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Abstract

We propose a new rank-based test for the number of common primitive shocks, ¢, in large panel
data. After estimating a VAR(1) model on r static factors extracted by principal component analy-
sis, we estimate the number of common primitive shocks by testing the rank of the VAR residuals’
covariance matrix. The new test is based on the asymptotic distribution of the sum of the small-
est 7 — q eigenvalues of the residuals’ covariance matrix. We develop both plug-in and bootstrap
versions of this eigenvalue-based test. The eigenvectors associated to the ¢ largest eigenvalues al-
low us to construct an easy-to-implement estimator of the common primitive shocks. We illustrate
our testing and estimation procedures with applications to panels of macroeconomic variables and

individual stocks’ volatilities.

Keywords: Common primitive shocks; Dynamic factor models; Rank tests; Distribution of eigenval-

ues; Principal component analysis.
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1 Introduction

We introduce a rank-based test to determine the number of common primitive shocks in large panel
data. That is, we study the problem of testing and estimating the smallest number ¢ of common sources
of randomness characterizing the /N-dimensional vector of observable variables y; = [y14,. .., vat]/,
fort =1,...,7, in a linear dynamic factor model.

As a motivating example of a Data Generating Process (DGP) where a large dimensional dynamic
system is driven by ¢ < N primitive shocks, let us consider restricted dynamic factor models of the

kind:

e = Nohy+ -+ Ay + &y, (1.1)
]’Lt = q)lht—l + - q)pht_p + Wy, (12)

where y; depends on contemporaneous h; and lagged (h;_1,...,h; ) values of ¢ latent common
dynamic factors through the (N, q¢) matrices Ag, Ay, ..., A;. Vector h; evolves according to the sta-
tionary VAR(p) in equation (1.2), where we assume p < s < oo to simplify the exposition.! The
N-dimensional vector €, comprises weakly correlated (over time and across entities) zero-mean inno-
vations, while w; is a non-degenerate g-dimensional vector of mutually orthogonal shocks. As p and
s are finite, we can introduce a new r-dimensional vector of factors f; = [h}, h;_;,...,h;_,]', with

r = q(s + 1), a new matrix of loadings A = [Aq, ..., A,], and write the static factor representation of

the model in (1.1)-(1.2) as:

ye = Nfi+e, (1.3)

fo = @fiat+uy, (1.4)

where f; follows a stationary VAR(1) with auto-regressive matrix ¢ based on matrices ®4,...,®, in
/

(1.2), and innovations v; = I, 0 ... 0] w whose (r, ) covariance matrix V' (v;) has rank ¢ < r,

i.e. it is rank deficient so that its smallest » — ¢ eigenvalues are zero. Thus, the common component
of the factor model in (1.3)-(1.4) is based on the r-dimensional random vector f; whose stochasticity

is entirely driven by the a smaller number ¢ of common primitive shocks w;. In the rest of the paper

'The case p > s would require a heavier notation.



we focus on all the models which can be written as (1.3)-(1.4) such that V' (v;) is reduced rank, with
model (1.1)-(1.2) being a special case.

Dynamic factor models based on (1.1)-(1.2), and their generalizations, have been extensively used
in macroeconometrics following the seminal works of Forni and Reichlin (1998) and Forni, Hallin,
Lippi, and Reichlin (2000).? For restricted dynamic factor models which can be written as (1.3)-(1.4),
estimation and inference on wy, and on its dimension ¢, have been studied by Bai and Ng (2007),
Amengual and Watson (2007), and Breitung and Pigorsch (2013), who start by estimating the r static
factors f, through Principal Component Analysis (PCA) on the observed panel.’

We contribute to the literature on large dynamic factor models by introducing a sequential testing
procedure for the rank of V'(v;), which yields a consistent estimator for the number of common shocks
q. This new procedure relies on testing the rank of V'(v,) after having estimated a VAR(1) model on
the Principal Components (PCs) estimate ft of the r static factors f;. In particular, the test is based
on the asymptotic distribution of the sum of the smallest » — ¢ eigenvalues of the sample covariance
matrix V(vt). These are all equal to zero in population, but are strictly positive in finite samples due
to the estimation error of factors f,, which induces an estimation error in V(vt) and its eigenvalues.
We propose two implementations of the test: a first one based on plug-in estimators of the asymptotic
bias and the variance, and a second one relying on a residual (wild) bootstrap of the standardized
test statistics. We also develop an easy-to-implement estimator for the common shocks w; based
on the eigenvectors associated to the largest ¢ eigenvalues of V(vt). Notably, the derivation of the
asymptotic distribution of the smallest » — ¢ eigenvalues of the positive semi-definite matrix (p.s.d.)
V(vt), discussed more in detail below, is the main theoretical contribution of our work.

Consistent estimation procedures for ¢ based on Information Criteria (IC) have been derived by
Amengual and Watson (2007), Bai and Ng (2007), and Breitung and Pigorsch (2013). Differently
from these approaches, we construct a consistent estimator for ¢ starting from an eigenvalue-based
rank test procedure. This is similar to the approach of Onatski (2009), who tests and estimates the

number of common primitive shocks (or, equivalently, of dynamic factors) for generalized dynamic

2Generalized dynamic factor models, introduced by Forni, Hallin, Lippi, and Reichlin (2000), extend the model (1.1)
- (1.2) to account for an infinite number of lags in the r.h.s. of (1.1) and/or (1.2), e.g. when h; follows an invertible
MAC(q) process. See Barigozzi and Hallin (2024) for a review of generalized dynamic factor models and their relation with
restricted ones. Presently, our methodology is restricted to dynamic factor models with a finite number of lags s and p.

3Other estimation techniques based on the Expectation Maximization algorithm are surveyed by Barigozzi and Luciani
(2019), who also establish the asymptotic properties of the resulting factor and loading estimators.



factor models by exploiting the asymptotic distribution of functions of the eigenvalues of the estimated
spectral density matrix of the observables y;,.* Under the same setting, Hallin and Liska (2007)
derive a consistent selection procedure for the number of common dynamic factors/primitive shocks.
Kapetanios (2010) proposes an alternative to the test of Onatski (2009) based on the largest eigenvalues
of the covariance matrix of the data. Importantly, our testing procedure allows for more general relative
convergence rates of N and 7' compared those required for the asymptotic results in Onatski (2009)
and Kapetanios (2010).

As discussed by Bai and Ng (2007) and Donald, Fortuna, and Pipiras (2010), testing the rank of a
finite-dimensional p.s.d. matrix is a highly non-standard problem. While the literature has developed
plenty of methods to test the rank of a matrix, e.g. Gill and Lewbel (1992), Cragg and Donald (1996),
Robin and Smith (2000), Kleibergen and Paap (2006) and Donald, Fortuna, and Pipiras (2007), these
approaches cannot deal with matrices that are symmetric and semi-definite. Indeed, Donald, Fortuna,
and Pipiras (2007) showed that when the rank of a semi-definite matrix, say M, is estimated using
a semi-definite matrix, say M , the asymptotic variance-covariance matrix of the estimator, say W, =
V (vech{M}), is necessarily singular. Hence, the aforementioned rank tests for indefinite matrices
cannot be applied as they assume that 11 is full rank. To the best of our knowledge, we are the first
to solve the problem of testing the rank of a finite dimensional positive semi-definite (p.s.d.) matrix in
panel data where both N and T diverge.’

Our solution consists in a sequential testing procedure based on the asymptotic distribution of the
sum of the smallest » — ¢ eigenvalues of the estimated covariance matrix V(vt). This distribution is
derived through an asymptotic expansion of the PC estimator ft and by applying perturbation methods
to expand the sum of the smallest r — ¢ estimated eigenvalues.® Remarkably, under the null hypothesis
of V'(v;) having rank ¢, the asymptotic distribution of the test statistic is Gaussian, has a non-standard
convergence rate Nv/T, and features an asymptotic bias of order 1 /N. This bias is due to the measure-
ment error in the eigenvalues of V(vt) originated by the estimation error of the static factors. Starting

from this asymptotic distribution, we develop a consistent sequential testing procedure to determine

“The testing procedure of Onatski (2009) requires the use of frequency-domain techniques, as the test is developed for
generalized dynamic factor models. Our testing and estimation procedures do not require frequency-domain techniques.

SFortin, Gagliardini, and Scaillet (2023a,b) develop rank-based testing procedures for the number of static factors when
N diverges but 7T’ is finite, under a more restrictive set of assumptions.

SPerturbation arguments are also used by Andreou, Gagliardini, Ghysels, and Rubin (2019), AGGR henceforth, to
derive the asymptotic distribution of the sum of the largest canonical correlations of two sets of factors estimated by PCA
from two separate panels to test for the presence of common factors among them.
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the rank of V' (v;) which takes into account the usual issues related to multiple testing in the spirit of,
e.g., Robin and Smith (2000). To improve finite sample properties of the test, we develop a residual-
based wild bootstrap inspired by the works of Gongalves and Perron (2014, 2020), and Gongalves,
Koh, and Perron (2024).

Empirical sizes and powers of the two implementations are studied in a Monte Carlo (MC) analy-
sis. The asymptotic test is over-sized when NV is small, e.g. N < 200, but it has unitary empirical even
when controlling for the size distortion. The bootstrap scheme refines the actual size while preserving
most of its power. Both implementations return estimators of ¢ that improve upon extant approaches.
Finally, we use the new methodology in two separate empirical applications to study the factor struc-
ture of US macroeconomic variables and of volatility measures on US stocks.

The rest of the paper is organized as follows. Section 2 details the modelling setting and the iden-
tification strategy for the common primitive shocks and their number ¢. Section 3 describes estimators
of the static factors, the primitive shocks, and their number. The large sample theory of the test and
estimators are presented in Section 4. Section 5 introduces the bootstrap implementation of the test
and related sequential estimation procedure. Section 6 shows results of different MC studies, while
Section 7 covers the empirical applications. Section 8 concludes. Appendix A provides the regularity
conditions, while Appendix B includes the proofs of Propositions and Theorems. The Online Ap-
pendix (OA) provides the proofs of additional technical results (Section C), details of the bootstrap
implementation of the tests based either on the smallest » — ¢ eigenvalues (Section D), a detailed dis-
cussion of the alternative estimators of ¢ considered in the MC experiments (Section E), and additional

MC analyses (Section F).’

"Regarding notation, we partition an r-dimensional vector z; as z; = [x',, #;,]’, where z 1, is the upper g-dimensional
sub-vector, and x g+ is the lower (r — ¢)-dimensional sub-vector. Moreover, we partition any (r, ) matrix A in four blocks

as:
A Agn  AnrL
Arg Arr |’

where Ap g is the upper-left (g, ¢) block, A, the upper-right (g, — ¢) block, Ay g is the bottom-left (r — ¢, ¢) block
and Arp, the bottom-right (r — ¢, — ¢) block.



2 The model

In the rest of the paper, we consider the following factor model:

y = Afi+e 2.1
fo = Ofisi+ i, 2.2)
vy = Gy, with m ~ i1d(0, I,) (2.3)
where y; = [y14, ..., yn¢)' is a vector of observations for N individuals at time t = 1,...,T, A =

(A1, ..., A] is the (V,r) matrix of factor loadings, f; is the r-dimensional vector of latent static fac-
tors with 1 < r» < min (N, T), and &, = [eyy, ...,en¢)' is an N-dimensional vector of weakly corre-
lated (over time and across entities) error terms. Factors ft follow a stationary VAR(1) process with
autoregressive matrix ®. The r-dimensional innovations vector ¥; is a linear combination of the q-
dimensional vector of “primitive shocks” 7;, with 1 < ¢ < r. These primitive shocks are orthogonal
and independent over time. The (r, ¢) full-column rank matrix G maps the primitive shocks 7, into o,
so that

oy ~ 0d(0,%,), (2.4)

for ¥, == E(i]) = GI,G' = GG', and we denote by o2 its (-th largest eigenvalue, where ¢ =
1,...,7.% When ¢ < r the (r,r) matrix 3., has reduced rank q, so that its smallest » — ¢ (largest 7)

eigenvalues are zero (positive), i.e. 07 > 05 > ... > 0. > 0., =0pyy = ... = 07 = 0.

