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Abstract

This paper introduces the class of Proper and Robust Autoregressive Derivative
Adaptive (PRADA) models, extending score-driven updates beyond the logarithmic
scoring rule to all strictly proper and locally proper scoring rules and strictly consis-
tent scoring functions. PRADA updates reduce an expected local divergence measure
under misspecification and thereby generalize the information-theoretic foundation of
score-driven models beyond the Kullback-Leibler divergence. They are interpreted as
the online analogues of M-estimators, and are linked to online Z-estimation through
strict identification functions. When derived from scoring functions or identification
functions, PRADA updates operate directly on elicitable functionals of the postu-
lated conditional distribution, such as conditional means, quantiles or risk measures,
and therefore do not require a parametric model. The results provide general condi-
tions under which updates are guaranteed to reduce their corresponding divergence,
establish robustness through bounded and censored updates, and encompass many
existing score-driven inspired models as special cases.
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1 Introduction

In time series modeling, the introduction of score-driven updates by Harvey (2013) and
Creal et al. (2013) has spurred a growing interest in their applications. This, in turn,
has led to an expanded analysis of the associated statistical properties of this model class,
including the analysis in Gorgi et al. (2024) and De Punder et al. (2026), as well as to
numerous extensions of the original framework (Patton et al. 2019; Harvey and Ito 2020;
Blasques et al. 2023; Creal et al. 2024). However, while stationarity, ergodicity and sta-
tistical inference have been established for broad classes of updating rules (Gorgi 2020;
Blasques et al. 2023), the information-theoretic foundation developed in De Punder et al.
(2026) remains confined to the log-likelihood framework. Moreover, since loss functions
must preserve a meaningful link with the underlying distribution (Gneiting and Raftery
2007; Gneiting 2011), not all parameter updates can rely on such a foundation.

In this paper, we extend the class of score-driven updates to the broader class of so-
called Proper and Robust Autoregressive Derivative Adaptive (PRADA) updates. PRADA
updates allow for replacing the derivative of the logarithmic scoring rule by the derivative
of any other loss function that preserves the theoretical foundation of score-driven updates
under an alternative divergence measure. More specifically, whereas score-driven updates
and their equivalents are unique in reducing the Expected Kullback and Leibler (1951)
divergence between the postulated time-varying density and the true density, PRADA
updates are unique in reducing some fixed expected (local) divergence measure. This
encompasses updates derived from strictly proper scoring rules, strictly consistent scoring
functions, and strictly locally proper weighted scoring rules. Many existing updates inspired
by the score-driven framework are PRADA updates for which this paper provides the

theoretical foundation, while also motivating the design of new, theoretically grounded



updating rules.

A key motivation for departing from the logarithmic scoring rule is its sensitivity to
outliers (Selten 1998), as it penalizes events that are extremely unlikely under correct spec-
ification with losses tending to infinity. While such confidence in the postulated model can
be desirable for model discrimination (Neyman and Pearson 1933), robustness to model
misspecification often proves valuable in practical applications. Donker van Heel et al.
(2025) show that the sensitivity of the logarithmic scoring rule carries over to the in-
stability of the score-driven filter, resulting in mean-squared-error-unbounded updates in
commonly-used settings such as Gaussian volatility models and other non-Lipschitz contin-
uous scores. Similarly, De Punder et al. (2026) introduce clipped variants of score-driven
updates for cases in which global boundedness of the expected Hessian is not guaranteed
under the assumed model. In this paper, we additionally show that replacing the score
with a quasi-score, as per Blasques et al. (2023), does not necessarily yield a reduction
in the expected Kullback-Leibler (EKL) divergence. A more direct approach is to retain
the model specification and instead replace the logarithmic scoring rule with other proper
but more robust alternatives such as the Continuous Ranked Probability Score (CRPS) of
Matheson and Winkler (1976) and the censored likelihood score (CSL) proposed by Diks
et al. (2011). At this point, we address the terminological ambiguity that the term “score”
refers both to the outcome of a scoring rule and the gradient of the logarithmic scoring
rule. The intended meaning, however, is always clear from the context.

In a Gaussian location model the CRPS corresponds to a smooth version of the Huber
estimator (Huber 1981, p. 208), used to robustly estimate the population mean (Gneit-
ing and Raftery 2007). Estimating parameters based on the CRPS serves as a robust

alternative to traditional maximum-likelihood estimation and fits the framework of M-



estimation (Huber 1964). An important difference with M-estimation is the online target,
custom in time-series applications. Viewing score-driven updates as the online version of
maximum-likelihood, the consistency of which relies on the strict propriety of the logarith-
mic scoring rule (Wald 1949; Gneiting and Raftery 2007), PRADA updates can be seen as
the online version of M-estimation under similar restrictions as required for consistency of
M-estimators.

To accommodate weighted scoring rules and scoring functions, we consider a broader
class of loss functions beyond that of the strictly proper scoring rules of Gneiting and
Raftery (2007). We show that the generalized class of strictly locally proper scoring rules
of Holzmann and Klar (2017) can be formulated in terms of strict propriety with respect
to some functional of the distribution, parameterized by a weight function on the outcome
space. Following the decision-theoretic perspectives of Griinwald and Dawid (2004), Dawid
(2007), Gneiting (2011) and Dawid and Musio (2014), we establish a unifying concept for
loss functions defined on different action domains, e.g., scoring functions on outcome spaces
or scoring rules on classes of distributions, which we term strict local propriety with respect
to a functional, generalizing Theorem 3 in Gneiting and Ranjan (2011). We correspondingly
extend the notion of local divergences with respect to a weight function, as in Definition 2
of De Punder et al. (2025), to local divergences with respect to a functional, identifying
the true distribution up to the chosen functional.

In less general contexts, the importance local divergences introduced by De Punder
et al. (2025) builds on a broad statistical literature (Gneiting and Raftery 2007; Diks et al.
2011; Gneiting and Ranjan 2011; Gneiting 2011; Holzmann and Klar 2017). The adverse
consequences of parameter updates that do not reduce a local divergence mirror those of

forecast evaluations based on improper scoring rules such as the linear or weighted likelihood



scoring rule of Amisano and Giacomini (2007). As illustrated by Example 2 in Section 2,
parameter updates based on the linear scoring rule can become entirely independent of the
true distribution. This underscores that the general updating rules of Gorgi (2020) and
Blasques et al. (2023) require additional guidance; only those intersecting with the PRADA
class are guaranteed to reduce a local divergence with respect to the true distribution.
Many PRADA models were ahead of their theoretical formalization. Catania et al.
(2025) consider updates based on the CRPS to achieve more robust updating rules. Score-
driven models for count data and circular data, as discussed by Gorgi (2020) and Harvey
et al. (2024), respectively, are naturally encompassed by the generality of the outcome
space. Other types of updates also arise. The Hyvérinen (2005) scoring rule is second-
order local, as it depends on the likelihood through its first and second derivatives only,
and is therefore conceptually related to score-driven updates. The PseudoSpherical and
Power scoring rule families include the logarithmic scoring rule as limiting cases when their
tuning parameter tends to one, while providing more robust updating behavior for other
parameter values. Furthermore, the CRPS belongs to the broader class of kernel scores,
which accommodate highly general outcome spaces, and unlike likelihood-based updates
can be applied to distributions characterized only through their distribution function or
characteristic functions; see, for instance Example 12 in Gneiting and Raftery (2007).
Harvey and Ito (2020) introduce an example of a PRADA update based on the CSL,
guaranteed to reduce the expected censored Kullback-Leibler divergence. De Punder et al.
(2025) demonstrate that censoring can be applied to any other strictly proper scoring rule
while preserving the corresponding unweighted divergence measure. Weighting strictly
proper scoring rules, including those mentioned above, can be useful for downweighting

extreme observations, thereby enhancing the robustness of the updating step and simul-



taneously addressing the issue of missing values (Harvey and Ito 2020). Our extension to
strict local propriety with respect to functionals further accommodates weighted scoring
rules beyond the class of strictly locally proper scoring rules, including updates based on
the threshold-weighted CRPS of Gneiting and Ranjan (2011) for center indicator functions,
and, analogously, the dynamic Tobit model proposed by Harvey and Liao (2023).

In the context of strictly consistent scoring functions, score-driven-inspired updates in-
clude the updating rule for the elicitable (Value-at-Risk, Expected Shortfall) pair proposed
by Patton et al. (2019), as well as, the updating rule for the vector of quantiles introduced
by Catania and Luati (2023). By Osband’s principle (Fissler and Ziegel 2016), PRADA
updates can often be expressed in terms of identification functions, solutions to which we
interpret as an online Z-estimation problem. This formulation allows for direct incorpora-
tion of identification functions that are often readily available (Gneiting and Ranjan 2011;
Dimitriadis et al. 2024).

We proceed as follows. Section 2 introduces preliminaries on updating rules, loss func-
tions and local divergences. Section 3 presents the main theoretical results, with examples
for unweighted and weighted scoring rules included in Sections 3.4 and 3.5, respectively.
Section 4 examines the implications for strictly consistent scoring functions and strict iden-
tification functions. Section 5 concludes. Code for the reproduction of included figures is

available from the paper’s GitHub: https://github.com/rdpunder/PRADA.

2 Updating rules and divergence measures

Consider a complete probability space (€2, F,P) and a standard Borel measurable space
(V,G). Fort =1,...,T, with T" € N, define random variables Y; : (2, F) — (),G) and

write Yi.p := (Y1,...,Y7r) : Q — YT with product o-algebra G¥T. The natural filtration is
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{FYLE, with F; := o(Y1,...,Y;). We denote the true conditional distribution of Y; given
Fi—1 by the kernel Py(-) := IP’(Y; € - ‘ .7-},1) on (Y,G), with distribution function P; and,
whenever it exists, u,-density pi(y) = ‘j—i(y). Here, we are explicit about the underlying
measurable space to allow for outcome spaces beyond Euclidean space and distributions
that are not Lebesgue dominated, such as the continuous-discrete censored distribution
introduced by De Punder et al. (2025).

The conditional distribution implied by the postulated model is denoted by F;;_;, driven
by a time-varying parameter Jy;_; € © C R*. As in De Punder et al. (2026), we assume
that © is open and convex. An updating rule ¢ : Y — © determines how parameters ;_;
are updated to ¥y 1= (14, ¥y—1) based on a realization y;, and induces the corresponding
update of the conditional distribution from Fy;_; = Figm_l to Fy, = Fﬂm. Updating rules
under consideration therefore yield observation-driven models (Cox 1981). The conditional
distribution is allowed to depend on static parameters or exogenous variables as well, though
suppressed in the notation. Its distribution and, whenever it exists, p;-density, are denoted
by Fyi—1 = Fo,,_, and fiz—1 = f(-|9ye-1), respectively. The time-varying parameter 9,4
typically represents either a parameter vector indexing a parametric family or a functional
of the distribution. Whenever flexibility of the parameter space is desirable, dependence
on Yy,—1 can be represented through a link function © é, defined as any invertible and
continuous mapping, with O C R* (Creal et al. 2013, Sec. 2.4). Following De Punder et al.
(2025), we assume that the support of Fy;_; contains the support of P;.

Whenever two random variables, densities or distribution functions are said to be equal,
this is understood to hold almost surely. Moreover, two measures Fy;_; and Gy,_; coin-
ciding on G, that is, Fy—1(E) = Gy—1(E),VE € G, is denoted by Fyi—1 = Gye—1. Two

measures coinciding on (R C V) € G, that is, Fyy_1(ENR) = G (ENR), VE € G, is



similarly denoted Fy;_; e Gyji—1. For a matrix A € R¥*E we denote the trace by tr(A), the
operator norm by || 4|2, which is induced by the Euclidean norm ||z||, for vectors z € R¥,
and positive (semi)definiteness by A = (>) Oy, where Oy is the k X k zero matrix and
A € R***  Negative (semi)definiteness is analogously denoted A < (=) Op. The k x k
identity matrix is denoted I;,. For a function g : R — R, with [ € N, we denote the gradient,
Hessian and Laplacian by V,§(z) := 2§(z), V2§(z) := 52 g(z) and A,g := tr(V2g(x)),
respectively. Moreover, the gradient of a vector-valued function g, : R* — R™, with m > 1,
dgi(x

zj

is the m x [ Jacobian matrix V,g(z) with elements [V,g(z)];; = 6—). We suppress time

dependence in V,, which will be clear from the context.

2.1 Local divergence space

PRADA updates will be defined with respect to a local divergence space (P,D,T), where
D denotes a local divergence with respect to a functional T. We carefully develop the
concept of a local divergence space. For notational convenience, we temporarily suppress
time indices.

Adopting the decision-theoretic perspective of Griinwald and Dawid (2004), Dawid
(2007), Gneiting (2011) and Dawid and Musio (2014), we define a loss function L : AxY —
R for actions a € A and outcomes y € ). Throughout, we assume that losses are negatively
oriented, F-integrable for all F € P, and G-measurable. We consider two types of losses:
scoring rules S : P x Y — R := RU {oo}, and scoring functions £ : X x J — R, where
X C ]R’;, with k € N. In the context of scoring functions, we additionally require ) C R'.

An action af, € A is called a Bayes act under P € P if it is a minimizer of the P-
expected loss, that is, a}, € argminge 4 EpL 4(a,Y’). A scoring rule is termed proper with

respect to P if the true distribution P is a Bayes act, for all P € P, and strictly proper with



respect to P if it is the unique Bayes act (up to P-a.s. equivalence), for all P € P. Similarly,
for a potentially set-valued functional @ : P — )Y, a scoring function ¢ : X x Y — R is
called consistent with respect to (@, P) if every ap € u(P) is a Bayes act, for all P € P,
and strictly consistent with respect to (@, P) if only every ap € @(P) is a Bayes act, for
all P € P (Gneiting 2011; Fissler and Ziegel 2016). A functional @ that admits a strictly
consistent scoring function ¢ is called elicitable.

In applications, single-valued functionals v : P — ) are more common. We therefore
focus on this case and defer the treatment of set-valued functionals to Appendix D. For
instance, when a quantile ¢z(F) := {limy, F'(t) < 8 < F(x)}, with 5 € (0, 1), is set-valued,
one may instead work with its associated Value-at-Risk, VaRg(F) := inf gs(F).

We also consider functionals of the form v : P — Q, where Q denotes a class of
distributions on (), G). A prominent example is the censoring functional v%(+) introduced

by De Punder et al. (2025), which maps F € P to censored distributions
F'.(E) = v, #F(E) .= F(ENR) + F(R%)6,(E), VEe€g,

where G° := 0({G, *}), * € ) is an abstract censoring point extending the outcome space,
and (R C Y) € G. When discussing properties common to both functional types, we refer
to the class of functionals encompassing v and v as 7 : P — V, with V € {), Q}.

The censoring functional can be used to reformulate the notion of strict local propriety
introduced by Holzmann and Klar (2017), who discuss scoring rules localized by some
measurable weight function w : Y — [0, 1], to emphasize regions of interest R, :=={y € Y :
w(y) > 0}. They define a weighted scoring rule S, : P x ¥ — R to be localizing if F e
implies S(F,y) = S(G,y), for all y € Y and generalize the notion of strict propriety to
strict local propriety with respect to (P,w). The latter is equivalent to S,, being strictly

locally proper with respect to (P, vg{w).



Definition 1. A scoring rule S : P x Y — R is strictly locally proper with respect to (P, T)
if Dg(P||F) := EpS(F,Y) — EpS(P,Y) > 0, VP, F € P, with strict equality if and only if

T(P) = T(F), VP,F € P.

Defining S,(F,y) := (u(F),y), it follows that S5, is strictly locally proper with respect
to (P, u) if £ is strictly consistent with respect to (P, u), generalizing Theorem 3 in Gneiting
and Ranjan (2011) for point-valued functionals. Section 4 elaborates on this special case,

which we illustrate with the following example.

Example 1. Let Py denote a class of distributions with finite mean uy(F) = Ep[Y] < oo,
for allF € Py, and let uy be the functional of interest, that is, F = Fy, with ¥ = uy(Fy). The
functional uy is elicitable with strictly consistent scoring function £1(9,y) = (9 — y)?. The
induced scoring rule S, (F,y) = (Ep[Y] — y)? is proper with respect to Py, but not strictly
proper since distributions sharing the same mean yield the same expected score. This lack
of strict propriety reflects the intentional localization of S,, to the mean, disregarding all
other aspects of the distribution, and is therefore accommodated by the third condition of
strict local propriety with respect to (Py,u1) in Definition 1. In this sense Fy represents
any distribution with mean 19, corresponding to the semi-parametric score-driven approach

by Patton et al. (2019), albeit for a different functional.

The expected score difference in Definition 1 satisfies the fundamental properties of a

local divergence with respect to T.

Definition 2. Let T : P — V be a functional. A map D : P x P — R, is called a local
divergence with respect to T if (i) T (F) = T(G) implies D(P||F) = D(P||G), VP, F,G € P,

(i) D(P||F) > 0, VP, F € P, and (iii) D(P||F) = 0 if and only if T(P) =T (F), VP, F € P.

The first condition ensures that the local divergence is insensitive to events outside the

scope of T. The second anchors the divergence in nonnegativity; no distribution can have
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smaller divergence from P than P itself. The third ensures that only distributions equivalent
to P under 7T have zero divergence from P, meaning that zero divergence uniquely identifies
P up to T-equivalence. For the censoring functional UEW Definition 2 coincides with the
notion of a local divergence introduced in Definition 2 of De Punder et al. (2025).

