
preserves strict local propriety relative to v̄; see e.g.,

Propositions 4.3 to 4.5. However, constructing chaining functions that are both localizing

and maintain strict propriety, proves difficult beyond the censoring transformation.

4 Implications for scoring functions

A particularly relevant subclass of the general results in Section 3 arises when the underlying

scoring rule depends on the predictive distribution only through an elicitable functional,

which may itself be adapted to Ft−1, although this dependence is implicit in the notation.

The class of PRADA updates encompasses such cases, corresponding to scoring functions

ℓ : Y × Y → R̄ that are strictly consistent with respect to some elicitable functional

u : P → Y . This follows from their equivalent formulation Sℓ(Ft|t−1, yt) = ℓ(u(Ft|t−1), yt),

where strict consistency with respect to (P , u) is equivalent to strict local propriety with

respect to (P , u).

A key implication of this formulation is that the scoring rule depends on Ft|t−1 only

through

ϑt|t−1 = u(Ft|t−1). (9)

Hence, no parametric specification is required for constructing PRADA updates derived

from scoring functions (see Example 1). Appendix F clarifies why the strict consistency

requirement in this argument is essential: replacing the scoring function by a loss that is

not strictly consistent for the intended functional u may still yield reduction of the induced

score divergence, but generally targets the corresponding Bayes-act functional rather than

u(Pt). Moreover, given Equation (9), the link to strict consistency in Gneiting (2011) as

discussed in Section 2.1 becomes immediate:

EPtSℓ(Ft|t−1, Yt)− EPtSℓ(Pt|t−1, Yt) = EPtℓ(ϑt|t−1, Yt)− EPtℓ(ϑt, Yt) ≥ 0,

∀ϑt|t−1 ∈ Θ, with equality if and only if ϑt|t−1 = u(Pt) =: ϑt, ∀ϑt|t−1 ∈ Θ,Pt ∈ P .
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For the mean functional u1(·) = E(·)[Yt] in Example 1, a PRADA update can be con-

structed without specifying Ft|t−1, since all aspects of Ft|t−1 other than its mean are ab-

sorbed by u1. The corresponding scoring function ℓ1(ϑ, y) = (ϑ− y)2, yields the gradient

ψSℓ1
(yt, ϑt|t−1) = ∇ϑℓ1(ϑt|t−1, yt) = −2(yt − ϑt|t−1),

which is proportional to the conditional mean update in the Gaussian location-scale model

in Example 3 with fixed variance, where ℓ1 appears in the exponent of the Gaussian likeli-

hood.

This functional PRADA formulation nests classical models such as Autoregressive Mov-

ing Average (ARMA) for the conditional mean and the Autoregressive Conditional Het-

eroscedasticity (ARCH) and Generalized ARCH (GARCH) model for the conditional vari-

ance (Engle 1982; Bollerslev 1986). The next section discusses more recent examples of

strictly consistent scoring functions.

4.1 Examples for scoring functions

In financial risk management, the VaRβ and Expected Shortfall (ESβ) functional are of

particular interest due to the regulatory requirements set by the Third Basel Accord (Basel

Committee, 2010). As demonstrated by Fissler and Ziegel (2016), the VaRβ and ESβ are

jointly elicitable under the class of strictly consistent scoring functions defined in their

Equation (5.5). Patton et al. (2019, Prop. 1) show that imposing the restriction

ℓFZ0,β(ϑt|t−1, yt) := −ϑ1,t|t−1 − yt
βϑ2,t|t−1

1{yt≤ϑ1,t|t−1} +
ϑ1,t|t−1

ϑ2,t|t−1

+ log(−ϑ2,t|t−1)− 1

ensures that the loss difference is homogeneous of degree zero, provided that ϑ1,t|t−1 =

VaRβ,t|t−1 < 0 and ϑ2,t|t−1 = ESβ,t|t−1 < 0, which is typically satisfied in risk management

settings. Patton et al. (2019) then apply a score-driven modeling approach, for instance

by assuming continuous distributions to avoid differentiability issues, to arrive at their

updating equation for the VaRβ and ESβ tuple, which coincides with canonical PRADA(1,1)

32



update in Equation (3) implied by ℓFZ0,β, with At|t−1 = AH̃−1
t|t−1, where H̃t|t−1 denotes an

Ft−1-measurable scaling matrix related to the Hessian; see Equations (13) and (14) in

Patton et al. (2019).

There also exist loss functions corresponding to interpolated functionals. An example

from robust estimation is the Huber (1964) loss which is strictly consistent for its own

functional, interpolating between the mean and the median. In analogy to ℓFZ0,β, the Huber

loss is twice continuously differentiable for Pt-almost every yt for continuous distributions,

thereby satisfying Assumption 1. Its derivative

ψHuber,κ(yt, ϑt|t−1) = −


yt − ϑt|t−1, |yt − ϑt|t−1| ≤ κ,

κ sgn(yt − ϑt|t−1), |yt − ϑt|t−1| > κ,

is Huber’s (1964) classical ψ-function, which is clearly winsorizing. For a fixed variance,

the CRPS-based update in Example 5 yields a smoothed version of ψHuber,κ, as illustrated

in Figure 1a, aligning with the observation by Gneiting and Raftery (2007, Sec. 9.1).

Smoothed analogues have also been proposed more generally. For instance, the Barron

(2019) loss is infinitely differentiable in ϑt|t−1 and its tuning parameters γ1 and γ2, with

gradient

ψBarron,γ1,γ2(yt, ϑt|t−1) =



−(yt − ϑt|t−1)

γ22
, γ1 = 2,

− 2(yt − ϑt|t−1)

(yt − ϑt|t−1)2 + 2γ22
, γ1 = 0,

−(yt − ϑt|t−1)

γ22
exp
(
−1

2

(
yt−ϑt|t−1

γ2

)2)
, γ1 = −∞,

−(yt − ϑt|t−1)

γ22

(
(yt−ϑt|t−1)

2

γ2
2 |γ1−2| + 1

) γ1
2
−1

, otherwise.

Similar to the Huber loss, the Barron loss nests consistent scoring functions for the mean

(γ1 = 2) and median (γ1 = 1), and becomes equivalent to the local-mode finding loss of

Van den Boomgaard and Van de Weijer (2002) for γ1 = −∞, though the mode itself is not

elicitable (Heinrich 2014; Heinrich-Mertsching and Fissler 2022).
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The Huber ψ arises naturally in the context of Z-estimation (Van der Vaart 1998, p. 43),

the online analogue of which is discussed in the following section.

4.2 Updates based on identification functions

For parametric models, Fissler and Ziegel (2016) note that elicitability enables M-

estimation (Huber 1964). Indeed, strict local propriety of Sℓ with respect to u(Ft|t−1) =

ϑt|t−1 mirrors to the classical identifiability assumption of the true parameter ϑt ∈ Θ in

M -estimation; see, e.g., Van der Vaart (1998, Theorem 5.7). Under sufficient smooth-

ness conditions, the extremum problem of M -estimation corresponds to Z-estimation, e.g.,

EPt [ϑt|t−1 − Yt] = 0 for the mean. The function V1(ϑ, y) = (ϑ − y) then serves as an

identification function for the mean functional u1 (Gneiting and Ranjan 2011; Fissler and

Ziegel 2016), and EPtV1(ϑt|t−1, Yt) = 0 constitutes a moment condition, as in the generalized

method of moments framework of Hansen (1982).

Definition 7. Consider a functional u : P → Θ. A function V : Θ × Y → Rk is called

a strict identification function with respect to (P , u) if EPtV (ϑt|t−1, Yt) = 0, if and only if

ϑt|t−1 = u(Pt), for all Pt ∈ P.

Identification functions are not unique. Any function V1 ∈ {Vc(y, ϑ) : c ∈ R\{0}},

where V1,c(y, ϑ) := c(y − ϑ) is also a strict identification function for the mean. According

to Osband’s principle for identification functions (Dimitriadis et al. 2024, Theorem 4),

this set is complete. More generally, any strict identification V (ϑ, y) is unique only up to

pre-multiplication with an invertible matrix-valued function h̄ : Θ → Rk×k, as established

under the regularity conditions in Dimitriadis et al. (2024).

The restriction to strict identification functions relates to the identifiability assump-

tion of the true parameter (functional) ϑt ∈ Θ within Z-estimation (Van der Vaart 1998,

Theorem 5.9). We now turn to an online analogue of Z-estimation, directly using the

identification function. The circumvention of an explicit scoring function is feasible via Os-
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band’s principle (Fissler and Ziegel 2016, Theorem 3.2), for which we require the following

regularity conditions.

Assumption 5. The scoring function ℓ and identification function V satisfy

(i) For every ϑ ∈ int(Θ), there are Pt,1, . . . , Pt,k+1 ∈ P such that

0 ∈ int
(
conv

(
EPt,1V (ϑ, Yt), . . . ,EPt,k+1

V (ϑ, Yt)
))
.

(ii) For every Pt ∈ P, the function ϑ 7→ EPtℓ(ϑ, Yt) is continuously differentiable on Θ.

(iii) Differentiation and integration can be interchanged, that is, ∇ϑEPtℓ(ϑ, Yt) =

EPt∇ϑℓ(ϑ, Yt), for all ϑ ∈ Θ.

The first condition is a standard richness assumption corresponding to Assumption V1

in Fissler and Ziegel (2016) and Assumption 1 in Dimitriadis et al. (2024), and the second

condition corresponds to Assumption S1 in Fissler and Ziegel (2016). The third condition

is an additional smoothness condition to verify expected gradient alignment of the update.

Given Assumption 5, Osband’s principle roughly states that a scoring function ℓ that

is strictly consistent with respect to (P , u) and a function V that is a strict identification

function with respect to (P , u) relate as

EPtψSℓ
(Yt, ϑt|t−1) = h(ϑt|t−1)EPtV (Yt, ϑt|t−1), ∀ϑt|t−1 ∈ Θ, (10)

for some matrix-valued function h : Θ → Rk×k. Under further smoothness conditions,

Fissler and Ziegel (2016, Prop. 3.4) additionally establish a pointwise correspondence.

However, the level of expected scores is already sufficient to obtain an equivalent con-

dition for expected gradient alignment of an updating rule ϕ. Specifically, ϕ is EGA for Sℓ

at ϑt|t−1 ∈ Θ if and only if

EPt [V (Yt, ϑt|t−1)]
⊤h(ϑt|t−1)

⊤EPt∆ϕ(Yt, ϑt|t−1) < 0. (11)
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For elicitable and identifiable functionals u, with strict identification function V , the ex-

istence of a strictly consistent scoring function ℓ can therefore already be sufficient for a

PRADA update, without knowledge of the explicit functional form of ℓ.

Corollary 3. Consider a functional u : P → Θ. Let ℓ : Θ×Y → R̄ be a strictly consistent

scoring function with respect to (P , u), and V : Θ×Y → Rk a strict identification function

with respect to (P , u). Suppose that Assumption 1, 2 and 5 hold. Let h : Θ → Rk×k be

the function given in Equation (10). Assume EPtV (ϑt|t−1, Yt) ̸= 0 and h(ϑt|t−1) ̸= 0. Then

ϕV (yt, ϑt|t−1) := ϑt|t−1 − At|t−1V (ϑt|t−1, yt) is a PRADA update with respect to (P ,DSℓ
, u)

for all At|t−1 such that h(ϑt|t−1)
⊤At|t−1 ≻ Ok, for all ϑt|t−1 ∈ Θ.

If h(ϑt|t−1) ≻ (≺) Ok for all ϑt|t−1 ∈ Θ, the restriction on At|t−1 is satisfied, for instance,

if At|t−1 = αIk, where α > (<) 0 and At|t−1 = Ah(ϑt|t−1), where A ≻ Ok. We give an

example for each case, where P1 denotes a class of distributions on (R,B(R)) with strictly

increasing and continuous distribution functions.

Example 6. Consider the mean functional u1(·) = E(·)Yt on P1, with strict identification

function V1(ϑ, y) = y− ϑ and strict consistent scoring function ℓ1(y, ϑ) = (y− ϑ)2. Corre-

spondingly, h(y) = 2, and hence ϕV1(yt, ϑt|t−1) = ϑt|t−1 +α(yt − ϑt|t−1) is a PRADA update

with respect to (P1,DSℓ1
, u1).

Example 7. For the quantile functional u2,β(·) = qβ(·), where β ∈ (0, 1) on P1, the

function V2,β(ϑ, y) = 1{y≤ϑ} − β is a strict identification function, and ℓ2,β(y, ϑ) =

(y − ϑ)
(
β − 1y≤ϑ

)
a strictly consistent scoring function. Hence, Equation (10) holds with

h(ϑ) = −1 and ϕV2,β
(yt, ϑt|t−1) = ϑt|t−1 + α

(
1{yt≤ϑ} − β

)
is a PRADA update with respect

to (P1,DSℓ2,β
, u2,β).

Examples 6 and 7 illustrate that for univariate functionals, only the sign of h(y) mat-

ters, which is implied by the chosen orientation of the identification function; e.g., the

identification function −V2,β in Example 7 implies a positive h(y). Hence, by fixing the
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orientation of the identification function, we obtain an identification-based PRADA update

where the specific h and ℓ are implicit by Osband’s principle. For d = 1 and k = 1, an

identification is oriented if EPtV (ϑ, Yt) > 0 if and only if ϑ > ϑt|t−1, for all ϑt|t−1 ∈ Θ,

ϑ ∈ Θ; see Fissler and Ziegel (2016, Rem. 4.1).