2.1 Identification of static factors and primitive shocks

Our identification strategy for the number ¢ of primitive shocks is based on the number r — ¢ of zero
eigenvalues of ¥, in (2.4). Similarly, the actual common shocks are identified by using the eigenvectors
of 3, associated to its largest g eigenvalues.

Static factors ft are identifiable, up to a rotation (and change of sign), by performing PCA on the

8The assumption V' (1;) = I, is an identification condition. Different values of variance and (non-perfect) correlation
among the innovations ¥; can be obtained by appropriate values of the entries of matrix G.



panel of observables 1;, under the standard identification assumptions:

v V)

E(f)=0 and  V(fi)=E(fif]) =1I. 2.5)

The zero mean assumption is implied by not including an intercept in the r.h.s. of (2.2). We refer to
(2.5) as Assumption A.2 ii) in the list of regularity conditions in Appendix A.

When ¥, has rank q < r, there exists an equivalent way of expressing the DGP in (2.1) - (2.4)
which allows identification of the common primitive shocks 7; while simplifying the derivation of the
distribution of the test statistics for ¢. Let ¥, be the (r,r) diagonal matrix of the sorted eigenvalues
of i]v, that is

¥, := diag(o?,...,02,0,...,0), (2.6)

) q’ Y

and let W, = [W,, , W, ,_,] be the (r, ) matrix containing the associated orthonormal eigenvectors,
with W, , being the (r, ¢) matrix of eigenvectors associated to the largest ¢ eigenvalues, and W, ,._,

being the (r, 7 — ¢) matrix of eigenvectors associated to the r — ¢ zero eigenvalues. Then,
S W, =W,%,,  with  WW,=W,W =1I,. 2.7)
Let us define the rotated factors and associated loadings as
fo=[fae o =W, t=1,..,T and A=[\, ..\ =AW, (2.8)
with \; = Wé:\z fort =1, ..., N. Then, equation (2.1) can be written as:
Y = Afi + e (2.9)

By defining ® := W/®W,, v, := W/, = (W, ,Gne) (W,,_,Gne)'l', and by premultiplying both

sides of equation (2.2) by W/ we obtain W, fi = W,L’,CTDWUW; fio + W v;, which is an equivalent
DGP for the rotated factors:

ft = Cth—l + Vg, with Vg ~~ ZZd(O, Ev) (210)



and 3, := V(v) = WéivWU. From equations (2.4) and (2.6), the (r — ¢)-dimensional sub-vector vy,

of v, is degenerate with E'fvy,] = 0 and V' (vre) = X, 11 = 0(r—g,r—q), SO that

VHt VHt

vy = — , @2.11)
VLt 0

almost surely, for any ¢. Hence, equation (2.10) can be re-written as:

) ) _ )
frt _ HHE PHL fre-1 n Ht 7 2.12)

frt Ory Prr fri—a 0

or, by recursive substitution,

s

frt VH ¢ +i Oy Pur VHt—s
Jrt 0 =1 | Pw Prr 0

In this DGP, the non-degenerate vector vy; = W, G, collects a one-to-one linear transformation
of the ¢ primitive shocks 7, given by the full rank (¢, ¢) matrix W; G. On the other hand, the r — ¢

factors collected in f;; have degenerate innovations vy; = Gn; = 0 for any t. Thus, factors

U s r—q
fu+ are the only ones to bring most recent information of the ¢ common shocks 7; into the common
component A f;: for this reason we refer to them as non-redundant factors. The remaining factors fr,
are a deterministic function of the common shocks up to and including time ¢ — 1, and can be seen a

linear transformation of lagged factors f;_; or, equivalently, as a function only of past primitive shocks

Vi_1,v;_9, .... Hence, we refer to them as redundant factors in what follows.’

3 Estimators

Section 3.1 presents the OLS estimator of 3, (resp. X,) when factors ﬁ (resp. f;) are observed. In

Section 3.2 we introduce estimators for the static factors, the common shocks, VAR(1) parameters,

This discussion implies the existence of  — ¢ different linear combinations of f; (resp. ft) which are perfectly cor-
related with other r — ¢ linear combinations of f;_; (resp. ft 1) or, equivalently, that there exist » — ¢ unitary canonical
correlations between f; (resp. ft) and f;_1 (resp. ft 1). A similar argument was first used by Breitung and Pigorsch
(2013).



and eigenvalues/eigenvectors of 3., when static factors are estimated by PCA. Section 3.3 deals with

the sequential testing strategy characterizing our estimator of q.

3.1 Estimation of >, when factors are observed

Let ® = (X, fift )2, fiiifi—))~" be the Ordinary Least Squares (OLS) estimator of & when
factors ft are observable, and let ¥, = ft —d ft_1 be the VAR residuals estimated using ®. In this case,

the OLS estimator of f]v 1s:
T
S 1

5, = T 0. (3.1)

S

t=1

Moreover, let

~ T T ! &)HH &)HL
b = (Z ftft'l) (Z ftlle) = , (3.2)

(I)LH (fLL

be the OLS estimator of ® when factors f; are observable, and v, = f; — P fi+—1 be the associated VAR

innovations. The OLS estimator of >, reads:
1 X
5= > . (3.3)
t=1
Note that both estimators f]v and f]v are infeasible when factors are unobserved.

3.2 [Estimation when factors are unobserved

Let us assume that the true number of static factors r is known, but the true factors ft are unobservable
and ¢ is unknown. To determine ¢, we start by estimating factors ft by PCA. Let F= [ fo, fl, e fT]’ ,
i.e. the estimator of ' = [fo, f1, ..., fr]', be the (T' + 1,r) matrix of estimated Principal Components

(PCs) extracted from the (T'+ 1, N) panel Y = [yo, y1, ..., yr|’. These PCs are associated to the largest

r eigenvalues of matrix mYY’ ,i.e. [ satisfies the usual PCA eigenvalue-eigenvector equation:
L yviE— BV
N(T+1) o



where V is the (r,7) diagonal matrix containing the largest r eigenvalues of Y'Y'/(N(T + 1)) in
descending order, and the columns of matrix ]% are the associated normalized eigenvectors such that
T_+1F/ - T+1 Zt oftft =I,.1°

Letd = L ft ft 1)(Zt ) ft 1 ft L)~ be the OLS estimator of & when factors f; are estimated
by PCA, and v B = ft <I> ft 1 be the VAR residuals estimated using CI> Then, the OLS estimator of 3,
reads:

s

R

<o

1 T
L=

t=1
Let W, be the (r,r) matrix collecting the eigenvectors associated to the ordered eigenvalues 67, with

(=1,..r,of ZC]U:
S W, =W,3, , (3.4)

where 3, = diag(62,...,62) and W/W, = W,W/ = I.. From the definition of rotated factors
in (2.8), we can define the estimator of f; = W) ft as ft = Wé ]%t, and construct the estimator of
F =1[fo, fr. o o as F = [fo, f1, s fr] = ]%Wv Analogously, we define the estimator ¢, := W/%,
of v, = W/v;. By denoting as VAVW (resp. Ww_q) the first ¢ (resp. last r — ¢) columns of Wv,

ie. W, = [W,4, Wy,r—q], we can also define a natural estimator of f; and vy,.

DEFINITION 1. The estimator of the non-redundant static factors fr; is fH,t = W{,ﬁq ft, and the

estimator of the q primitive shocks v 1 is U+ = W;qﬁt, forallt=1,...,T.

The matrix of loadings A in (2.9) is estimated by time-series regressions of y;; on ft, yielding the
estimator A = [\, ..., Ay]"
Loy

A=YFFF)?'=_"YF 35

where the second equality follows from F'F /(T + 1) = F'W,W!F/(T + 1) = F'F/(T + 1) = I,.
Let ® be the OLS estimator of ® for the VAR(1) in equation (2.10):

~ T Ay r A & - qA)HH (i)HL
o= (> fha )\ Do fafia) = T (3.6)
t=1 t=1

(DLH CI)LL

0L et £'* be the orthonormal eigenvectors of YY', st YY'F* = F*V and F*F* = I, then the

1
N(T+1) N(T+1)

normalized factor estimator F is computed as F VT +1-F*.
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so that v, = ft — @)ft,l forall t = 1,...,T. Then, equation (3.6) implies that:
1 7
= > i, =S, (3.7)
t=1

where (1/T) Y.L, 0 is the OLS estimator of ¥,.

Equations (3.4) and (3.7) imply that the /-th eigenvalue of ZCIU is equal to the element in position
(¢,0) of % th:l 0;0;. Importantly, in Section 4 we show that all estimated eigenvalues &7 are strictly
positive w.p.a. 1 when T" — oo and for all / = 1, ..., r, as the smallest r — ¢ eigenvalues are functions

of the estimation error in the principal component estimator ft.

3.3 Sequence of tests of hypotheses on the number of primitive shocks

As shown in Section 2, the number of primitive shocks ¢ coincides with the number of non-zero
eigenvalues of matrix ¥,. To develop an estimator for ¢, we consider the sequence of hypotheses
in Table 1, which are expressed in terms of the number of non-zero eigenvalues of ,. The generic
hypothesis H(q) corresponds to the presence of ¢ primitive shocks, with 1 < ¢ < r, and implies that

the r — ¢ smallest eigenvalues of ¥, are all equal to zero, while the g largest ones are strictly positive.'!

Table 1 — Hypotheses on the number of common primitive shocks g

H(q) Eigenvalues of 3,

H(1) o?>0i=0l=..=02=0

H(2) o?>03>0i=..=02=0

H(q) o}>05>..>0.>0,=..=0,=0

Hr—1)|o}i>05>..>0%,>02=0
H(r) 0¥ >05>..>02,>02>0

HNote that the assumption 1 < g < r implies that there exists at least one factor in our model (2.1), and therefore we do
not consider the degenerate case H(0) = {0% =ol=..=0= O}, which corresponds to the absence of any common
primitive shock. This degenerate case is easy to detect empirically by applying the usual approaches for the number of

static factors mentioned below.

11



To select the number of primitive shocks ¢, let us consider the following sequence of tests:

Hy = H(q) Vs. H, = U H(s), for g=1,2,....r—1.

q<s<r

Giveng =1,2,...,r — 1, testing H, against /1, is based on the test statistics
r—q
JOEDIN T (3.8)
=1

which corresponds to the sum of the » — ¢ smallest eigenvalues of EOJU. We reject the null Hy = H(q)
when f (q) is positive and large, corresponding to the case where at least one of the eigenvalues in
f (q) is significantly different from zero. Critical values of the test are obtained from the asymptotic
distribution of é (q) derived in Section 4.2. The number of primitive shocks ¢ is estimated by sequen-
tially applying the test for H(q), starting from ¢ = 1 and increasing it if the null H(q) is rejected; as
described in Section 4.3, the procedure is stopped at the smallest value of ¢ for which the H(q) is not
rejected.

When the true number of static factors r is unknown, the asymptotic distribution and rate of con-
vergence for ¢ (q) based on a consistent 7 are the same as those based on r.!?> Hence, we derive the
asymptotic distribution and convergence rate of the test statistics assuming that r is known, as also

done in Amengual and Watson (2007) and Bai and Ng (2007).

4 Large sample theory

In Section 4.1, we show that the OLS estimator of >, has » — ¢ zero eigenvalues when factors ft
(or f;) are observed. That is, for any finite sample of dimension 7' its smallest » — ¢ eigenvalues
have a degenerate distribution centered around 0. This implies that testing for the number of primitive
shocks is a degenerate problem when factors are observed without error. Then, in Section 4.2 we

derive the large sample distribution of f (¢) and provide an implementation of the test based on plug-in

12Examples of consistent estimators of r are those proposed by Bai and Ng (2002a), Alessi, Barigozzi, and Capasso
(2010), Onatski (2010), Ahn and Horenstein (2013), and Trapani (2018). As also discussed in AGGR, a word of caution is
warranted. It is known that pre-testing generates problems in terms of lack of uniform properties, and we therefore abstract
from uniformity in this paper.

12



estimators of its asymptotic bias and variance. A consistent selection procedure for the number of

primitive shocks q is presented in Section 4.3.

4.1 Distribution of eigenvalue estimators when static factors are observed

We first study the eigenvalues of matrices 3, (resp. 3,), obtained by estimating the VAR(1) in (2.2)
(resp. (2.10)) by OLS from the 7'-dimensional sample of observed factors ft (resp. fp).