When considering expected score differences of any (potententially improper) scoring
rule S, we follow Gneiting and Raftery (2007) by referring to them as score divergences
DL(P||F) := EpS(F,Y) — EpS(P,Y), where the superscript “t” emphasizes that the score
divergence does not necessarily satisfy the conditions of a local divergence in Definition 2.
For a meaningful comparison of distributions F € P, the restriction Df, = Dy is essential,
as without it, F could become statistically closer to P than P itself. With the restrictions

in Definition 2 imposed, we refer to the triplet (P, D, T) as a local divergence space.

3 PRADA

Pinning down the (infinite-dimensional) degree of freedom ¢ in an observation-driven time
series model is a nontrivial task. Since Blasques et al. (2015), the class of score-driven
models introduced by Creal et al. (2013) and Harvey (2013) has often been regarded as a
solution to this problem, claiming its “information-theoretic optimality”. As explained by
De Punder et al. (2026), such a claim of optimality, in the sense of identifying an updating
rule ¢* that yields maximal reduction in a KL-based divergence from the true distribution
among all feasible updating rules ¢, has never been shown; neither in Blasques et al. (2015)
nor in De Punder et al. (2026). What was shown by De Punder et al. (2026), is that

score-driven updates

¢sn(yt, 19t|t—1) = 19t|t—1 - ASt—IS(Z/b ?9t|t—1) (1)
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with AS;_1 = Oy, where A is a parameter matrix and S;_; an F;_j-measurable scaling
matrix, are to a certain extent unique in ensuring EKL reductions for sufficiently small
updates. So, when fixing the (local) divergence space to (P, KL,id), where id is the identity
functional, Theorem 1 of De Punder et al. (2026) identifies ¢sp (and equivalents thereof)
as the class of updating rules for which sufficiently small updates guarantee improvements
towards Py in (P, KL,id). The purpose of this section is to extend this characterization to
more general local divergence spaces (P,Dg, T ).

In the following, we first show that reductions can be guaranteed for any update implied
by a scoring rule, as long as differences with respect to P, are measured by the associated
score divergence. However, as emphasized in Section 2.1 and in the discussion of the
trimmed KL measure of Blasques et al. (2015) by De Punder et al. (2026), only score
divergences based on strictly locally proper scoring rules induce local divergences and hence
a meaningful comparison with the true distribution. PRADA updates are then defined as
precisely those updates that guarantee reductions in local divergence space for sufficiently

small updates.

3.1 Updates implied by scoring rules

We consider a generalization of score-driven updates ¢gp to the class of derivative-adaptive

updating rules induced by a scoring rule S, that is,

¢S(yt779t\t—1) = 19t|t—1 - At\t—lws(ytaﬁﬂt—l)a ¢S(yt, 19t\t—1) = vﬂS<F79m_1; yt), (2)

where Ay, denotes a F;_;-measurable learning rate matrix with [|As—1]|2 < co. Unless
stated otherwise, we assume A;;_; > Oy. The model-implied Hessian is similarly defined
as Hg(y, Vyi—1) = V%S(Fﬁtlt_l,yt). For S = LogS, we obtain the score-driven update
with S(ytaﬂth‘fl) = @bLogS(yt?ﬁﬂtfl)? H(?Jt,ﬁﬂtfl) = HLogS(ytaﬁt\tfl) and At\tfl = ASt\tfl-

12



Whether an updating rule belongs to the PRADA class will not depend on a more specific
choice of Ay_1, paralleling that strict propriety is preserved under affine transformations
of the scoring rule (Gneiting and Raftery 2007). The flexibility in specifying Ay;—1 can be
exploited, for instance, to minimize reductions in local divergence to the true distribution;
see Dimitriadis et al. (2024) for a related discussion in the context of identification functions,
where strict identification functions are shown to belong to similar equivalence classes.
Following Blasques et al. (2015) and De Punder et al. (2026), we evaluate the updating
rule ¢g by the implied reduction of the associated score divergence from the true distribution

P;, under hypothetical redraws of Y; ~ P;. Definition 3 formalizes this criterion, reducing

to the EKL difference in Definition 2 of De Punder et al. (2026) for S = LogsS.

Definition 3. Let Y; and Y/ denote independent copies with distribution Py, ¢ : Y x© — O
an updating rule, and ID)J{g : P xP — R a score divergence induced by the scoring rule S.

The expected score divergence difference implied by ]D)g and ¢ is defined as
ADE(@ = ]EYthDE(PtHFt\t) - DL(PtHFﬂtfl),

where Dg(PtHFﬂt) = Eysop, [S(Fye, Y/) — S(Py,Y/)], in which the dependence on'Y; is im-

plicit in Fyy = Fy,,, with Oy, = A(Ye, Vyje—1).

A desirable property of an updating rule ¢ is to reduce the divergence of the model
distribution from P; under the update, that is, A}D)Tg(gb) < 0, provided that ]D)T9 is a local
divergence (see Definition 2). The latter restriction is essential for drawing meaninful
conclusions from reductions in ]D)Tg. Example 2 shows why. It considers an updating rule
for the variance, evaluated by the score divergence induced by the improper Linear scoring
rule, which is not a local divergence. In this case, reductions in the score divergence are
entirely disconnected from the true distribution. Hence, decreases in this divergence are

uninformative about the statistical distance with respect to the true distribution P;.
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Example 2. Let P, be the class of zero mean Gaussian densities with variance . Given
ye € R and yy—1 > 0, fiye—1 is updated to fyi, with vy = &5 (Ye, Yaje—1) for some updating

rule ¢,. The true variance is denoted v. A direct calculation gives Ep, LinS(fy—1,Y;) =

: T _ 1 1 _ 1 .
1/\/27 (e +yuje—1).  Correspondingly, ADy; o(6) = N (\/ﬂ/tﬂttl \/%ﬂm) < 0 if
and only if v < Yep—1, for all .. Therefore, a reduction toward the true density occurs as
soon as the variance of fy; is smaller than fy;—1, independent of what the actual variance

1s. Reductions in terms of Dring are therefore completely uninformative about the relative

divergence from the true density p,. In contrast, ADpees(¢,) < 0 if and only if v >

Vet Vet Vet — . . . X
log (“/m_1> %u—’mt_l1 Jor e > Vi1, with the inequality reversed for vy, < Vye—1. Taking
Yji—1 = 1 and vy = 2, a reduction in Drogg therefore only occurs if v > 2log(2) ~ 1.38,

that is, if an update from ~y,— to vy, moves sufficiently toward the true variance ;.

Below, we formalize that reductions in an expected score divergence can always be
achieved through sufficiently small gradient updates implied by the scoring rule that defines
the score divergence. In other words, the restriction to local divergences is not required for
obtaining a negative A]D)Tg(gzﬁ), but only for ensuring that the reduction is informative. This
observation supports the discussion of the trimmed KL (TKL) of Blasques et al. (2015)
by De Punder et al. (2026), where it was argued that the results in Blasques et al. (2015)
are formally correct yet uninformative because TKL is not a local divergence. To formally
characterize the class of updating rules that reduce a score divergence, we first generalize
the notion introduced by De Punder et al. (2026) of being score equivalent in expectations

to that of being expected gradient aligned.

Definition 4. An updating rule ¢ is said to be Py-expected gradient aligned (EGA) for S

at 01 € O if (Ep,os(Ye, Oyr1)) Ep, Ap(Yi, Oy 1) < 0, where Ag(y,9) := ¢y, ) — 0.

The inner product of two expectations in Definition 4, rather than an expectation of

14



an inner product, intuitively follows from the definition of the expected score divergence
Ept]D)L (P¢]|Fy¢), in which the outer expectation averages over the hypothetical redraws of Y;.
By Theorem 1 below, reductions in an expected score divergence, i.e. ADL(d)) < 0, are then

guaranteed for sufficiently small updates, that is, for the scaled analogue ¢, of ¢.

Definition 5. Let ¢ : ) x © — © denote an updating rule, and 0 < k < 00 a parameter.
The scaled updating rule ¢, of ¢ is such that ﬁflt — Oye1 = k(g — Vyp—1), where 19’;“ =

O (Yt Dije—1)-

To establish an equivalence between updates that are EGA and reduce A]DL((b), we

introduce, for any given v;;,_; € ©, the non-degeneracy condition for P;:

(Ep,tbs(Ys, Ps-1)) B, Ad(Ys, Oys_1) # 0. (ND)

The condition (ND) ensures that the first order effect in the expansion of the expected
score divergence does not vanish. If Ag(Y;, ¥yy—1) = athg(Ys, Vye—1), this condition rules out
distributions P; that render ¥;;—; a pseudo-truth 19:“71, i.e. satisfying Ep,15(Y;, 192‘“71) = 0.

Given Assumption 1, 2 and 3 stated below, we then establish the result in Theorem 1.

Assumption 1. The scoring rule S : P x Y — R is twice continuously differentiable in ¥

for Py-almost every y € Y, Ep,||A¢ (Y, 19t|t_1)||§ and Ep s (Yy, V1) are finite.

Assumption 2. The expected Hessian is uniformly bounded in the parameter ¥, that is,

supyee ||Ep, Hs(Y:, V)2 < 00,

Assumption 3. The expected Hessian is locally bounded in the parameter v, that is, for
any V-1 € O, there exists a compact ball ET = Er(ﬁm,l) C O of radius r > 0 around

Uyje—1 such that SUDye 5, ( ) |Ep, Hs(Yz, V)2 < oo.

Fee—1
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Theorem 1. Fiz vy, € O, let P, € P satisfy condition (ND), and suppose Assumption 1

holds. If, additionally, Assumption 2 is satisfied, the following equivalence holds:
Ik > 0 such that Yk € (0,7] : ADL(¢,) <0 <= ¢ is EGA for S at ¥y;_;.

Moreover, this equivalence continues to hold under the relazation of Assumption 2 to As-

sumption & for any bounded updated ¢ : || Ap(Yz, Vyp—1)|l2 < d(Pyp-1) < 00.

Theorem 1 characterizes the class of updating rules for which the integral ADL(@SK)
becomes negative for sufficiently small k > 0. If, in addition, S is strictly locally proper

with respect to (P, T), this yields reduction within the local divergence space (P,Dg, T ).

3.2 Proper updates

Building on the result of Theorem 1, we now refine this characterization by introducing a
subclass of updating rules that guarantee movement toward the true distribution within

some given local divergence space (P,Dg, T).

Definition 6. Let T : P — V denote a functional and let S : P x Y — R be a scoring
rule that is strictly locally proper with respect to (P,T). The updating rule ¢ : Y x © — ©
is called Proper and Robust Autoregressive Derivative Adaptive (PRADA) with respect to
(P,Dg,T) if for every Vy—1 € ©, and every P, € P satisfying (ND), there exists K > 0
such that V& € (0,&]: ADg(¢,) < 0. The implied updates ¢(ye, Vy—1) are called PRADA

updates with respect to (P,Dg,T).

Working on (P,Dg,T), a canonical PRADA updating rule is the derivative-adaptive
updating rule ¢g based on a scoring rule S that is strictly locally proper with respect to

(P,T). This is formally stated in Corollary 1.
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Corollary 1. Consider a functional T : P — V. Let S : P xY — R be a scoring rule that
is strictly locally proper with respect to (P,T). Assume Ep,g(Y:, Vyi—1) to be non-zero
and let Assumptions 1 and 2 hold. Then ¢s(ys, Vijp—1) = Vye—1 — Aep—1Vs(Ye, Vepp—1) s @

PRADA update with respect to (P,Dg,T).

Corollary 1 nests the result for score-driven updates in Corollary 1 of De Punder
et al. (2026) as a special case. Specifically, Corollary 1 implies that ¢regs, with Ay =
ADy;—1 = Oy, for some F;_j-measurable scaling matrix Dy, is a PRADA update with
respect to (P,KL,id). Moreover, by the characterizing part of Theorem 1, the PRADA
update in Corollary 1 is, to a certain extent, unique. In particular, only updates for which
Ep, [wS(Yt,19t|t,1)]T(]Ept¢(}Q,19t|t,1) — 19t|t,1) < 0 can be PRADA updates with respect to

(P,Dg, T). Corollary 2 highlights an implication of this characterization.

Corollary 2. Fix a triplet (P,Dg,T), where Dg : P x P — R, denotes a local divergence
with respect to T. Consider the updating rule ¢x(ys, Vyi—1) = Vep—1 — Age—1 Mye, Fyje—1), for
some measurable map X : Y x © — R*. Assume Ep,1s(Y}, Vep—1) # 0, Ep, MYy, Vyp—1) # 0
and let Assumption 1 hold. Then ¢y is a PRADA update with respect to (P,Dg,T), if and

only if
Ep, MYy, Vy4—1) = arp—1Ep, s (Ye, Vye—1) + bye—1,

where ay—1 > 0 and byy—y is such that (Epth(Yt,ﬁt‘t_l))TAﬂt_lbﬂt_l =0, with a;—1 and

byji—1 both Fi_1-measurable.

As illustrated by Corollary 2, a specific local divergence space (P,Dg,T) necessitates
updates to align with the expected gradient of the strictly locally proper scoring rule S.
This classification mirrors the equivalence between score divergences of strictly proper

scoring rules and Bregman divergences advocated by Gneiting and Raftery (2007), with
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canonical pairs such as LogS ~ KL dating back to Good (1952). Hence, the characterization
through expected Dy is considered natural, corresponding to an online version of optimal
score estimation (Gneiting and Raftery 2007), for local scoring rules, or, more broadly, M-
estimation. Generalizations of other performance criteria than EKL such as the conditional
expected variation (CEV) of Gorgi et al. (2024) and expected GMM (EGMM) criterion of
Creal et al. (2024) are therefore, albeit feasible, not considered; see De Punder et al. (2026)
for a detailed comparison of these performance criteria.

The characterization of the class of PRADA updates in Corollary 2 confirms that the
choice of the learning rate matrix is inconsequential for being a PRADA update or not.

An analogous argument applies when including lagged terms of the gradients, i.e.,

D
¢s(yt, '19t|t—1;17) = 19t|t—1 - Z Ai,t|t—1w5(yt7i+17 791t—z’+1|zt—z‘)- (3)

=1

Combining Equation (3) with the updating step U¢i1p = w + BUy;, and adding lags
gives, under reparameterization, the canonical prediction-to-prediction formulation of the

PRADA (p,q) model,

P q
19t+1|t =W = Z Ai,t|t—1¢s(yt—z'+1, 79t—z+1|t—z‘) + Z Bﬂgt—j—i—l\t—ja
i=1

j=1
which reduces to the well-known GAS(p,q) specification of Creal et al. (2013, Eq. (2)) for

the (negatively oriented) logarithmic scoring rule and A; ;-1 = A;Dyy—1, @ € {1,...p} for
some coefficient vector w and matrices Ay,..., A;, Bi,...,B; For theory development,

the arguments above allow us to focus on the canonical PRADA update in Corollary 1, by

which we follow Gorgi (2020) and Blasques et al. (2023).

3.3 Robust updates

A well-known disadvantage of the logarithmic scoring rule, and, accordingly, score-driven

updates, is their unboundedness (Selten 1998; Donker van Heel et al. 2025). We consider
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an explicit example. Hereinafter, we occasionally omit the local divergence space when

referring to PRADA updates when it is clear from the context.

Example 3. Consider a Gaussian location-scale model with mean j—1 and variance

at2|t_1 = exp(Yep—1). Assume that Ep,Y;? < co. The model implies the score

1 Y — Meje—1

5(yt7"§t|t—1) =—7

=\ G (e — pger)® — 07, y)

and Hessian

1 Zt
2
_ | %e-1 Gt
H(yt, ﬁt|t71) = | )
zt 1.2
2%t

T
where 2, = (Y — peji—1)/0w—1. For a constant variance 0162|t—1 = exp(y), Vt, the expected
Hessian is uniformly bounded in pu—1 and the score-driven update is a PRADA update with
respect to (R, KL,id). In contrast, when fizing the mean ju—1 = p, Vt, the expected Hessian
is not uniformly bounded in v, and therefore Assumption 2 of Corollary 1 not satisfied.
Although the expected Hessian is locally bounded in the sense of Assumption 3, the update
itself is unbounded. Therefore, the Assumption 3 part of Theorem 1 is not applicable, and

EKL improvements cannot be guaranteed.

The sensitivity of the score-driven filter illustrated by Example 3 has been addressed
in several ways. Blasques et al. (2023, p. 252) argue that the strong link between the
model-implied conditional distribution and the updating equation in score-driven filters
is not always desirable. However, by breaking this link, QSD updates, with 5(y;, Jy—1)
for the quasi-score, constitute PRADA updates with respect to (R, KL,id) if, and only if,
Ep, [g(}/;,ﬁtlt_lﬂTAt‘t_l]Ept [8<Xt, 19t|t_1)] > 0, which may, or may not hold, depending on

the true distribution P, (De Punder et al. 2026, App. F). Similarly, the QSD update in the
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GARCH-T example of Blasques et al. (2023, p. 253) is a PRADA update, if and only if

v—+1

Ep, [V2 — 9y (]| E
Pt|:t t|t 1:| Py V—2+X7?/19t|t_1

Xt2 — 191}|t71 > 0,

which holds trivially as v — oo, the score-driven case, but not in general.

We propose to retain the link between the model density and the updating rule while
adapting the scoring rule instead. This can be accomplished by replacing the logarithmic
scoring rule with a more robust alternative such as the CRPS (Catania et al. 2025), em-
ploying a weighted variant to censor or winsorize extreme observations (Harvey and Ito
2020), or by combining both approaches, for instance using the twCRPS of Gneiting and
Ranjan (2011). Alternative scoring rules may also be desirable for reasons beyond robust-
ness, analogous to their diverse use in forecast evaluation. In particular, the principle of
coherent use of the same scoring rule for estimation and evaluation (Gneiting and Raftery
2007), extends naturally to its role in PRADA updates, inviting updates based on a rich
variety of scoring rules. Detailed examples of unweighted and weighted scoring rules are
deferred to Sections 3.4 and 3.5, respectively.