Proposition 1 formalizes such identification-based updates for a vector of univariate

functionals, by which PRADA updates for the mean and β-quantiles follow directly. Propo-

sition 1 considers the ratio of expectations functional. We first introduce some additional

regularity, required for Propositions 4.2 and 4.4 of Fissler and Ziegel (2016), on which

Propositions 1 and 2 are built, respectively.

Assumption 6. For every Pt ∈ P, the function ϑ 7→ EPtℓ(ϑ, Yt) is twice continuously

differentiable on Θ with a gradient that is locally Lipschitz continuous, and ϑ 7→ EPtV (ϑ, Yt)

is continuously differentiable on Θ.

Assumption 7. For all r ∈ {1, . . . , k} and for all ϑt ∈ Θ there are Pt,P
′
t ∈ u−1({ϑt})

such that ∇ϑj
EPtVj(ϑt, Yt) = ∇ϑj

EP′
t
Vj(ϑt, Yt),∀j ∈ {1, . . . , k}\{r} and ∇ϑrEPtVr(ϑt, Yt) ̸=

∇ϑrEP′
t
Vr(ϑt, Yt).

Proposition 1. Let Θ = Θ1 × . . . × Θk, um : P → Θm ⊆ R be surjective, elicitable and

identifiable functionals, and Vm : Θm × Y → R the associated oriented strict identifica-

tion function with respect to (P , um). Define u = (u1, . . . , um) and V : Θ × R → Rk by

V (ϑt|t−1, yt) =
(
V1(ϑ1,t|t−1, yt), . . . , Vk(ϑk,t|t−1, yt)

)⊤
. Suppose that Assumptions 1, 2, 5, 6

and 7 hold. Then ϕV (yt, ϑt|t−1) := ϑt|t−1 − At|t−1V (ϑt|t−1, yt) is a PRADA update with re-

spect to (P ,DSℓ
, u) for all diagonal At|t−1 ≻ Ok, for some scoring function ℓ : Θ× Y → R̄

that is strictly consistent with respect to (P , u).

Proposition 2. Let u : P → Θ, be defined by u(·) := E(·)[a(Yt)]/E(·)[b(Yt)], where a :

Y → Rk and b : Y → R are Pt-integrable functions, with EPt [b(Yt)] > 0, for all Pt ∈ P.

Define V : Θ × Y → Rk, V (ϑ, y) = b(y)ϑ − a(y). Moreover, let ℓ : Θ × Y → R be a
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strictly consistent scoring function with respect to (P , u). Suppose that Assumptions 1, 2,

and 5 hold. Then ϕV (yt, ϑt|t−1) = ϑt|t−1−αV (ϑt|t−1, yt) is a PRADA update with respect to

(P ,DSℓ
, u) for all α > 0, for some scoring function ℓ : Θ×Y → R̄ that is strictly consistent

with respect to (P , u).

For first order elicitable functionals such as the mean, Value-at-Risk and expectiles,

Proposition 1 directly facilitates PRADA updates. For second order elicitable functionals

such as those discussed by Dimitriadis et al. (2024), or more general multivariate function-

als, the correspondence to identification functions is substantially more involved. As noted

by Fissler and Ziegel (2016), such relations are best examined on a case-by-case basis.

5 Conclusion

This paper formalizes PRADA updates as the class of derivative-adaptive rules that, by

construction, reduce a local divergence with respect to a prespecified functional. As a

result, not all QSD updates are PRADA. QSD breaks the connection between the model-

implied distribution and the updating direction, achieving divergence reductions only under

additional alignment conditions that may not hold in practice. PRADA updates restore

this link by tying the update to a strictly locally proper scoring rule or a strictly consistent

scoring function, thereby ensuring movement toward the truth within a given local diver-

gence space. PRADA updates accommodate robustness through weighted, for instance

censored, scoring rules and include unweighted alternatives such as the PseudoSpherical,

Hyvärinen, and kernel scores. These constructions retain interpretability because censor-

ing preserves the associated unweighted divergence. Identification function representations

further connect PRADA to online Z-estimation for elicitable functionals. With the intro-

duction of PRADA updating rules, we provide a principled blueprint for dynamic updating:

specify the target functional and its strictly proper or strictly consistent loss, derive the

corresponding PRADA update, and inherit guaranteed divergence-reducing behavior.
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Appendix

A Proofs of the main results

A.1 Proof of Theorem 1

Proof. We follow the structure of the argument in Appendix A of De Punder et al. (2026),

which relies on the following exact Taylor expansion. For any fixed y1, y2 ∈ Y , we apply

the path-integral version of the Mean Value Theorem to S(Fϑκ
t|t(y2)

, y1) at ϑt|t−1 to obtain

S(Fϑκ
t|t(y2)

, y1) = S(Ft|t−1, y1) + ψS(y1, ϑt|t−1)
(
ϑκ
t|t(y2)− ϑt|t−1

)
+

1

2

(
ϑκ
t|t(y2)− ϑt|t−1

)⊤
H̃S(y1, y2, ϑt|t−1)

(
ϑκ
t|t(y2)− ϑt|t−1

)
,

where H̃S(y1, y2, ϑt|t−1) :=
∫ 1

0
(1 − u)HS

(
y1, uϑt|t−1 + (1 − u)ϑκ

t|t(y2)
)
du, with ϑ̃κ

u(y2) :=

uϑt|t−1 + (1 − u)ϑκ
t|t(y2) is on the line between ϑt|t−1 and ϑκ

t|t(y2), for all u ∈ [0, 1] and

y2 ∈ Y .

Then, by exploiting the independent copy assumption in Definition 3, we obtain

∆D†
S(ϕκ)

= EPtD
†
S(Pt∥Fκ

t|t)− EPtD
†
S(Pt∥Ft|t−1)

=

∫
Y2

(
S(Fϑκ

t|t(y2)
, y1)− S(Ft|t−1, y1)

)
P⊗2
t (dy1, dy2)

=

∫
Y2

ψS(y1, ϑt|t−1)
⊤(ϑκ

t|t(y2)− ϑt|t−1

)
P⊗2
t (dy1, dy2)

+
1

2

∫
Y2

(
ϑκ
t|t(y2)− ϑt|t−1

)⊤
H̃S(y1, y2, ϑt|t−1)

(
ϑκ
t|t(y2)− ϑt|t−1

)
P⊗2
t (dy1, dy2)

= κ

∫
Y2

ψS(y1, ϑt|t−1)
⊤(ϕ(y2, ϑt|t−1)− ϑt|t−1

)
P⊗2
t (dy1, dy2) +

κ2

2
I1

= κ

(∫
Y
ψS(y1, ϑt|t−1)Pt(dy1)

)⊤ ∫
Y
∆ϕ(y2, ϑt|t−1)Pt(dy2) +O(κ2)

= κEPt

(
ψS(Yt, ϑt|t−1)

)⊤EPt∆ϕ(Yt, ϑt|t−1) +O(κ2),

1



as κ ↓ 0, where P⊗2
t := Pt ⊗ Pt denotes the product measure on (Y2,G ⊗ G), where

Y2 := Y × Y , and

I1 :=

∫
Y2

(
∆ϕ(y2, ϑt|t−1)

)⊤
H̃S(y1, y2, ϑt|t−1)∆ϕ(y2, ϑt|t−1)P

⊗2
t (dy1, dy2).

The factorization of the product measure is verified as follows. First, Assumption 1 implies

EPt

∥∥∆ϕ(Yt, ϑt|t−1)
∥∥
2
<∞. Together with EPt

∥∥∆ϕ(Yt, ϑt|t−1)
∥∥
2
<∞, which is also implied

by Assumption 1, the integrand is absolutely integrable on (Y2,G⊗G). Therefore, Fubini’s

theorem applies, and the product measure factorization follows.

We now invoke Assumption 2, by which there exists a constant 0 < c <∞ such that

sup
ϑ∈Θ

∫
Y
∥HS(y1, ϑ)∥2 Pt(dy1) ≤ c,

and hence

|I1|

=

∣∣∣∣∫
Y2

(
ϕ(y2, ϑt|t−1)− ϑt|t−1

)⊤
H̃S(y1, y2, ϑt|t−1)

(
ϕ(y2, ϑt|t−1)− ϑt|t−1

)
P⊗2
t (dy1, dy2)

∣∣∣∣
≤
∫
Y2

∣∣∣(∆ϕ(y2, ϑt|t−1)
)⊤
H̃S(y1, y2, ϑt|t−1)∆ϕ(y2, ϑt|t−1)

∣∣∣P⊗2
t (dy1, dy2)

≤
∫
Y2

∥∥∆ϕ(y2, ϑt|t−1)
∥∥
2

∥∥∥H̃S(y1, y2, ϑt|t−1)∆ϕ(y2, ϑt|t−1)
∥∥∥
2
P⊗2
t (dy1, dy2)

≤
∫
Y2

∥∥H̃S(y1, y2, ϑt|t−1)
∥∥
2

∥∥∆ϕ(y2, ϑt|t−1)
∥∥2
2
P⊗2
t (dy1, dy2)

≤ 1

2
sup
ϑ∈Θ

∫
Y
∥HS(y1, ϑ)∥2 Pt(dy1)

∫
Y

∥∥∆ϕ(y2, ϑt|t−1)
∥∥2
2
Pt(dy2)

≤ c

2
EPt

∥∥∆ϕ(Yt, ϑt|t−1)
∥∥2
2

<∞.

Here, the first inequality follows from the triangle inequality, the second inequality from

Cauchy-Schwarz, the third inequality by definition of the operator norm, the fourth inequal-

ity from the triangle inequality, the linearity of the integral and a simplification origination
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from the independent copy assumption in Definition 3, the fifth inequality by Assumption 2,

and the last inequality by Assumption 1, specifically EPt∥∆ϕ(Yt, ϑt|t−1)∥22 <∞.

If Assumption 2 does not hold, but Assumption 3 still holds, we verify the boundedness

of I1 for bounded updates. This can be verified in a spirit similar to the proof of Theorem 2

in Appendix A of De Punder et al. (2026). Specifically, fixing ϑt|t−1 ∈ Θ, let d ≡ d(ϑt|t−1)

be a constant such that
∥∥∆ϕ(Yt, ϑt|t−1)

∥∥
2
< d. Then, we can choose κ ∈ (0, r/d) such that

ϑκ
t|t(Yt) ∈ B̃r(ϑt|t−1) a.s. and hence, by the convexity of B̃r(ϑt|t−1) also ϑ̃

κ
u = uϑt|t−1 + (1−

u)ϑκ
t|t(y2) ∈ B̃r(ϑt|t−1), for all u ∈ [0, 1]. Therefore,

|I1| ≤
1

2
sup

ϑ∈B̃r(ϑt|t−1)

∫
Y
∥HS(y1, ϑ)∥2 Pt(dy1)

∫
Y

∥∥∆ϕ(y2, ϑt|t−1)
∥∥2
2
Pt(dy2)

≤ c̃

2
EPt

∥∥∆ϕ(Yt, ϑt|t−1)
∥∥2
2

<∞,

where 0 < c̃ < ∞ is a constant such that supϑ∈B̃r(ϑt|t−1)

∫
Y ∥HS(y1, ϑ)∥2 Pt(dy1) ≤ c̃, as-

sumed to exist by Assumption 3. Hence, I1 is also bounded for bounded updates under

Assumption 3.

Following the proof of Theorem 1 in Appendix A of De Punder et al. (2026), we next

consider the product of ∆D†
S(ϕκ) and EPt

(
ψS(Yt, ϑt|t−1)

)⊤EPt∆ϕ(Yt, ϑt|t−1), that is,

∆D†
S(ϕκ)EPt

(
ψS(Yt, ϑt|t−1)

)⊤EPt∆ϕ(Yt, ϑt|t−1)

= κ
(
EPt

(
ψS(Yt, ϑt|t−1)

)⊤EPt∆ϕ(Yt, ϑt|t−1)
)2

+O(κ2),

(A.1)

as κ ↓ 0 since EPt

(
ψS(Yt, ϑt|t−1)

)⊤EPt∆ϕ(Yt, ϑt|t−1) < ∞ by assumption, given that

EPt∆ϕ(Yt, ϑt|t−1) <∞ is implied by EPt∥∆ϕ(Yt, ϑt|t−1)∥22 <∞.

To formally complete the proof, we start with the =⇒ direction. Suppose that there

exists a κ̄ > 0 such that ∆D†
S(ϕκ) < 0 for all κ ∈ (0, κ̄]. Then, by Equation (A.1), there

3



exists a κ̃ > 0 such that 0 < κ̃ ≤ κ̄:

∆D†
S(ϕκ̃)EPt

(
ψS(Yt, ϑt|t−1)

)⊤EPt∆ϕ(Yt, ϑt|t−1) > 0

and hence EPt

(
ψS(Yt, ϑt|t−1)

)⊤EPt∆ϕ(Yt, ϑt|t−1) < 0 because EPt

(
ψS(Yt, ϑt|t−1)

)
and

EPt∆ϕ(Yt, ϑt|t−1) are both non-zero by condition (ND), and ∆D†
S(ϕκ̃) < 0, particularly

for κ̃.