PROPOSITION 1. Let ft (resp. fi), witht = 1,....,T > r?, be a T-dimensional sample of observa-
tions on ft (resp. fi) as given by (2.2) (resp. (2.10)), and let Zu]v (resp. 3, ) be the OLS estimator of iv
(resp. X.,) defined in (3.1) (resp. (3.3)) based on this sample. Then:
(i) Eulv and i]v have the same eigenvalues 67 > 0, with { = 1, ..., r:
072052 .. 200 > 00> 00 =004y=..=0,=0. (4.1)
(ii) The smallest r — q (resp. largest q) eigenvalues of >, and 3, are equal to (resp. strictly larger

than) zero w.p.a. 1, i.e. as T' — o0
01> 05> .20, 1 >0; >G04, =009=-.=0,=0  wpal (4.2)

(iii) Assume that the largest q eigenvalues 0%, . . ., 02 of S, are distinct. Then, the largest q eigen-
values of >, (resp. 3,) converge in distribution to the largest q eigenvalues of >, (resp. ¥,) at rate /T,
that is /T (67 — o) N N(0,Vasy(67)), as T — 0o, where Voo (67) = €, y(€h ;@ 14)-Vi-(eqe®@1g)eqs,

where V; := Elvec(vvy — X,) - vec(vw, — X,)'| and e,y is the (-th column of 1.

Proof: see Appendix B.1.

Proposition 1 implies that when factors ft (or f;) are observable, there is no need the test for the
number of common shocks. Indeed, the (estimated) eigenvalues of iv or ¥, allow to determine the
number of primitive shocks: as the ¢ largest eigenvalues of iv and X, will be strictly positive, while
the smallest » — ¢ ones will be exactly zero. Similarly to the other cases discussed in Donald, Fortuna,
and Pipiras (2014), this is another situation where testing for the rank of a p.s.d. matrix (iv in our case)
is a degenerate problem as the (asymptotic) variance-covariance matrix of this estimator is necessarily

singular.
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Notably, Proposition 1 shows that when factors are observed the estimation error of ., affects only
the largest ¢ eigenvalues, but not the smallest » — q. Importantly, this result refines the claim in Section
2 of Bai and Ng (2007) on the eigenvalues of iv: we establish that the smallest r — ¢ eigenvalues are
exactly equal to O for any finite sample size 7' > 72, while they claim that these eigenvalues converge
to 0 as 7' — oo. In contrast, the next Section 4.2 shows that when factors f; are estimated by PCA
and matrix ., is estimated using the estimated factors instead of the true ones, all its r eigenvalues are
strictly larger than O (w.p.a. 1) for any finite sample, as they are contaminated by PCs estimation error,

and converge to 0 only asymptotically when N, T" — oc.

4.2 Distribution of test statistics when static factors are estimated

We consider the joint asymptotics N, 7" — oo and assume that:
VT/N =o(1),  N/T?? =o(1),

which correspond to Assumption A.1 in the list of regularity conditions in Appendix A. To derive the
large sample distribution of the test statistic for the number of primitive shocks we deploy the refined
asymptotic expansion for the estimated PCs derived by AGGR. This expansion extends results in Bai
and Ng (2002a), Stock and Watson (2002), Bai (2003), and Bai and Ng (2006), and is reported for
convenience as Proposition B.1 in Appendix B. For ¢t = 1, ..., T the estimate ]gt is asymptotically

equivalent (see details in Proposition B.1), up to negligible terms, to HW, ( fi + \/Lﬁut> , where u; =

(% sz\il )\i)\§> B \/LN Zf\il Ai€it, and H is a nonsingular stochastic factor rotation matrix.'> The
zero-mean term u; drives the randomness in factor estimates conditional on factor path.

Let flujs(h|]-"t) = Cov(ug, us_p|F;), with s < ¢, be the conditional covariance between u, and
us_p, conditional on the sigma field F; = o(f,, 7 < t) generated by current and past factor values f;,

1.e.

- N N N -1
Sus(h|F) = ( ZM’> Zz N Cov(ei s, e0.5—n|Ft) (;VTZMQ) :
14=1 i=1

and f]u,s( h|F) = us(h|./7t) for h=0, 1, .... We set f)w = iu73(0|}}), and define %, ;(h|F;) =

BVector wu; depends on sample sizes but, for convenience, we omit the indices N, T'. Moreover, as shown in, e.g.,

A LAY A N
Bai and Ng (2002a), H := (%) (5 f;) V~1, where V is the is the (r,7) diagonal matrix containing the r largest

eigenvalues of matrix WYY’ . See also the proof of Proposition C.1 in the OA of AGGR for further details on .
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plim &, (A F;) and £ = lim SOV AN

N—o0
THEOREM 1. Under Assumptions A.1 - A.7, and the null hypothesis Hy = H(q) of q primitive

shocks, we have:
£4(q) := NVTQ; (é(q) _ %tr {éléUD 4 N(0,1), (4.3)
with Q= 2550 Etr {Sus(h)Zu(h)'}], By = 3, Bus,

Yuih) = Zuirp(h|\F) — PruXuiau(h—1F) — @Y1 n(h — 1| F)
—Zurra(h+ UF)Py + QouSue1mm(hF) Py + Prrlup—1,0m(h|F) Py
—Suirr(h+ 1F)P, + PruSu1ur(hF)P, + PrrXus—1.0n(h|F)P .,

By, = iu,t,LL(OU:t) — (I)LHiu,tfl,LH(_HFt)l — q)LLiu,tfl,LL<_1‘ft)/

S (UF) P + rp s 1 mm (OF) Py + ®rr¥0 i 1,00 (01 F) P
S (UF) L, + PraSu 1 mr(01F) @y, + @118 1,00 (01F) P,

C = W, H'H) W,y
Proof: See Appendix B.2.

The estimation error u; originating from the PC estimation of the factors, and its lagged value
u;_1, determines the asymptotic distribution of the infeasible statistic £“(q). In fact, matrix ¥, (h)
appearing in the variance is the limit (with respect to N) covariance matrix between the (r — ¢)-
dimensional vector U; = ur; +Pryugs 1 +Prrur,—1 andits h-thlag U, _p, = ups pn+Prpume—n_1+
®rrurs—p—1. Remarkably, even if we are testing for parameters at the boundary of their domain,
i.e. the eigenvalues of a positive semi-definite matrix to be zero, a Gaussian asymptotic distribution
is obtained because the non-negative test-statistic é (q) is re-centered by subtracting a strictly (a.s.)
positive asymptotic bias term of order N ! which is also a function of the covariance between U; and
U;_p,. Importantly, our Theorem 1 implies that the (the sum of the) smallest » — g eigenvalues of iv
converge to zero at non-standard rate Nv/7', while the remaining ones converge to their true values
at the slower “usual” (for time averages of functions of PC estimates) rate min(v/N,+/T'). The latter

result, can be obtained by using our Proposition 1 and the same arguments in Bai and Ng (2007).
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To get a feasible distributional result for the statistic é“(q), we need consistent estimators of the
bias tr{é_léU} and variance () terms in (4.3). To estimate these terms we make the simplifying
assumptions that the errors €; ; are (i) uncorrelated across individuals ¢, at all leads and lags, and (ii) a
conditionally homoskedastic martingale difference sequence for each individual 7, conditional on the

factor path, i.e.

COU(&Ti,t,éj’t_hLFt) = 0, if Z;éj,

Eles{eii—ntn=1, F] = 0, E[gitl{gi,tfh}hzlaft]:72%

for all 4, t, h (see Assumption A.9). These assumptions imply f]uﬁs(h|}}) = Y.s(h|F:) = 0 for all
h # 0, and f)ung(h\}}) = iu7s’j5<h|ft) for all dates s, i.e. these matrices do not depend on time, for
j, ¢ = L, H. Matrices 3, = iuys(0|}}), Yy = Xy s(0|F;) and iU(h) = iw(h) also do not depend on

time for any h.'* Therefore, we have:

By = Yurr+0rulumn®y + Ol rn®y + @rae g ® + X nr®,, (4.4)
Yuy(0) = Zp.(0)
= Yurr+PruSuna®y + Prilura®y + PraSe mr P + Prrlur®ry
Su(l) = Bue(l) = —Pru¥y g — Pro¥ o
Su(—1) = Zuu(-1) = —Sura®ry — Zurr Py,

and Xy 4(h) = 0,forall h # —1,0, 1, implying that 2 simplifies to
Qu = 2tr {Zp(0)Zy(0) + Xp(1)Xy (1) + Xy (—1)Zy(—1)}. 4.5)

In Theorem 2 below, we replace matrices C~' By and Qy by consistent estimators, namely By
and €. Importantly, we show that the estimation error for the bias adjustment term %tr{é’ _1E’U} 1s
of order o, (ﬁ) , implying that the asymptotic distribution of the feasible statistic remains standard

normal, and has the same convergence rate as the infeasible one of Theorem 1.

141f the errors are weakly correlated across series and/or time, consistent estimation of Sy and Qp requires thresholding
of estimated cross-sectional covariances and/or HAC-type estimators.
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THEOREM 2. Let

R TN /1 1.\ ! YuHH SuHL
5 = (—A’A) (—ATA) (—A’A) i (4.6)
N N N E

where A are the loadings estimators defined in equation (3.5), I = diag(Yii, i = 1,...,N) with
s = TLH Ef:o e, and éiy = y;y — X f,. Let ® be the estimator of ® defined in (3.6). Define also:

By = 2u,LL + (i)LHEuHH‘I)/LH + (i)LLi]u,LH(i)ILH + (i)LHiu,HL(i)/LL + ci’LLiu,LL‘i)/LL )

and

Yy(0) = iu,LL + (i)LHSuHH(i)ILH + (i)LLiu,LH(i)/LH + QSLHZADU,HL&)/LL + ‘i)LLiu,LLCiDILL )
Sp(l) = =Xy — ¥,

2[](_1) = _EU,LH(i)ILH_i%LL(i)ILL.

The feasible test statistic is

o) = VT (&) - e {B0}). @)

Let Assumptions A.1 - A.9 hold, then: (i) under the null hypothesis Hy = H(q) of q primitive shocks,
with1 < q < r—1, we have £(q) N (0,1) ; (ii) under the alternative hypothesis Hy = |J H(s),

q<s<r

&(q) L5 oo

Proof: See Appendix B.3.

The feasible asymptotic distribution in Theorem 2 is the building block for a one-sided test of the
null hypothesis of ¢ primitive shocks. The rejection region for the test based on & (q) at significance

level a is £(¢) > 21_q» Where z;_ is the (1 — a)-quantile of the standard Gaussian distribution for
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a € (0,1). Similarly, we can define an acceptance region for the same one-sided test at level «
directly in terms of the values of 5 (q), that is the sum of the smallest » — g eigenvalues, instead of the

standardized statistics £(q), as

ARa:{xeR:()gxg;l\/aT QU+%BU}, (4.8)
so that we cannot reject the null of ¢ common primitive shocks as long as f (q) € AR,,. Theorem 2 (ii)
implies that the test is consistent.

An intermediate result required for the proof of Theorem 2 is the asymptotic expansion of factors’
estimator ft, which is provided by Lemma C.4 in OA, Section C.9. A direct consequence of this
Lemma is that the estimator (% (@ resp.) is consistent for the auto-regressive matrix ¢ ((f) resp.). This
implies that we can consistently estimate the common primitive shocks vy, with the estimator vy ;
presented in Definition 1. All these results hold up to a rotation and, for the factors, also a change of

sign.

4.3 Sequential tests for the number of common primitive shocks ¢

One way to estimate the number primitive shocks consists in sequentially testing the null hypothesis
Hy, = H(k), against the alternative H; = |J H((), using the test statistic (k) of Theorem 2. A
“naive” estimation procedure is initiated by ﬁgféﬁg the null of £ = 1, proceeds by increasing k by one
unit and performing the test of the null £ = 2, and so on, for kK = 1, ..., 7 — 1. The estimation procedure
is stopped at the smallest integer Gq;ve = k such that the null H (k) cannot be rejected by performing
a one-sided test with significance level o, i.e. at the first k such that & (k) < z1_,. Otherwise, set
Gnaive = 1 if the test rejects the null H (k) for all k = 1,...,r — 1. This “naive” procedure does not
return a consistent estimator of ¢, as there exists an asymptotic probability v > 0 of overestimating ¢
due to the type I error when testing H(qp) against |J H(¥).