In the remainder of this section, we adopt the censoring framework of De Punder et al.
(2025) to incorporate weight functions into PRADA updates. Censoring is appealing be-
cause it preserves the divergence Dg, thereby directly identifying the local divergence space
in which a censored updating rule is PRADA. This preservation stems from its projection-
type nature, which we exploit to develop theory for unbounded updates such as those in
Example 3. Although the associated Theorem 2 relies on indicator weight functions, we
introduce censored PRADA updates for general weight functions in anticipation of Sec-
tion 3.5.

For a regular scoring rule S, weight function w and nuisance distribution H € H C P,
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the censored scoring rule is defined as

Sb(Ft\tq,yt) = w(yt)S(FZt—l? ) + (1 - w(yt))EﬁS(Fgu—p Q1) (4)

where Filt_l = ¢’ (F) is given by dFilt_1 = delft_l + Ft|t_1dI_{, with det“Jt_1 = wdFy 4
Ft|t_1 = 1_fy wdFy;—; and Q; ~ H, independently of Y;. The weight function and nuisance
distribution may be adapted to JF;;_1, although this is suppressed in the notation. The
combination S = LogS and H = §,, where 6, denotes the Dirac measure at » € ), implies
the CSL of Diks et al. (2011). If the unweighted scoring rule is proper with respect to
P’ = {thfl, Fyi—1 € P} then S’ is strictly locally proper with respect to (P, U?%w), under
the regularity given by Assumption 1 in De Punder et al. (2025). When no distribution
Fyi—1 € P assigns positive mass to r, any weight function is compatible with choosing

H = 6, by this assumption.

The weight function and nuisance distribution are independent of ¥,;,_;. Consequently,

Vo (e, Vyi—1) = w(ye) VoS (Frpp_y,9e) + (1 — w(yt))EHVﬂS(FZt_p Q1)

and a similar convex combination follows for the Hessian Hgs (1, J4—1). By Corollary 1,

Ggo (yta 1915|t—1) = 191‘,\1&71 - At\tfﬂﬂsb (yt, 1975|t71)

is a PRADA update with respect to (P,Dg, v} ), with Dg (Py[|[Fye1) = ]DS(P?HF%_I),
under Assumptions 1, 2 and Assumption 1 in De Punder et al. (2025), and provided that
F_’t|t71 < 1, for all Ft\tfl eP.

To ensure bounded updates in the formal sense of Theorem 1, we consider censoring for

the special case where w(y;) = 1¢(y;) and H = §,. Then

Se(Foje-1,91) == S(Fi\t—lv Y2, (y), ch,t(yt) = yele(ye) + (1 — Le(ye)), (5)
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is strictly locally proper for some r € ) such that Fy;_1(r) = 0. Moreover, the censored
distribution F?Z,t\ 1 is the pushforward measure of Fy;,_; by the G /Q(b;—measurable map
Y? Y — Y2, where Y :=CU{r} and G% := c({ENC: E € G} U{r}). The pushforward
operator Il¢(F) := ch’t#F is idempotent, as ch¢ oYg, = ch’t. Therefore Il acts as a
projection from the space of distributions P on (Y, G) onto P := {Fcbz,t\t—1 : Fyu—1 € P} on
(V2. 92).

Updates that are already bounded allow for C = )Y, in which case Il = id and no cen-
soring occurs. For unbounded updates, C C Y, and Il; serves as a preliminary projection,
ensuring boundedness. If y — 1g(y,Jy—1) is continuous for all Jy;_;, then updates are
trivially bounded on any compact C by Weierstrass. Since any compact subset suffices,
one may take C large enough for Il to approximate the identity mapping in practice. In
Example 3, for instance, while (y; — u¢—1)? is not uniformly bounded in y; on R, for any
tuje—1 € R, choosing C = [—¢, ¢] with ¢ equal to machine precision effectively renders Il¢

redundant in applications. A formal result is stated in Theorem 2.

Assumption 4. With C C Y and r € Y such that F(r) = 0,YF € P, the scoring rule

S :PxY — R and updating rule ¢s : Y x © — O are such that for all Vyi—1 € O there

exists d = d(Vye—1) > 0 : supyee Vs (y, Dee—1)ll2 V |05 (r, Do) |2 < d.

Theorem 2. Let v : P — Q be a functional, and S : P x Y — R a scoring rule that
is strictly locally proper with respect to (P,v). Let C C Y be measurable, r € ), and
S, defined in Equation (5), with Fbc,t\tq = Yg,t#Ft‘t,l. Let Assumption 1, 8 and 4 hold,
Eptws.é (Y, Vye—1) # 0 and P, CP. Then ¢SE (Yt Vgp—1) = Vypp—1 — At\t—lwsg (Yt Vepe—1) 15 a

PRADA update with respect to (P, ]D)Sg, volle), where ]DD%C = Dg of Iz = id.
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3.4 Examples for unweighted scoring rules

The class of PRADA updates accommodates a wide range of strictly proper unweighted
scoring rules beyond the logarithmic score, which, as discussed in Section 3.3, is known
for its sensitivity to outliers. Departing from the logarithmic scoring rule can therefore
improve robustness, but also facilitates applicability to cases where only a distribution or
characteristic function is available. For a comparison with score-driven updates, however,
we generally assume the existence of a p;-density.

A family that nests the logarithmic scoring rule is the PseudoSpherical (PsSphS) family

1 ft|t—1(yt)671
isS hS (ytvﬂﬂtfl) = - < 1 1 5 6 > 17
o B=1\ I fuells™

where || f[ls == ([, fPdu)t? denotes the LP-norm on (¥,G), and the logarithmic scoring

rule is obtained as | 1. For all § > 1, the PseudoSpherical family is strictly proper with

respect to the class of densities Pg, satisfying || f||s < oo, for all f € P, and has divergence

B-1
Jypefyydme

Dpssphs; (Pell foje—1) = [lpells — T (Gneiting and Raftery 2007). The gradient reads
tjt—1 B
for—1(y)”™!
@Z}PSSphS/j(yt?ﬁﬂtfl) = W(S(yt, 19t\t71) - Efgtfls(lé,ﬂmfl)),
tt—1llp

which converges to s(y;, Jy;-1) as 8 | 1 since Ey,,_ s(Y;,0y;-1) = 0. The corresponding
Hessian is provided in Appendix B.1, together with the analogous derivations for the Power

scoring rule.

Example 4. Consider the PseudoSpherical scoring rule with parameter 5 > 1 and recon-

sider the Gaussian location-scale model of Fxample 3. The implied gradient is

_B=1
B

bnsas, ot = (o) VB (VAT L
o\t T <) T o

For any fized 8 > 1 and vy,—1 € R, the exponential factor ensures that both the gradient and

Hessian are uniformly bounded in y, € R. This contrasts with the logarithmic scoring rule
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(obtained as B | 1), for which the gradient and Hessian are unbounded in the observation
(see Example 3). The PseudoSpherical scoring rule with > 1 therefore yields a robust

alternative to the logarithmic scoring rule.

Figure 1 displays the marginal influence functions implied by the Gaussian location-
scale model (fixing either location or scale) in Examples 3 and 4. The figure compares
the PseudoSpherical scoring rule for several values of § > 1 with the logarithmic scoring
rule and CRPS, the latter discussed later in Example 5. Whereas the logarithmic scoring
rule produces unbounded responses for both mean and variance and is highly sensitive
to outliers, the PseudoSpherical scoring rule yields smooth and bounded gradients, with

robustness increasing in f3.

Figure 1: Influence functions for the Gaussian location-scale model

2.5

T
—— LogS LogS

CRPS 2.0 PsSphS; »
9 —— PsSphS; 5 PsSphS; 5
—— PsSphS; 5 1.5 PsSphS;
—— PsSphSs, —— CRPS
0 »n 1.0
7o T

) 4

—4 -3 -2 -1 0 1 2 3 4 7‘4 -3 -2 -1 0 1 2 3 4
Yt Yt
(a) Mean g,y (b) Log-variance 7y,

Influence function for the mean and log-variance in the Gaussian location-scale model
based on the scoring rules LogS, PsSphS and CRPS, discussed in Examples 3, 4 and 5,
respectively.

The Hyvérinen (2005) score provides another example closely related to the logarithmic

scoring rule. For Y = R!, it is defined as

1
HS(ft\t—la ?Jt) = Ay log ft\tfl(yt) + B Hvy log ft|t71(yt)||;7
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where derivatives are now with respect to 3;. The Hyvarinen score is strictly proper with
respect to the class of distributions whose densities ft|t_1(y) are twice continuously differen-
tiable in y and satisfy s(y,Jy¢—1) — 0, as ||y||2 — oo (Parry et al. 2012, Sec. 2.5). Where the
logarithmic scoring rule depends only on the density through the outcome, the Hyvarinen
score only depends on the outcome through the first and second derivatives of the density;
hence referred to as local of order two (Parry et al. 2012; Ehm and Gneiting 2012). The
associated divergence reads Dys(pe|| fyi—1) = 3Ep, | Vy log pi(Y;) =V, log fie—1(Y2)]|3, aiming
to match the y-score s, (y¢, Vyji—1) := Vylog f(ye|¥yi—1) of fyi—1 with the y-score of the true
density p;.

The y-score matching objective of the Hyvarinen score is reflected by its gradient

¢Hs(yta ﬁt\tq) = Ay3<yt779t|t71) + (vﬁsy(yta ﬁt|t71))T5y(yt779t\tfl)a (6)

which penalizes misalignment between the current y-score and the parameter gradient of
the y-score. Importantly, the Laplacian term involves only second-order derivatives of the
score with respect to y € R! but not the score itself, which also extends to the Hessian
(see Appendix B.3). Because the Hyvérinen score is still local, now with respect to a
neighborhood of g, rather than y, itself, updates are expected to be more robust than
those based on the logarithmic scoring rule, though not as robust as nonlocal scoring rules
that depend on a global norm (PsSphS) or are distance sensitive (CRPS); see De Punder
et al. (2025).

This general behavior is illustrated in the Gaussian location-scale model of Example 3,
where the Hyvéarinen score induces an inverse-variance scaling proportional to 1 /af‘t_l,
dampening updates when the conditional variance is large. This enhances local robustness
but does not eliminate unboundedness, aligning its properties more with the logarithmic
score than with bounded alternatives such as the PsSphS and CRPS. Appendix E confirms
these results by presenting the implied gradient and Hessian for the Gaussian univariate

location-scale and the multivariate location model with fixed variance.

25



Leaving the class of density-based scoring rules, the rich class of kernel scores (Gneiting
and Raftery 2007) generally remains applicable when only a distribution function is avail-
able. Their inherent distance-sensitivity, or at least, non-locality contributes to robustness
in the resulting updates (De Punder et al. 2025). Let p: Y x Y — R be a negative defi-
nite kernel, defined as a symmetric function satisfying > , E;LZI a;a;p(y;,y;) < 0 for all
neN, ay,...,a, € R. Then S,(Fyp_1,y) := EFﬂt—lp(Xt’ Yi) — %Epm_lp(Xt, X)) — %p(yt, Ut)
defines a kernel score with associated score divergence Dg, (Py|[Fy-1) = Ep, r,,_, (X, V1) —
5Ep, p(Xy, X{) — 3Ep,,_,p(V1,Y/). The map Dyg, is a divergence if S, is strictly proper, for
which different assumptions exist (Gneiting and Raftery 2007; Steinwart and Ziegel 2021).

Under mild conditions allowing interchanging integration and differentiation, we obtain

¢s,,(yt,19t|t71) = ]EFt‘t,l [(EFm,lp(Xt,X;) - p(Xt, ?Jt)) S(Xtaﬂt|tfl):| ) (7)

with details (including Hg,) deferred to Appendix B.4. Interestingly, the score operates
within the expectation and is scaled by the realized p-similarity with regard to its expected
value, both of which are helpful in robustifying the score-driven update. Indeed, while
scores are unbounded for many model specifications, the expected score is often bounded.

We consider an explicit example.

Example 5. Consider the CRPS, that is, S,, with p1(y,y') = |y — v'|. For the Gaussian
case of Example 3, the CRPS simplifies to the expression provided by Gneiting and Raftery

(2007, p.367), which implies the gradient and Hessian

1—-20(z 2z¢ P ~ 5
V4CRPS = (=) . V2CRPS — o dC)) 1p(21) |
O't|t—1¢')(zt> ZtsO(Zt) 2Ut|t—1 (Z?(p(zt) + @(Zt))

where 2 = (g — 1) oupr, @(2) = 1/v/2rexp(=22/2), and 3(=) = ¢(z) — 1/(2y/7).
For any fized -1 € R, both the gradient and Hessian are uniformly bounded in y, € R
and py—1 € R, since ©(2)2F is bounded Vk € N. As shown in Figure 1, the CRPS displays

winsorizing behavior in the mean component, smoothly approximating the Huber (1964) loss
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in this case (Gneiting and Raftery 2007, Sec. 9.1). This is in contrast with LogS, for which

the gradient and Hessian are unbounded in the observation.

3.5 Examples for weighted scoring rules

Section 3.3 introduced censoring as means to bound unweighted updates by applying a cen-
ter indicator function. Robustification of updates can also be achieved through continuous
weight functions, and the incorporation of other weight functions to emphasize different
regions of interest follows their applications in focused forecast evaluation. A first exam-
ple is the CSL by Diks et al. (2011), which is strictly locally proper with respect to vg%w

(Holzmann and Klar 2017), so that

Urogs (Yt Dee—1) = w(ye) s(ye, Vyje—1) + (1- w(yt))]Epg_wS(Y%a Vije—1), (8)

yields a PRADA update, with dF? := 11;—uf”dFt|t_1. The first term scales the score by
the weight function, directly reducing the influence of extreme observations and allowing
emphasis on specific regions of interest. The second term, which inclusion ensures strict
local propriety, is generally bounded and therefore stabilizes the update when the raw score
becomes unbounded.

Censoring can also be applied recursively: since Theorem 2 already admits strictly
locally proper scoring rules such as the censored scoring rule itself, one may first emphasize
a region such as the left tail of the distribution, and then apply a second round of censoring
through the robustness operator Il as formalized in Theorem 2. For the Gaussian location-
scale model introduced in Example 3, censoring the logarithmic score yields analytical
expressions for both terms in Equation (8) from which the boundedness of Eps ws(Yt, Dyje—1)
follows immediately (see Appendix E.2).

For general weight functions and unweighted scoring rules, De Punder et al. (2025,
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App. C) show that Equation (4) admits the compact form

SEU,E(Ftlt*b yt) = EBw(yt%ﬁS(F?\t—l? Y;b (yta Zt7 Qt))7
accompanied with the censored random variable

b Yt if Zt = 17
Y;t (yta 2ty Qt) =
dt, if = 07
where Z;|(Y; = y¢) ~ Buyy,), the Bernoulli distribution with probability of success w(y;).

Censored equivalents of gradients are then easily derived. For instance, the kernel score

PRADA update with gradient (7) becomes

[(Ews, 100X XD] = (X0 Y7)) 5(X, V1)

t)t—1

Vs (Y Vyie—1) = Eg,, () 0B

t|t—1

b

where the expectations over X;, X| are with respect to Fw,ﬁ’ whereas the outer integral
is with respect to Z;|(Y; = y) ~ Bu(,) and Q; ~ H, conditional on the realization ;.
The same structure applies to the Hessian in Appendix B.4. For the nuisance distribution
H, De Punder et al. (2025) recommends a convex combination of Dirac measures at the
pivotal points of the weight function; e.g. H = 8, + (1 —7)d,, for wi(y) = Lj, (), with
v € [0,1].

As mentioned above, a key advantage of the censoring procedure is the preservation

of the underlying divergence measure. Updating rules implied by Sz) which allow for

7H’

PRADA updates with respect to (P,Dg % ) by Corollary 1, are directly interpretable
w,H w

through the unweighted divergence Dg. For example, the updates based on 7,052, reduce

the local divergence D, (P|[Fye—1) = Epy o~ p(Xe, Ye) — 3B p(Xt, X{) — lEFi p(Y:, Y/,

lt—1 2 lt—1

which follows directly from the expression for Dg, given in Section 3.4.
Generalized censoring through Dirac measures is infeasible for the Hyvarinen score,
which requires twice continuous differentiability. Instead, consider a continuous distribution

H on R!, with continuous density h. Assumption 1in De Punder et al. (2025) is satisfied if H
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assigns positive probability to a measurable subset of the outcome space where w(y) f(y) =
0. Under this condition, the censored Hyvarinen score is strictly locally proper with respect

to v} . Hence, its gradient

stfUﬁ (?/t; 19t\t—1)
= w(y) (Ay3<yta ﬁt|t71) + 0 (y)Vys(y, ﬁt\tfl) (Sy(yta ﬁt|t71) + Syw(yt)))

+ w(yt)(l - w(yt»E(ytv Deje—1),

facilitates a PRADA update, where
E(yt7 19t|t—1) = E(Sy<yt7 19t|t—1>7 vys(ytv 19t\t—1)7 Sg(yt% Sg(yt% dg(yh ﬁt|t—1)7 w(yt))a

w(ye) = w(yt)fﬂt—l(?Jt)/f;t_l(yt), di(yt,ﬂﬂt_l) 1= 5(ye, Depe—1) — Eff‘t_ls(}/lf719t|t—1)7 Sy =
V,logw and sg := V, log h; see Appendix C.3 for further details.