For the ⇐= direction, assume EPt

(
ψS(Yt, ϑt|t−1)

)⊤EPt∆ϕ(Yt, ϑt|t−1) < 0. By Equa-

tion (A.1), there exists a κ̄ > 0 such that

∆D†
S(ϕκ)EPt

(
ψS(Yt, ϑt|t−1)

)⊤EPt∆ϕ(Yt, ϑt|t−1) > 0,

for all κ ∈ (0, κ̄]. Since EPt

(
ψS(Yt, ϑt|t−1)

)⊤EPt∆ϕ(Yt, ϑt|t−1) is assumed to be negative, it

follows that ∆D†
S(ϕκ) < 0 for all κ ∈ (0, κ̄].

A.2 Proof of Corollary 1

Proof. The update ϕS(yt, ϑt|t−1) = ϑt|t−1 − At|t−1ψS(yt, ϑt|t−1) is EGA for S at ϑt|t−1 ∈ Θ

since

(
EPtψS(Yt, ϑt|t−1)

)⊤EPt∆ϕS(Yt, ϑt|t−1)

= −
(
EPtψS(Yt, ϑt|t−1)

)⊤
At|t−1EPtψS(Yt, ϑt|t−1) < 0,

using that EPtψS(Yt, ϑt|t−1) is non-zero by assumption and At|t−1 ≻ Ok. Hence, by

Theorem 1, specifically the “ ⇐= ” implication, there exists κ̄ > 0 such that for all

κ ∈ (0, κ̄] it holds that ∆D†
S(ϕS,κ) < 0, ∀ϑt|t−1,Pt ∈ P . Moreover, since S is as-

sumed to be strictly locally proper with respect to (P , T ), the expected score differ-

ence D†
S(Pt∥Ft|t−1) = EPtS(Pt, Yt) − EPtS(Ft|t−1, Yt) is a local divergence with respect to

(P , T ), i.e. D†
S = DS. Therefore, the updating rule ϕS(yt, ϑt|t−1) is PRADA with respect

to (P ,DS, T ).
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A.3 Proof of Corollary 2

Consider the update ϕλ(yt, ϑt|t−1) = ϑt|t−1−At|t−1λ(yt, ϑt|t−1). By Theorem 1, ϕλ is PRADA

with respect to (P ,DS, T ) if, and only if,

(
EPtψS(Yt, ϑt|t−1)

)⊤EPt∆ϕλ(Yt, ϑt|t−1) < 0,

that is, if and only if,

(
EPtψS(Yt, ϑt|t−1)

)⊤
At|t−1EPtλ(Yt, ϑt|t−1) > 0.

Since At|t−1 ≻ Ok, ⟨x1, x2⟩At|t−1
:= x⊤1 At|t−1x2 defines an inner product on Rk. Hence the

inequality is equivalent to

⟨EPtψS(Yt, ϑt|t−1),EPtλ(Yt, ϑt|t−1)⟩At|t−1
> 0.

By assumption, EPtψS(Yt, ϑt|t−1) ̸= 0. Therefore, EPtλ(Yt, ϑt|t−1) must be a vector that

lives in the subspace

H+
At|t−1

:=
{
x ∈ Rk : ⟨EPtψS(Yt, ϑt|t−1), x⟩At|t−1

> 0
}
.

Since every vector x̃ ∈ H+
At|t−1

admits the affine representation

x̃ = at|t−1EPtψS(Yt, ϑt|t−1) + bt|t−1

for some Ft−1-measurable at|t−1 > 0 and bt|t−1 ∈ Rk satisfying the At|t−1-orthogonality

condition

⟨EPtψS(Yt, ϑt|t−1), bt|t−1⟩At|t−1
≡
(
EPtψS(Yt, ϑt|t−1)

)⊤
At|t−1bt|t−1 = 0,

the equivalence follows.

Formally, both directions of the if and only if can then be verified as follows. First,

substituting EPtλ(Yt, ϑt|t−1) = at|t−1EPtψS(Yt, ϑt|t−1) + bt|t−1 yields

⟨EPtψS(Yt, ϑt|t−1),EPtλ(Yt, ϑt|t−1)⟩At|t−1
= at|t−1∥EPtψS(Yt, ϑt|t−1)∥2At|t−1

> 0,
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where ∥x∥2At|t−1
:= ⟨x, x⟩At|t−1

. Therefore every update with

EPtλ(Yt, ϑt|t−1) = at|t−1EPtψS(Yt, ϑt|t−1) + bt|t−1,

at|t−1 > 0 and
(
EPtψS(Yt, ϑt|t−1)

)⊤
At|t−1bt|t−1 = 0 is a PRADA update with respect to

(P ,DS, T ).

Conversely, suppose ϕλ is PRADA with respect to (P ,DS, T ). Then

⟨EPtψS(Yt, ϑt|t−1),EPtλ(Yt, ϑt|t−1)⟩At|t−1
> 0,

and hence EPtλ(Yt, ϑt|t−1) ∈ H+
At|t−1

. Write the orthogonal decomposition, that is, with

respect to the inner product space (Rk, ⟨·, ·⟩At|t−1
), as

EPtλ(Yt, ϑt|t−1) = at|t−1EPtψS(Yt, ϑt|t−1) + bt|t−1,

where ⟨EPtψS(Yt, ϑt|t−1), bt|t−1⟩At|t−1
= 0. Then

⟨EPtψS(Yt, ϑt|t−1),EPtλ(Yt, ϑt|t−1)⟩At|t−1
= at|t−1∥EPtψS(Yt, ϑt|t−1)∥2At|t−1

> 0,

which forces at|t−1 > 0. Moreover, the Ft−1-measurability of at|t−1 and bt|t−1 follows from

the measurability of At|t−1 and conditional expectations.

A.4 Proof of Theorem 2

Proof. Let C ⊆ Y , r ∈ Y be such that Assumption 4 is satisfied. Fix a ϑt|t−1 ∈ Θ

and let d1 = d1(ϑt|t−1) > 0 be such that supy∈C

∥∥∥∇ϑS(F
♭
C,t|t−1, y)

∥∥∥
2
< d1. Moreover, let

d2 ≡ d2(ϑt|t−1) > 0 be such that
∥∥∥∇ϑS(F

♭
C,t|t−1, r)

∥∥∥
2
≤ d2 < ∞. Here, the constants

d1, d2 > 0 exist by Assumption 4 since {F♭
C,t|t−1 : Ft|t−1 ∈ P} ⊆ P .
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For all yt ∈ Y , the update

ϕS♭
C
(yt, ϑt|t−1)

= ϑt|t−1 − At|t−1ψS♭
C
(yt, ϑt|t−1)

= ϑt|t−1 − At|t−1

(
1C(yt)∇ϑS(F

♭
C,t|t−1, yt) +

(
1− 1C(yt)

)
∇ϑS(F

♭
C,t|t−1, r)

)
,

yields

∥∥∥∆ϕS♭
C
(yt, ϑt|t−1)

∥∥∥
2

=
∥∥At|t−1

(
1C(yt)∇ϑS(F

♭
C,t|t−1, yt) +

(
1− 1C(yt)

)
∇ϑS(F

♭
C,t|t−1, r)

)∥∥
2

≤
∥∥At|t−1

∥∥
2

∥∥(1C(yt)∇ϑS(F
♭
C,t|t−1, yt) +

(
1− 1C(yt)

)
∇ϑS(F

♭
C,t|t−1, r)

)∥∥
2

≤
∥∥At|t−1

∥∥
2

(
1C(yt)

∥∥∇ϑS(F
♭
C,t|t−1, yt)

∥∥
2
+
(
1− 1C(yt)

) ∥∥∇ϑS(F
♭
C,t|t−1, r)

∥∥
2

)
≤
∥∥At|t−1

∥∥
2

(
sup
y∈C

∥∥∇ϑS(F
♭
C,t|t−1, y)

∥∥
2
+ d2

)
≤
∥∥At|t−1

∥∥
2
(d1 + d2)

<∞,

since
∥∥At|t−1

∥∥
2
< ∞ by assumption. Because

∥∥∥∆ϕS♭
C
(yt, ϑt|t−1)

∥∥∥
2
< ∞, it particularly

follows that
∥∥∥∆ϕS♭

C
(Yt, ϑt|t−1)

∥∥∥
2
< d3, for some d3 > 0; i.e., the update ϕS♭

C
(Yt, ϑt|t−1) is

bounded.

Since S : P × Y → R̄ is strictly locally proper with respect to (P , v),

DS(Pt∥Ft|t−1) = EPtS(Ft|t−1, Yt)− EPtS(Pt, Yt) ≥ 0,

with strict equality if and only if v(Pt) = v(Ft|t−1).

Applying the censoring procedure to this scoring rule then yields

S♭
C(Ft|t−1, yt) = S

(
F♭
C,t|t−1, Y

♭
t (yt)

)
, Y ♭

t (yt) :=


yt, if yt ∈ C,

r, if yt ̸∈ C,

7



with F♭
t|t−1,C = Y ♭

t #Ft|t−1 inducing the pushforward operator

ΠC : P → P , ΠC(F) := Y ♭
t #F.

Consequently,

DS♭
C
(Pt∥Ft|t−1) = EPtS

♭
C(Ft|t−1, Yt)− EPtS

♭
C(Pt, Yt)

= EPtS
(
F♭
t|t−1, Y

♭
t

)
− EPtS

(
P♭
t, Y

♭
t

)
= EPtS

(
ΠC(Ft|t−1), Y

♭
t (Yt)

)
− EPtS

(
ΠC(Pt), Y

♭
t (Yt)

)
≥ 0,

with strict equality if and only if v(P♭
t) = v(F♭

t|t−1), that is, if and only if

v ◦ ΠC(Pt) = v ◦ ΠC(Ft|t−1).

Hence, S♭
C is strictly locally proper with respect to (P , v◦ΠC). Furthermore, DS♭

C
: P×P →

R+ is a local divergence with respect to (P , v ◦ ΠC).

Moreover, since Assumption 1 and Assumption 3 hold, and ϕS♭
C
(yt, ϑt|t−1) is bounded,

it follows by Theorem 1 that there exists κ̄ > 0 such that for all κ ∈ (0, κ̄]

∆DS♭
C
(ϕκ,S♭

C
) < 0,

where ϕκ,S♭
C
is the linearly downscaled analogue of ϕS♭

C
. Hence, ϕS♭

C
constitutes a PRADA

update with respect to (P ,DS♭
C
, v ◦ΠC). For ΠC = id, we have C = Y , recovering F♭

t|t−1,C =

Ft|t−1 as the distribution of Y ♭
Ct|t−1

= Yt. Accordingly, S
♭
C = S and D♭

SC
= DS.

A.5 Proof of Corollary 3

First, we recall that Θ is assumed to be open and convex. Hence int(Θ) = Θ and Θ is

a star domain. By Osband’s principle (Fissler and Ziegel 2016, Thm. 3.2), there exists a

matrix-valued function h : Θ → Rk×k such that

∇ϑEPtSℓ(ϑt|t−1, Yt) = h(ϑt|t−1)EPtV (ϑt|t−1, Yt), (A.2)
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for all ϑt|t−1 ∈ Θ and Pt ∈ P .

Under assumed interchangeability of integration and differentiation,

EPtψSℓ
(Yt, ϑt|t−1) = h(ϑt|t−1)EPtV (ϑt|t−1, Yt).

Moreover, EPt∆ϕ(Yt, ϑt|t−1) = −At|t−1EPtV (ϑt|t−1, Yt) and hence

(
EPtψSℓ

(Yt, ϑt|t−1)
)⊤EPt∆ϕ(Yt, ϑt|t−1)

= −
(
EPtV (ϑt|t−1, Yt)

)⊤
h(ϑt|t−1)

⊤At|t−1EPtV (ϑt|t−1, Yt)

< 0,

since h(ϑt|t−1)
⊤At|t−1 ≻ Ok and EPtV (ϑt|t−1, Yt) ̸= 0 by assumption.

Therefore, ϕV is EGA for Sℓ at ϑt|t−1, for all ϑt|t−1 ∈ Θ. Combined with Assumption 1,

expected gradient alignment is equivalent to strict reduction of the score divergence D†
Sℓ

for a sufficiently small linear downscaling of the update, that is, by Theorem 1, there

exists κ̄ > 0 such that for all κ ∈ (0, κ̄]: ∆DSℓ
(ϕV,κ) < 0, where ϕV,κ denotes the linearly

downscaled version of ψV . Additionally, since ℓ is strictly consistent with respect to (P , u),

the scoring rule Sℓ is strictly locally proper with respect to (P , u). Hence, D†
S = DS, and

ψV is PRADA with respect to (P ,DSℓ
, u).

A.6 Proof of Proposition 1

First, recall that Θ is a star domain since Θ is assumed to be open and convex. Define

Θ′
m := {ϑm : ∃(ϑ′

1, . . . , ϑ
′
k) ∈ Θ, ϑ′

m = ϑm}. Then, by Proposition 4.2 in Fissler and Ziegel

(2016) there exist functions h′m : Θ′
m → R++ := (0,∞) such that hmm(ϑt|t−1) = h′m(ϑm,t|t−1)

for all m ∈ {1, . . . , k} and ϑt|t−1 ∈ Θ, and hrl(ϑt|t−1) = 0 for all r, l ∈ {1, . . . , k}, l ̸= r, and

for all ϑt|t−1 ∈ Θ. In other words, Equation (A.2) is satisfied for a function h : Θ → Rk×k

that is positive definite and diagonal for all ϑt|t−1 ∈ Θ.
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Since h(ϑt|t−1) ≻ Ok and diagonal for all ϑt|t−1 ∈ Θ, it follows that h(ϑt|t−1)
⊤At|t−1 ≻

Ok for all diagonal At|t−1 ≻ Ok. Hence, ϕV is PRADA with respect to (P ,DSℓ
, u) by

Corollary 3, in which ℓ is a strictly consistent scoring function satisfying

EPtψSℓ
(Yt, ϑt|t−1) = h(ϑt|t−1)EPtV (ϑt|t−1, Yt).

from which it also more directly follows that ϕV is PRADA, since

(
EPtψSℓ

(Yt, ϑt|t−1)
)⊤EPt∆ϕV (Yt, ϑt|t−1)

= −
k∑

i=1

h′i(ϑi,t|t−1)[At|t−1]ii
[
EPtV (ϑt|t−1, Yt)

]2
i
< 0.