Building on the results in Ptscher (1983), Craggalirgla Donald (1997), and Robin and Smith (2000),
a consistent estimator of ¢ is obtained by implementing the above naive procedure but allowing the

asymptotic size « of the test to go to zero as IV, T" — oo. The following Proposition 2 formalizes this

consistent estimation procedure.
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PROPOSITION 2. Let anr be a sequence of scalars defined on (0,1) for any N,T, such that:
(i) ayr — 0 and (ii) (N\/T)_lzl_aN’T — 0 for N,T — oo, with z1_oy, > 0. Consider the

estimator q for the number primitive shocks q defined as:

cj:min{k: 1<k<r-—1, f(k)ﬁzl—aN,T}7

org=rif é(k;) > 21anr forallk =1,....,r—1.

Then, under Assumptions A.1 - A.9, the estimator q is consistent, i.e. P(§ = q) — 1 under H(q), for

any integer q € {1,...,1}.

The proof of Proposition 2 is a standard proof of consistency for sequential testing procedures, see,

e.g. Robin and Smith (2000) for a general proof and AGGR for a particular case with similar rates

for ay 7. Condition (i) ensures an asymptotically zero probability of type I error when testing H (qo)

against Lg H (). Condition (i) is a lower bound on the convergence rate to zero of the asymptotic
qo<t<r

size, and is used to keep asymptotically zero probability of type 1I error at each step of the procedure.

The conditions in Proposition 2 are satisfied when a7 is such that:
Zcanr = (NVT), (4.9)

for constants ¢ > 0 and 0 < v < 1.

S Bootstrap

Starting from the works of Gongalves and Perron (2014, 2020) and Gongalves, Koh, and Perron
(2024) we propose a residual-based wild bootstrap implementation of the test in Theorem 1. This
approach relies on PCA estimation of the static factors on /N, bootstrapped panels of observations
Y® = [ (()b), yf’), e ,ygf’ )]/ with b = 1, ..., N,. Differently from Cavaliere, Gongalves, Nielsen, and
Zanelli (2024), we do not use the bootstrap to overcome the issue that the bias and/or the variance of
our test statistics cannot be consistently estimated, as we do have derived their consistent estimators.
Instead, we use the bootstrap to improve the small sample properties of our test based on the rescaled

(using the expression for the variance) and recentered (using the expression for the bias) feasible statis-
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tic in equation (4.7). Monte Carlo experiments reported in Section 6 show that this bootstrap approach
delivers better small sample properties than the test of Theorem 2. In particular, its actual size is much
closer to the nominal one, especially when sample sizes are relatively small and comparable to values

often encountered in macro-financial applications, e.g., N = 100 and 7' = 100."

5.1 Bootstrap data generating process, estimation and testing procedure

This section describes the non-parametric bootstrap implementation of our test for the number of
common primitive shocks. This testing procedure relies on a wild bootstrap resampling scheme and

can be implemented as a three-step methodology.

 Step (1): Estimate the r static factors f; through the PCA estimator ft of Section 3.2. Estimate
a VAR(1) model on ft, and let ® be the estimated autoregressive matrix. Construct the vector
of estimated VAR residuals v, = ft — P ft,l. Additionally, use the estimated loadings A (see

equation (3.5)) to obtain the estimated residuals £; = y; — A ft.

 Step (2): For each value of ¢ = 1,...,r — 1, define a new r-dimensional vector:
070D = [0, 0y (5.1)

where U, is the upper ¢g-dimensional subvector of ¢;, and consider the next steps:

— Step (2.a): For each bootstrap iteration b = 1, ..., IV}, with IV, large, construct a bootstrap

sample 5§b) = [552), ey 5%]’ from £, using a wild bootstrap scheme:

e =&y ne, i=1,.,N,t=0,....T, (5.2)

where 1) ;; 1s a zero-mean and unit-variance “external” random variable that is i.1.d. across

all individuals and dates.'® Starting from the variables in (5.1) and (5.2), construct the

I5Unreported results, available upon requests, showed that our bootstrap procedure has better size and power than one
which simply bootstraps the eigenvalue sum é (¢) without estimating the bias and the variance terms, which corresponds to
the suggestions of Cavaliere, Gongalves, Nielsen, and Zanelli (2024) and Gongalves, Koh, and Perron (2024).

16We assume that 7). ;; ~ 9N (0, 1) in the Monte Carlo analysis and empirical applications.
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following bootstrap analogous of the DGP in (2.9)-(2.12) forall ¢t = 0,1, ..., 7"
w = AP 4el?, (53)
ft(b) _ (i)ft(ﬁ)l + ﬁtHo(lJ)’ (5.4)

where the VAR(1) is initialized at f” = f,.

— Step (2.b): As detailed in Section D.1 of the OA, use bootstrapped data Y (¥) = [Yo (b ), ygb), o yé? )y

to construct the sum of the smallest » — ¢ eigenvalues 6352, cee A,% of the estimator for
the variance covariance matrix of 0, Ho(a),
— .20)
Z G, 0 (5.5)

and
) 1o L 1. -1 $(0) )
30 — [ A®YA®) —AOT®) A ®) — A®A®) — wHH  “uwHL | 5 0

v N N N ) $0) (5:6)

u,LH u,LL

where I'®) = diag(3\?, i = 1,...,N) with 3\ = ot ST éE?Q, for ég? the estimator of

(0) (D)

g, based on the b-th bootstrap sample.!” Using ¥, to derive bootstrap equivalents of By

and QU in Theorem 2, one obtains the bootstrap test statistic
20! A0\ 2 | 2 1 0
£O(q) .= NVT (QU ) £%(q) — Ntr {BU } : (5.7)

— Step (2.c): Iterating Steps (2.a) and (2.b) NV, times yields NV, bootstrapped values of the
feasible test statistic under the null hypothesis of ¢ primitive shocks. Using these val-
ues, one can evaluate the cumulative distribution function of & (¢) under the bootstrap
probability measure at any ¢* € R as F 519 (cq) = Ly %1 {f(b)(q) < c*}, where
1 {é(b)(q) < c*} = 1if £®)(g) < ¢*, and 0 otherwise. For any a € (0, 1), the a-percentile
of the bootstrapped distributions of & (q)is pB(q) := inf {p : FgB (p;q) > a} , from which

7Expressions for all quantities can be found in Section D.1 of the OA.
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we can also construct the bootstrap-based acceptance rejection as

1 N 1 .
AR ={zeR:0<z< ——=\/QupP +—B}, 5.8
%Y { = _Nﬁ Upl a(Q) N U ( )

for )y and By computed as in Theorem 2, and which implies not rejecting the null of ¢

common primitive shocks when &(¢) € ARE.

* Step (3): Define the bootstrap-based estimator of ¢ as in Proposition 2, this time replacing the
adjusted critical value 21, ,. with the adjusted bootstrapped percentile ﬁf_a*N . (q). Hence, the

bootstrap-based estimator of ¢ is

gp=min{k: 1<k<r—1 &0 <o @},

or 4p =rif (k) > pioy (k) forallk =1,..r — 1,

where
Ay = —F—— (5.9)
¢ > 0and~y € (0,1) as in Equation (4.9).

Two remarks are in order. First, the bootstrap DGP in (5.3)-(5.4) satisfies by construction the null

hypothesis of ¢ primitive shocks, as the VAR for f”) = | fﬁ}?’, f S?’ |’ reads:

(b) (0)

Ht . qA)HH qA)HL Ht—1 @Ht
g)e) dry Py f é’;’,l 0

showing that the innovations on the factor VAR(1) in the bootstrap DGP have reduced rank q. As
discussed by Andreou, Gagliardini, Ghysels, and Rubin (2024), one can establish first order validity of
a general bootstrap scheme under high level assumptions on the asymptotic behaviour of the bootstrap
test statistic £®) (q) (see their Assumption 2, which is in line with those of Gongalves, Koh, and Perron,

2024)."® Second, the functional form of ayr in (5.9) is a Bonferroni-type correction as in Trapani

I8Establishing primitive conditions for validity of our wild bootstrap scheme is beyond the scope of this paper, and we
leave this task to future research. Nevertheless, our MC experiments confirm that the bootstrap has the excellent size and
power in both finite samples.
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—1
(2018), and ensures that (N \/T) P?_ayw — 0 when the proposed bootstrap is valid. If this is
the case, one can show that P (§g = ¢q) — 1 as N,T, B — oo using arguments similar to those of
Proposition 2. As discussed in Section 4.3, adjusting the probability level of the bootstrap percentile

so that ay - — 0 is necessary for consistency of ¢p.

6 Monte Carlo simulation analysis

The objectives of the Monte Carlo (MC) simulation study are: 1) assessing the adequacy of the asymp-
totic standard Gaussian distribution of é (q) to approximate its small sample counterpart; ii) evaluating
the size and power properties of the test in Theorem 1 both under the plug-in and the bootstrap imple-
mentations, and iii) comparing the asymptotic and bootstrap-based estimator of ¢ with the alternatives

suggested in the literature.

6.1 Simulation Design

We simulate the observation y; , fori = 1,..., N,t = 0,1, ..., T from the following factor model:
Yig = x;ft + Eie-

The N-dimensional vectors of idiosyncratic innovations {¢¢, €1, ..., ep} withe, = [e14, ..., €5ty -..EN2)
are i.i.d. draws from a Gaussian random variable N (Oy 1, [). We resample these innovations in each
MC simulation. For each individual ¢, the loadings are drawn from /N independent Gaussian distribu-
tions, \; ~ ¢.i.N.( 0, I,) fori =1,...,N.

The r-dimensional vector ft follows the stationary VAR(1) process: ft = ft,l +0;, and vy = Gy,
where ® is an (r,r) autoregressive matrix. The (r, ¢) matrix G links the ¢ primitive shocks to the r
factor innovations ¥y, and is simulated at each iteration as in Section 5 of Bai and Ng (2007). To gen-
erate GG, we start from an (r, r) diagonal matrix S whose first ¢ non-zero elements are drawn from ¢
independent uniform distributions U (.01, 0.31) so that S has rank ¢. Second, we consider an arbitrary
orthonormal matrix R, i.e. RR' = I, that we obtain in Matlab through “R = orth(rand(r, r))” at each
MC iteration. Third, we set G = RS R’ and keep it constant across all 7 and ¢ for a given MC sample.

Note that the variance-covariance matrix of ¥, is ¥, = RS2?R’ and has rank q.
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Consistently with the number of static factors often documented in macroeconomic studies (see
Onatski, 2010), we consider a DGP based on r = 7 static factors and gy = 5 primitive shocks.'” The

autoregressive matrix of the VAR(1) process is given by
d = diag(0.2,0.2875,0.375,0.55,0.725,0.8125,0.9),

while the ¢y primitive shocks 7, are always simulated as 7; ~ i.i.d.N(0, I,,). Results using other

DGPs are reported in Section F.1 of the OA. We always consider M = 2000 Monte Carlo samples.

6.2 Asymptotic and bootstrap distribution; size and power properties

First, we study whether the asymptotic Gaussian distribution and the one based on /V, bootstrap sam-
ples provide a good approximation to the small-sample distribution of the “plug-in” test statistics
é (q) in Theorem 2. Blue histograms in Figure 1 display the empirical distribution of 5 (¢) under the
null hypothesis ¢ = qo, while red solid lines represent the density of the asymptotic N (0, 1) distri-
bution. Though the empirical distribution is shifted to the right with respect to the asymptotic one
when (N,T) = (100,100), the two become much closer when (N,7") = (400,600). Yellow his-
tograms visualize the distribution of 3 ®)(qo) across N, = 499 bootstrap replicates for the first Monte
Carlo sample. The bootstrap distribution is very close to the empirical one, thus suggesting that the
bootstrap-based test will outperform the asymptotic one, at least for the smallest sample sizes.