The censored Hyvarinen scoring rule only depends on the score in deviation from the
conditional expectation of the score. The latter is a consequence of the censoring procedure,
similar to the additional dependence on w(y;) € (0,1), s;(y;) and sg(yt) relative to the
unweighted gradient (6). The dependence on the score and sg(yt) vanish if @(y,)(1 —
w(yt)) = 0 for all y, € R". In that case, the censored Hyvirinen score depends on the
nuisance density only through the weight function w(y;). This condition would be trivially
satisfied for indicator weight functions, but these are differentiable only for almost every
y; € Rl Although the Hyvirinen score could, in principle, be extended to accommodate
weak derivatives, it is often more convenient to use smooth approximations of indicators.
An example is provided in Appendix E.3, illustrating how the contribution to the gradient
through = vanishes as the smooth approximation approaches the indicator function.

We next discuss some alternative localization methods. The threshold-weighted CRPS
(twCRPS) of Gneiting and Ranjan (2011) is strictly locally proper with respect to UEUI
for one-sided indicator functions (Holzmann and Klar 2017, Theorem 4) but not for

wy(y¢) = 1g, (y:), where Ry = [rq,rs], rendering the twCRPS non-localizing (Pelenis 2014).
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Consequently Dg, is not a local divergence with respect to v’ .- Asindicated by De Punder
1

et al. (2025, App. E.4), the twCRPS can be formulated by the winsorizing functional
v, #Fyi-1(E) == Fye1(E N Ry) + Froo1 ((R)1) 0, (B) + Frm1 ((RS)2) 01, (E),

VE € G, where (R{); = (—oo,r] and (RS)y = [re,00). Specifically,

1
tWCRPSwl(Fﬂt—lyyt) = Ep ‘Xt - yﬂ —5E

oy
tlt—1 2 FE\t—l |Xt Xt| ’

where yE = ytﬂ[m,rz} (yt) + Tlﬂ(foo,n)(yt) + TQ]l(rz,oo) (yt) and F5|t_1 = UEul#Fﬂtfla is strictly
locally proper with respect to (P, vfm). Rewriting the twCRPS in this way clarifies why it is
non-localizing with respect to v/, (F): equality v%, (P) = vi, (F) is not implied by v?, (P) =
v), (F) since the former requires knowledge of the individual F((R5)) and F((RS)2).

A related example is the dynamic Tobit model of Harvey and Liao (2023), which is a

score-driven model based on the winsorized likelihood

]l T oo
fﬁ;l (yt) = ft|t_1(yt)ﬂ[m,m](yt)FtIt_l(rl)]l(—oo,rl)(yt)(]_ _ E|t—1(r2)) (ra, )(yt)7 Y € R’

corresponding to Equation (2) in Harvey and Liao (2023). The same reasoning extends to
other scoring rules, that is, 5’5}1 : P x R — R, defined by S(Fyi—1,y:) = S(Fiﬁfl,yg) is
strictly locally proper with respect to vfm, if S : 795)1 xR — R, where 735,1 = {FEUI, F e P},
denotes a scoring rule and F(R;) < 1, VF € P, with P defined on (R, B(R)).

While winsorizing arguably retains too much information of the distribution, condition-
ing may retain too little (De Punder et al. 2025). In particular, the conditional scoring rule
Sw(Fg‘t_l, yr) = w(yt)S(Fg‘t_l, y;) is strictly locally proper with respect to the conditioning
functional v}, #F(E) = F(E)/F(R,), VE € G&_ = G|n,, provided that F(R,,) > 0. This
result follows directly from Theorem 1 in Holzmann and Klar (2017).

In the context of kernel scores, Allen et al. (2023) also adopt a functional perspective by

transforming unweighted kernel scores based on a kernel p(y,y’) through so-called chaining

functions @ : )Y — Y. They characterize chaining functions for which the transformed
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kernel score p;(y,y') == p(ﬂ(y), u(y’ )) preserves strict local propriety relative to v; see e.g.,
Propositions 4.3 to 4.5. However, constructing chaining functions that are both localizing

and maintain strict propriety, proves difficult beyond the censoring transformation.

4 Implications for scoring functions

A particularly relevant subclass of the general results in Section 3 arises when the underlying
scoring rule depends on the predictive distribution only through an elicitable functional,
which may itself be adapted to F;_1, although this dependence is implicit in the notation.
The class of PRADA updates encompasses such cases, corresponding to scoring functions
¢ :Y xY — R that are strictly consistent with respect to some elicitable functional
u: P — Y. This follows from their equivalent formulation Se(Fy;—1,4:) = €(u(Fyu—1), ve),
where strict consistency with respect to (P,u) is equivalent to strict local propriety with
respect to (P, u).

A key implication of this formulation is that the scoring rule depends on Fy;_; only

through
19t\t—1 = U(Ft|t—1)- (9)

Hence, no parametric specification is required for constructing PRADA updates derived
from scoring functions (see Example 1). Appendix F clarifies why the strict consistency
requirement in this argument is essential: replacing the scoring function by a loss that is
not strictly consistent for the intended functional u may still yield reduction of the induced
score divergence, but generally targets the corresponding Bayes-act functional rather than
u(Py). Moreover, given Equation (9), the link to strict consistency in Gneiting (2011) as

discussed in Section 2.1 becomes immediate:
Ep,Se(Fyi-1,Y:) — Ep,Se(Pyi—1,Ys) = Ep l(Vyp—1,Ys) — Ep L(¥,Y;) > 0,

V-1 € O, with equality if and only if ¥y = u(Py) =: ¥, ¥y € ©,P, € P.
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For the mean functional u,(-) = E([Y;] in Example 1, a PRADA update can be con-
structed without specifying Fy;_;, since all aspects of Iy, other than its mean are ab-

sorbed by u;. The corresponding scoring function £ (9, y) = (9 — y)?, yields the gradient

@Z)Sgl (yt, 79t|t—1) = Vﬁgl(ﬁﬂt—layt) = —2(y; — 1925|t—1>7

which is proportional to the conditional mean update in the Gaussian location-scale model
in Example 3 with fixed variance, where ¢; appears in the exponent of the Gaussian likeli-
hood.

This functional PRADA formulation nests classical models such as Autoregressive Mov-
ing Average (ARMA) for the conditional mean and the Autoregressive Conditional Het-
eroscedasticity (ARCH) and Generalized ARCH (GARCH) model for the conditional vari-
ance (Engle 1982; Bollerslev 1986). The next section discusses more recent examples of

strictly consistent scoring functions.

4.1 Examples for scoring functions

In financial risk management, the VaRg and Expected Shortfall (ESgz) functional are of
particular interest due to the regulatory requirements set by the Third Basel Accord (Basel
Committee, 2010). As demonstrated by Fissler and Ziegel (2016), the VaRz and ESj are
jointly elicitable under the class of strictly consistent scoring functions defined in their

Equation (5.5). Patton et al. (2019, Prop. 1) show that imposing the restriction

V1 tje—1

gFZO,B(ﬁﬂt—la yt) == + 10%(—192,t\t—1) —1

B24¢-1

Vo 1jt—1
ensures that the loss difference is homogeneous of degree zero, provided that vy ,,—, =
VaRg ;-1 < 0 and ¥y ,—1 = ESgy—1 < 0, which is typically satisfied in risk management
settings. Patton et al. (2019) then apply a score-driven modeling approach, for instance
by assuming continuous distributions to avoid differentiability issues, to arrive at their

updating equation for the VaR g and ESz tuple, which coincides with canonical PRADA(1,1)
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update in Equation (3) implied by frzo3, with A1 = AH' . where f{th‘fl denotes an

tlt—1>
Fi_1-measurable scaling matrix related to the Hessian; see Equations (13) and (14) in
Patton et al. (2019).

There also exist loss functions corresponding to interpolated functionals. An example
from robust estimation is the Huber (1964) loss which is strictly consistent for its own
functional, interpolating between the mean and the median. In analogy to {rzo g, the Huber
loss is twice continuously differentiable for P;-almost every y; for continuous distributions,
thereby satisfying Assumption 1. Its derivative

Yt — 19t|t—17 |Z/t - 79t\t—1‘ < K,
@Z)Huber,n(yt)ﬁﬂt—l) = -

Ksgn(ys — 19t|t—1), |y — 19t\t—1| > K,

is Huber’s (1964) classical ¢-function, which is clearly winsorizing. For a fixed variance,
the CRPS-based update in Example 5 yields a smoothed version of {yyper s, as illustrated
in Figure la, aligning with the observation by Gneiting and Raftery (2007, Sec. 9.1).
Smoothed analogues have also been proposed more generally. For instance, the Barron

(2019) loss is infinitely differentiable in ¥;;—; and its tuning parameters y; and v,, with

gradient
(
(yr — Dgye—1)
D M= 27
72
2(y — Ve
B (ye fe-1) —

(yt - 19ze|t—1>2 + 2722’

(?/t - ,L9t|t71) 1 [ ye—9 [t— 2
_Texp<_§ (,},—;H) >7 71 = —0Q,

2

7vZJBarron,’n Y2 (yta 19t|t71) ==

_ 2 *-
— ((ytgﬂt‘fl) +1>2 ., otherwise.

Similar to the Huber loss, the Barron loss nests consistent scoring functions for the mean
(71 = 2) and median (73 = 1), and becomes equivalent to the local-mode finding loss of
Van den Boomgaard and Van de Weijer (2002) for v; = —oo, though the mode itself is not

elicitable (Heinrich 2014; Heinrich-Mertsching and Fissler 2022).
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The Huber 1) arises naturally in the context of Z-estimation (Van der Vaart 1998, p. 43),

the online analogue of which is discussed in the following section.

4.2 Updates based on identification functions

For parametric models, Fissler and Ziegel (2016) note that elicitability enables M-
estimation (Huber 1964). Indeed, strict local propriety of Sy with respect to u(Fy;—1) =
Uy;—1 mirrors to the classical identifiability assumption of the true parameter v, € © in
M-estimation; see, e.g., Van der Vaart (1998, Theorem 5.7). Under sufficient smooth-
ness conditions, the extremum problem of M-estimation corresponds to Z-estimation, e.g.,
Ep,[Vyi—1 — Yy] = 0 for the mean. The function Vi(¥,y) = (¥ — y) then serves as an
identification function for the mean functional u; (Gneiting and Ranjan 2011; Fissler and
Ziegel 2016), and Ep, Vi (¥;—1, Y;) = 0 constitutes a moment condition, as in the generalized

method of moments framework of Hansen (1982).

Definition 7. Consider a functional v : P — ©. A function V : © x Y — R* is called
a strict identification function with respect to (P,u) if Ep,V(0y—1,Y:) = 0, if and only if

Vye—1 = u(Py), for all Py € P.

Identification functions are not unique. Any function V; € {V.(y,?) : ¢ € R\{0}},
where Vi .(y, ) := ¢(y — 0) is also a strict identification function for the mean. According
to Osband’s principle for identification functions (Dimitriadis et al. 2024, Theorem 4),
this set is complete. More generally, any strict identification V' (¢, y) is unique only up to
pre-multiplication with an invertible matrix-valued function h : © — R¥**as established
under the regularity conditions in Dimitriadis et al. (2024).

The restriction to strict identification functions relates to the identifiability assump-
tion of the true parameter (functional) ¥, € © within Z-estimation (Van der Vaart 1998,
Theorem 5.9). We now turn to an online analogue of Z-estimation, directly using the

identification function. The circumvention of an explicit scoring function is feasible via Os-
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band’s principle (Fissler and Ziegel 2016, Theorem 3.2), for which we require the following

regularity conditions.
Assumption 5. The scoring function ¢ and identification function V' satisfy

(i) For every ¥ € int(®©), there are Py, ..., Pxt1 € P such that

0 € int(conv(Ep, , V(9,Y)),...,Ep, ., V(¥,Y}))).

(ii) For every P, € P, the function ¥ — Ep,0(9,Y}) is continuously differentiable on ©.

(i1i) Differentiation and integration can be interchanged, that is, VyEp ((0,Y;) =

Ep,Vyl(9,Y;), for all 9 € O.

The first condition is a standard richness assumption corresponding to Assumption V1
in Fissler and Ziegel (2016) and Assumption 1 in Dimitriadis et al. (2024), and the second
condition corresponds to Assumption S1 in Fissler and Ziegel (2016). The third condition
is an additional smoothness condition to verify expected gradient alignment of the update.

Given Assumption 5, Osband’s principle roughly states that a scoring function ¢ that
is strictly consistent with respect to (P,u) and a function V' that is a strict identification

function with respect to (P, u) relate as
EPt?ﬂSg(Y;e,ﬁﬂtq) = h(ﬁﬂtfl)EPtv(tha ﬁt|t71)a V-1 € O, (10)

for some matrix-valued function h : © — R¥**  Under further smoothness conditions,
Fissler and Ziegel (2016, Prop. 3.4) additionally establish a pointwise correspondence.
However, the level of expected scores is already sufficient to obtain an equivalent con-
dition for expected gradient alignment of an updating rule ¢. Specifically, ¢ is EGA for 5,

at vy € O if and only if

Ep, [V (Y, ﬁt\t—l)]—rh(ﬁﬂt—l)TEPt Ap(Yy, 19t|t—1) < 0. (11)
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For elicitable and identifiable functionals w, with strict identification function V', the ex-
istence of a strictly consistent scoring function ¢ can therefore already be sufficient for a

PRADA update, without knowledge of the explicit functional form of ¢.

Corollary 3. Consider a functionalu: P — ©. Let £ : © x Y — R be a strictly consistent
scoring function with respect to (P,u), and V : © x Y — R* a strict identification function
with respect to (P,u). Suppose that Assumption 1, 2 and 5 hold. Let h : © — R** pe
the function given in Equation (10). Assume Ep,V (¥y—1,Y:) # 0 and h(Oy—1) # 0. Then
SV (Y, Vyge—1) = Vypp—1 — A1V (4pp—1, y¢) is a PRADA update with respect to (P,Dg,, u)

for all Ay—1 such that h(ﬁﬂt,l)TAﬂt,l = O, for all ¥y, € O©.

If h(¥y—1) = (<) Oy for all ¥y,_1 € O, the restriction on Ay, is satisfied, for instance,
if Ayi—1 = ali, where a > (<) 0 and Ay—1 = Ah(Vye—1), where A = Op. We give an
example for each case, where P; denotes a class of distributions on (R, B(R)) with strictly

increasing and continuous distribution functions.

Example 6. Consider the mean functional u,(-) = E\Y; on Py, with strict identification
function Vi (9,y) =y — 9 and strict consistent scoring function (1(y,9) = (y — ). Corre-
spondingly, h(y) = 2, and hence ¢y, (Y, Vye—1) = Vgjp—1 + (ye — Vye—1) is a PRADA update

with respect to (P1,Dg, ,u1).

Example 7. For the quantile functional usg(-) = qg(-), where § € (0,1) on Py, the
function Va5(0,y) = Lyy<gy — B is a strict identification function, and {y5(y,9) =
(y — ) (8 — Ly<y) a strictly consistent scoring function. Hence, Equation (10) holds with
h(¥) = =1 and ¢v, ,(Yr, Vye—1) = Vypp—1 + (]l{ytgﬂ} — ﬁ) is a PRADA update with respect

to (Pl, ]Dsgzﬁ s u2”3).

Examples 6 and 7 illustrate that for univariate functionals, only the sign of h(y) mat-
ters, which is implied by the chosen orientation of the identification function; e.g., the

identification function —V, 4 in Example 7 implies a positive h(y). Hence, by fixing the
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orientation of the identification function, we obtain an identification-based PRADA update
where the specific h and ¢ are implicit by Osband’s principle. For d = 1 and k£ = 1, an
identification is oriented if Ep, V' (¥,Y;) > 0 if and only if ¥ > ¥y, for all ¥y, € O,
Y € ©; see Fissler and Ziegel (2016, Rem. 4.1).

Proposition 1 formalizes such identification-based updates for a vector of univariate
functionals, by which PRADA updates for the mean and S-quantiles follow directly. Propo-
sition 1 considers the ratio of expectations functional. We first introduce some additional
regularity, required for Propositions 4.2 and 4.4 of Fissler and Ziegel (2016), on which

Propositions 1 and 2 are built, respectively.

Assumption 6. For every P, € P, the function ¥ — Ep, 0(9,Y;) is twice continuously
differentiable on © with a gradient that is locally Lipschitz continuous, and ¥ — Ep,V (1,Y)

s continuously differentiable on ©.

Assumption 7. For all v € {1,...,k} and for all 9; € © there are Py, P, € u™'({V;})
such that Vg, Ep, V;(0;,Y:) = Vo, Ep V; (9, Y;), V5 € {1,...,k}\{r} and Vg, Ep V,(0;,Y;) #

V'L%«EP;‘/'I‘(@D Yt) :

Proposition 1. Let © = O; X ... X O, u,, : P — O,, C R be surjective, elicitable and
wdentifiable functionals, and V,, : ©,, x Y — R the associated oriented strict identifica-
tion function with respect to (P, uy,). Define u = (u1,...,uy) and V : © x R — R* by
V(Oip—1,ye) = (‘/1(1917t|t_1,yt),...,Vk(ﬁht\t—byt))—r. Suppose that Assumptions 1, 2, 5, 6
and 7 hold. Then ¢v (ys, Vyi—1) = V-1 — Agp—1V (Vy—1, ) is a PRADA update with re-
spect to (P,Dg,,u) for all diagonal Ay—y = Oy, for some scoring function £ : © x Y — R

that is strictly consistent with respect to (P, u).

Proposition 2. Let u : P — O, be defined by u(-) = Eqya(Yy)]/E)[b(Y2)], where a :
Y = RF and b : Y — R are Pi-integrable functions, with Ep,[b(Y;)] > 0, for all P, € P.