A.7 Proof of Proposition 2

Recall that Θ is a star shaped. By Proposition 4.4 of Fissler and Ziegel (2016), it immedi-

ately follows that the matrix h(ϑt|t−1) in Equation (A.2) positive definite for all ϑt|t−1 ∈ Θ.

Hence, αh(ϑt|t−1) ≻ Ok for all α > 0. Consequently, Corollary 3 implies that ϕV is PRADA

with respect to (P ,DSℓ
, u), in which ℓ is a strictly consistent scoring function satisfying

EPtψSℓ
(Yt, ϑt|t−1) = h(ϑt|t−1)EPtV (ϑt|t−1, Yt).
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B Derivations Section 3.4

B.1 Density-based updates

In the derivations below, we will use the following result

∇ϑ log ∥ft|t−1∥β = ∇ϑ log

((∫
Y
ft|t−1(y)

βµ(dy)

)1/β
)

=
1

β

1

∥ft|t−1∥ββ

∫
Y
∇ϑft|t−1(y)

βµ(dy)

= − 1

∥ft|t−1∥ββ

∫
Y
f(y|ϑt|t−1)

β−1s(y, ϑt|t−1)f(y|ϑt|t−1)µ(dy)

= −Ef̃β
t|t−1

s(Yt, ϑt|t−1), (B.1)

where f̃β
t|t−1 := fβ

t|t−1/∥ft|t−1∥ββ defines a µt-density on (Y ,G). Then

∇ϑPsSphSβ(ft|t−1, yt)

= − 1

β − 1
∇ϑexp

(
(β − 1) log f(yt|ϑt|t−1)− (β − 1) log ∥ft|t−1∥β

)
= −ft|t−1(yt)

β−1

∥ft|t−1∥β−1
β

(
∇ϑ log f(yt|ϑt|t−1)−∇ϑ log ∥ft|t−1∥β

)
=
ft|t−1(yt)

β−1

∥ft|t−1∥β−1
β

(
s(yt, ϑt|t−1)− Ef̃β

t|t−1
s(Yt, ϑt|t−1)

)
=
ft|t−1(yt)

β−1

∥ft|t−1∥β−1
β

(
s(yt, ϑt|t−1)− Ef̃β

t|t−1
s(Yt, ϑt|t−1)

)
.

For the Hessian, we note that

ft|t−1(yt)
β−1

∥ft|t−1∥β−1
β

= −(β − 1)PsSphSβ(ft|t−1, yt) + 1

and therefore

∂

∂ϑ⊤
t|t−1

ft|t−1(yt)
β−1

∥ft|t−1∥β−1
β

(B.2)

= −(β − 1)
ft|t−1(yt)

β−1

∥ft|t−1∥β−1
β

(
s(yt, ϑt|t−1)− Ef̃β

t|t−1
s(Yt, ϑt|t−1)

)⊤
. (B.3)
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Moreover,

∂

∂ϑ⊤
t|t−1

Ef̃β
t|t−1

s(Yt, ϑt|t−1)

=

∫
Y
∇ϑs(yt, ϑt|t−1)

ft|t−1(yt)
β

∥ft|t−1∥ββ
µ(dyt)

=

∫
Y
H(yt, ϑt|t−1)

ft|t−1(yt)
β

∥ft|t−1∥ββ
+ s(yt, ϑt|t−1)

∂

∂ϑ⊤
t|t−1

ft|t−1(yt)
β

∥ft|t−1∥ββ
µ(dyt)

= Ef̃β
t|t−1

H(Yt, ϑt|t−1)

− β

∫
Y
s(yt, ϑt|t−1)

ft|t−1(yt)
β

∥ft|t−1∥ββ

(
s(yt, ϑt|t−1)− Ef̃β

t|t−1
s(Yt, ϑt|t−1)

)⊤
µ(dyt)

= Ef̃β
t|t−1

H(Yt, ϑt|t−1)

− βEf̃β
t|t−1

[
s(Yt, ϑt|t−1)

(
s(Yt, ϑt|t−1)− Ef̃β

t|t−1
s(Yt, ϑt|t−1)

)⊤]
= Ef̃β

t|t−1
H(Yt, ϑt|t−1)

− βEf̃β
t|t−1

[
s(Yt, ϑt|t−1)s(Yt, ϑt|t−1)

⊤]
− βEf̃β

t|t−1

[
s(Yt, ϑt|t−1)

]
Ef̃β

t|t−1

[
s(Yt, ϑt|t−1)

]⊤
= Ef̃β

t|t−1
H(Yt, ϑt|t−1)− βCovf̃β

t|t−1
(s(Yt, ϑt|t−1)).

Applying the product rule, we obtain

∇2
ϑPsSphSβ(ft|t−1, yt)

=
ft|t−1(yt)

β−1

∥ft|t−1∥β−1
β

(
H(yt, ϑt|t−1)− Ef̃β

t|t−1
H(Yt, ϑt|t−1) + βCovf̃β

t|t−1
(s(Yt, ϑt|t−1))

− (β − 1)
(
s(yt, ϑt|t−1)− Ef̃β

t|t−1
s(Yt, ϑt|t−1)

)(
s(yt, ϑt|t−1)− Ef̃β

t|t−1
s(Yt, ϑt|t−1)

)⊤)
.

As anticipated,

lim
β↓1

∇2
ϑPsSphSβ(ft|t−1, yt) = H(yt, ϑt|t−1)

because Eft|t−1
s(Yt, ϑt|t−1) = 0 and the information matrix equality for the negatively ori-

ented logarithmic scoring rule holds, that is, Eft|t−1
H(Yt, ϑt|t−1) = Covft|t−1

(s(Yt, ϑt|t−1)).
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For the Power scoring rule

PowSβ(ft|t−1, yt) = − β

β − 1

(
ft|t−1(yt)

β−1 − (β − 1)∥ft|t−1∥ββ − 1
)
, β > 1,

we recall Equation (B.1) and note

∇ϑ∥ft|t−1∥ββ = ∇ϑ exp (β log ∥ft|t−1∥β) = −β∥ft|t−1∥ββEf̃β
t|t−1

s(Yt, ϑt|t−1).

Correspondingly,

∇ϑPowSβ(ft|t−1, yt) = βft|t−1(yt)
β−1s(yt, ϑt|t−1)− β2∥ft|t−1∥ββEf̃β

t|t−1
s(Yt, ϑt|t−1),

for which limβ↓1∇ϑPowSβ(ft|t−1, yt) = s(yt, ϑt|t−1).

For the Hessian, we observe that

∂

∂ϑ⊤
t|t−1

ft|t−1(yt)
β−1s(yt, ϑt|t−1)

= ft|t−1(yt)
β−1
(
H(yt, ϑt|t−1)− (β − 1)s(yt, ϑt|t−1)s(yt|ϑt|t−1)

⊤)
and

∂

∂ϑ⊤
t|t−1

∥ft|t−1∥ββ = −β∥ft|t−1∥ββ
(
Ef̃β

t|t−1
s(Yt, ϑt|t−1)

)⊤
.

Moreover,

∂

∂ϑ⊤
t|t−1

Ef̃β
t|t−1

s(Yt, ϑt|t−1)

= Ef̃β
t|t−1

H(Yt, ϑt|t−1)−
∫
Y
s(y|ϑt|t−1)

∂

∂ϑ⊤
t|t−1

f̃β
t|t−1(y)µ(dy)

= Ef̃β
t|t−1

H(Yt, ϑt|t−1)− β

(
Ef̃β

t|t−1

[
s(yt, ϑt|t−1)s(yt, ϑt|t−1)

⊤]
− Ef̃β

t|t−1
s(Yt, ϑt|t−1)

(
Ef̃β

t|t−1
s(Yt, ϑt|t−1)

)⊤)
.
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Hence,

∂

∂ϑ⊤
t|t−1

(
∥ft|t−1∥ββEf̃β

t|t−1
s(Yt, ϑt|t−1)

)
= Ef̃β

t|t−1
s(Yt, ϑt|t−1)

∂

∂ϑ⊤
t|t−1

∥ft|t−1∥ββ + ∥ft|t−1∥ββ
∂

∂ϑ⊤
t|t−1

Ef̃β
t|t−1

s(Yt, ϑt|t−1)

= −β∥ft|t−1∥ββEf̃β
t|t−1

s(Yt, ϑt|t−1)
(
Ef̃β

t|t−1
s(Yt, ϑt|t−1)

)⊤
+ ∥ft|t−1∥ββ

∂

∂ϑ⊤
t|t−1

Ef̃β
t|t−1

s(Yt, ϑt|t−1)

= ∥ft|t−1∥ββ

Ef̃β
t|t−1

H(Yt, ϑt|t−1)

− βEf̃β
t|t−1

s(Yt, ϑt|t−1)
(
Ef̃β

t|t−1
s(Yt, ϑt|t−1)

)⊤
− βEf̃β

t|t−1

[
s(yt, ϑt|t−1)s(yt, ϑt|t−1)

⊤]
− βEf̃β

t|t−1
s(Yt, ϑt|t−1)

(
Ef̃β

t|t−1
s(Yt, ϑt|t−1)

)⊤.
Then, combining terms,

∇2
ϑPowSβ(ft|t−1, yt)

= β
∂

∂ϑ⊤
t|t−1

ft|t−1(yt)
β−1s(yt, ϑt|t−1)− β2 ∂

∂ϑ⊤
t|t−1

(
∥ft|t−1∥ββEf̃β

t|t−1
s(Yt, ϑt|t−1)

)
= βft|t−1(yt)

β−1
(
H(yt, ϑt|t−1)− (β − 1)s(yt, ϑt|t−1)s(yt|ϑt|t−1)

⊤)
− β2∥ft|t−1∥ββ

(
Ef̃β

t|t−1
H(Yt, ϑt|t−1)− βEf̃β

t|t−1

[
s(yt, ϑt|t−1)s(yt, ϑt|t−1)

⊤]) .
B.2 Example 4

For the predictive density ft|t−1(y) =
1

σt|t−1
φ
(

y−µt|t−1

σt|t−1

)
, the Lβ-norm is given by

∥ft|t−1∥ββ =

∫
R

(
1

σt|t−1

φ

(
y − µt|t−1

σt|t−1

))β

dy

= σ1−β
t|t−1

∫
R
(2π)−

β
2 exp

(
−β
2
z2
)
dz

= σ1−β
t|t−1(2π)

1−β
2 β− 1

2 ,
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and hence

f(yt)
β−1

∥f∥β−1
β

=
σ
−(β−1)
t|t−1 (2π)−(β−1)/2

σ
−
(β−1)2

β
t|t−1 (2π)

−
(β−1)2

2β β
−β−1

2β

exp
(
−β−1

2
z2t
)

=

(
σt|t−1√
2π/β

)−β−1
β √

2πφ
(√

β − 1 zt

)
,

where zt = (yt − µt|t−1)/σt|t−1. As desired, the ratio f(yt)β−1

∥f∥β−1
β

tends to one if β ↓ 1 since

φ(0) = 1/
√
2π.

To obtain Ef̃β
t|t−1

s(Yt, ϑt|t−1), we first realize that f̃β
t|t−1 must be the density of a

Gaussian random variable with mean µt|t−1 and variance σ2
t|t−1/β since ft|t−1(yt) ∝

exp

(
− (yt−µt|t−1)

2

2σ2
t|t−1

)
. This immediately implies the first term in Ef̃β

t|t−1
s(Yt, ϑt|t−1) to be

zero. For the second term, we plug in the variance of Ỹt ∼ N (µt|t−1, σ
2
t|t−1/β), which gives

Ef̃β
t|t−1

s(Yt, ϑt|t−1) =

 0

1
2
− 1

2σ2
t|t−1

Vf̃β
t|t−1

(Ỹt)

 =

 0

β−1
2β

 .

The implied gradient is

∇ϑPsSphSβ(ft|t−1, yt) =

(
σt|t−1√
2π/β

)−β−1
β √

2πφ
(√

β − 1zt

) − zt
σt|t−1

1
2
(1− z2t )− β−1

2β

 .