Table 2 presents empirical sizes and powers of the test based on é (q) in Theorem 2. Results are
presented for both the plug-in version (left panel) and the bootstrap one (right panel). For the plug-in
test, we consider significance levels o € {0.01,0.05,0.1} and reject the null H(q) = H(5) when the
test statistics is larger than the (1 — «/)-quantile of the standard Gaussian distribution. In the bootstrap
case, we look at the same percentiles but computed from the bootstrapped distribution of the test
statistic. The latter is based on N, = 499 bootstrap iterations for each MC sample. Empirical powers
are computed as the rejection frequency of the null hypotheses Hy = H(3) and Hy, = H(4), against
the alternatives ¢ > 3 and ¢ > 4, respectively. We report powers for the 5% significance level.

The plug-in version is oversized even when N = 400 and 7' = 600, which are values larger

than what usually encountered in macro-financial analyses, e.g. the FRED-MD database of monthly

19The notation qq highlights that this is the true number of primitive shocks that we want to estimate.
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Figure 1 — Small sample and bootstrapped distribution of the test statistic £ (qo)-
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(a) N =100, and T" = 100. (b) N =400, and T' = 600.

Blue histograms report the empirical distribution of the test statistic £(go) for (N,T) = (100,100) and (N,T) =
(400, 600) across M = 2000 Monte Carlo samples. Red solid lines correspond to the density of the asymptotic distri-
bution N (0, 1) of the re-centered and re-scaled statistic. Yellow histograms visualize the bootstrap distribution of the test
statistic for the first Monte Carlo sample.

macroeconomic indicators of the US economy. The bootstrap test corrects this over-rejection of the
null, particularly when N < 200. The asymptotic test has unit power irrespectively of H (q) and of
the combination of N and 7'.?° The bootstrap implementation also returns good power results. Lastly,
Table 10 in the OA shows that actual sizes of the plug-in implementation become close to the nominal

ones only when /V and 7" are very large, e.g. N > 1000, and 1" > 600.

6.3 Estimation of the number of primitive shocks

We now assess the finite sample properties of our estimators of ¢. To understand the finite sample
improvements of the adjustment discussed in Proposition 2 and Step 3 of the bootstrap algorithm, we
implement the sequential testing procedures using both adjusted and unadjusted critical values, e.g.
Z1—ayr and 21, in the asymptotic case. Critical values are adjusted as in Equations (4.9) and (5.9),
for which we fix ¢ = 0.95 and v = 0.1.2! We compare performances of our estimators with those of
several competitors: ¢3 and g, introduced by Bai and Ng (2007, BN henceforth); §g., 4 and go., p from
Amengual and Watson (2007, AW), and ¢, of Breitung and Pigorsch (2013, BP). Like our approach,
these estimators — summarized in Appendix E — were developed to determine the number of common

shocks in factor models as that in (2.1) - (2.2). Section F.3 of the OA shows that our estimators perform

20The same conclusion holds when the size-adjusted power is considered, results are available upon request.
2I'These are the same values adopted by AGGR and provide good finite sample results for all DGPs that we consider.
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Table 2 — Empirical sizes and powers of the plug-in and of the bootstrap versions of the test of the number of
primitive shocks

Plug-in: Th. 2 Bootstrap: Th. 2

size power size power

N T| 1% 5% 10% | H3) HM4)| 1% 5% 10% | H(3) H(4)
100 100 | 0.07 0.17 025 | 1.00 099 | 0.03 0.09 0.15| 098 095
100 200 | 0.13 0.28 039 | 1.00 1.00 | 0.02 0.08 0.14 | 099 0.96
200 100 | 0.03 0.09 0.13 | 1.00 1.00 | 0.02 0.08 0.14 | 099 0.98
200 200 | 0.03 0.12 0.19 | 1.00 1.00 | 0.02 0.07 0.12 ] 099 0.99
200 300 | 0.05 0.15 0.22 | 1.00 1.00 | 0.01 0.06 0.12 | 099 0.99
400 100 | 0.02 0.06 0.09 | 1.00 1.00 | 0.02 0.07 0.13 | 1.00 1.00
400 200 | 0.02 0.07 0.3 ] 1.00 1.00 | 002 0.06 0.12 | 1.00 1.00
400 300 | 0.02 0.07 0.13 | 1.00 1.00 | 0.01 0.06 0.12 | 1.00 1.00
400 600 | 0.02 0.11 0.18 | 1.00 1.00 | 0.01 0.06 0.11 | 1.00 0.99

Empirical sizes and powers of the test for the null hypothesis of g primitive shocks. Results in the left panel
are based on the feasible test statistic in Theorem 2. Those in the right panel pertain to the bootstrap implementation.
Simulated data come from the DGP of Section 6.1 with » = 7 and gy = 5. Empirical sizes are assessed at significance
levels « € {0.01,0.05,0.1}, while powers represent the empirical rejection frequency of the null hypotheses
Hy = H(3) and Hy = H(4) under the alternatives ¢ > 3 and ¢ > 4, respectively. These powers are assessed at the
5% significance level. Results are based on M = 2000 MC simulations.

well also with respect to those of Hallin and Liska (2007), which were originally developed for the
estimation of ¢ in generalized dynamic factor models, and, in our simulation designs, consistently
outperform the procedure of Onatski (2009), that we do not report. We always generate M = 2000
Monte Carlo samples and, for our tests, set &« = 0.05 in line with the power results from the previous
analysis.

Table 3 reports the average estimated number of shocks using the five approaches. The third and
fourth columns present results for the estimators of BN. For all sample sizes, our four estimators
improve upon those of Bai and Ng (2007), which consistently underestimate gy. Estimators g, 4
and ¢, p underestimate go when N and 7" are small but their performance improves as both sizes
increase. While both bootstrap-based estimators outperform those of AW when N < 400 and 7" < 200,
only the adjusted one consistently performs better than — or on par with — ¢4y 4 and G 5. The
approach of BP underestimates ¢, and is always outperformed by all our estimators improving. The
asymptotic sequential procedure based on standard Gaussian quantiles (eight column, labelled by z,)
always overestimates ¢, mostly because the test is oversized for these sample sizes.

Results substantially improve when we adjust the critical value of the test (ninth column, labeled
by 24, ;). Finally, the bootstrap-based estimator (tenth column, labeled by p?) delivers the best results

when N = 100 but is outperformed by its adjusted counterpart (paB,& T) for all the other sample sizes.
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This is a consequence of adjusting the level of the test, as the non-zero asymptotic type I error proba-
bility makes the sequential procedure reject the null even when it holds, which implies overestimating

the number of common primitive shocks.

Table 3 — Comparison of estimators of ¢

N T g3 d4 Qaw,A Cjaw,B qAbp Za Zan.T paB pf}ﬂv -

100 100 | 448 449 486 488 423 517 512 501 497
100 200 | 449 450 492 493 439 530 520 5.03 497
200 100 | 445 446 490 492 434 507 504 506 5.01
200 200 | 463 4.63 494 495 455 512 506 505 5.01
200 300 | 464 464 496 49 463 517 506 505 5.01
400 100 | 4.44 445 492 493 440 5.04 501 5.07 503
400 200 | 462 462 496 497 463 5.06 502 506 502
400 300 | 470 470 497 498 471 5.08 502 506 5.02
400 400 | 474 474 499 499 479 512 503 505 5.02

Average estimates of ¢ when r = 7 and ¢y = 5. The third and the fourth columns present results for estima-
tors g3 and ¢4 of Bai and Ng (2007). The fifth and sixth columns consider Gg., 4 and ¢4, 5 by Amengual and Watson
(2007), while the seventh one is based on ¢y, of Breitung and Pigorsch (2013). The eighth and ninth columns show
results for our estimator ¢ based on the asymptotic sequential testing procedure. The former is based on the 95%
quantile of the asymptotic N (0, 1) distribution while the latter considers quantiles adjusted for a consistent selection
procedure. The last two columns are based on the bootstrap version of the test performed at the 5% significance level:
the first one considers unadjusted bootstrap percentiles (i.e. pZ) and the second adjusted ones (i.e. paB?v T). We adjust

the significance level o using equations (4.9) and (5.9), where we always set ¢ = 0.95 and v = 0.1. The number of
MC samples is always M = 2000 MC.

7 Common shocks in volatility and macro-financial panels

7.1 Common shocks in US macro-financial data

We consider a macro-financial application where we test the number of common shocks in the FRED-
MD monthly dataset of McCracken and Ng (2016). In particular, we work with a balanced panel of
N = 120 monthly indicators of the US economic and financial system ranging between January 1960
and December 2019 (1" = 720). This is the longest dataset not contaminated by the COVID-crisis. We
consider the September 2022 vintage and make all the series stationary following the suggestions of
McCracken and Ng (2016). As recommended when using this dataset, we remove outliers following
the procedure of McCracken and Ng (2016).

Information criteria /Cy; and IC,, of Bai and Ng (2002a), and their modifications by Alessi,

Barigozzi, and Capasso (2010), suggest the presence of » = 7 static factors. We use this value as
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Figure 2 — Eigenvalue analysis for the covariance matrix of VAR innovations ¢ when # = 7 in US macroeco-
nomic data

1.2 T T T T T 35—

——¢(g)
AR()H(),",\.T, Hﬂ(q) : Bootstrap
—— ARy g3y, Holg) : Asymptotic

Estimated eigenvalues

R N D O
1 2 3 4 5 6 7
Number of dynamic factors: ¢

(a) Estimated eigenvalues when 7+ = 7. (b) é (q) when 7 = T7.

Left panel: estimated eigenvalues of the covariance matrix of factors’ VAR(1) when # = 7. Right panel: sum of the
smallest r — ¢ eigenvalues é (¢) (blue solid line) when 7 = 7 for multiple values of ¢. In the right panel, vertical bars denote
the acceptance region when testing the null hypothesis of ¢ primitive shocks, i.e. Hy(g), at the adjusted 5% significance
level. Yellow bars pertain to the bootstrap-based test while orange ones come from the asymptotic version of the test.

starting point for our sequential testing procedure. Following results of the Monte Carlo analysis, we
use the adjusted bootstrap estimator of g, run the testing procedure with NV, = 999 bootstrap samples,
and consider 5% level of significance, which we adjust as in Equation (5.9). The null of ¢ = 4 common
primitive shocks is the first one not to be rejected. The same result holds when the procedure is run
at the (adjusted) 1% level of significance, and if N, = 499 and N, = 1499 bootstrap samples are
considered. Thus, we conclude that the common temporal variation in US macro-financial system is
fully characterized by four primitive shocks.??

Figure 2(a) shows the estimated eigenvalues when » = 7. Estimates for the first four eigenvalues
of the VAR innovations’ covariance matrix >, range between 0.98 and 0.83. We then observe a sharp
decrease in the magnitude of the eigenvalues, with the fifth one taking value 0.41. Our test signals
that we cannot reject the hypothesis that this eigenvalue is zero at adjusted significance level 5%.
Remaining eigenvalues are estimated at 0.15 and 0.05. The blue solid line in Figure 2(b) represents
the sum of the smallest r — ¢ eigenvalues, i.e. f (q), when r = 7 and ¢ varies between one and six.

Vertical bars denote the acceptance region when testing the null hypothesis of ¢ shocks, i.e. Hy(q),

22Note that Bai and Ng (2007) reach same conclusions in terms of (IC-based) 7 and ¢ when analyzing the monthly
dataset of Stock and Watson (2005).
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at the adjusted 5% significance level. Orange ones denote the plug-in version (see equation (4.8),
replacing z;_o With 21_4, ,), while yellow bars are for the bootstrap-based implementation of the
test (see equation (5.8) with p2 _ replaced by ﬁﬁa&T). In line with Monte Carlo results, acceptance
regions for the plug-in implementation are narrower than those for the bootstrap-based version, so that
the former estimates five instead of four common shocks.

Figure 3 — Estimated non-redundant factors on US macroeconomic data

-6 -6
1960 1970 1980 1990 2000 2010 1960 1970 1980 1990 2000 2010

(a) First factor (b) Second factor

-6 -6
1960 1970 1980 1990 2000 2010 1960 1970 1980 1990 2000 2010

(¢) Third factor (d) Fourth factor

Monthly values of the estimated non-redundant factors f ‘g, from the panel of macroeconomic data in FRED-MD between
January 1960 and December 2019. Grey shaded areas denote official NBER recession dates. Non-redundant factors are
estimated as in Definition 1.