Define V. : © x Y — R* V(9,y) = b(y)Y — aly). Moreover, let { : © x Y — R be a
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strictly consistent scoring function with respect to (P,u). Suppose that Assumptions 1, 2,
and 5 hold. Then ¢y (ye, Vyjp—1) = V-1 — &V (epe—1,y¢) is a PRADA update with respect to
(P, Ds,,u) for all a > 0, for some scoring function £ : © x Y — R that is strictly consistent

with respect to (P, u).

For first order elicitable functionals such as the mean, Value-at-Risk and expectiles,
Proposition 1 directly facilitates PRADA updates. For second order elicitable functionals
such as those discussed by Dimitriadis et al. (2024), or more general multivariate function-
als, the correspondence to identification functions is substantially more involved. As noted

by Fissler and Ziegel (2016), such relations are best examined on a case-by-case basis.

5 Conclusion

This paper formalizes PRADA updates as the class of derivative-adaptive rules that, by
construction, reduce a local divergence with respect to a prespecified functional. As a
result, not all QSD updates are PRADA. QSD breaks the connection between the model-
implied distribution and the updating direction, achieving divergence reductions only under
additional alignment conditions that may not hold in practice. PRADA updates restore
this link by tying the update to a strictly locally proper scoring rule or a strictly consistent
scoring function, thereby ensuring movement toward the truth within a given local diver-
gence space. PRADA updates accommodate robustness through weighted, for instance
censored, scoring rules and include unweighted alternatives such as the PseudoSpherical,
Hyvarinen, and kernel scores. These constructions retain interpretability because censor-
ing preserves the associated unweighted divergence. Identification function representations
further connect PRADA to online Z-estimation for elicitable functionals. With the intro-
duction of PRADA updating rules, we provide a principled blueprint for dynamic updating:
specify the target functional and its strictly proper or strictly consistent loss, derive the

corresponding PRADA update, and inherit guaranteed divergence-reducing behavior.
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Appendix

A  Proofs of the main results

A.1 Proof of Theorem 1

Proof. We follow the structure of the argument in Appendix A of De Punder et al. (2026),
which relies on the following exact Taylor expansion. For any fixed yi,y, € Y, we apply

the path-integral version of the Mean Value Theorem to S (Fﬁf‘t(?n), Y1) at Yye—1 to obtain

S(Fﬁ’:‘t(yz)a yl) = S(Fﬂt—lv yl) + 1/’8(?/1a 19t|t—1)<19f|t(92) - 291:\15—1)
1 K Tr5 K
+ 5 (§t|t(y2) - 19t\t—1) Hs(yh Y2, 19t\t—1) (19t\t(y2) - T9t|t—1)a

where f[g(yl,yg,ﬂﬂt,l) = fol(l — u)HS(yl,uﬂﬂt,l + (1 - u)ﬁf‘t(yQ))du, with 55(3/2) =

Uﬁﬂt—l + (]. — u)”[?ﬁ

fit(y2) is on the line between Jy;—y and Jfj,(yo), for all u € [0,1] and

Y2 € V.

Then, by exploiting the independent copy assumption in Definition 3, we obtain

ADL(,)

= EPth(PtHFﬁt) - EPtDTQ(PtHFt\t—I)
= /2 (S(Fﬁ;t(yz)a y1) — S(Ft|t—17y1)> P§2(dy17 dy»)
y

_ / B D) (05 (2) — D) P (g, i)
y2

1

+ 5/ (ﬁf\t(?h) - 19t|t71)TfIS(y17 9270t|t71)<19f|t(y2) - ﬁt\tfl)PY?Q(dyla dy?)
y2

2

- K/ Us(y1, ge-1) " (P(y2, Vg—1) — V1) P2 (dyn, ) + %11
y2
-
= K (/ ¢S<yl,19t|t_1>Pt(dy1)) / Agb(y%ﬁtlt—l)Pt(dyg) + 0(1{2)
Y Y

= kEp, (¢S(Y;;7 ﬁt\t—l))TEPtAQS(Yta 19t\t—1) + O(/i2),



as k | 0, where P?Q = P; ® P; denotes the product measure on (J*, G ® G), where

V2:=Y x ), and
5L 3:/ (A¢(y2719t\t71))TﬁS(yl>y2a19t\t71)A¢(y27ﬁt\tfl)P?Q(dyladQQ)-
y2

The factorization of the product measure is verified as follows. First, Assumption 1 implies
Ep, ||A¢(Y;, Pyi-1)]|, < 0o. Together with Ep, ||A¢ (Y, Fyi—1)]|, < oo, which is also implied
by Assumption 1, the integrand is absolutely integrable on (V?,G®G). Therefore, Fubini’s
theorem applies, and the product measure factorization follows.

We now invoke Assumption 2, by which there exists a constant 0 < ¢ < oo such that

sup / | Hs(yr, )], Poldyy) < c.
9€0 Jy

and hence

|11

/ (¢(y27 ﬁtlt—1> - ﬁtlt—l)TﬁS@la Y2, 19t|t—1)(¢(y27 "ﬁt|t—1) - "ﬁt|t—1)P§2(dy1, dys)
y2

S/ ‘(A¢(3/2>ﬁt\t—l))TﬁS(be/mﬁt\t—l)A¢(Z/2ﬂ9t\t—1) P?2(dy1,dyz)
y2

ﬁs(yl, Yo, ﬁt|t71)A¢(y2a ﬁt|t71)

S /2 HAQS(?J% ﬁt|t71)H2 ) P?Q(dyl, dyQ)
Yy
7 2 p®2
< /2 HHS(ylay%ﬁt\tfl)”Q HAQS(y%ﬁt\tfl)HQ P2 (dy1, dys)
Yy
1 2
< 55 [ 1Hs(un, )l Peldn) | (18000, 01} Prldye)
ve0 Jy y
c 2
< §EPtHA¢(Ytﬂ9t\t—1)”2
< 00.
Here, the first inequality follows from the triangle inequality, the second inequality from
Cauchy-Schwarz, the third inequality by definition of the operator norm, the fourth inequal-

ity from the triangle inequality, the linearity of the integral and a simplification origination
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from the independent copy assumption in Definition 3, the fifth inequality by Assumption 2,
and the last inequality by Assumption 1, specifically Ep, | A¢(Y;, 9y—1)||3 < oo

If Assumption 2 does not hold, but Assumption 3 still holds, we verify the boundedness
of I; for bounded updates. This can be verified in a spirit similar to the proof of Theorem 2
in Appendix A of De Punder et al. (2026). Specifically, fixing ¢y,—1 € ©, let d = d(Vy4—1)
be a constant such that HA¢(Ytﬂ9t|t—1>H2 < d. Then, we can choose k € (0,7/d) such that
U5 (V) € ET(ﬁt‘t,l) a.s. and hence, by the convexity of Er(ﬁt‘t,l) also 55 =uly—1 + (1 —

tt

w)s

tlt

(y2) € Er(ﬁt\t_1), for all w € [0,1]. Therefore,

1
|| < 5 sup / | Hs(y1,9)|, Pt(dyl)/ HAﬁb(ymﬁt\t—ﬂHz P,(dy,)
) Jy y

VEB (9441

< T, | A6(Y, D)

where 0 < ¢ < o0 is a constant such that SUDye 5, (9,1, 1) fy | Hs(y1, )], Pe(dyr) < €, as-
sumed to exist by Assumption 3. Hence, [; is also bounded for bounded updates under
Assumption 3.

Following the proof of Theorem 1 in Appendix A of De Punder et al. (2026), we next

consider the product of ADL(¢,) and Ep, (vs(Yz, 19t|t_1>)TEptA¢()/t, V44—1), that is,

ADL () Ep, (Vs (Ye, Ore-1))  Ep, Ad(Y, 1)
(A1)

T 2
= K<EPt (s(Ys, Vi) ]EPtA¢(Ytﬂ9t|t—1)> +O(K?),
as k |} 0 since Ep, (wS(Yt,ﬁﬂt_l))TEptA(;ﬁ(Y;,ﬁt‘t_l) < oo by assumption, given that
Ep, Ap(Yy, Oye—1) < oo is implied by Ep, [[Ad(Yy, Oyp—1) |3 < o00.
To formally complete the proof, we start with the = direction. Suppose that there

exists a & > 0 such that AD%(¢,) < 0 for all k € (0,%]. Then, by Equation (A.1), there



exists a k& > 0 such that 0 < & < &:

ADY(6:)Ep, (Yo, Dajp1))  Ep, Ad(Yy, Iye-1) > 0
and hence ]Ept(wg(Y},19t|t,1))TEptA¢(1@,z9t|t,1) < 0 because Ept(@bg(}/},ﬁt‘t,l)) and
Ep,A¢(Y;, Uyi—1) are both non-zero by condition (ND), and ADL(¢z) < 0, particularly
for K.
For the <= direction, assume Ep, (ng(iﬁ,ﬁt‘t,l))TEptAMY;,19t‘t,1) < 0. By Equa-

tion (A.1), there exists a & > 0 such that
ADTg(%)EPt (zﬂS(Y;, ﬁt\t—1)>TEPtA¢(Y;; 19t\t—1) >0,

for all x € (0,%]. Since Ep, (¢s(Y, 19t|t_1))TEptA¢(Yt,19t|t_1) is assumed to be negative, it

follows that ADY(¢,) < 0 for all & € (0, 7). O

A.2 Proof of Corollary 1

P’FOOf. The update ¢S(yt719t|t—1) = 79t|t—1 — At|t—11/}5(yt719t\t—1) is EGA for S at ﬁt\t—l €0

since

(Ep,tbs(Ys, 9s-1))  Ep, Ads (Y, Orp1)

= —(EPt¢S(K5; 19t\t—1))TAt|t—1]EPt¢S(Yt>19t|t—1) <0,

using that Ep,1s(Y:, ¥y¢—1) is non-zero by assumption and Ay—y > Oj. Hence, by
Theorem 1, specifically the “ <= 7 implication, there exists £ > 0 such that for all
k € (0,7 it holds that ADL(¢s.) < 0, Yy 1,P; € P. Moreover, since S is as-
sumed to be strictly locally proper with respect to (P,7T), the expected score differ-
ence DL(PtHFﬂt_l) = Ep,S(Pt,Y:) — Ep,S(Fyi—1,Y2) is a local divergence with respect to
(P, T), ie. ]D)g = Dg. Therefore, the updating rule ¢g(ys, ¥¢p—1) is PRADA with respect

to (73, Ds, T)



A.3 Proof of Corollary 2

Consider the update ¢x(ys, Vye—1) = Vep—1— Aepp—1 AW, Vye—1). By Theorem 1, ¢y is PRADA

with respect to (P,Dg, T) if, and only if|
(Ep,ts(Yis Vne1) Ep Aba(Yi, Dy 1) <0,
that is, if and only if|
(Bp, s (Ye, O1)) | Asp 1 Ep A(Yy, gs1) > 0.

Since Ayi—1 > Oy, (@1, :UQ)AHFI = aclTAt|t_1x2 defines an inner product on R*. Hence the

inequality is equivalent to
<EPt¢S(Yt7 lgt|t—1)7 Ept)\(}/;n ﬁt‘t—1)>At‘t_1 > 0

By assumption, Ep,g(Y;, ¥yi—1) # 0. Therefore, Ep, A(Y;, ¥y;—1) must be a vector that

lives in the subspace
Hjtlt_l = {x e R¥ . <Eptz/1g(Yt,19t|t_1),x)At|t_l > O} )
Since every vector T € ’Hgm_l admits the affine representation
T = a1 Ep, Vs (Ye, Dte—1) + byje—a

for some JF;_j-measurable a;;—1 > 0 and by, € R¥ satisfying the Ayi—1-orthogonality

condition

(Ep, s (Ye, Dtje—1), bye—1) 4y, = (EthS(Y;h79t|t—1))TAt|t—1bt\t—1 =0,

the equivalence follows.
Formally, both directions of the if and only if can then be verified as follows. First,

substituting Ep, A(Y;, Vye—1) = asp—1Ep, Vs (Ye, Vyp—1) + byp—1 yields

<EPt¢S(}/t7 /l9t|t—l)7 ]E’PtA(Yt; ﬁt|t—1)>At|t,1 - at|t—1||EPt¢S(}/t7 /l9t|t—1) ||it|t—1 > O)



where ||x||124t‘t71 = (z,2)4,,_,- Therefore every update with
EP)\(th ﬂtltfl) - at\tflEPt@DS(K? 791&|t71) + bt|t71>

aye—1 > 0 and (Epth(Yt,19t|t_1))TAt‘t_1bt‘t_1 = 0 is a PRADA update with respect to
(P7DS7T)'

Conversely, suppose ¢, is PRADA with respect to (P,Dg, 7). Then

<EthS(Yt,ﬁt|t—1),EPt)\(Yiyﬁﬂt—l»Am,l > Oa

and hence Ep (Y, ¥y—1) € ’Hgm_l. Write the orthogonal decomposition, that is, with

respect to the inner product space (R¥, (-, '>At\t—1)’ as
Ep, A(Y:, Vipi—1) = age—1Ep, s (Ye, Vye—1) + byji—1,
where (Ep,vs(Yz, O¢je—1), bt|t71>At|t—1 = (0. Then
(Ep, s (Ye, Fre—1), Ep, ANYe, e-1)) 4y, = at|t—1HEPt¢S(Y271915|t—1)H124t|t,1 > 0,

which forces ay;—; > 0. Moreover, the F;_;-measurability of a;;_; and by;_; follows from

the measurability of A;,_; and conditional expectations. O

A.4 Proof of Theorem 2

Proof. Let C € Y, r € Y be such that Assumption 4 is satisfied. Fix a ;1 € ©

and let d; = di(Uy,—1) > 0 be such that sup,cc

‘VﬁS(Fthlt_l,y)H < di. Moreover, let

’ 2

dy = dy(y4—1) > 0 be such that HVﬂS(Fzﬂt_l,r)H < dy < oo. Here, the constants
, 2

dy,ds > 0 exist by Assumption 4 since {FbC,t|t71 :Fyo1 € PHCP.



For all y; € ), the update

(,bsg (yt> 1915|t71)
= ﬁt|t71 - At|t71¢sg (yta 'l9t|t71)

= 19t|t—1 - Atlt—l (]IC(yt)VﬂS(Fbc,ﬂt_p i) + (1 - ]lc(yt))vﬂS(FbC,ﬂt—l’T)) )

yields

oo ]

= (| g1 (Le(w) VoS gy ye) + (1= Le()) VoS (Ehy,y. 1) |,

< [ Al 1| (Le () VoS (Fe g 9e) + (1 = L)) VoS (Fe 7))

< el (Lo [ S Fogos, ), + (1 = Lel) [ TS s )
< ucsl (s 1950, + )

< [ Ageal], (d + )

< o0,

since HAt\t—le < oo by assumption. Because HA¢SE(yt70t\t—1)

< oo, it particularly
2

follows that HA% (Y, )

< d3, for some d3 > 0; i.e., the update qbs%(Yt,ﬁﬂt_l) is
2
bounded.

Since S : P x Y — R is strictly locally proper with respect to (P, v),
Ds(Py||Fyj—1) = Ep, S(Fyy—1,Y;) — Ep,S(P¢,Y:) > 0,

with strict equality if and only if v(P;) = v(Fy—1).

Applying the censoring procedure to this scoring rule then yields

b b b b yt7 lf yt S Ca
Sc(Ft\t—l,yt) = S(FC,t|t—17 Y} (yt)), Y; (yt) =

r, lf Yt ¢ Ca



with F;FLC = Ytb#Fﬂt,l inducing the pushforward operator
Il : P — P, I(F):= Y/ #F.
Consequently,
Dgs (Pil[Fye—1) = Ep, Se(Fys-1, V;) — Ep, Se(Py, Y7)
=Ep,S(F},_1,Y)) — Ep,S(P},Y))
= Ep,S(He(Fyje—1), ¥ (V) = Ep, S (e (Py), Y7 (1)) >0,

with strict equality if and only if v(P?) = v(F”

t|t—1)7 that is, if and only if

v O HC(Pt) =?vO HC(Fﬂtfl)'

Hence, S is strictly locally proper with respect to (P, vollc). Furthermore, ID)SE»: :PxP —
R, is a local divergence with respect to (P,v o Il¢).
Moreover, since Assumption 1 and Assumption 3 hold, and Qbsg (¢, Vyje—1) is bounded,

it follows by Theorem 1 that there exists £ > 0 such that for all x € (0, ]
ADg; (4,,55) <0,

where ¢, s is the linearly downscaled analogue of gbsg . Hence, qﬁsg constitutes a PRADA
update with respect to (P, Dsg’ volle). For Iz = id, we have C = ), recovering F;t_l c=

Fy—1 as the distribution of cht‘H =Y,. Accordingly, S%> = S and Dgc = Dg. O

A.5 Proof of Corollary 3

First, we recall that © is assumed to be open and convex. Hence int(©) = © and O is
a star domain. By Osband’s principle (Fissler and Ziegel 2016, Thm. 3.2), there exists a

matrix-valued function h : © — R***¥ guch that

VoEp, Se(Vyi-1,Y:) = h(Dye—1)Ep,V (Vye-1, V1), (A.2)



for all ¥,y € © and P, € P.