B.3 Hyvärinen score

Using ∇ϑ∥sy(yt, ϑt|t−1)∥22 = 2
(
∇ϑsy(yt, ϑt|t−1)

)⊤
sy(yt, ϑt|t−1), we immediately arrive at

∇ϑHS(ft|t−1, yt) = ∇ϑ∆y log f(yt|ϑt|t−1) +
1

2
∇ϑ

∥∥∇y log f(yt|ϑt|t−1)
∥∥2
2

= ∆ys(yt, ϑt|t−1) +
(
∇ϑsy(yt, ϑt|t−1)

)⊤
sy(yt, ϑt|t−1),

for the gradient. Here we recall the convention that the gradient of a vector-valued function

ḡm : Rl → Rm is them×l matrix ∇xḡ(x) with elements [∇xḡ(x)]i,j =
∂gi(x)
∂xj

. In other words,

∇ϑsy(yt, ϑt|t−1) is d× k.
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Similarly,

∇2
ϑHS(ft|t−1, yt) = ∆y∇ϑs(yt, ϑ) +

(
∇2

ϑsy(yt, ϑt|t−1)
)⊤
sy(yt, ϑt|t−1)

+
(
∇ϑsy(yt, ϑt|t−1)

)
×3 ∇ϑsy(yt, ϑt|t−1)

= ∆yH(yt, ϑt|t−1) +
(
∇yH(yt, ϑt|t−1)

)
×3 sy(yt, ϑt|t−1)

+
(
∇ϑsy(yt, ϑt|t−1)

)⊤∇ϑsy(yt, ϑt|t−1),

where ∇yH(yt, ϑt|t−1) is a third order tensor of dimension k × k × d and ×3 is the 3-mode

vector product of a tensor (Kolda and Bader 2009). Componentwise,

[
∇yH(yt, ϑt|t−1)×3 sy(yt, ϑt|t−1)

]
i1,i2

=
d∑

i3=1

∂Hi1,i2(yt, ϑ)

∂yt,i3

[
sy(yt, ϑ)

]
i3
,

for i1, i2 = 1 . . . , k.

B.4 Kernel updates

For the gradient and Hessian of

Sρ(Ft|t−1, yt) := EFt|t−1
ρ(Xt, yt)−

1

2
EFt|t−1

ρ(Xt, X
′
t)−

1

2
ρ(yt, yt),

we use the assumed interchangeability of differentiation and integration. Then

∇ϑEFt|t−1
ρ(Xt, yt) = −EFt|t−1

[
ρ(Xt, yt)s(Xt, ϑt|t−1)

]
∇2

ϑEFt|t−1
ρ(Xt, yt) = EFt|t−1

[
ρ(Xt, yt)

(
s(Xt, ϑt|t−1)s(Xt, ϑt|t−1)

⊤ −H(Xt, ϑt|t−1)
)]
,

and, similarly,

∇ϑEFt|t−1
ρ(Xt, X

′
t) = −EFt|t−1

[
ρ(Xt, X

′
t)
(
s(Xt, ϑt|t−1) + s(X ′

t, ϑt|t−1)
)]

= −2EFt|t−1

[
ρ(Xt, X

′
t)s(Xt, ϑt|t−1)

]
,
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and

∇2
ϑEFt|t−1

ρ(Xt, X
′
t)

= EFt|t−1

[
ρ(Xt, X

′
t)
(
∇ϑs(Xt, ϑt|t−1) +∇ϑs(X

′
t, ϑt|t−1)

)]
+ EFt|t−1

[
ρ(Xt, X

′
t)
(
s(Xt, ϑt|t−1) + s(X ′

t, ϑt|t−1)
)(
s(Xt, ϑt|t−1) + s(X ′

t, ϑt|t−1)
)⊤]

= 2EFt|t−1

[
ρ(Xt, X

′
t)
(
s(Xt, ϑt|t−1)s(Xt, ϑt|t−1)

⊤ −H(Xt, ϑt|t−1)
)]

+ 2EFt|t−1

[
ρ(Xt, X

′
t)s(Xt, ϑt|t−1)s(X

′
t, ϑt|t−1)

⊤] .
So,

ψSρ(yt, ϑt|t−1) = EFt|t−1

[(
EFt|t−1

ρ(Xt, X
′
t)− ρ(Xt, yt)

)
s(Xt, ϑt|t−1)

]
,

HSρ(yt, ϑt|t−1) = EFt|t−1

[ (
EFt|t−1

ρ(Xt, X
′
t)− ρ(Xt, yt)

) (
H(Xt, ϑt|t−1)

− s(Xt, ϑt|t−1)s(Xt, ϑt|t−1)
⊤)]

− EFt|t−1

[
ρ(Xt, X

′
t)s(Xt, ϑt|t−1)s(X

′
t, ϑt|t−1)

⊤] .
B.5 Example 5

The gradient of

CRPS(Ft|t−1, yt)

= σt|t−1

(
yt − µt|t−1

σt|t−1

(
2Φ

(
yt − µt|t−1

σt|t−1

)
− 1

)
+ 2φ

(
yt − µt|t−1

σt|t−1

)
− 1√

π

)

with respect to the parameters reads

∇µCRPS(Ft|t−1, yt) = σt|t−1 ((2Φ (zt)− 1) + 2ztφ (zt)− zt2φ(zt)) · −
1

σt|t−1

∇2
µCRPS(Ft|t−1, yt) =

2

σt|t−1

φ(zt),
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where zt = (yt − µt|t−1)/σt|t−1, since ∇µCRPS(Ft|t−1, yt) = 1− 2Φ (zt). Similarly,

∇σCRPS(Ft|t−1, yt) = zt (2Φ (zt)− 1) + 2φ (zt) +
1√
π
− zt (1− 2Φ(zt)) ,

∇2
σCRPS(Ft|t−1, yt) =

2z2t
σ2
t|t−1

φ(zt),

∇µ∇σCRPS(Ft|t−1, yt) =
2zt
σt|t−1

φ(zt),

since ∇σCRPS(Ft|t−1, yt) = 2φ (zt) − 1√
π
, and hence ∇γCRPS(Ft|t−1, yt) =

σt|t−1

(
φ (zt)− 1

2
√
π

)
, ∇µ∇γCRPS(Ft|t−1, yt) = ztφ(zt), and ∇2

γCRPS(Ft|t−1, yt) =

2σt|t−1

(
z2tφ(zt) + φ(zt)− 1

2
√
π

)
.

C Derivations Section 3.5

C.1 Censored score updates

The gradient

ψLogS♭w
(yt, ϑt|t−1) = w(yt)s(yt, ϑt|t−1) +

(
1− w(yt)

)
EF♯

1−w
s(Yt, ϑt|t−1),

follows directly from observing that

∇ϑ log F̄ϑt|t−1
=

1

F̄t|t−1

∫
Y

(
1− w(y)

)
∇ϑ log f(y|ϑt|t−1)f(y|ϑt|t−1)µ(dy)

=

∫
Y
∇ϑ log f(y|ϑt|t−1)f

♯
1−w(y|ϑt|t−1)µ(dy)

= −EF♯
1−w

∇ϑLogS(ft|t−1, Yt),

since then

∇ϑLogS
♭
w(ft|t−1, yt) = −w(yt)∇ϑ log f(yt|ϑt|t−1)−

(
1− w(yt)

)
∇ϑ log F̄ϑt|t−1

= w(yt)∇ϑLogS(ft|t−1, yt)−
(
1− w(yt)

)
∇ϑ log F̄ϑt|t−1

= w(yt)s(yt, ϑt|t−1) +
(
1− w(yt)

)
EF♯

1−w
s(Yt, ϑt|t−1).
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C.2 Generalized censored logarithmic scoring rule

Consider a weight function w and nuisance density h. We first consider the gradient of the

logarithmic score of the censored density f ♭
w,h̄

(yt), for which we arrive at

∇ϑ log f
♭
w,h̄(yt)

= ∇ϑ log
(
w(yt)ft|t−1(yt) + F̄wh̄(yt)

)
=
w(yt)∇ϑft|t−1(yt) + h̄(yt)

∫
(1− w)∇ϑft|t−1dµ

w(yt)ft|t−1(yt) + F̄wh̄(yt)

=
w(yt)ft|t−1(yt)∇ϑ log ft|t−1(yt)

w(yt)ft|t−1(yt) + F̄wh̄(yt)
+
h̄(yt)

∫
(1− w)ft|t−1∇ϑ log ft|t−1dµ

w(yt)ft|t−1(yt) + F̄wh̄(yt)

= w̄(yt)s(yt, ϑt|t−1) +
(
1− w̄(yt)

)
Ef♯

t|t−1
s(Yt, ϑt|t−1),

where

w̄(yt) :=
w(yt)ft|t−1(yt)

w(yt)ft|t−1(yt) + F̄wh̄(yt)
∈ (0, 1).

Then,

∇ϑLogS
♭
w,h̄(ft|t−1, yt)

= w(yt)∇ϑ log f
♭
w,h̄(yt) +

(
1− w(yt)

)
Eh̄∇ϑ log f

♭
w,h̄(Q)

= w(yt)w̄(yt)s(yt, ϑt|t−1) +
(
1− w(yt)

)
Eh̄[w̄(Yt)s(Yt, ϑt|t−1)]

+
(
w(yt)

(
1− w̄(yt)

)
+
(
1− w(yt)

)
Eh̄[1− w̄(Yt)]

)
Ef♯

t|t−1
s(Yt, ϑt|t−1)

= wa(yt)s(yt, ϑt|t−1) +
(
1− wa(yt)− wb(yt)

)
Ef♯

t|t−1
s(Yt, ϑt|t−1)

+ wb(yt)Eh̄♯
w̄
[s(Yt, ϑt|t−1)],

assuming
∫
Y w̄h̄dµ > 0, and defining

wa(yt) := w(yt)w̄(yt), wb(yt) :=
(
1− w̄(yt)

)
Eh̄w̄(Yt).

Now, if h̄ = δ∗ on Y∗, with w(∗) = 0, then w̄(yt) = 1 for all y ∈ Y since δ∗(yt) = 0 for

all y ∈ Y , and w̄(∗) = 0. Hence, wa(yt) = w(yt) on Y∗. Additionally, Ehw̄(Yt) = w̄(∗) = 0
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implies wb(yt) = 0 for all y ∈ Y∗. Therefore,

∇ϑLogS
♭
w,δ∗(ft|t−1, yt) = w(yt)s(yt, ϑt|t−1) +

(
1− w(yt)

)
Ef♯

t|t−1
s(Yt, ϑt|t−1),

coinciding with ψLogS♭w
(yt, ϑt|t−1) in Equation (8).

Moreover, if the support of h̄ is a subset of Rc
w ⊆ Y , then

∫
Y w̄(y)h̄(y)µ(dy) = 0 for all

y ∈ Y . Consequently, wb(yt) = 0 for all yt ∈ Y and the third term vanishes, so that the

condition
∫
Y w̄h̄dµ > 0 becomes irrelevant. In this case, the dependence on h̄ drops out,

which agrees with the h̄-independent form of LogS♭
w,h̄ in Table 1 of De Punder et al. (2025),

where the same support restriction on h̄ is imposed. If h̄ and f are both µ-densities, strict

local propriety of LogS♭
w,h̄ requires µ({y ∈ Y : h̄(y) > 0, w(y)f(y) = 0}) > 0, for which the

latter restriction on h̄ is sufficient, but generally not necessary.

C.3 Generalized censored Hyvärinen score

The censored Hyvärinen score reads

HS♭
w,h̄(ft|t−1, yt)

= w(yt)HS(f
♭
w,h̄, yt) +

(
1− w(yt)

) ∫ ∞

−∞
HS(f ♭

w,h̄, q)φ(q)dq

= w(yt)

(
∆y log f

♭
w,h̄(yt) +

1

2

∥∥∥∇y log f
♭
w,h̄(yt)

∥∥∥2
2

)
+
(
1− w(yt)

) ∫ ∞

−∞

(
∆q log f

♭
w,h̄(q) +

1

2

∥∥∥∇q log f
♭
w,h̄(q)

∥∥∥2
2

)
φ(q)dq.

Therefore, the gradient becomes

∇ϑHS
♭
w,h̄(ft|t−1, yt)

= w(yt)

(
∆y∇ϑ log f

♭
w,h̄(yt) +

1

2
∇ϑ

∥∥∥∇y log f
♭
w,h̄(yt)

∥∥∥2
2

)
+
(
1− w(yt)

) ∫ ∞

−∞

(
∆q∇ϑ log f

♭
w,h̄(q) +

1

2
∇ϑ

∥∥∥∇q log f
♭
w,h̄(q)

∥∥∥2
2

)
φ(q)dq.
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From Appendix C.2, we recall the gradient of the generalized censored logarithmic

scoring rule for general h, given by

∇ϑ log f
♭
w,h̄(yt) = w̄(yt)s(yt, ϑt|t−1) +

(
1− w̄(yt)

)
Ef♯

t|t−1
s(Yt, ϑt|t−1),

where

w̄(yt) =
w(yt)ft|t−1(yt)

w(yt)ft|t−1(yt) + F̄wh̄(yt)
∈ (0, 1),

with gradient

∇yw̄(yt) = w̄(yt)
(
1− w̄(yt)

)(
sy(yt, ϑt|t−1) + swy (yt)− sh̄y(yt)

)
,

where sh̄y(yt) = ∇y log h̄(yt) and swy (yt) = ∇y logw(yt). By differentiating ∇yw̄(yt), we

obtain the Laplacian

∆yw̄(yt) = w̄(yt)
(
1− w̄(yt)

) (
∆y logw(yt) + ∆y log ft|t−1(yt)−∆y log h̄(yt)

)
+ w̄(yt)

(
1− w̄(yt)

)(
1− 2w̄(yt)

) ∥∥∥sy(yt, ϑt|t−1) + swy (yt)− sh̄y(yt)
∥∥∥2
2
.