Figure 3 plots the four non-redundant factors between January 1960 and December 2019, while
Table 4 reports the ten observable macro-financial variables that exhibit the highest absolute correlation
with each of these factors. The first factor is positively correlated with time series that characterise

the output of the US economy.”* Hence, this is a cyclical factor that approximates the state of the

23 All this discussion is based on the eight groups of variables constructed by McCracken and Ng (2016). These are: Out-
put and Income; Labor Market; Housing; Consumption, orders, and inventories; Money and Credit; Interest and Exchange
Rates; Prices; Stock Market.
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Table 4 — Variables exhibiting the highest absolute correlation with the non-redundant macroeconomic factors

Factor 1 Factor 2
IP: Final Products 0.74  S&P 500 -0.64
IP: Consumer Goods 0.73  S&P Index: Industrials -0.62
IP: Final Products and Nonindustrial Supplies 0.71  S&P Index: Dividend Yield 0.61
IP: Total Index 0.67  CPI: All Items Less Shelter 0.57
IP: Manufacturing (SIC) 0.65 CPI: All Items 0.56
CU: Manufacturing 0.64 CPI: Commodities 0.56
IP: Durable Consumer Goods 0.64  PCE: Non-durable good 0.56
IP: Materials 0.52 CPI: All Items Less Medical Care  0.55
IP: Durable Goods Materials 0.51 S&P Index: Price-Earnings Ratio  -0.53
IP: Business Equipment 0.50 CPI: All Items Less Food 0.48
Factor 3 Factor 4
CPI: Commodities -0.69  5-Year Treasury Rate 0.76
PCE: Non-durable goods -0.69  1-Year Treasury Rate 0.76
CPI: All Items Less Shelter -0.68  10-Year Treasury Rate 0.74
PCE: Chain Index -0.67 6-Month Treasury Bill 0.72
CPI: All Items -0.66 AAA Corporate Bond Yield 0.72
CPI: Transportation -0.56 BAA Corporate Bond Yield 0.64
CPI: All Items Less Medical Care -0.65 3-Month Treasury Bill 0.64
CPI: All Items Less Food -0.67 Effective Fed Funds Rate 0.39
PPI: Intermediate Materials -0.60 CHF/USD ForEx rate 0.35
PPI: Finished Consumer Goods -0.57 IP: Consumer Goods 0.33

For each of the four non-redundant factors extracted from the panel of macroeconomic data in FRED-MD be-
tween January 1960 and December 2019, we report the ten macroeconomic variables in FRED-MD characterised by
the highest absolute correlation with the factor itself, and computed on the same sample period. For each variable, the
value of the correlation coefficient is reported.

US economy. The second factor is exposed to fluctuations in price indexes and in the stock market,
while the third one is solely driven by the level of prices in the economy. Thus, the second and the
third factors gauge the behaviour of month-over-month inflation in the US. Finally, the fourth factor
is influenced by interest and exchange rates, and therefore behaves as an indicator of the US financial
system: the higher its value the worsen the financial outlook, especially for what regards the funding

market.
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7.2 Common shocks in volatility measures

We now study common shocks in a panel of volatility measures for the constituents of the S&P 500
index. We consider the S&P 500 composition of December 2023 and obtain daily prices from the
Datastream platform for a period ranging between December 28, 2018 and December 28, 2023 (1" =
1256). Following Brownlees and Gallo (2010) and Barigozzi, Cho, and Owens (2023), we measure
volatility for the ¢-th stock on the ¢-th day using the high-low range:
0, = 0.361 (" - pﬁ‘,’i")Q :

where pZ f;g 4 ﬁ?tw) is the highest (lowest) log-price on day ¢ for stock 7. In what follows, y;; = log (aﬁt) .

The same information criteria of Section 7.1 suggest the presence of = 7 static factors, while our
bootstrap-based procedure estimates ¢ = 4 common shocks.?* Figure 4 plots the four non-redundant
factors estimated on the sample of interest, while table 5 reports the ten stocks which exhibit the
highest absolute correlation with these factors. We also report linear correlation coefficients between
the stocks and the factor of interest. The first factor is negatively related to providers of electricity and
natural gas.”> These firms experienced periods of higher volatility during both the COVID pandemic
and the energy crisis driven by the Russian invasion of Ukraine. The second factor is negatively
related to firms that deal with oil extraction, while it exhibits a positive correlation with healthcare
providers. Volatility on oil firms peaked during the COVID pandemic as a consequence of extremely
low oil prices. The third factor is highly correlated with technology firms that are heavily reliant on
microchips. The global shortage of semi-conductors that occurred between 2020 and 2023 explains
the importance of these firms for our dataset. Such a shortage was driven by a combination of the
COVID pandemic, and of a trade war between the US and China. Finally, the fourth factor correlates
with US commercial banks, particularly regional ones. These firms were extremely volatile during the

spring 2023 amid the failure of three US commercial banks and the rescue of Credit Suisse.

24As in the previous application, we consider N;, = 999 bootstrap samples and check for the robustness of our findings
with respect to this value. The bootstrap test is run at the adjusted 5% level of significance and we check robustness with
to the respect to the adjusted 1% level of significance.

25 All stocks are categorised according to the sub-industry code of the Global Industry Classification Standard.
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Figure 4 — Estimated non-redundant factors estimated from a panel of individual stocks volatilities
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Daily values of the estimated non-redundant factors fH’t from a panel of volatility proxies for S&P 500 constituents,
between December 28, 2018 and December 28, 2023. Non-redundant factors are estimated as in Definition 1.
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Table 5 — Stocks exhibiting the highest absolute correlation with the non-redundant volatility factors

Factor 1 Factor 2
Alliant Energy -0.35 Halliburton -0.31
Ameren -0.35  Schlumberger -0.28
WEC Energy -0.34  Marathon Oil -0.27
CMS Energy -0.34  Devon Energy -0.26
Consolidated Edison -0.33  APA Corporation -0.26
Duke Energy -0.33  ConocoPhillips -0.25
American Electric Power -0.33  Agilent Technologies 0.25
Eversource -0.31 Diamondback Energy -0.24
NiSource -0.31 Pioneer Natural Resources -0.24
Xcel Energy -0.30 Idexx Laboratories 0.24
Factor 3 Factor 4
Nvidia 0.39 KeyCorp 0.50
Applied Materials 0.38  Comerica 0.46
Micron Technology 0.37  Citizens Financial Group 0.44
Lam Research 0.35  Zions Bancorporation 0.44
Advanced Micro Devices  0.35  Truist 0.44
Microchip Technology 0.34 U.S.Bank 0.42
Teradyne 0.33  Huntington Bancshares 0.42
Analog Devices 0.32  Fifth Third Bank 0.41
Broadcom Inc. 0.32  PNC Financial Services 0.40
Skyworks Solutions 0.31 Regions Financial Corporation  0.39

For each of the four non-redundant factors extracted from the panel of volatility proxies for S&P 500 con-
stituents between December 28, 2018 and December 28, 2023 we report the ten stocks characterised by the highest
absolute correlation with the factor itself, and computed on the same sample period. For each variable, the value of
the correlation coefficient is reported.
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8 Conclusions

We present new tests and estimators for the number of common primitive shocks in a large (restricted)
dynamic factor model, where factors can be estimated by PCA. The starting point of our testing proce-
dure is a static factor representation of the model where r factors evolve as a VAR(1) with innovations
having rank-deficient covariance matrix YJ,. In particular, its rank ¢ < r coincides with the number of
common primitive shocks in the data. Hence, we test the number of such shocks by testing the rank
of >J,. In doing it, we are the first to develop a test for the rank of a finite dimensional positive semi-
definite matrix in panel data where the number of both cross-sectional entities and observations over
time diverge. We are able to overcome the well known problems of testing the rank of a semi-definite
matrix, and construct a test statistic whose asymptotic distribution under the null of ¢ primitive shocks
is Gaussian, and has non-standard convergence rate N+/7. This is done by exploiting the estimation
error of the principal component estimator of the r static factors and of related quantities, e.g. >, and
its eigenvalues/eigenvectors. We propose two implementations of the test: one is based on the asymp-
totic distribution of a consistent plug-in estimator for the test statistic, while the other relies on a wild
bootstrap scheme. We also introduce estimators of the number of common shocks and non-redundant
factors based on both implementations.

An analysis of the factor structure of the FRED-MD dataset suggests that output measures and
price indexes explain most of the temporal variation in the US macro-financial system between January
1960 and December 2019. An application to volatility measures of US stocks shows that the COVID
pandemic and the bank crisis of March 2023 were key drivers of volatility between January 2019 and
January 2024.

The tests and estimators of this paper can be naturally extended to the Factor Augmented VAR
(FAVAR) model of Bernanke, Boivin, and Eliasz (2005) where both latent factors estimated by PCA
and observable factors follow a singular VAR model with a smaller number ¢ of primitive shocks. This

extension is in our current research agenda.
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Appendices

We use the following notation. ® denotes the Kronecker product. ||A|| = 4/tr(A’A) denote the Frobenius norm
of matrix A. We denote by || Z||, = (E[HZHP])l/p the LP-norm of random matrix Z, for p > 0. We denote by
A convergence in distribution. For a sigma-field F, we denote by Z, 4 g (F-stably) the stable convergence
on F of a sequence of random vectors, that is, P(Z, € A,U) — P(Z € A,U) as n — oo, for any Borel set
A with P(Z € 0A) = 0, where A is the boundary of set A, and any measurable set U € F (see e.g. Renyi
(1963), Aldous and Eagleson (1963), Hall and Heyde (1980), Kuersteiner and Prucha (2013)). In particular, for

a symmetric positive definite random matrix {2 measurable with respect to F, by Z, 4N (0,Q) (F-stably) we
mean Z, 4 Q12 (F-stably), where £ ~ N (0, I) is independent of F.
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A Assumptions

We make the following assumptions:
Assumption A.1. N, T — oo with/T/N = o(1) and N/T3/? = o(1).

Assumption A.2. The “rotated” factor VAR f; = ®fi_1 + v; is stationary and satisfies the normalization
restrictions

E(f)=0 and V(fe) = E(fif]) = I;

its innovations are such that vy ~ iid(0, X)), where the (r,r) covariance matrix is defined as >, = dz’ag(o%, e 02, 0,...

witho? > g2 > .. > 0’3 > 0, and E[||v||*] < M, for a constant M < .

Assumption A.3. The loadings matrix A = [ A1, ..., Ay |’ is such that A}im %A’A = X, where Xy is a
—00

positive-definite (r,r) matrix with distinct eigenvalues.

Assumption A.4. The error terms €, and the factors f; are such that for all i,t > 1: a) Ele;|F;] = 0 and
Ele; | Fi] < M, as., where F; = o(Fs,s < t), b) E[e},] < M and El||vs||*"¥®] < M, for a constant
M < oo, where v > 2 is defined in Assumption A.5 b).
Assumption A.5. Define the variables & = \/% SN iy and Ky = ﬁ PR \(e}, — n?), indexed by N,
where 1} = plim + Zf\il E[e?,|Fi). a) Foranyt > 1and h > 0 have:

N—o0 '

d
(€6 €1-nl" = N(0,Ve(h)),  (Fi-stably),
as N — oo, where the asymptotic variance matrix is:

_ | u(0[F) Q¢(h|F)
Vi = 2 (01F) |

for Q(h|F) = ngim % Zf\;l Zévzl AiXpcov(eig, €¢1—n|Ft), for any h.
—00

Moreover, for N > 1 we have: b) E(||&]/*"|F) < M, a.s., and c) E [|r¢|*] < M, for constants M < oo and
r> 2.

Assumption A.6. Innovations ¢; and v, are such that: a) The triangular array processes Vi = Vi, = [f{, &)’
and Vi* = Vi, = [k, n?) are strong mixing of size — =5, uniformly in N > 1. 26 Moreover,

b) | E(&i|Fe) — B(&&|Fy, - Fom) |2 = O(m™%), | E(&-1€1|F) — B(&-1&| Frs oy Fi—)l2 = O(m™?)
and ||E(&-16)|Fy) — E(&1&|Fy, .oy Fi_m)|l2 = O(m™%) as m — oo, uniformly in N > 1, and with 1) > 1.