Under assumed interchangeability of integration and differentiation,
EthSQ (}/;57 ,ﬁﬂt*l) = h<q~9t|t71)EPtV(/l9t|t717 }/1-5)
Moreover, Ep, A¢(Y;, Vye—1) = —Asp—1Ep, V (Vye—1, Yy) and hence

(Bp, s, (Y, O—1))  Bp, Ap(Yy, s 1)
= - (EPt V(ﬁﬂt—l; Yt)) Th<79t\t—1)TAt|t—1]EPt th\t—l; Yt)

<0,

since h(ﬁﬂt,l)TAﬂt,l >~ Oy and Ep,V (¥y4—1,Y;) # 0 by assumption.

Therefore, ¢y is EGA for Sy at ¥y,_1, for all Jy;_; € ©. Combined with Assumption 1,
expected gradient alignment is equivalent to strict reduction of the score divergence DTse
for a sufficiently small linear downscaling of the update, that is, by Theorem 1, there
exists £ > 0 such that for all x € (0,&]: ADg,(¢v,) < 0, where ¢v,, denotes the linearly
downscaled version of ¥y. Additionally, since ¢ is strictly consistent with respect to (P, u),
the scoring rule Sy is strictly locally proper with respect to (P, u). Hence, ]D)g = Dg, and

Yy is PRADA with respect to (P, Dg,, u).

A.6 Proof of Proposition 1

First, recall that © is a star domain since O is assumed to be open and convex. Define
O, = {Vn:3W,...,0)) € ©,9,, = I,,}. Then, by Proposition 4.2 in Fissler and Ziegel
(2016) there exist functions h,, : ©], — R := (0, 00) such that Ay (Vye—1) = ", (Vi ge—1)
for all m € {1,...,k} and ¥y, € ©, and hy (V1) =0 forall r,l € {1,... Kk}, [ # r, and
for all ¥y;,—1 € ©. In other words, Equation (A.2) is satisfied for a function h : © — R***

that is positive definite and diagonal for all ¥,;,_; € ©.

9



Since h(¥y;—1) > Oy and diagonal for all ¥;;_; € ©, it follows that h(19t|t,1)TAt|t,1 -
Oy, for all diagonal Ay, > Oj. Hence, ¢y is PRADA with respect to (P,Dg,,u) by

Corollary 3, in which ¢ is a strictly consistent scoring function satisfying
Ep, s, (Ys, Vijp—1) = h(Dye—1)Ep,V (Vyye-1, Y2).
from which it also more directly follows that ¢y is PRADA, since

(Ep, s, (s, Opp—1))  Ep, Ay (Y, Oy 1)
k
=— Z R (i ge—1) [Abje—1] i [Eptv(ﬁtn—h Y%)LQ < 0.

=1
A.7 Proof of Proposition 2

Recall that © is a star shaped. By Proposition 4.4 of Fissler and Ziegel (2016), it immedi-
ately follows that the matrix h(y,—1) in Equation (A.2) positive definite for all 9, € ©.
Hence, ah(¥y,—1) > Oy, for all &« > 0. Consequently, Corollary 3 implies that ¢y is PRADA

with respect to (P, Dg,, u), in which £ is a strictly consistent scoring function satisfying

Ep, s, (Ye, Vgp—1) = h(Dye—1)Ep,V (Vye-1, Y2).

10



B Derivations Section 3.4

B.1 Density-based updates

In the derivations below, we will use the following result

1/
Vylog || fii-1llsg = Vg log ((/y ft|t—1(y)ﬂﬂ(dy)> )

1 1
~ 2hs 18 Vo fii— B d
5||ftt1||§/y o.fye-1(y)” pu(dy)

_ 1 1
- ”ft|t71Hg /yf(ymt'tl) s(y, Feje—1) f (Y[ Iee-1) p(dy)

= —Efgt718<n,?9t‘t,1), (Bl)

where ff‘;fl = fﬁtq/Hftlt—ng defines a py-density on (), G). Then

VgPSSphSB(fﬂt—la yt)
— _ﬁvﬂexp ((B = 1)1og f(yelVsi—1) — (B — 1) log || frje-1lls)
_ft|t—1<yt)ﬁ_1

= T s A1 (Vﬂ log f(yt|19t|t—1) — Vylog ||ft|t—1Hﬂ)
| fe—1ll5

fre—a(ye)”™!

- W(S@t,ﬁm_l) - Eﬂﬁ\t,ls(yt’ 79:5|t_1)>
—Lig

_ Juea )"

= — sy, Dyje—1) —Ez s(Ye, Y1) ).
Hft|t—1Hg 1( t5 Vtlt 7o, SU tlt )

For the Hessian, we note that

Jee—1(ye)? !

G = —(8 = )PsSphSs(fi—1,5:) + 1
1 Fte—1 1l

and therefore

9 fije—1 (yt)ﬁfl

819;‘,71 ||ft|t—1||gi1

ft\tfl(yt)ﬁil
=—-B-1)"— 5
. 1 Fyea [l

.
(5(yt,19t|t—1) — Eftﬁ‘t_ls(Y}, ﬁt|t_1)) ) (B.3)

11



Moreover,

9
0]

tlt—1

E -

ftﬁlt_IS(Yt, ?9t|t—1)

fee—1(w)” d
[l

/Vﬂs(ytaﬁttl)
Yy
B
:/JJH(yt>79tltl)M+ (Y, Vyje—1) 0 Jue 1) “(dyt)
E

2
| foie—1 115 O,y |l fpe |l

H(Yy, Dyje-1)

t\t 1

ft|t 1(y)” !
_5/ s(Ye, Vyje—1) 1o 1”5 < 8(Ye, Deje—1) _Efqt (Y},ﬁﬂt—l)) p(dyy)

]E (1/;57 7~9t|t71)

\tl

_ BEf

t)t—1

T
|: (}/taﬁﬂt—l)(‘g(}/hﬁﬂt—l) - Efﬁt_ls(n7ﬁt‘t_l)> :|

—E
Fils

— BE s

tlt—1

_ BEf

t)t—1

H(}/h /l9t|t—1)
[ (E;ﬁtufl)s()ﬁ,ﬁt\plf]

[ ()/157/l9t|t—1)i| Efﬁ [S(Yt,ﬁﬂt—l)}—r

t)t—1

—E (}/;5779t|t71) 5C0V 7! ( (Yl-faﬁt\tfl))-

t\t 1 |t

Applying the product rule, we obtain

V129PSSphS,3(ft\t—1a Z/t)

_ ft|t—1(yt)ﬁ71
| fye—all3

— (8- 1><5(ytﬂ9tlt—1) ~Ep s s(Yz, ﬁt|t—1)) (S(yt, Dge-1) —Eps (Y;hﬁtt—l)>—r)-

(H(yu Dyje—1) — ]Eﬁa‘t,lH(K’ Dyje—1) + BCOfol‘til (8(Ys, Vgje-1))

tlt—

As anticipated,

lﬁlﬁl V%PSSphS,B(fﬂt—l’ ye) = H(ye, eje—1)
because ]Efﬂt_ls(Yt, U¢p—1) = 0 and the information matrix equality for the negatively ori-
ented logarithmic scoring rule holds, that is, Eft|t71H<}/t, Vyjp—1) = COVftltil(S(}/t, Dyje—1))-

12



For the Power scoring rule

PowSs(fii—1,4:) = _% (ft|t71(yt)ﬂ_l - (8- 1)”ft|t—1”§ - 1) , B>1,

we recall Equation (B.1) and note
Voll fue—ill§ = Vo exp (Blog || fyi1lls) = —5Hft\t—1||§]Ef5t_18(Yt, V1)
Correspondingly,
VoPowSa( fui—1,yt) = Bfue—1(ye)" " s(ye, Dye—1) — /32||ft|t—1||gEfﬁt718(3@19t|t—1)>

fOI' Wthh limﬁu VﬁPOWSB(fﬂt,l, yt) = S(yt, ’(9,5‘75,1).

For the Hessian, we observe that

0 _
EEN ft|t—1(yt)5 IS(yt, 19t\t—1)
tlt—1
= ft\tfl(yt)ﬁ_l (H(yu ﬁt\tfl) - (5 - 1)3(%7ﬂt\t—l)s(yﬂﬁﬂt*l)T)
and
ol = Bl (B, s 00en))
819t|t 1
Moreover,
0
g7 Lt D)
tlt—

59T FreWn(dy)

tlt—1

:Efﬂ H(Yt,ﬁﬂtl)_/s(ywttl)
- Yy

13



Hence,

9 5
879;‘271 (Hft‘t—l”ﬁEftﬁ‘t_ls(K7 §t|t—1)>
= Ez S(Yt ﬁt\tfl)—a ||ft|t71||ﬁ+||ft|t—1||6—a E s S(Y;f 79t|t71)
Fieoa ’ 8192|—t—1 B Baﬁ;\rt—l Feea ’

-
= —ﬁH ft|t—1 HgEftﬁle(Yt, 19t|t—1) (Etftﬁ\tfls(}/;’ 19t|t—1))

0
WEfprlS(Y;’ 19t\t—1)

tlt—1

+||ft|t-1||§
= Hftu—ng EﬂﬁtilH(Kaﬂﬂt—l)

-
_ ﬁEfﬁ s(Yy, Vi) (Efﬁtqs(m’ﬁt't*l))

tlt—1

— ﬁ]EfB [S(yt, Vje—1)5 (Yt 19t|t—1)T]

t)t—1

]
— BEjs_ s(Yi o) (Egs (Vb))

t)t—1

Then, combining terms,

V%}POWSg(fﬂt—la Yt)

0 0
= ft|t71(yt)/6_13(yt7 797&|t71) - 52— Hft\tq”ﬁEw S(Yt, 197&|t71)
819;_1 619%_1 ( B f e )

= ﬁft\t—l(yoﬁil (H(yta ﬁt|t—1) - (5 - 1)5(%7 19t|t—1)3(yt|79t|t—1)T)

- 52”ft|t—1||g (EfﬁtilH(Kt, ﬁt|t—1) - 5E~f§t71 [S(Z/t,ﬁﬂt—l)s(yt, ﬂt|t—1)T}> .

B.2 Example 4

For the predictive density fy—1(y) = ——¢ <

Otlt—1

Y—Het—1
Otlt—1

1 Y — Haft—1 g
el = [ (e (12 ) ay
R \Otjt—1 Otjt—1
o 8

), the LP-norm is given by




and hence

—(B-1 _(5—
fly)’ Ut\t(—l )(27) (=072 ox (_EZQ)
T T B e e

Utlt—lﬂ (2m) 2§ 2

Ot|t—1 _%
:< = ) Varp (VETx).
fy)?~

where 2, = (y¢ — figp—1)/04e—1. As desired, the ratio Wﬁ,ll tends to one if 3 | 1 since
5
©(0) = 1/v/2m.

To obtain IEJ;B s(Y;, Yy—1), we first realize that fﬁt_l must be the density of a

tlt—1

. . . . 2 .
Gaussian random variable with mean j,;—; and variance crt‘t_l/ﬂ since fye—1(y:) o

p)
20341 tlt—1

_ 2
exp <_M) This immediately implies the first term in Ez s(Yy, Yy—1) to be

zero. For the second term, we plug in the variance of Y; ~ A (fuafe—1, at2|t_1 /3), which gives

0 0
S(Yt, 19t|t—1) = ~ =
% o 2051t71Vf£t71<K)

E -

B
ft\t—l

T
L

28
The implied gradient is

_B=1
B

VaPsSphS(fye-1,91) = ( "_;;‘/15) mgo(\/mzt) o

B.3 Hyvarinen score

. T . . .
Using Vyl[sy(ye, Die—1)]3 = 2(Vﬁ3y(yt, ?9t|t_1)) Sy(Ye, Oye—1), we immediately arrive at

1
vﬁHS(fﬂt—la Ye) = VoA, log f(ytwt\t—l) + §V19 Hvy log f(yt|79t|t—1)||z

= Ay5<yt,19t|t—1) + (vﬂsy(yta ﬁt|t—1))T5y<yt779t\t—1)7

for the gradient. Here we recall the convention that the gradient of a vector-valued function

Gm : R — R™ is the m x [ matrix V,g(x) with elements [V,g(z)];; = 8‘2’);(;’). In other words,

VﬁSy(yt, 1975|t71) isdxk.
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Similarly,

V129Hs<ft\tflayt) = Ayvﬂs(ymﬁ) + (Vgsy(ynﬁtufl))TSy(Qt, 1915|t71)
+ (Vﬂsy(ytaﬂﬂtq)) X3 Vsy (Y, Oyje—1)
= AyH(yta 19t|t—1) + (vyH(yta 19t\t—1)) X3 Sy(yt719t\t—1)

+ (Vosy(ye, Y1) TVﬁSy(yn Dee—1),

where V, H (1, Jy;—1) is a third order tensor of dimension & x k x d and X3 is the 3-mode

vector product of a tensor (Kolda and Bader 2009). Componentwise,

d

[VyH(yt, 1915\15—1) X3 Sy(yt7 ?915|t—1)LM-2 - Z

i3=1

aHil,iz (yta 19)

ayt,ig [Sy (yta 19)] )

3

for il,igzl...,k.

B.4 Kernel updates

For the gradient and Hessian of

1 1
Sp(Ft\t—lv ?/t) = EFt‘t,lp(Xh yt) - E]E’Ft‘t,lp(Xt) Xé) - §P<yt7 yt);

we use the assumed interchangeability of differentiation and integration. Then

VﬂEFt‘t,lp(bet) = —]EFm,l [p(Xt:yt)‘S(Xtaﬁﬂtfl)]

V%EFt‘t,lp(bet) = EFm,l [p(Xtvyt) (S(Xt>§t|t71)3(Xt719t\t71)T - H(Xtyﬁt\tfl))} )

and, similarly,

VoEe,, p(Xi, X}) = —Ep,, , [p(Xe, X7) (s(Xe, Oyje1) + (X[, Op-1)) ]

= _2]EFW,1 [p(XhX;)S(Xt?ﬁﬂt*l)} )
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and

ViEr,, ,p(X:, X])
=Erp,,_, [p(Xe, X)) (Vos(Xe, Oye1) + Vas(X], Pye-1))]

+Er,, | [p(Xt, X7)(5(X0 Dar) + 5(X] 0re—1)) (X, Do) + 5(X], 19t|t_1))q
= 2B, ,_, [p(Xe, X7) (8(Xe, Oyr-1)8(Xe, Oye—1) " — H(Xy, Dype—1)) ]

+ QEF”H [p<Xt7X{)S(Xtaﬂt|t—1)8(X£719t|t—1)T} :
So,

1/)5,)(%, 19t\t—1) = IEFt,t,1 [(EFt|t,1,0(Xt, X{) - P(Xt, yt)) S(Xt, 19t|t—1)] )
Hs, (s V1) = Bry, -, | (B 00X X0) = p(Xes) ) (H (X V1)
- S(Xt7 79t|t—1)S(Xt7 79t\t—1)T)]

- EF“H [ﬂ(XmXé)S(Xuﬁt\tfl)S(X@ﬁt\tfl)T} :

B.5 Example 5

The gradient of
CRPS(Fﬂt_l, ?/t)
e — Mt — e 1
— Oy (M <2<I> (M) _ 1) 420 (M) _ _>
Otlt-1 Ttlt—1 Otft—1 VT

with respect to the parameters reads

1
VHCRPS(Fﬂt_l, yt) = Ut|t—1 ((2@ (Zt) - 1) + QZtSO (Zt) - thQD(Zt)) ’ _O' |
tlt—1
) 2
V2CRPS(Fyjio1, ) = (1),
Ot|t—1
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where z; = (y: — ftg)e—1)/0¢je—1, since V,CRPS(Fy;_1,9;) = 1 — 2@ (2;). Similarly,

VoCRPS(Fy—1,9:) = 2 (2P (2¢) — 1) + 20 (2¢) + . 2 (1 —=2P(z)),

VLS
2 22}
VUCRPS(Ft|t_1,yt) = 3 (,D(Zt),
tlt—1
QZt
vyvUCRPS(Fﬂt—l? ?Jt) = Qo(zt)a
Ot|t—1
since. Vo,CRPS(Fy—1,4:) = 2¢(z) — \/LE, and hence V,CRPS(Fy—1,y:)
Ot|t—1 (SD(Zt)—ﬁ;), VMVWCRPS(Ft\t—layt) = Zt@(zt), and VicRPS(Ft\t—layt)

2041 (Z?SO(Zt) + ¢(2) — ﬁ)

C Derivations Section 3.5

C.1 Censored score updates

The gradient

%ULOgsgu (yt7?9t|t—1) = w(yt)s(ytaﬁﬂt—l) + (1 - w(yt))EFLwS(Yta 19t\t—1)a

follows directly from observing that

Vylog Fy,, , = ! /y(1—w(y))Wlogf(ylﬂﬂt_l)f(ywtt_l)u(dy)

Fyi—

:/yvﬁlogf(ylﬁﬂt—l)ffw(ywtlt—l)ﬂ(dy)

= _Epg_wvﬁLOgS<ft|t—l7 }/t>7
since then

vﬁLOgsqbu(fﬂtfl? Ye) = —w(y:) Vg log f(ytwﬂtfl) - (1 - w(yt))Vg log Fﬁt‘t,l
= w(yt)VﬁLOgS(fut_ly Ye) — (1 - w(yt))Vﬁ log Fﬁt‘Fl
= w(ye)s (e, Vye—1) + (1 — w(yt))EF”l,ws(E’ V1)
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C.2 Generalized censored logarithmic scoring rule

Consider a weight function w and nuisance density h. We first consider the gradient of the

logarithmic score of the censored density fZ} 7 (y¢), for which we arrive at

Vylog ffu,ﬁ(yt)

= Vﬁ log (w(yt)ft|t—1<yt) + Fw}_l(yt»

_ w(yt)Vﬂft|t—1(yt) + B(yt) f(l - w)Vﬂfﬂt_ld,u
w(Ye) frye—1(ye) + th(yf)

_ w(yt)fﬂt—l(yt)vﬁ IO%ftlt—l(yt> h(y:) f(l - w)ft|t—1v19710§ ft|t—1dﬂ
w(Ye) frje—1(ye) + Fwh(y:) w(Ye) frje—1(ye) + Fwh(y:)

= w(Qt)S(ytaﬁt\tfl) + (1 - w(yt))Eff‘t,ls(Yt’ ﬂt|t71)7

where

@(yt) L w(fgt)ft\tflcgt)

= o) T o)+ i) & OV

Then,

VaLogS,, i (fur—1, 1)
= w(y) Vg log f, 5(u) + (1 = w(y)) B4V log f,, ;(Q)
= w(y)0(Ye)s (e, Daje—1) + (1 — w(ye) ) Ep[@(Yy)s(Ye, V1))
+ (w(ye) (1= @(y)) + (1= wlyo))Bi[l — @YD) Bps (Vi D)
= wa(ye)s(We, Dyje—1) + (1 — walye) — wb(yt))Efgltils(Yt, Dyje-1)

+ w (ye) Ege [s(Ye, D)),

3
assuming |}, whdp > 0, and defining
wa(ye) = w(y)w(ye),  wulye) = (1 — d(ye)) Epo(Yy).
Now, if h = 8, on Y*, with w(*) = 0, then w(y,) = 1 for all y € Y since §,(y;) = 0 for
all y € Y, and w(x) = 0. Hence, w,(y;) = w(y;) on Y*. Additionally, E,w(Y;) = w(x) =0
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implies wy,(y;) = 0 for all y € Y*. Therefore,

VﬂLOgSZ;,é*(fﬂtfla yt) = w(yt)s(ynﬁqtq) + (1 - w(yt))]Eff‘tils(Ka ﬁt|t71)a

coinciding with ¥y e (Y, Jge—1) in Equation (8).