Following the steps in Appendix B.3 yields

∆y∇ϑ log f
♭
w,h̄(yt) = ∆y

{
w̄(yt)

(
s(yt, ϑt|t−1)− Ef♯

t|t−1
s(Yt, ϑt|t−1)

)}
= w̄(yt)∆ys(yt, ϑt|t−1) + 2

(
∇yw̄(yt)

)
×3 ∇ys(yt, ϑt|t−1)

+
(
s(yt, ϑt|t−1)− Ef♯

t|t−1
s(Yt, ϑt|t−1)

)
∆yw̄(yt),

and

1

2
∇ϑ

∥∥∥∇y log f
♭
w,h̄(yt)

∥∥∥2
2
=
(
∇y log f

♭
w,h̄(yt)

)⊤
∇ϑ∇y log f

♭
w,h̄(yt),

where

∇y log f
♭
w,h̄(yt) =

(
∇yw(yt)

)
ft|t−1(yt) + w(yt)∇yft|t−1(yt) + F̄w∇yh̄(yt)

w(yt)ft|t−1(yt) + F̄wh̄(yt)

= w̄(yt)sy(yt, ϑt|t−1) +
(
1− w̄(yt)

)
sh̄y(yt) + w̄(yt)s

w
y (yt),
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and

(
∇ϑ∇y log f

♭
w,h̄(yt)

)⊤
= ∇y∇ϑ log f

♭
w,h̄(yt)

= d♯s(yt, ϑt|t−1)
(
∇yw̄(yt)

)⊤
+ w̄(yt)∇ys(yt, ϑt|t−1),

where d♯s(yt, ϑt|t−1) := s(yt, ϑt|t−1)− Ef♯
t|t−1

s(Yt, ϑt|t−1). Consequently,

1

2
∇ϑ

∥∥∥∇y log f
♭
w,h̄(yt)

∥∥∥2
2

=
(
∇ϑ∇y log f

♭
w,h̄(yt)

)⊤
∇y log f

♭
w,h̄(yt)

=
(
d♯s(yt, ϑt|t−1)

(
∇yw̄(yt)

)⊤
+∇ys(yt, ϑt|t−1)w̄(yt)

)(
∇y log f

♭
w,h̄(yt)

)
= c1(yt, ϑt|t−1)d

♯
s(yt, ϑt|t−1) +∇ys(yt, ϑt|t−1)c2(yt, ϑt|t−1),

where

c1(yt, ϑt|t−1) := w̄(yt)sy(yt, ϑt|t−1)
⊤∇yw̄(yt) +

(
1− w̄(yt)

)
sh̄y(yt)

⊤∇yw̄(yt)

+ w̄(yt)s
w
y (yt)

⊤∇yw̄(yt)

=
(
w̄(yt)

(
sy(yt, ϑt|t−1) + swy (yt)

)
+
(
1− w̄(yt)

)
sh̄y(yt)

)⊤
∇yw̄(yt)

c2(yt, ϑt|t−1) := w̄(yt)
2sy(yt, ϑt|t−1) + w̄(yt)

(
1− w̄(yt)

)
sh̄y(yt) + w̄(yt)

2swy (yt)

= w̄(yt)
(
w̄(yt)

(
sy(yt, ϑt|t−1) + swy (yt)

)
+
(
1− w̄(yt)

)
sh̄y(yt)

)
.
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Therefore,

∇ϑHS(f
♭
w,h̄, yt)

= w̄(yt)∆ys(yt, ϑt|t−1) + 2
(
∇yw̄(yt)

)
×3 ∇ys(yt, ϑt|t−1)

+
((

∆yw̄(yt)
)
+ c1(yt, ϑt|t−1)

)
d♯s(yt, ϑt|t−1)

+∇ys(yt, ϑt|t−1)c2(yt, ϑt|t−1)

= w̄(yt)
(
∆ys(yt, ϑt|t−1) + w̄(yt)∇ys(yt, ϑt|t−1)

(
sy(yt, ϑt|t−1) + swy (yt)

))
+ w̄(yt)

(
1− w̄(yt)

)
+ w̄(yt)

(
1− w̄(yt)

)
c4(yt, ϑt|t−1)

(
s(yt, ϑt|t−1)− Ef♯

t|t−1
s(Yt, ϑt|t−1)

)
= w̄(yt)

(
∆ys(yt, ϑt|t−1) + w̄(yt)∇ys(yt, ϑt|t−1)

(
sy(yt, ϑt|t−1) + swy (yt)

))
+ w̄(yt)

(
1− w̄(yt)

)
c3(yt, ϑt|t−1),

where sf+w−h
y (yt, ϑt|t−1) := sy(yt, ϑt|t−1) + swy (yt)− sh̄y(yt), and

c3(yt, ϑt|t−1) :=
(
∇ys(yt, ϑt|t−1)s

h̄
y(yt) + 2sf+w−h

y (yt, ϑt|t−1)×3 ∇ys(yt, ϑt|t−1)
)

+ c4(yt, ϑt|t−1)
(
s(yt, ϑt|t−1)− Ef♯

t|t−1
s(Yt, ϑt|t−1)

)
,

where

c4(yt, ϑt|t−1)

= ∆y log ft|t−1(yt) + ∆y logw(yt)−∆y log h̄(yt)

+
(
1− 2w̄(yt)

) ∥∥sf+w−h
y (yt, ϑt|t−1)

∥∥2
2

+
(
w̄(yt)

(
sy(yt, ϑt|t−1) + swy (yt)

)
+
(
1− w̄(yt)

)
sh̄y(yt)

)⊤
sf+w−h
y (yt, ϑt|t−1).

Note that c4(yt, ϑt|t−1) is a function of sy(yt, ϑt|t−1), ∇ys(yt, ϑt|t−1), s
w
y (yt), s

h̄
y(yt), w̄(yt)

only, i.e.,

c3(yt, ϑt|t−1) ≡ Ξ
(
sy(yt, ϑt|t−1),∇ys(yt, ϑt|t−1), s

w
y (yt), s

h̄
y(yt), w̄(yt)

)
.
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The gradient of the Hyvärinen score then follows by substituting the expression for

∇ϑHS(f
♭
t|t−1, yt) into

∇ϑHS
♭
w,h̄(ft|t−1, yt) = w(yt)∇ϑHS(f

♭
t|t−1, yt)

+
(
1− w(yt)

) ∫ ∞

−∞
∇ϑHS(f

♭
t|t−1, q)φ(q)dq.

D Set-valued functionals

Following Section 2.1, we temporarily suppress time indices and let Y ⊆ Rl. Consider a

(potentially) set valued functional ũ : P ↠ Y , and recall that strict consistency of a scoring

function ℓ : Y × Y → R with respect to (P , ũ) was already defined in Section 2.1. Strict

consistency requires that

ũ(P) = argmin
x∈Y

EPℓ(x, Y ), ∀P ∈ P ,

that is, EPℓ(xP, Y ) ≤ EPℓ(x, Y ), for all xP ∈ ũ(P) and x ∈ Y , and EPℓ(xP, Y ) = EPℓ(x, Y )

implies x ∈ ũ(P); see Definition 1 in Gneiting (2011).

A strictly consistent scoring function ℓ for ũ : P ↠ Y induces a family of scoring rules

Sℓ(F, y) := {Sℓ(F, y;xF) : xF ∈ ũ(F)}, where Sℓ(F, y;xF) := ℓ(xF, y), for all xF ∈ ũ(F).

Ordinary scoring rules arise as degenerate families consisting of a single member.

As generalizations of Definitions 1 and 2, we first formalize the notion of strict local

propriety and local divergences for set-valued functionals.

Definition 8. Let ũ : P ↠ Y be a functional. The family of scoring rules Sℓ is called

strictly locally proper with respect to (P , ũ) if (i) Sℓ(P, Y ;xP) = Sℓ(F, y;xF) whenever

ũ(P) = ũ(F), ∀P,F ∈ P; and (ii) supxP∈ũ(P) EPSℓ(P, Y ;xP) ≤ infxF∈ũ(F) EPSℓ(F, Y ;xF),

with equality if and only if ũ(P) ∩ ũ(F) ̸= ∅, ∀P,F ∈ P.
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Definition 9. Let ũ : P ↠ Y be a functional. A map D : P × P → R+ is called a local

divergence with respect to ũ if (i) ũ(F) = ũ(G) implies D(P∥F) = D(P∥G), ∀P,F,G ∈ P,

(ii) D(P∥F) ≥ 0, ∀P,F ∈ P, and (iii) D(P∥F) = 0 if and only if ũ(P) ∩ ũ(F) ̸= ∅,

∀P,F ∈ P.

Definition 9 extends to functionals T̃ : P → V , although this generalization is not

pursued here. The next result connects the strict local propriety of scoring rule families to

the strict consistency of the scoring functions by which they are induced. Proposition 4 then

established that any strictly locally proper scoring rule family induces a local divergence.

Proposition 3. Consider a family of scoring rules Sℓ : P × Y ↠ R̄. Assume that ∀y ∈

Y ∃Fy ∈ P with ũ(Fy) = {y}. Then Sℓ is strictly locally proper with respect to (P , ũ) if

and only if ℓ is strictly consistent with respect to (P , ũ).

Proposition 4. Assume a family of scoring rules Sℓ : P ×Y ↠ R̄ is strictly locally proper

with respect to ũ : P ↠ Y. Then DSℓ
(P∥F;xP) := infx∈ũ(F){EPSℓ(F, Y ;x)−EPSℓ(P, Y ;xP)}

is a local divergence with respect to ũ, for all xP ∈ ũ(P).

From the perspective of Bayes acts, the action space A := {(F, xF) : F ∈ P , xF ∈ ũ(F)}

is reduced to A = P , by selecting the best member via infx∈ũ(F) EPSℓ(F, Y ;x). In this case,

BSℓ
(P) = {F ∈ P : ũ(F) ∩ ũ(P) ̸= ∅}. If v(F) is a singleton ∀F ∈ P , the Bayes act further

reduces to BSℓ
(P) = {F ∈ P : ũ(F) = ũ(P)}. Since Sℓ depends on F only through ũ(F),

the Bayes act is unique only up to ũ.

We now extend Corollary 1 to members of families of scoring rules Sℓ that are strictly

locally proper with respect to (P , ũ), for which we reintroduce time indices. A member

Sℓ(Ft|t−1, yt;xF) ∈ Sℓ for some specific xF ∈ ũ(Ft|t−1) is implictly selected through a measur-

able selector with ζ(R) ∈ R for every nonempty R ⊆ Y , and such that Ft|t−1 7→ ζ◦ũ(Ft|t−1),

is Ft−1-measurable for all Ft|t−1 ∈ P . The composition ζ ◦ ũ is not an ordinary functional
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in the sense of a deterministic mapping from P onto (subsets of) Y , but a selection device

applied to the correspondence Ft|t−1 7→ ũ(Ft|t−1). Each selector induces a ζ-selected scoring

rule Sζ
ℓ : P × Y → R̄.

Corollary 4. Consider a functional ũ : P ↠ Y. Let Sℓ be a scoring rule family that is

strictly locally proper with respect to (P , ũ), with ζ∗-selected scoring rules Sζ∗

ℓ : P ×Y → R̄

implied by the selector ζ∗ such that ζ∗ ◦ ũ ∈ argminx∈ũ(Ft|t−1) EPtSℓ(Ft|t−1, Yt;x), for all

Ft|t−1 ∈ P. Assume EPtψSζ∗
ℓ
(Yt, ϑt|t−1) to be non-zero and let Assumption 1 and 2 hold.

Then ϕ
Sζ∗
ℓ
(yt, ϑt|t−1) = ϑt|t−1 − At|t−1ψSζ∗

ℓ
(yt, ϑt|t−1) is a PRADA update with respect to

(P ,DSℓ
(·∥·; ζ∗ ◦ ũ(·)), ũ).

In Corollary 4, the role of the measurable selector ζ∗ is purely technical but unavoidable.

When ũ(Ft|t−1) is not a singleton, as with the β quantile of a distribution function that is flat

at level β, no scoring rule can strictly locally proper for all x ∈ ũ(Ft|t−1). This corresponds

to the second case in Footnote 2 of Dimitriadis et al. (2024), where the identification remains

strict for the set valued quantile qβ(Ft|t−1) but not for any single valued representative

such as VaRβ(Ft|t−1) = inf qβ(Ft|t−1). The selector ζ∗ chooses a measurable representative

ζ∗(Ft|t−1), inducing a single-valued scoring rule Sζ∗

ℓ (Ft|t−1, yt) := Sℓ(Ft|t−1, yt). Since Sℓ is

strictly locally proper with respect to (P , ũ), the induced Sζ∗

ℓ inherits this property by the

same argument as in Proposition 4.

E Additional examples

E.1 Unweighted Hyvärinen score

We supplement the discussion of the Hyvärinen (2005) score in Section 3.4, with two

examples. As first example, we revisit the univariate Gaussian location-scale model also
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considered in Examples 3, 4 and 5, with mean µt|t−1 and variance σt|t−1 = exp(γt|t−1).

As shown by the gradient and Hessian in Example E.1.1, the second-order locality of the

Hyvärinen (2005) induces a scaling proportional to 1/σ2
t|t−1, hence dampening updates if

the variance is larger than one. This scaling, however, does not address the unboundedness

of the update. Consequently, the robustness properties of the Hyvärinen score are closer

to those of the logarithmic scoring rule than to the bounded updates obtained for the

PsSphS and CRPS in Examples 4 and and 5, respectively. This observation aligns with the

intuition that the Hyvärinen score remains local, though with respect to a neighborhood

of the realization rather than the realization itself.