Assumption A.7. Innovations €, and v, are such that: a) 7 ZtT:l Zi;ll Ent] <M, E [(\/IN fo\il(ei,tgi,é; - 7]?5))2}
Fili 0) Gz Yy (L4 ) froy =
Op(1), 3 X1y &t = 0p(1), Elljae|?] = O(1), where ay = A= S0 ST i eissislss

c) El|8’] = O(1) and E[|B|)%] = OQ1), where 5 = =330 S0 s €ia(EisCs — EleisG]) and

Bom b SN ST i BlEsCal where G = (2l muffs € ).

*That is, al(h) = O(h~?) for some ¢ > —=, where a(h) = sup sup sup |P(ANB)— P(A)P(B)|, where

N>1>1 AeV!  Bevez,

M, for any s < t and a constant M, where 771525 = plim % Zfil Eleiteis
N—oo

ViA™ — 5(V,t —m < s < t+m), and similarly for V;*.
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Assumption A.8. Innovations ¢; and v; are such that: a) P[||fi|]| > 6] < ¢ exp(—c26®), for large 6; b)
St Bleceis] < M, foralli > 1; ¢) Pll| 3 S(_ zigl| > 0] < e1T exp(—cad?T")+esTd ™ exp(—csTT),

. . 2 2 1 N
foralli > 1and & > 0, where either z;y = figit, or ziy = €, — E[€i7t], or Zit = 7% ZZZI:Z# E04Eit —

E[\/% Zévzl:#i eeg€itl; d) |\l < M, for all i > 1; where b, c1, ¢, ¢3,c¢4,m,7, M > 0 are constants, and
n>1/2

Assumption A.9. The error terms are such that: a) Cov(ej,e04—p|Ft) = 0,ifi # ¢, b) Ele;s|{€it—n}tn>1,Ft] =
0, ¢) E[5127t|{5,-7t_h}h21,.7-}] = i1, say, where y; > 0, foralli,t, h.

Assumption A.1 defines the asymptotic scheme. Assumption A.2 concerns the stationarity of the factors’ VAR,
as well as their first and second moments. Note that the same properties hold true also in the unrotated factor
space. That is, the factor VAR f; = ® f; 1 + ¥ is stationary and such that:

E(f)=0 and  V(fy) = E(fif)) = I..

Moreover, VAR innovations ¥, are such that v; ~ #id(0, f]v), for 3, as defined in Section 2, and El|oY] € M,
for a constant M < oco. All remaining assumptions are the same as in AGGR, and we refer to their Appendix
A for a detailed discussion of each of them and their relationship with analogous assumptions made in the
literature.

Assumption A.9 simplifies the derivation of the feasible asymptotic distribution of the statistic in Theorem
2. This condition excludes correlation of the error terms across individuals and time (conditional on the factors),
as well as conditional heteroschedasticity, and implies a “strict factor model” for each group. In that sense,
it is more restrictive than Assumptions A.5, A.6, A.7 and A.8 b)-c). Moreover, under Assumption A.9, the
matrix §2;(0|F;) in Assumption A.5 a) simplifies to Q = limy_,o(1/N) Zf\il AiXvii , while Q. (h) = 0 if
h # 0. Note that Assumption A.9 simplifies substantially the proof of Theorems 2 but is not needed to prove
Theorem 1.

B Proofs

Section B.1 presents the proof of Proposition 1, Section B.2 and Section B.3 present the proof of Theorem 2 and
Theorem 1, respectively. The proofs of technical Lemmas are reported in Section C.1 of the OA.

Let us provide some fundamental moments of the rotated static factors f; which will turn out to be useful
in the following proofs. We define Vi1 := E(fi—1f/_1), Vaz := E(ftf]), and Via := E(fi—1f{) = V3.
Stationarity of the process for factors ﬁ from Assumption A.2 i) implies that also the factor process of f; in
(2.10) is stationary, and that Voo = V73, irrespectively of the normalization in (2.5). Moreover, as W is an
orthonormal (r, r) eigenvector matrix, from the normalization in (2.5) it follows that Vj; = I,.

B.1 Proof of Proposition 1

In Section B.1.1 we characterize the eigenvalues and eigenvectors of the population covariance matrix ¥, =
V' (v¢) and its OLS estimator X, = Zthl 040 /T In particular, we show that their smallest r — ¢ eigenvalues are
all equal to zero. Then, in Section B.1.2 we prove that the 7 — ¢ smallest eigenvalues of the sample covariance

matrix Y, are equal to zero. These two results imply part (i) of Proposition 1. Section B.1.3 shows that the
largest g eigenvalues converge, as 7' — oo, to the ¢ non-zero eigenvalues of ., which, together with the
result in part (1), proves part (i1) of Proposition 1. Finally, we derive the asymptotic distribution of the largest ¢

eigenvalues of ,, which corresponds to part (iii) of Proposition 1.
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B.1.1 Eigendecomposition of >, and 3,

Define the following two matrices:

Eg = [ éq } : E, = [ ?@”“*q) ] : (B.1)
(rxq) (r—4,9) (rx(r—q)) =9

The columns of Ey and Ef, span R”. Since ¥, = Elvvf] = diag(o7, ...,02,0, ..., 0), the eigenvectors associ-
ated with the r — g zero eigenvalues of Y., are spanned by the columns of matrix E. Analogously, the eigen-
vectors associated with the ¢ non-zero eigenvalues of >, are spanned by the columns of matrix E. If we make
the additional assumption that the ¢ non-zero eigenvalues of ¥, are distinct, that is 07 > o3 > ...... > ag > 0,
then the orthonormal eigenvectors associated with these elgenvalues correspond to the columns of Fy.

To characterize matrix ¥, and its sorted eigenvalues & 62 > 63 > ... > 52, we first define:

T T T
v L 1 / 7 L 1 / 7 L 1 / ‘7 7
Vit = thz;ft—lftla Voo = T;ftft, Vig = T;ft—lftv Vo1 == Vio,
(B.2)
and
3 1 &
Vo = *th 101 Voo i= thvt, Vigor = thlvtft/_p (B.3)

From the definition of f)v in (3.3), and that of the OLS residuals ¢y = f; — P f+—1 obtained by OLS estimation
of the VAR(1) model in equation (2.10) from the T-dimensional sample of true factors f;, we get:

!

T
Z@ vy = Z —Ofi1)(fr — f11) = Vag — Vo V' Vig, (B4)

where the third equality follows from (B.2) and the definition in equation (3.2) of the OLS estimator P of D, i.c.
d =V V11 By straightforward matrix algebra, we get the next Lemma.

LEMMA B.1. The matrix f]v = f/'gg — ‘721 f/ﬁlfflg is such that:

S - S e D) 0(gr—
So = Voo = VoraaVii' Vipor = [OU’HH 0(‘” 2 }, (B.5)
(r—q,q9) Y(r—gr—q)

where the (q,q) matrix EU,HH is:

- 1 o 1 o 1 g
Yo HH *ZUHtUHt ;UH,tft/_1 (T;ft—lft/_1> T;ft—lvﬁq,t - (B.O
From Lemma B.1 it immediately follows that the » — g smallest eigenvalues of 5, are &2 == =52 =0.

This is our first non-trivial result, which shows that the smallest r — ¢ eigenvalues of 3, are exactly equal to
the r — g zero eigenvalues of the population covariance matrix ¥, for any finite sample of dimension 7" > 72,
From (B.5), it follows that the orthonormal eigenvectors associated to the » — ¢ zero estimated eigenvalues of

>, are spanned by the columns of matrix Er. Let Wv,r—q be the matrix having as columns each of the » — ¢
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associated eigenvectors, then WU r—q = Er - A, where A is an (r — g,r — ¢) orthonormal matrix, implying:
E Wv,r q = Wv,r q 0(7‘ q,r—q)> and er qWUT q — =1 q-

Moreover, the (g, ¢) matrix Sv, g in (B.6) is the sample covariance matrix of the residuals obtained from a
multivariate regression of vy ; on (lagged) factors f;_1. In fact, the estimated matrix of regression coefficients

of such multivariate regression is EtT:l vH,tft/_l(ZtT:l ft—lft—l)il = vf 12V11 , the residuals are vy —
Ve f712Vﬁl ft—1, so that the OLS residuals’ covariance matrix is

T
1 -1 -
Z (ire — Vor2Vis fim1) (0me — Vopa2Viy fie1) = S,
t:l
which is positive semi-definite, thus having all non-negative eigenvalues. Hence, the largest ¢ eigenvalues of >y
are such that 57 > ... > G2 > 0, which implies

2>60,, =..0;,=0. B.7)

Qe
=0
Y
|\/

Equation (B.5) entails that the orthonormal eigenvectors associated to the g largest eigenvalues of 3, are spanned
by the columns of matrix . Let W, .q be the matrix having as columns each of the g associated eigenvectors,

then W, , = Ep - B, where B is a (g, ¢) orthogonal matrix, implying: ¥, W, , = W, 7qZ§Z?{H, w! qW =1,
and ZZ%H = diag(67,...,57).

Let 35 be the (r,r) diagonal matrix collecting the ordered eigenvalues of By

¥ = diag(61, ..., 67) = diag(67, ..., 62,0, ...,0), (B.8)
and let W, := [Wv,q , Wwo_q] be the (r, ) matrix collecting the associated orthonormal eigenvectors. Then,
S W, =W,X4  with  W/W, = W,W/ = 1I,. (B.9)
B.1.2 Eigendecomposition of iv
Let us define
8 1Tvu/ . 1Tuu, . 1Tuu/ :,
Vip = T;ftlft_l V=g ;ftft s Vg = th:;ftlft =V

From the definition of 3, in Section 3.1, and that of the OLS residuals ¥; = f; — & f;_; obtained by estimating
the VAR(1) model in equation (2.10) from the T-dimensional sample of true factors f;, we get:

T T
s 1 T 1 o ~ v o ~ v , > cC 8
Y, = T ;Uﬂ/t =7 ;(ft —Ofi1)(fe — Pfi1) = Voo — Vo1 Vi Vig,
which follows by writing b — 1;/'211:/1_11. Recalling that f, = W/ f, and W/ W, = I,, we get f, = W, f,, which
implies:

Vin = WVuWw,, ‘3/22 = W VoW, , ‘3/12 = W ViaW, =‘:/2/1,
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and

Sy = W VaoW) — W, Ve W W, Vi WIW, ViaW! = W, 2, W), (B.10)

Equation (B.9) implies &, = W, 59 W/, and therefore 3, = W, W, 559 W!'W!. As WW!W,W, = I,, we
get that

iv(Wva) — (Wva)igiga

i.e. 259 is the diagonal matrix containing the sorted eigenvalues of ¥, with associated orthonormal eigenvectors
being the 7 columns of matrix W, W,. As X3 is also the matrix of the sorted eigenvalues of ¥, this proves
part (i) of Proposition 1.

B.1.3 Convergence of the eigenvalues of %,

Under Assumption A.2, a Central Limit Theorem (CLT) for ¢¢d random variables with finite second moment
implies that

T

1

VT - vec (T Z VH .V — EU,HH> 4, N(0,Vy), where Vi := Evec(viv; — %) - vec(vv) — 3,)'],
t=1

(B.11)

as T — oo. Hence, Y/, v 1.1V 4/T — So, i = Op(1/VT). The same assumptions entails
1 1 o
T;UH,tft/—l = Op(l/ﬁ)a and T;ftlft/—l = Vi +Op(1/\/f)-

Substituting these equations into (B.6) we get iu HH = S aH +0p(1/ ﬁ) and, by substituting the last result
in (B.5), also
5, =

Sosn + Op(1/VT) 0gr—g) ] (B.12)

O(T—q«z) O(T—q,r—q)

We know from the results in Subsection B.1.1 that the eigenspace associated with the zero eigenvalues of 3, has
dimension r — ¢ and is spanned by the columns of matrix F. Therefore, from (B.8), (B.9) and (B.12),~we can

write the following expansions for the eigenvalue matrix ii’% 57 and the associated eigenvector matrix W, ,:

Wog=Eullng, 309 =Senn + My g = diag(51,....,62) + My g,

where Ey is defined in equation (B.1), the stochastic (g, ¢) matrix U, 4 is nonsingular with probability ap-
proaching (w.p.a.) 1 and stochastic matrix M, , is diagonal. By the continuity of the matrix eigenvalue and
eigenfunction mappings, as ¥, = %, + Op(1/ V/T), the largest q eigenvalues and the associated eigenvectors
converge at the same rate to the eigenvalues and eigenvectors of >J,,. Therefore, M, , converges in probability
to a null matrix as 7' — oo at rate O,(1/V/T), thatis M, 4, = 0,4 + Op(1/+/T), which implies:

52 = o2 + 0,(1/VT), (=1,..,q,
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and U, 4, converges in probability to a non-singular matrix at the same rate Therefore, from the set of inequalities
(B.7), the definition ¥, gy = diag(a%, . q) and the assumption 01 > 02 > .. > 03 > 0, we have

61> ..206.>00,=..=0,=0 wpal,

at T' — oo, which concludes the proof of part (ii) of Proposition 1.