Moreover, if the support of h is a subset of RS, C ), then Jya( (y)h(y)u(dy) = 0 for all
y € Y. Consequently, wy,(y;) = 0 for all y; € Y and the third term vanishes, so that the
condition fy whdy > 0 becomes irrelevant. In this case, the dependence on h drops out,
which agrees with the h-independent form of LogSZ)j1 in Table 1 of De Punder et al. (2025),
where the same support restriction on h is imposed. If h and f are both p-densities, strict

local propriety of LogSEU’,—L requires pu({y € Y : h(y) > 0,w(y)f(y) = 0}) > 0, for which the

latter restriction on h is sufficient, but generally not necessary.

C.3 Generalized censored Hyvarinen score

The censored Hyvarinen score reads

Hsz,ﬁ(ftu—l, yt)

w(HS(f2 ) + (1 - w() / HS(f 5. 0)e(a)dg
— () (810 25000 + 5 Hvy o 1200
(A log f,, 4 HVq log fﬁ,,h(Q)HD ¢(q)dg.

+ (1 —w(y)) /

—00

[e.9]

Therefore, the gradient becomes

VoHS,, 5 (fie-1, v2)

1
— w(y,) (Ayw log £, () + 5V | Vi log £ ()

+ (1 —w(y)) /

—0o0

)

(A Vylog 1 1(q) + va log 1, 1 (q) H ) ¢)dg.

o0
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From Appendix C.2, we recall the gradient of the generalized censored logarithmic

scoring rule for general h, given by

Vylog ffu,f_l(yt) = W(Ye)s(Ye, Vgje—1) + (1 — w<yt>)Eff‘t_15(Y;; Vee—1),

where

w(y:) = w(?/t)ft\t—l(yf) _
' w(yt)fﬂt—l(yt) + Fuh(y)

€ (0,1),
with gradient

Vyw(y:) = @D(yt)(l - u_)(yt)) (sy(yt, Vyje—1) + s;"(yt) - S§(yt)),

h

where Sy

(y:) = Vylogh(y) and s¥(y;) = Vylogw(y,). By differentiating V,w(y,), we

obtain the Laplacian

Ayiw(y:) = w(yy) (1 - w(yt)) (Ay logw(y;) + Ay log ftltfl(yt> — Ay log B(yt))

2

Sy(Yes eje—1) + 8y (y) — 35(%)

+ w(yt) (1 - w(yt)) (1 - 21@(%)) .

Following the steps in Appendix B.3 yields

A,Volog £,5u) = A, {@yn) (s Iner) — By

713(}@, 19t|t71)>}
= w(yt>AyS(yta 19t|t—1) + Q(Vyw(yt)) X3 Vys(yt, ?9t|t—1)

+ <5(yt779t\t—1) —E.

t|t

_1S(Yt, T9t|t—1>> Ayw(ys),
and

1 b 2 b T b
5 Vo |Vulog 2,40, = (Vulog foaw)) VoV, log £ 4(w),

where

(Vyw(yt))ft\t—l(yt) + w(ye)Vy fip—1 () + FuVyh(ye)
w(ye) frie—1 () + Fuh(ye)

= W(Ys) sy (ye, Dye—1) + (1 — w(yt))8§(yt) +w(ys)s, (Vi)

V, log fZ)E<yt) =
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and

]
(VoVylog £2,5(0)) =V, Vulog £, ()

= dﬁ(yt, ﬁt\t—l) (Vyw(yt))T + w(yt)vys(yta ﬁt\tfl)a

where dg(yt,ﬂﬂt,l) = 5(ye, Vype—1) — ]Eff‘t,ls(yt’ Vy4—1). Consequently,

2

%Vﬁ Hvy log ffuﬁ(?/t)

2

:
= (va log fZ,,,;(yt)) Vylog fo, 5 (vt)
= (s D) (V) + V(s Do) () ) (V1o £3,5(00))

= Cl<yt7 19t|t—1)dﬁs(yt7 ﬁt\t—l) + vys(ytv §t|t—1)02(yt; 19t\t—1);

where

e1 (Y, ape—1) = 0(Ye)sy (e, Vu—1)  Vyo(ye) + (1= w(y)) st (ye) "V (1)
+w(ye) sy (ye) " Vyw(ye)
= (@D(yt) (s (ye: Dye—1) + s () + (1 = w(yt))SZ(yt)>T V()
Ca(Yes Vi) = @(Ye) 28y (Yo, Vajer) + () (1 — () 8™ (ye) + ()52 ()

— () (@) (su e Vo) + s ) + (1= w(w))shlu) )
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Therefore,

VoHS(f), 5> 91)
= 0(yr)Ays(ye, V1) + 2(Vy@(yi)) x5 Vys(ye, Ir-1)
(D)) + e Do) ) i (91, D)
+ Vys(ye, Do) e2(ye, Dyje-1)
= w(y1) (Ays(ye, V1) + 0(Ye) Vs (e, Vye-1) (8y (Y Tr—1) + 3y (1))
+w(y) (1 —w(y))
o+ w(y) (1= w(y0))ea (91, ) (00 V1) - Ep sV )

= w(ys) (Ays(yta 19t|t—1) + w(y:) Vys(yt, ﬁt|t71) (Sy(yt, 19t|t71) + s;“(yt)))

+ w(yt) (1 - w(yt))03(yt7 19t|t—1)7
where s5 7" (yy, Dy_1) = sy (Y, Dye—1) + 52 (yr) — sh(y), and

c3(Ys, 19t|t—1) = (VyS(yt,ﬁt\t-l)%(yt) + 23£+w_h(yta ﬁt\t—l) X3 Vy5(ys, 19t|t—1)>
+ ca(ye, Vye-1) (S(yt’ Dyje—1) — ]Eff‘t_ls(yzfv 19t|t—1)> :
where
ca(ye, Vyje—1)
= Aylog fii—1(ye) + Ay logw(ys) — Ay log h(y,)
(1= 2000) 577" -0

 (@000) (5l Do) + 5500)) + (1= () shwr) ) 57" o D).

Note that c(ye, Vye—1) is a function of sy (ys, Vye—1), Vys(ye, Vep—1), s;“(yt), sg(yt), w(yy)

only, i.e.,
03(%7 19t|t—1) = E(Sy(yta 19t|t—1), Vys(yu 191:\75—1)7 Szu(yt% 82(%), w(yt))-
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The gradient of the Hyvérinen score then follows by substituting the expression for

VgHS(ft"|t_1, ;) into

VﬂHSzu,E(ftlt—lv Y) = w(yt)VﬁHS(ftbﬁ,l, Yt)

+ (1 —w(y)) /

[e.o]

vﬁHS(ftbhfflv ) (q)dg.

D Set-valued functionals

Following Section 2.1, we temporarily suppress time indices and let ) C R!. Consider a
(potentially) set valued functional @ : P — ), and recall that strict consistency of a scoring
function ¢ : Y x ¥ — R with respect to (P, ) was already defined in Section 2.1. Strict

consistency requires that
u(P) = arg mi:)I}lEpf(l’, Y), VPeP,
BAS

that is, Epl(zp,Y) < Epl(z,Y), for all zp € 4(P) and x € Y, and Epl(xp,Y) = Epl(z,Y)
implies = € u(P); see Definition 1 in Gneiting (2011).

A strictly consistent scoring function ¢ for @ : P — ) induces a family of scoring rules
So(F,y) == {Si(F,y;2r) : g € a(F)}, where Sy(F,y;zr) := l(zp,y), for all zr € a(F).
Ordinary scoring rules arise as degenerate families consisting of a single member.

As generalizations of Definitions 1 and 2, we first formalize the notion of strict local

propriety and local divergences for set-valued functionals.

Definition 8. Let u : P — Y be a functional. The family of scoring rules S; is called
strictly locally proper with respect to (P, a) if (i) Se(P,Y;xp) = Si(F,y;xr) whenever
u(P) = a(F), VP,F € P; and (i) sup,,cqmp) EpSe(P,Y;2p) < infipcar) EpSe(F,Y; 2r),

with equality if and only if u(P) Na(F) # 0, VP, F € P.
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Definition 9. Let 4 : P — Y be a functional. A map D : P x P — R, is called a local
divergence with respect to @ if (i) a(F) = a(G) implies D(P||F) = D(P||G), VP,F,G € P,
(ii) D(P||F) > 0, VP,F € P, and (i) D(P||F) = 0 if and only if a(P) N a(F) # 0,

VP, F € P.

Definition 9 extends to functionals 7 : P — ), although this generalization is not
pursued here. The next result connects the strict local propriety of scoring rule families to
the strict consistency of the scoring functions by which they are induced. Proposition 4 then

established that any strictly locally proper scoring rule family induces a local divergence.

Proposition 3. Consider a family of scoring rules Sy : P x Y — R. Assume that Vy €
Y 3F, € P with w(F,) = {y}. Then Sy is strictly locally proper with respect to (P, u) if

and only if € is strictly consistent with respect to (P, ).

Proposition 4. Assume a family of scoring rules S : P x Y — R is strictly locally proper
with respect to i : P — Y. Then Dg,(P||F;xp) := inf,cqm {EpSe(F,Y;2)—EpSe(P,Y;2p)}

is a local divergence with respect to u, for all xp € u(P).

From the perspective of Bayes acts, the action space A := {(F,zp) : F € P,xp € u(F)}
is reduced to A = P, by selecting the best member via inf,cqm) EpSe(F, Y; ). In this case,
Bs,(P) ={F € P : a(F) na(P) # 0}. If v(F) is a singleton VF € P, the Bayes act further
reduces to Bg,(P) = {F € P : «(F) = @(P)}. Since Sy depends on F only through u(F),
the Bayes act is unique only up to u.

We now extend Corollary 1 to members of families of scoring rules S, that are strictly
locally proper with respect to (P, ), for which we reintroduce time indices. A member
Se(Fyi—1, ye; 2r) € Sg for some specific xp € u(Fy;—1) is implictly selected through a measur-
able selector with ((R) € R for every nonempty R C Y, and such that Fy,_; — Cot(Fye—1),

is F;_1-measurable for all F;;_; € P. The composition ¢ o @ is not an ordinary functional
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in the sense of a deterministic mapping from P onto (subsets of) ), but a selection device
applied to the correspondence Fy;_; — ﬂ(Fﬂt_l). Each selector induces a (-selected scoring

ruleS?:ny—HR

Corollary 4. Consider a functional u : P — Y. Let Sy be a scoring rule family that is
strictly locally proper with respect to (P, @), with (*-selected scoring rules Sg* PxY =R
implied by the selector (* such that (* o u € arg minzeﬁ(ptlt_l)Epth(Fﬂt_l,Y};x), for all
Fyi—y € P. Assume Eptwsg* (Y},ﬁt‘t_l) to be non-zero and let Assumption 1 and 2 hold.
Then ¢5§* (Yt Vgpp—1) = Vge—1 — At|t,1¢ség* (Y, Vyje—1) is a PRADA wupdate with respect to

(P, DS@('H'; C* o ﬂ()), 1])

In Corollary 4, the role of the measurable selector (* is purely technical but unavoidable.
When @(Fy;—1) is not a singleton, as with the 3 quantile of a distribution function that is flat
at level /3, no scoring rule can strictly locally proper for all € @(Fy;—1). This corresponds
to the second case in Footnote 2 of Dimitriadis et al. (2024), where the identification remains
strict for the set valued quantile gg(Fy;—1) but not for any single valued representative
such as VaRg(Fy;—1) = inf g3(Fy;—1). The selector (* chooses a measurable representative
¢*(Fy—1), inducing a single-valued scoring rule Sg*(Ft‘t_l, Yi) = Se(Fye—1,y). Since Sy is
strictly locally proper with respect to (P, a), the induced Sg* inherits this property by the

same argument as in Proposition 4.

E Additional examples

E.1 Unweighted Hyvarinen score

We supplement the discussion of the Hyvérinen (2005) score in Section 3.4, with two

examples. As first example, we revisit the univariate Gaussian location-scale model also
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considered in Examples 3, 4 and 5, with mean p;—; and variance oy—1 = exp(Vee—1)-
As shown by the gradient and Hessian in Example E.1.1, the second-order locality of the
Hyvérinen (2005) induces a scaling proportional to 1/ ‘71:2\15—17 hence dampening updates if
the variance is larger than one. This scaling, however, does not address the unboundedness
of the update. Consequently, the robustness properties of the Hyvérinen score are closer
to those of the logarithmic scoring rule than to the bounded updates obtained for the
PsSphS and CRPS in Examples 4 and and 5, respectively. This observation aligns with the
intuition that the Hyvarinen score remains local, though with respect to a neighborhood

of the realization rather than the realization itself.

Example E.1.1. For the Gaussian univariate location-scale model with mean pi—1 and

. 2 _ .
variance oy, | = exp(Vie—1), we arrive at

1 Su(ytaﬁt\tfl)
2

o
b1 2s,, (yt, 79t|t—1)

VyHS =

1 pr(ytaﬁﬂt—l) 2Hp’y(yta79t\t—1)
2

o
41 2Hw(ytﬂ9t|t71> 4Hw(yt,19t|t71) —1

V2HS =

The higher-order locality of the Hyvdrinen score leads to a rescaling of the update and
Hessian by the inverse variance, which reduces sensitivity to extreme observations, although

it does not eliminate the unboundedness of the Hessian.

A similar conclusion applies to the Gaussian multivariate local level model discussed in

the following example.

Example E.1.2. For the Gaussian multivariate local level model with mean py;—y € R”

and fized variance ¥ = Oy. Since Aylog fyu—1(y) = —tr(X7Y) and V,log Jep—1(y) =
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=S (yr — pup—1), it follows that
HS(ft|t71>yt) = —tr(Z71) + %(yt — Mt|t71)TZ_2(yt — ej—1)-

Hence, ¢Hs(ytaﬂt|t—1) = —E_z(yt - ,Ut|t—1) and HHS(Z/t;Nﬂt—l) = E_IH(ytaMt|t—1)~ Relative
to the logarithmic scoring rule, deviations of y; from py,—y are therefore penalized in units

of squared variance rather than variance under the the Hyvarinen score.

E.2 Censored likelihood score

Example E.2.1, revisits the unbounded update in Example 3, applying the center indicator
function of Section 4.3.3 to obtain bounded updates. Updates outside the compact interval
[r1, 2] only enter the update through EFul ws(Yt, U4j¢—1), which is bounded in the observation
space. Boundedness on compact subsets of the parameter space then suffices, making the
term 1/0y;—1 unproblematic for obtaining a PRADA update (see Theorem 3.2).

Instead of hard thresholds, one may also use smooth weight functions such as the
Gaussian kernel y — ¢(y)/¢(0). The gradients and Hessians are then robustified in the

same spirit as the PsSphS and CRPS implied updates introduced in Examples 4.4 and 4.5.

Example E.2.1. Reconsider the Gaussian location-scale model introduced in Example 3.

For the weight function wy(y) = iy, 1, (y), the gradient becomes

2t 1 _p(z1)—p(%2)
o o1 ®(z1)+H1—B(z
VﬂLOgSEU1 = w1 (y) et + (1 —wy (yt)) f\til (( ;H (()2)
1 2 1 Z1)—Z2p(Z
21— 2) 29 ()
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2 b af‘t71 Ttjt—1
vﬂLOgswl = 1w (yt)

At
Ot|t—1

N[

- )
- (1 - wl(yt)) T i BT ’
1 e(E)-p(E) 1 (1 4 52@(&)—21@(21))
ogi—1 ©(21)+1-D(22) 2 ®(Z1)+1-P(z2)

where z; = ML for e {1,2}.

Otlt—1

E.3 Smooth approximation indicator weight function

The following example illustrates the role of smooth indicator approximations in ensuring
the required twice continuous differentiability of the density by the Hyvérinen (2005) score.
In the limit, the smooth approximation converges to the discontinuous indicator function,

while maintaining differentiability for any finite smooth parameter.