Example E.1.1. For the Gaussian univariate location-scale model with mean µt|t−1 and

variance σ2
t|t−1 = exp(γt|t−1), we arrive at

∇ϑHS =
1

σ2
t|t−1

 sµ(yt, ϑt|t−1)

2sγ(yt, ϑt|t−1)



∇2
ϑHS =

1

σ2
t|t−1

Hµµ(yt, ϑt|t−1) 2Hµγ(yt, ϑt|t−1)

2Hµγ(yt, ϑt|t−1) 4Hγγ(yt, ϑt|t−1)− 1

 .

The higher-order locality of the Hyvärinen score leads to a rescaling of the update and

Hessian by the inverse variance, which reduces sensitivity to extreme observations, although

it does not eliminate the unboundedness of the Hessian.

A similar conclusion applies to the Gaussian multivariate local level model discussed in

the following example.

Example E.1.2. For the Gaussian multivariate local level model with mean µt|t−1 ∈ Rk

and fixed variance Σ ≻ Ok. Since ∆y log ft|t−1(yt) = − tr(Σ−1) and ∇y log ft|t−1(yt) =
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−Σ−1(yt − µt|t−1), it follows that

HS
(
ft|t−1, yt

)
= − tr(Σ−1) + 1

2
(yt − µt|t−1)

⊤Σ−2(yt − µt|t−1).

Hence, ψHS(yt, µt|t−1) = −Σ−2(yt − µt|t−1) and HHS(yt, µt|t−1) = Σ−1H(yt, µt|t−1). Relative

to the logarithmic scoring rule, deviations of yt from µt|t−1 are therefore penalized in units

of squared variance rather than variance under the the Hyvärinen score.

E.2 Censored likelihood score

Example E.2.1, revisits the unbounded update in Example 3, applying the center indicator

function of Section 4.3.3 to obtain bounded updates. Updates outside the compact interval

[r1, r2] only enter the update through EF♯
1−w

s(Yt, ϑt|t−1), which is bounded in the observation

space. Boundedness on compact subsets of the parameter space then suffices, making the

term 1/σt|t−1 unproblematic for obtaining a PRADA update (see Theorem 3.2).

Instead of hard thresholds, one may also use smooth weight functions such as the

Gaussian kernel y 7→ ϕ(y)/ϕ(0). The gradients and Hessians are then robustified in the

same spirit as the PsSphS and CRPS implied updates introduced in Examples 4.4 and 4.5.

Example E.2.1. Reconsider the Gaussian location-scale model introduced in Example 3.

For the weight function w1(y) = 1[r1,r2](y), the gradient becomes

∇ϑLogS
♭
w1

= w1(yt)

 − zt
σt|t−1

1
2
(1− z2t )

+
(
1− w1(yt)

) 1
σt|t−1

φ(z̄1)−φ(z̄2)
Φ(z̄1)+1−Φ(z̄2)

1
2
z̄1φ(z̄1)−z̄2φ(z̄2)
Φ(z̄1)+1−Φ(z̄2)


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∇2
ϑLogS

♭
w1

= w1(yt)

 1
σ2
t|t−1

zt
σt|t−1

zt
σt|t−1

1
2
z2t



+
(
1− w1(yt)

) 1
σ2
t|t−1

1
σt|t−1

φ(z̄2)−φ(z̄1)
Φ(z̄1)+1−Φ(z̄2)

1
σt|t−1

φ(z̄2)−φ(z̄1)
Φ(z̄1)+1−Φ(z̄2)

1
2

(
1 + z̄2φ(z̄2)−z̄1φ(z̄1)

Φ(z̄1)+1−Φ(z̄2)

)
 ,

where z̄j :=
rj−µt|t−1

σt|t−1
for j ∈ {1, 2}.

E.3 Smooth approximation indicator weight function

The following example illustrates the role of smooth indicator approximations in ensuring

the required twice continuous differentiability of the density by the Hyvärinen (2005) score.

In the limit, the smooth approximation converges to the discontinuous indicator function,

while maintaining differentiability for any finite smooth parameter.

Example E.3.1. Consider the weight function w2(y; a) = Ψ
(
y−r1
a

)
− Ψ

(
y−r2
a

)
, where

Ψ(x) =
∫ x

−∞ b(s)ds/
∫∞
−∞ b(s)ds, with b(s) = exp(−1/(1 − s2))1{|s|<1} and a > 0. The

weight function is a smoothed analogue of w1, satisfying w2(y; a) = 1 for y ∈ (r1, r2) and

w2(y; a) = 0 for y ≤ r1 − a or y ≥ r2 + a. Combined with the nuisance density h̄(y) =

φ(y), the generalized censored density f ♭
w2,φ

(y) = w(y)f(y) + F̄wφ(y) is twice continuously

differentiable in y. Moreover, Assumption 1 in De Punder et al. (2025) is satisfied for this

combination of w2 and h̄2, while it fails in the limit lima↓0w2(y;α) = w1(y). In practice,

one can choose a > 0 sufficiently small so that w2(·; a) approximates w1, mitigating the

effect through Ξ.
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F Pseudo-target and pseudo-truth

We display results in a static context. Consider a scoring rule S : PΘ × Y → R̄, where

PΘ := {Pϑ : ϑ ∈ Θ},

denotes a parametric family of distributions. We first consider correct specification, where

the true distribution can be written as Pϑ0 for some ϑ0 ∈ Θ. We then turn to the potentially

distributionally misspecified case, where P ∈ P but not necessarily P ∈ PΘ.

F.1 Correct specification

Suppose that the true distribution belongs to the postulated model class, that is, P = Pϑ0

for some ϑ0 ∈ Θ. Let PΘ = {Pϑ : ϑ ∈ Θ} and assume that the parametrization is chosen

such that

u(Pϑ) = ϑ, ϑ ∈ Θ,

where u : PΘ → Θ, with Θ = Y , denotes the functional of interest, as in Equation (9).

Consider a scoring rule of the form

S†
ℓ (Pϑ, y) = ℓ†(ϑ, y) = ℓ†(u(Pϑ), y),

where ℓ† is not necessarily strictly consistent with respect to u. Consequently, S†
ℓ : PΘ×Y →

R̄ need not be strictly locally proper with respect to (PΘ, u).

By tautological equivalence, ℓ† is strictly consistent with respect to the Bayes-act func-

tional it induces, provided the Bayes act exists and is unique. In the latter case, the

Bayes-act functional u◦ : PΘ → Θ is defined by

u◦(Pϑ0) := argmin
ϑ∈Θ

EPϑ0
ℓ†(ϑ, Y ) = argmin

ϑ∈Θ
EPϑ0

S†
ℓ (Pϑ, Y ).
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Equivalently, for any fixed Pϑ0 , the same value minimizes the associated score divergence,

u◦(Pϑ0) = argmin
ϑ∈Θ

D†
S†
ℓ

(Pϑ0∥Pϑ),

whenever this divergence is well defined. Consequently, u◦ is trivially elicitable on PΘ, with

ℓ† as a strictly consistent scoring function.

For S†
ℓ to be strictly locally proper with respect to (PΘ, u), it is necessary and sufficient

that, whenever the true distribution is Pϑ0 , the expected score is uniquely minimized by

reporting Pϑ0 . In functional terms, this means that

u◦(Pϑ0) = u(Pϑ0) ≡ ϑ0, ϑ0 ∈ Θ. (F.1)

Hence, strict local propriety with respect to (PΘ, u) is equivalent to the Bayes-act functional

u◦ and the intended functional u coinciding on PΘ.

Indeed, if the two functionals do not coincide, then there exists some Pϑ0 ∈ PΘ such

that u◦(Pϑ0) = ϑ◦ ̸= ϑ0. By definition of the Bayes act, the expected score under Pϑ0 is

then uniquely minimized at Pϑ◦ rather than at Pϑ0 . Hence

EPϑ0
S†
ℓ (Pϑ◦ , Y ) < EPϑ0

S†
ℓ (Pϑ0 , Y ).

This violates propriety with respect to the intended functional u, because u(Pϑ◦) ̸= u(Pϑ0)

while the forecast with the wrong functional value attains a strictly smaller expected score.

Conversely, if u◦(Pϑ0) = u(Pϑ0) = ϑ0 for every ϑ0 ∈ Θ, then, by definition of u◦,

EPϑ0
S†
ℓ (Pϑ0 , Y ) ≤ EPϑ0

S†
ℓ (Pϑ, Y ), ϑ ∈ Θ.

Moreover, uniqueness of the Bayes act implies that equality holds if and only if ϑ = ϑ0.

Since u(Pϑ) = ϑ on PΘ, this is equivalent to

u(Pϑ) = u(Pϑ0).
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Hence S†
ℓ is strictly locally proper with respect to (PΘ, u) by Definition 1.

Reintroducing time, Theorem 1 applies regardless of whether the functional equivalence

in Equation (F.1) holds. Consider

ϕS†
ℓ
(yt, ϑt|t−1) = ϑt|t−1 − At|t−1ψS†

ℓ
(yt, ϑt|t−1).

If EPϑt
ψS†

ℓ
(Yt, ϑt|t−1) ̸= 0 and At|t−1 ≻ Ok, then the update is expected-gradient aligned

with S†
ℓ . Hence, under the regularity conditions of Theorem 1, there exists κ̄ > 0 such that,

for all κ ∈ (0, κ̄],

∆D†
S†
ℓ

(
(ϕS†

ℓ
)κ
)
< 0.

This reduction concerns the score divergence D†
S†
ℓ

and does not require strict local propriety

with respect to (PΘ, u). It is therefore directed toward the Bayes-act functional induced

by S†
ℓ ,

u◦(Pϑt) = argmin
ϑ∈Θ

EPϑt
S†
ℓ (Pϑ, Yt),

whenever this Bayes act exists and is unique. Only if Equation (F.1) holds does this target

coincide with the intended functional u(Pϑt); only then is the update a PRADA update

with respect to (PΘ,DS†
ℓ
, u).

F.2 Misspecification

We generalize the setup and notation of Appendix F.1. Let PΘ = {Fϑ : ϑ ∈ Θ} ⊆ P denote

the working class, and P ∈ P . The concept of strict propriety as introduced by Gneiting

and Raftery (2007) is too narrow to handle cases where P ∈ P\PΘ in the score divergence

DS(P∥Fϑ) := EPS(Fϑ, Y )− EPS(P, Y ). Indeed, under this restriction, we cannot conclude

that S is strictly proper with respect to P since the expected score comparison evaluates
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the score at the true distribution P, even though the admissible forecasts are restricted

to PΘ.

However, the pseudo-projected scoring rule S∗
|Q : P×Y → R̄, with working class Q ⊆ P ,

S∗(P, y) := S(ΠDS
Q (P), y),

where ΠDS
Q : P → Q denotes the projection of P onto Q in the geometry of DS, is strictly

locally proper with respect to (P ,ΠDS
Q ). For Q = PΘ, the projection reduces to the pseudo-

true value functional u∗ : P → Θ,

u∗(P) := argmin
ϑ∈Θ

EPS(Fϑ, Y ), (F.2)

provided the minimizer exists and is unique. For the given true distribution P, write

ϑ∗ ≡ u∗(P).

By construction, the projected divergence identifies ϑ∗, that is,

DS∗
(
P∥Fϑ

)
= 0 ⇐⇒ u

(
ΠDS

PΘ
(Fϑ)

)
= u

(
ΠDS

PΘ
(P)
)
⇐⇒ ϑ = ϑ∗.

Reintroducing time indices, under the regularity conditions of Corollary 1, the derivative-

adaptive updating rule ϕS(yt, ϑt|t−1) = ϑt|t−1 − At|t−1ψS(yt, ϑt|t−1) is therefore a PRADA

update with respect to (P ,DS, u
∗), regardless of whether Pt ∈ PΘ. The reduction in score

divergence is directed toward Fu∗(Pt), the projection of Pt onto the working class in the

geometry induced by DS.

The pseudo-true value ϑ∗ admits no general agreement with the intended functional

value

ϑu := u(P) ∈ Θ,

when P ∈ P\PΘ, where u : P → Θ, with Θ = Y , denotes the intended functional, satisfying

u(Fϑ) = ϑ for ϑ ∈ Θ. For instance, if u is the mean functional, then ϑu is the actual mean
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of P, regardless of whether P belongs to the working class. The link between u∗ and u is

provided directly by Definition 1. Suppose that Sℓ : P × Y → R̄ is strictly locally proper

with respect to (P , u). Then, by Definition 1,

EPSℓ(Fϑ, Y )− EPSℓ(P, Y ) ≥ 0, ∀Fϑ ∈ PΘ,

with equality if and only if u(Fϑ) = u(P), that is, ϑ = u(P). Hence u(P) is the unique

minimizer of ϑ 7→ EPSℓ(Fϑ, Y ) over Θ, so that

u∗(P) = u(P), ∀P ∈ P . (F.3)

Equivalently, ϑ∗ = ϑu and the projection preserves the intended functional, u
(
Π

DSℓ
PΘ

(P)
)
=

u(P). Under (F.3), Fϑ∗ is the element of PΘ that shares with P the intended functional

value, while possibly differing from P in all aspects not captured by u. Misspecification

then concerns the distributional shape outside the target functional, not the functional

value itself. Consequently, DSℓ
is a local divergence with respect to u on P , and ϕSℓ

is a

PRADA update with respect to (P ,DSℓ
, u) by Corollary 1.

Now consider a potentially misaligned scoring rule S†
ℓ : P × Y → R̄, generated by a

scoring function through

S†
ℓ (F, y) = ℓ†(u(F), y), F ∈ P ,

where ℓ† is not strictly consistent with respect to (P , u). The Bayes-act functional induced

by S†
ℓ ,

u◦(P) := argmin
ϑ∈Θ

EPℓ
†(ϑ, Y ).