Example E.3.1. Consider the weight function wy(y;a) = W (%) - U (y;m), where
U(x) = [ _b(s)ds/ [72 b(s)ds, with b(s) = exp(—1/(1 — s*))1s<1} and a > 0. The
weight function is a smoothed analogue of wy, satisfying wy(y;a) = 1 for y € (r1,7r9) and
wy(y;a) = 0 fory < ry —a ory > 19+ a. Combined with the nuisance density h(y) =
©(y), the generalized censored density fZ,QW(y) = w(y)f(y) + Fup(y) is twice continuously
differentiable in y. Moreover, Assumption 1 in De Punder et al. (2025) is satisfied for this
combination of wy and hy, while it fails in the limit lim, o ws(y; ) = wi(y). In practice,

one can choose a > 0 sufficiently small so that wy(-;a) approximates wy, mitigating the

effect through =.
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F Pseudo-target and pseudo-truth
We display results in a static context. Consider a scoring rule S : Pg x J — R, where
Po = {Py : ¥ € O},

denotes a parametric family of distributions. We first consider correct specification, where
the true distribution can be written as Py, for some 9y € ©. We then turn to the potentially

distributionally misspecified case, where P € P but not necessarily P € Pg.

F.1 Correct specification

Suppose that the true distribution belongs to the postulated model class, that is, P = Py,
for some ¥g € ©. Let Pg = {Py : ¥ € ©} and assume that the parametrization is chosen

such that
U(Pﬁ) =1, ¥ €0,

where u : Pg — O, with © = ), denotes the functional of interest, as in Equation (9).

Consider a scoring rule of the form
Sg(Pﬁv y) = KT(ﬁa y) = fT(u(Pﬁ>, @/)7

where (1 is not necessarily strictly consistent with respect to u. Consequently, S ;r : PexY —
R need not be strictly locally proper with respect to (Pe,u).

By tautological equivalence, ¢ is strictly consistent with respect to the Bayes-act func-
tional it induces, provided the Bayes act exists and is unique. In the latter case, the

Bayes-act functional u° : Pg — © is defined by

u®(Py,) = argergin Epﬁoﬂ(ﬁ, Y) = ar%grgin Ep,, Si(Py,Y).
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Equivalently, for any fixed Py,, the same value minimizes the associated score divergence,

u®(Py,) = argmin D' (Py, || Py),
veo S

whenever this divergence is well defined. Consequently, u° is trivially elicitable on Pg, with
(' as a strictly consistent scoring function.

For Sg to be strictly locally proper with respect to (Pe,u), it is necessary and sufficient
that, whenever the true distribution is Py,, the expected score is uniquely minimized by

reporting Py,. In functional terms, this means that
u®(Py,) = u(Py,) = vy, Jp € O. (F.1)

Hence, strict local propriety with respect to (Pg, u) is equivalent to the Bayes-act functional
u® and the intended functional u coinciding on Peg.

Indeed, if the two functionals do not coincide, then there exists some Py, € Pg such
that u°(Py,) = ¥° # 9. By definition of the Bayes act, the expected score under Py, is

then uniquely minimized at Pyo rather than at Py,. Hence
Ep,, S} (Pge,Y) < Ep, S}(Pg,, V).

This violates propriety with respect to the intended functional u, because u(Pyo) # u(Py,)
while the forecast with the wrong functional value attains a strictly smaller expected score.

Conversely, if u°(Py,) = u(Py,) = ¥y for every g € O, then, by definition of u°,
Ep,, S)(Ps,,Y) < Ep, S{(Py.Y), €O

Moreover, uniqueness of the Bayes act implies that equality holds if and only if ¥ = .

Since u(Py) = ¥ on Peg, this is equivalent to
U(Pﬂ) = U(Plgo).
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Hence Sg is strictly locally proper with respect to (Pg,u) by Definition 1.
Reintroducing time, Theorem 1 applies regardless of whether the functional equivalence

in Equation (F.1) holds. Consider

Cbsg(?/t» 19t|t—1) = 19t|t—1 - At|t—1'¢)5;f (yta 19t|t—1)-

If Ep,, @/}Sz(}/},ﬁm,l) # 0 and Ay—y = Oy, then the update is expected-gradient aligned
with Sg. Hence, under the regularity conditions of Theorem 1, there exists £ > 0 such that,

for all k € (0, R],

ADLJ((%Z)H) <0.

This reduction concerns the score divergence ]D)gT and does not require strict local propriety
14
with respect to (Peg,u). It is therefore directed toward the Bayes-act functional induced

by SJ,

u®(Py,) = argmin Ep,, Si(Py, Yy,
9e0

whenever this Bayes act exists and is unique. Only if Equation (F.1) holds does this target
coincide with the intended functional u(Py,); only then is the update a PRADA update

with respect to (Pe, Dgt, u).
4

F.2 Misspecification

We generalize the setup and notation of Appendix F.1. Let Pg = {Fy : ¥ € ©} C P denote
the working class, and P € P. The concept of strict propriety as introduced by Gneiting
and Raftery (2007) is too narrow to handle cases where P € P\Pg in the score divergence
Dg(P||Fy) =EpS(Fy,Y) —EpS(P,Y). Indeed, under this restriction, we cannot conclude

that S is strictly proper with respect to P since the expected score comparison evaluates
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the score at the true distribution P, even though the admissible forecasts are restricted
to Pe.

However, the pseudo-projected scoring rule S|*Q : Px)Y — R, with working class Q C P,
S*(P,y) = S(IIy (P), y),

where Hgs : P — Q denotes the projection of P onto Q in the geometry of Dg, is strictly
locally proper with respect to (P, Hgs ). For Q = Pg, the projection reduces to the pseudo-

true value functional v* : P — O,

u*(P) == argmin EpS(Fy,Y), (F.2)
BEC)

provided the minimizer exists and is unique. For the given true distribution P, write

By construction, the projected divergence identifies 9*, that is,
Dg- (P|[Fy) = 0 <= u(Ilp2 (Fy)) = u(IIp (P)) < 0 = ¥".

Reintroducing time indices, under the regularity conditions of Corollary 1, the derivative-
adaptive updating rule ¢g(ye, Vye—1) = Vepp—1 — Age—1¥s(Ye, Vgp—1) is therefore a PRADA
update with respect to (P, Dg, u*), regardless of whether P; € Pg. The reduction in score
divergence is directed toward F,-(p,), the projection of P; onto the working class in the
geometry induced by Dg.

The pseudo-true value ¥* admits no general agreement with the intended functional

value

when P € P\Pg, where u : P — O, with © = ), denotes the intended functional, satisfying

u(Fy) =0 for ¥ € ©. For instance, if u is the mean functional, then ¥J, is the actual mean
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of P, regardless of whether P belongs to the working class. The link between u* and w is
provided directly by Definition 1. Suppose that S, : P x V — R is strictly locally proper

with respect to (P, ). Then, by Definition 1,
EpSi(Fy,Y) —EpSi(P,Y) > 0, VFy € Po,

with equality if and only if u(Fy) = u(P), that is, ¥ = u(P). Hence u(P) is the unique

minimizer of ¥ — EpSy(Fy,Y) over O, so that
u*(P) = u(P), VP eP. (F.3)

Equivalently, ¥* = 19,, and the projection preserves the intended functional, u(H;]iZ" (P)) =
w(P). Under (F.3), Fy« is the element of Pg that shares with P the intended functional
value, while possibly differing from P in all aspects not captured by u. Misspecification
then concerns the distributional shape outside the target functional, not the functional
value itself. Consequently, Dg, is a local divergence with respect to v on P, and ¢g, is a
PRADA update with respect to (P, Dg,,u) by Corollary 1.

Now consider a potentially misaligned scoring rule Sg : P x )Y — R, generated by a

scoring function through
SH(F.y) = 1(u(F),y),  FeP,

where (T is not strictly consistent with respect to (P,u). The Bayes-act functional induced

by Sf,

u®(P) := argmin Ep/' (9, Y).
=)

For the given true distribution P, write



In general, ¥° # 1, and, under distributional misspecification, also possibly ¥° # 9J*.

Hence one has to distinguish between the pseudo-true value

Dg,

0" = u*(P) = u(Ilp* (P)),

selected by the intended projected local divergence, the intended functional value

and the score-induced pseudo-target
V° =u’(P),

selected by Sg. The equality ¥* = 9, holds only when the projection onto the working
class preserves the intended functional value, that is, u(ng (P)) = u(P).

The scoring rule S} is aligned with the intended functional if and only if its Bayes-act
functional coincides with u on P, that is, u°(P) = u(P), P € P. In that case, for every
P € P, the expected score is uniquely minimized by reporting the intended functional
value. Hence Sg is strictly locally proper with respect to (P, u). Consequently, the score
divergence DTSZ is a local divergence with respect to u, which we denote by D sl Under the
regularity conditions of Corollary 1, the derivative-adaptive update based on S} is therefore
a PRADA update with respect to (P, Dsz,u).

If, instead, u°(P) # u(P) for some P € P, then the derivative-adaptive update based
on Sg may still reduce the score divergence induced by Sg . This reduction is directed
toward the Bayes act 1°, however, and not toward the intended functional value 9J,. Hence
the update is not a PRADA update with respect to (P,ID,u) for any local divergence D

identifying w.
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G Proofs of the results in Appendix A

G.1 Proof of Proposition 3

Proof. We start with the ¢ = ’ direction. Assume / is strictly consistent with respect
to (a,P). Fix P,F € P. By strict consistency, every x € u(P) attains the same ex-
pected score Epl(z,Y) = (3, while Epl(z,Y) > ¢ for all x ¢ a(P). Correspondingly,
SUp,cap) EpSe(P,Y;2p) = €5, So, if @(P)Na(F) # (), we can always pick € a(P)Na(F)
such that Epl(Z,Y) = (5. At the same time, any zp ¢ u(P) yields a strictly larger
expectation. Hence inf, cqm) EpSy(F,Y;2p) = inf, com Epl(ap,Y) = (5 and equality
holds. In contrast, if a(P) N a(F) = 0, every zr € u(F) lies outside a(P) and hence
inf,,cam) Epl(zp,Y) > (5.

For the ‘* <" direction, we assume that S, is strictly locally proper with respect to .

Fix P,F € P. By definition, it holds that

sup EpSg(P,Y;$p) S inf EpSg(F,Y;xF).

zpea(P) rpeu(F)
Hence, for any zp € @(P), Epl(xp,Y) < inf, cam) Epl(zr,Y). Next, we use the richness

assumption pointwise. For arbitrary = € ), choose F, € P such that a(F,) = {z}. Then

Epf(%’p, Y) S inf Epg(ftp, Y) = ]Epg(l', Y),

xFGﬂ,(FI)
so every zp € u(P) is a minimizer of z +— Epl(z,Y) over ).
To see that equality occurs only if x € @(P), consider z ¢ u(P) and let Fz € P be the

distribution such that u(Fz) = {Z}. Strict local propriety yields

sup Epg(l‘p, Y) < inf EPK(JIF, Y) = Epg(d_}, Y),

zpei(P) zpe(Fz)
so T cannot attain the minimum. Hence equality holds only for x € @(P). Consequently, ¢

is strictly consistent with respect to (P, @). This completes the equivalence. O
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G.2 Proof of Proposition 4

Proof. We verify the conditions in Definition 2 one by one. Fix a P, F, G € P.
(i) Assume @(F) = @(G). Then the infimum is taken over the same set. Moreover, the

members of the scoring rule family coincide by condition (i) in Definition 8. Hence,
Dg, (P||F; zp) = Ds, (P||G;zp), Vap € 4(P).
(ii) By condition (ii) in Definition 8, it follows that for all xp € @(P), we have that

EpSi(P,Y;xp) < sup EpSy(P,Y;zp) < inf EpSy(F,Y;xp).

zp€ii(P) zrpeu(F)

Taking the infimum over x € @(F) of the difference yields
]DSZ (PHF7 pr) = lng){EpSg(F, }/7 Qf) — EPSg(P, Y, .Tp)} Z 0
TEU

(iii) For the ¢ = ’ direction, assume Dg,(P||F;2zp) = 0 for some zp € @(P). Then

infycam) EpSi(F,Y;2) = EpSe(P,Y;xp). Together with (ii), we obtain

EpSe(P,Y;zp) < sup EpSi(P,Y;2) < in(fF) EpSe(F,Y;2) = EpSe(P,Y:;xp)
z€a(P) TEU

so equality holds throughout. By the equality case in condition (ii) of Definition 8 this
implies w(P) Na(F) # 0.
For the ¢ <= direction, suppose @(P) Na(F) # 0. Applying condition (ii) with P = F

shows that EpSy(P,Y;zp) is constant over zp € @(P). Specifically,

sup EpSi(P,Y;2) = inf EpSy(P,Y;z) =EpSe(P,Y;zp),
zea(P) zea(P)

for every xp € @(P), which yields Dg, (P||F;zp) = 0. Hence Dg,(P||F;zp) = 0 if and only if

a(P) Na(F) # 0. O
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G.3 Proof of Corollary 4

Proof. Fix a P, € P and 9,1 € ©. Verify that

Ep g (Yz, ﬁt\t—l)TEPtAﬁng* (Y, Dgje-1)
= —Ep, 5o (V2 19t|t—1)TAt|t—1EPt¢sec* (Ye, Dee—1)

<0,

since Ay;—1 = O and Ep, b+ (Y, ¥yi—1) # 0 by assumption. Hence, the updating rule ¢S§*
14
is EGA for Sg* at Vg1 € ©. Applying Theorem 1 with S = Sg* and ¢ = ¢+ yields the
4

existence of a & > 0 such that for all 0 < k < & it holds that

0> ADSE* (¢S§*,fi>

= Ep, Do (Pi[|F7},) — Ep,Dger (Py[Fyye—1)

C*
Sl

> / inf  Ep,Si(Foy ), Vi 7) — Ep, Sy (Fuy1, i) Pi(dy).
Y

xEﬂ(Fﬁ?\t (y))

For the argmin selector (*, is attained pointwise, so

/ E~(inf Ept Sg(Fﬁzt(y), Y;, CC)Pt<dy)
yI u

For )

= / Ep, S (Fﬁ;t(y), Y ¢t o ﬂ(Fﬂ;t(y))> Pt(dy)a
y

and, moreover,

0> / Ep, St (Fag, ), Yes ¢ © il ) ) = Ep St (Foeo1, Yis ¢ 0 Py 1)) Peldy)
Yy

= EPtDs[(PtHFﬂt; th) - EPtDSZ(PtHFtlt—IS th>7

where Dg, (P¢||Fy; zp) is a local divergence by Proposition 4, for all zp, € u(P;). Hence,

by 18 Dg, (+||-; zp, )-reducing for all zp, € u(P;), x € (0, &]. Therefore, Qbség* (Y, Vgp—1) is a
¢ >

PRADA update with respect to (P, Dg,(-||-;¢* o a(+)), @). O
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H Derivations Appendix E

H.1 Example E.2.1

We first define z; := 2=t for j € {1,2}. For the censoring mass Fy;_;, we obtain
j J |

Otlt—1

F’t|t,1 = ®(z;) + 1 — P(2;). For the mean part of the score, we note that

[Epg_wS(Yt, ﬁt\tfl):| .

1 Y = P Y —
- ( | e [ %fm(y)dy)

Fyea —co  Tijt—1 T2 tlt—1

1 zZ1 o0
== (/ zp(z)dz —|—/ zw(z)dz)
Ft|t—10t|t—1 -0 Zo

_ p(z1) — p(2)
Ut|t—1 (I)(El) + 1 — @(Zg),

where [a]; denotes the j-th element of the vector a. For the variance part, we first compute

/_Zl (1 —2%)p(2)dz = ®(271) — /_Zl 22(2)dz

[e.9] [e.9]

and similarly [7(1 — 2%)p(2)dz = —Zp(Z,). Therefore,

_ 1 2190(21) — 2p(2)
[EF‘i_wSm’ ﬁt‘t—l)]z T 28(z) +1 - B(5)

Collecting terms, we find

1 _p(Z)—p(Z2)
oti—1 D(21)+1-P(22)

E.: wS(Yt,ﬁﬂt—l) =

Fi 1 2190(21) ~Z20(22)
2 O(z1)+1-®(%2)

For the Hessian

1 Zt
2
_ | %4t-1  Ttlt-1
H(yt, ﬁt|t71) = | )
zt 1.2
£ Sz
orp—1 27t

39



we first note that [E H(Yy, 19t|t_1)] =
1

4 —
B 1 Ttt—1

w

For the off-diagonals, we obtain

[]EFMH(}Q’ﬁtltl)]m:Ei_l (/Zl 2 @(Z)dz—{—/oo z ¢(Z)dz>

—o00 Ot|t—1 7z, Otjt—1

1 0(Z2) — p(21)
o1 P(Z1) +1— (%)

And finally,

E

1—w

1 a1, <1,
= — - d — d
P (/_OO 22 () Z—l—/z2 22 o(z) z)

- 2F,51t_1 ((@(z1) — 210(21)) + (1 = 2(2) + 220(2)))

1 Zp(Z2) — 21p(%1)
- 5 (1 + @(51) +1-— (I)(Eg)> '

H(Yi Vyn)]|

Collecting entries,

+ 1 QO_(52)—<P(51_)
H(Y,, ﬁtltfl) = Ttje=1 Trje—1 P(21)+1-8(22)

1 _eE@)—p(E) 1 <1 I w(a)—m(a))
Otlt—1 @(21)%—1—@(22) 2 @(21)+1—@(52)

Eps

1—w
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