For the given true distribution P, write

ϑ◦ ≡ u◦(P).
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In general, ϑ◦ ̸= ϑu, and, under distributional misspecification, also possibly ϑ◦ ̸= ϑ∗.

Hence one has to distinguish between the pseudo-true value

ϑ∗ = u∗(P) = u
(
Π

DSℓ
PΘ

(P)
)
,

selected by the intended projected local divergence, the intended functional value

ϑu = u(P),

and the score-induced pseudo-target

ϑ◦ = u◦(P),

selected by S†
ℓ . The equality ϑ∗ = ϑu holds only when the projection onto the working

class preserves the intended functional value, that is, u
(
Π

DSℓ
PΘ

(P)
)
= u(P).

The scoring rule S†
ℓ is aligned with the intended functional if and only if its Bayes-act

functional coincides with u on P , that is, u◦(P) = u(P), P ∈ P . In that case, for every

P ∈ P , the expected score is uniquely minimized by reporting the intended functional

value. Hence S†
ℓ is strictly locally proper with respect to (P , u). Consequently, the score

divergence D†
S†
ℓ

is a local divergence with respect to u, which we denote by DS†
ℓ
. Under the

regularity conditions of Corollary 1, the derivative-adaptive update based on S†
ℓ is therefore

a PRADA update with respect to (P ,DS†
ℓ
, u).

If, instead, u◦(P) ̸= u(P) for some P ∈ P , then the derivative-adaptive update based

on S†
ℓ may still reduce the score divergence induced by S†

ℓ . This reduction is directed

toward the Bayes act ϑ◦, however, and not toward the intended functional value ϑu. Hence

the update is not a PRADA update with respect to (P ,D, u) for any local divergence D

identifying u.

35



G Proofs of the results in Appendix A

G.1 Proof of Proposition 3

Proof. We start with the ‘ =⇒ ’ direction. Assume ℓ is strictly consistent with respect

to (ũ,P). Fix P,F ∈ P . By strict consistency, every x ∈ ũ(P) attains the same ex-

pected score EPℓ(x, Y ) = ℓ∗P, while EPℓ(x, Y ) > ℓ∗P for all x /∈ ũ(P). Correspondingly,

supxP∈ũ(P) EPSℓ(P, Y ;xP) = ℓ∗P. So, if ũ(P)∩ ũ(F) ̸= ∅, we can always pick x̃ ∈ ũ(P)∩ ũ(F)

such that EPℓ(x̃, Y ) = ℓ∗P. At the same time, any xF /∈ ũ(P) yields a strictly larger

expectation. Hence infxF∈ũ(F) EPSℓ(F, Y ;xF) = infxF∈ũ(F) EPℓ(xF, Y ) = ℓ∗P and equality

holds. In contrast, if ũ(P) ∩ ũ(F) = ∅, every xF ∈ ũ(F) lies outside ũ(P) and hence

infxF∈ũ(F) EPℓ(xF, Y ) > ℓ∗P.

For the ‘ ⇐= ’ direction, we assume that Sℓ is strictly locally proper with respect to ũ.

Fix P,F ∈ P . By definition, it holds that

sup
xP∈ũ(P)

EPSℓ(P, Y ;xP) ≤ inf
xF∈ũ(F)

EPSℓ(F, Y ;xF).

Hence, for any xP ∈ ũ(P), EPℓ(xP, Y ) ≤ infxF∈ũ(F) EPℓ(xF, Y ). Next, we use the richness

assumption pointwise. For arbitrary x ∈ Y , choose Fx ∈ P such that ũ(Fx) = {x}. Then

EPℓ(xP, Y ) ≤ inf
xF∈ũ(Fx)

EPℓ(xF, Y ) = EPℓ(x, Y ),

so every xP ∈ ũ(P) is a minimizer of x 7→ EPℓ(x, Y ) over Y .

To see that equality occurs only if x ∈ ũ(P), consider x̄ ̸∈ ũ(P) and let Fx̄ ∈ P be the

distribution such that ũ(Fx̄) = {x̄}. Strict local propriety yields

sup
xP∈ũ(P)

EPℓ(xP, Y ) < inf
xF∈ũ(Fx̄)

EPℓ(xF, Y ) = EPℓ(x̄, Y ),

so x̄ cannot attain the minimum. Hence equality holds only for x ∈ ũ(P). Consequently, ℓ

is strictly consistent with respect to (P , ũ). This completes the equivalence.
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G.2 Proof of Proposition 4

Proof. We verify the conditions in Definition 2 one by one. Fix a P,F,G ∈ P .

(i) Assume ũ(F) = ũ(G). Then the infimum is taken over the same set. Moreover, the

members of the scoring rule family coincide by condition (i) in Definition 8. Hence,

DSℓ
(P∥F;xP) = DSℓ

(P∥G;xP), ∀xP ∈ ũ(P).

(ii) By condition (ii) in Definition 8, it follows that for all xP ∈ ũ(P), we have that

EPSℓ(P, Y ;xP) ≤ sup
xP∈ũ(P)

EPSℓ(P, Y ;xP) ≤ inf
xF∈ũ(F)

EPSℓ(F, Y ;xF).

Taking the infimum over x ∈ ũ(F) of the difference yields

DSℓ
(P∥F;xP) = inf

x∈ũ(F)
{EPSℓ(F, Y ;x)− EPSℓ(P, Y ;xP)} ≥ 0.

(iii) For the ‘ =⇒ ’ direction, assume DSℓ
(P∥F;xP) = 0 for some xP ∈ ũ(P). Then

infx∈ũ(F) EPSℓ(F, Y ;x) = EPSℓ(P, Y ;xP). Together with (ii), we obtain

EPSℓ(P, Y ;xP) ≤ sup
z∈ũ(P)

EPSℓ(P, Y ; z) ≤ inf
x∈ũ(F)

EPSℓ(F, Y ;x) = EPSℓ(P, Y ;xP)

so equality holds throughout. By the equality case in condition (ii) of Definition 8 this

implies ũ(P) ∩ ũ(F) ̸= ∅.

For the ‘ ⇐= ’ direction, suppose ũ(P) ∩ ũ(F) ̸= ∅. Applying condition (ii) with P = F

shows that EPSℓ(P, Y ;xP) is constant over xP ∈ ũ(P). Specifically,

sup
x∈ũ(P)

EPSℓ(P, Y ;x) = inf
x∈ũ(P)

EPSℓ(P, Y ;x) = EPSℓ(P, Y ;xP),

for every xP ∈ ũ(P), which yields DSℓ
(P∥F;xP) = 0. Hence DSℓ

(P∥F;xP) = 0 if and only if

ũ(P) ∩ ũ(F) ̸= ∅.
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G.3 Proof of Corollary 4

Proof. Fix a Pt ∈ P and ϑt|t−1 ∈ Θ. Verify that

EPtψSζ∗
ℓ
(Yt, ϑt|t−1)

⊤EPt∆ϕSζ∗
ℓ
(Yt, ϑt|t−1)

= −EPtψSζ∗
ℓ
(Yt, ϑt|t−1)

⊤At|t−1EPtψSζ∗
ℓ
(Yt, ϑt|t−1)

< 0,

since At|t−1 ≻ Ok and EPtψSζ∗
ℓ
(Yt, ϑt|t−1) ̸= 0 by assumption. Hence, the updating rule ϕ

Sζ∗
ℓ

is EGA for Sζ∗

ℓ at ϑt|t−1 ∈ Θ. Applying Theorem 1 with S = Sζ∗

ℓ and ϕ = ϕ
Sζ∗
ℓ

yields the

existence of a κ̄ > 0 such that for all 0 < κ ≤ κ̄ it holds that

0 > ∆D
Sζ∗
ℓ
(ϕ

Sζ∗
ℓ ,κ

)

= EPtDSζ∗
ℓ
(Pt∥Fκ

t|t)− EPtDSζ∗
ℓ
(Pt∥Ft|t−1)

≥
∫
Y

inf
x∈ũ(Fϑκ

t|t(y)
)
EPtSℓ(Fϑκ

t|t(y)
, Yt;x)− EPtS

ζ∗

ℓ (Ft|t−1, Yt)Pt(dy).

For the argmin selector ζ∗, is attained pointwise, so

∫
Y

inf
x∈ũ(Fϑκ

t|t(y)
)
EPtSℓ(Fϑκ

t|t(y)
, Yt;x)Pt(dy)

=

∫
Y
EPtSℓ

(
Fϑκ

t|t(y)
, Yt; ζ

∗ ◦ ũ(Fϑκ
t|t(y)

)
)
Pt(dy),

and, moreover,

0 >

∫
Y
EPtSℓ

(
Fϑκ

t|t(y)
, Yt; ζ

∗ ◦ ũ(Fϑκ
t|t(y)

)
)
− EPtSℓ

(
Ft|t−1, Yt; ζ

∗ ◦ ũ(Ft|t−1)
)
Pt(dy)

= EPtDSℓ
(Pt∥Ft|t;xPt)− EPtDSℓ

(Pt∥Ft|t−1;xPt),

where DSℓ
(Pt∥Ft|t;xP) is a local divergence by Proposition 4, for all xPt ∈ ũ(Pt). Hence,

ϕ
Sζ∗
ℓ ,κ

is DSℓ
(·∥·;xPt)-reducing for all xPt ∈ ũ(Pt), κ ∈ (0, κ̄]. Therefore, ϕ

Sζ∗
ℓ
(yt, ϑt|t−1) is a

PRADA update with respect to (P ,DSℓ
(·∥·; ζ∗ ◦ ũ(·)), ũ).

38



H Derivations Appendix E

H.1 Example E.2.1

We first define z̄j :=
rj−µt|t−1

σt|t−1
for j ∈ {1, 2}. For the censoring mass F̄t|t−1, we obtain

F̄t|t−1 = Φ(z̄1) + 1− Φ(z̄2). For the mean part of the score, we note that

[
EF♯

1−w
s(Yt, ϑt|t−1)

]
1

= − 1

F̄t|t−1

(∫ r1

−∞

y − µt|t−1

σ2
t|t−1

ft|t−1(y)dy +

∫ ∞

r2

y − µt|t−1

σ2
t|t−1

ft|t−1(y)dy

)

= − 1

F̄t|t−1σt|t−1

(∫ z̄1

−∞
zφ(z)dz +

∫ ∞

z̄2

zφ(z)dz

)
=

1

σt|t−1

φ(z̄1)− φ(z̄2)

Φ(z̄1) + 1− Φ(z̄2)
,

where [a]j denotes the j-th element of the vector a. For the variance part, we first compute∫ z̄1

−∞
(1− z2)φ(z)dz = Φ(z̄1)−

∫ z̄1

−∞
z2φ(z)dz

= Φ(z̄1)− (Φ(z̄1)− z̄1φ(z̄1))

= z̄1φ(z̄1),

and similarly
∫∞
z̄2
(1− z2)φ(z)dz = −z̄2φ(z̄2). Therefore,[

EF♯
1−w

s(Yt, ϑt|t−1)
]
2
=

1

2

z̄1φ(z̄1)− z̄2φ(z̄2)

Φ(z̄1) + 1− Φ(z̄2)
.

Collecting terms, we find

EF♯
1−w

s(Yt, ϑt|t−1) =

 1
σt|t−1

φ(z̄1)−φ(z̄2)
Φ(z̄1)+1−Φ(z̄2)

1
2
z̄1φ(z̄1)−z̄2φ(z̄2)
Φ(z̄1)+1−Φ(z̄2)

 .

For the Hessian

H(yt, ϑt|t−1) =

 1
σ2
t|t−1

zt
σt|t−1

zt
σt|t−1

1
2
z2t

 ,
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we first note that
[
EF♯

1−w
H(Yt, ϑt|t−1)

]
11

= 1
σ2
t|t−1

.

For the off-diagonals, we obtain

[
EF♯

1−w
H(Yt, ϑt|t−1)

]
12

=
1

F̄t|t−1

(∫ z̄1

−∞

z

σt|t−1

φ(z)dz +

∫ ∞

z̄2

z

σt|t−1

φ(z)dz

)
=

1

σt|t−1

φ(z̄2)− φ(z̄1)

Φ(z̄1) + 1− Φ(z̄2)
.

And finally,

[
EF♯

1−w
H(Yt, ϑt|t−1)

]
22

=
1

F̄t|t−1

(∫ z̄1

−∞

1

2
z2φ(z)dz +

∫ ∞

z̄2

1

2
z2φ(z)dz

)
=

1

2F̄t|t−1

((
Φ(z̄1)− z̄1φ(z̄1)

)
+
(
1− Φ(z̄2) + z̄2φ(z̄2)

))
=

1

2

(
1 +

z̄2φ(z̄2)− z̄1φ(z̄1)

Φ(z̄1) + 1− Φ(z̄2)

)
.

Collecting entries,

EF♯
1−w

H(Yt, ϑt|t−1) =

 1
σ2
t|t−1

1
σt|t−1

φ(z̄2)−φ(z̄1)
Φ(z̄1)+1−Φ(z̄2)

1
σt|t−1

φ(z̄2)−φ(z̄1)
Φ(z̄1)+1−Φ(z̄2)

1
2

(
1 + z̄2φ(z̄2)−z̄1φ(z̄1)

Φ(z̄1)+1−Φ(z̄2)

)
 .
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