To simplify the proof of the convergence in distribution of the largest ¢ eigenvalues of %, that is the proof
of part (iii) of Proposition 1, we assume that all the ¢ non-zero eigenvalues of 3, are distinct, namely:

o%>...>a§>0.

This assumption implies that the orthonormal eigenvectors associated with the largest ¢ non-zero eigenvalues of
>, are given exactly by the first ¢ columns of matrix /,. We denote each of these columns, i.e. each one of these
eigenvectors, as e, ¢ := [0, ..., 0,1,0, ...., 0], which is a g-dimensional vector of zeros, with the exception of the
element in row ¢ which is equal to 1, with £ = 1, ..., ¢. This implies I, = [eq 1, ..., €g,q]-

By noting that

T T T
. - 1 ;o 1 I / 1 /
Vie = T ;1 fi1fy = T tEr fi—1(@fim1 +v) = Vi@ + T ;1 Je—1v

= Vll@l —|— |: % EZ—’:]_ ftflvlth, 0(7"77'—(]) i|
we get
- o 1T . ]
¢ = V21V1_11 =& 4 { T Zt:1 UH,tft_l } Vl_ll
O(r—q,r)

Assumption (A.2) implies that % Zle vE -1 = Op(l/\/T). Hence & = dpyp + Op(l/\/T), Py =
Oy + Op(1/VT), and

by = fai— Punfoi-1— Purfoi
= (for—®rafai—1 —Purfri—1) — (Pun — Pun)foi—1 — (Par — Pur)fri—1
= g+ O0,(1/VT).

Thus, 3y G0y, = 5 Y=y VHV], + Op(1/T), which together with (B.11) implies:

T T T T
1 . 1 1
T Z UH,tvﬁq,t =Yy HH = T Z HtUHt Yo, HH + (T Z thU}rt T Z UH,tU/H,t)
T
1 1
= th:; UHtUHt vHH>+0p (\/T)
and
1 & d
VT - vec (T D pty — EU,HH> 5 N(0,V5), (B.13)
t=1

where V] is defined in (B.11).
Then, from the result on the asymptotic distribution of eigenvalues and eigenvectors of symmetric random
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matrices in Section 1 of Ruymgaart and Yang (1997), which was originally derived in Watson (1983) using
Kato’s (1966) perturbation theory, the convergence result in (B.13), and the assumption that the eigenvalues Uz%’
£ =1, ..., q are all distinct, it follows that:

1
VI@E - ob) = tr{ﬁ(TzaH,ta;,,t—zv,HH) eq,ee;,g}wu)

T
1 L
= VT 6;,5 ( ZvHﬂfU}l,t - ZU,HH> eqe+op(1)

which can also be written as

T
~ 1
VT (62 —0?) = Teq (T Z

sS4

H Oy — Ev,HH) eqe + 0p(1)

T
[ N
el o(el o ® Ln)VT - vec <T > O, — EU,HH> +0p(1), (B.14)
t=1

where the last result follows from the equality tr(ABC) = vec(A') (C' @ I.)vec(B), where A, B and C are
conformable matrices. Therefore, results (B.13) and (B.14) imply

\/T(&? ~ %) — N(0,V5), where Vy = e:;,e(e/q,f ®1q) - Vi - (eqe @ Im)eqe-

which concludes the proof of part (iii) of Proposition 1.

B.2 Proof of Theorem 1

The proof of Theorem 1 is structured as follows. We start by reporting the asymptotic expansion for PC estimator
of the static factors (Subsection B.2.1). This first result result yields an asymptotic expansion for the VAR
residual matrix 3, (Subsection B.2.2), and is used to obtain the asymptotic expansions of the eigenvalues and
eigenvectors of matrix 3, by perturbation methods (Subsection B.2.3). This yields the asymptotic expansions
of the eigenvalues and of the test statistic f (q) (Subsection B.2.4). Finally, the asymptotic Gaussian distribution
of the test statistic follows by applying a suitable CLT for dependent triangular arrays (Subsection B.2.5).

B.2.1 Asymptotic expansion of the factor estimates ft
PROPOSITION B.1. Under Assumptions A.1-A.4, A.5 b), c), A.6 a), and A.7, we have:

~y o v 1 1. 1+
= H(ft +V¢), = =l + =b + —=d; + Uy, B.15
t (ft + 1) (o \/Nt Tt mt t ( )

(3

[V

1 o

fort=1,...,T, where t; = <% vazl AM;) ﬁ Zf\;l Ni€its

v o v\ —1 o oo\ —1 v

b= (FTEAN) (FSLRA) 0P

d= (L3N ) (AT A (N ST e X o and i h th

;= NZ.:1 i thzl ftft mZz‘:l Zszlsz,sfs i ft, and terms V¥ are such that

PO (et + b+ Amdi+0:) 0, = 0y () and 2 XL fidy = Oy (% + 42) as N.T — o,
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1/2
the matrix H converges in probability to a nonstochastic orthogonal (r, r) matrix, and n; = ( plim & SN B2, \}"t]> .
N—00 ’

Proposition B.1 corresponds to Proposition 3 in AGGR and the proof is omitted. From the definitions of
fr =W/ frand \; = W/ \;, and the fact that W, is an orthonormal (7, ) matrix, the next Corollary B.1 follows
immediately from Proposition B.1.

COROLLARY B.1. Under Assumptions A.1-A.4, A.5 b), c¢), A.6 a), and A.7, we have:

1 1
——uy + by + ———dy + Yy, B.16
\/Nt Tt \/ﬁt t ( )

-1
fort=1,...,T, where uy = <% ZZ]\LI AM;) TIN Zf\il Ni€its
1 ~1
by = ( Zz 1 A )\/) (% Zthl ftft/) (77:)2ft,
~1
di = ( Ziv 1 A X) (l ZtT_l ftft/) (\/% Zf\il ZST_l € sfs/\/»> ft, and terms Yy are such that

thl( U + bt+mdt+ﬂt>ﬁ§—op<ﬁ>andTZt1ft19’* (k,—i—%)aSN,T—)oo,
and njf is deﬁned in Proposition B.1.

J%t = HW,(fi + 1), Py =

~

B.2.2 Asymptotic expansion of matrix X,

We can re-write matrix 3, by using the following quantities:

T T
S S S 1 N N N ~ A A
Vii = fo 1 = TZ%W” (i1 4+ e—1) (fim1 + 1) WoH = HW, (Vin + X)) Wi H',
t=1 t=1
(B.17)
~ 1 T .. 1 T R ~ ~ ~ ~ ~
Vay = TZ = TZHWU (fe 4+ ) (fe + L)) WoH = HW,(Vag + Xa2) W H/, (B.18)
t=1 t=1
T T
S _ 1 g C/ _ 1 9 ! 1470 A ” % 1471
V12 = f Z t—1J¢t = f ZHWv (ftfl +¢t71) (ft +7;Z)t) W’UH - /HWU(‘/H +X12)W'U,H’
t=1 t=1
Vi = Vi, (B.19)
where Vz-j for 7, 7 = 1,2 are defined in (B.2) and
X 1L
Xu = 5 (featig +dafig) Zwt 191, (B.20)
t=1
X 1 L
X = 5D (fi+unf) + Zwtwt, (B.21)
t=1
X 1L . X
X2 = TZ(ft 10 + -1 ) + Zl/)t 1y, Xor = X (B.22)

-
Il
i
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From the definition of matrix f]v = % Zle 10)75131’5 and ® := 1721 f/l_ll from definitions (B.17)-(B.19) we get:

o s 1 S o S o o S o 18
Yo o= Z) ut = ) (fi— @fia)(fi - @fir) = Var — Var Viy 'Vaa.

o ~ ~ ~ ~ —1 A
Then, using V;;' = (H)"'W, (Vi1 + X11) "' W/H = (H)~'W, V! ( + X1V ) W/H™!, we get:

S, = AW WA (B.23)

where:

Sy = Vag+ Xog — (Va1 + Xo1)Vip! (Ir + XnVﬁl) (Viz + X12). (B.24)

When factors are estimated by PCA, the OLS estimators ¥, and 3, depend on: i) estimators of the factors’
covariance matrices in the observable case through the terms V;; for 7, j = 1, 2; and ii) the principal components’
estimation error through the terms X;; forz,j = 1,2.

By using the definition of ¢; in Corollary B.1, the next Lemma provides a stochastic rate for terms X ik

LEMMA B.2. Under Assumptions A.1-A.4, A.5 b)-c), A.6 a) and A.7 we have Xjk = O, (6n,7), forj, k=1,2,
where Sy 1 = (min{N,T})~!

LEMMA B.3. Under Assumptions A.1-A.4, A.5 b)-c), A.6 a) and A.7, the second-order asymptotic expansion
of matrix i]v is:

= HW, (S + O)WIH + 0p(6%.1), (B.25)
where f]v is defined in equation (B.4), and U= X'gz — éXlg - Xglfi)’ + ‘5)2'11(13', with ® = 1721171—11.
Equation (B.25) represents matrix E as a function of i) the estimated VAR errors’ matrix Z‘ = W, Z w)

defined in (B.10) and computed with the true rotated factor values ft = W, fy; ii) a second term U and a
reminder O, (6% 1), both originating from the PC estimation error.

B.2.3 Eigenvalues and eigenvectors of matrix >, obtained by perturbation methods

The estimators of the smallest » — g zero eigenvalues of ¥, are denoted as &?, for¢ = q+1,...,7. We now derive
their asymptotic expansion under the null hypothesis H(q) using perturbations arguments applied to equation

(B.25). Let W;"T_q be a (r,7 — ¢) matrix whose columns are eigenvectors of matrix ¥, associated with the
eigenvalues 67, with £ = ¢ + 1, ..., r. We have:

WJT o = Wi A, (B.26)
where A, = diag(&?, ¢ =q+1,..,r)is the (r — ¢,r — q) diagonal matrix containing the r — ¢ smallest

eigenvalues of Sy
We know from Subsection B.1.1 that the eigenspace associated with the zero eigenvalues of 3, has dimen-
sion 7 —q and is spanned by the columns of matrix E7,, which implies that the eigenspace associated with the zero
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eigenvalues of HW, ivWé”;’:[’ has also dimension 7 — g and is spanned by the columns of matrix (7:1’ YW, B
Since the columns of E7, and Ex span R", (B.25) entails the following expansions:

Wig=H)WELU+ Epé),  Ay=04_gr g+ M, (B.27)

v,r—q

where E7 and Ep are defined in equation (B.1), the stochastic (r — ¢, — ¢) matrix U is nonsingular with
probability approaching (w.p.a.) 1, stochastic matrix M is diagonal, and & is a (g, r — ¢)) stochastic matrix. By
the continuity of the matrix eigenvalue and eigenfunction mappings, and Lemma B.2, we have that & and M
converge in probability to null matrices as N,T" — oo at rate Op(dn,7). By substituting the expansions (B.25)
and (B.27) into the eigenvalue-eigenvector equation (B.26), using the characterization of matrix 3, obtained in
Lemma B.1, and keeping terms up to order Op(éfva), we get expressions for matrices & and M. These yield

the asymptotic expansions of the smallest » — g eigenvalues and associated eigenvectors of matrix S, provided
in the next Lemma.

LEMMA B.4. Under Assumptions A.1-A.4, A.5 b)-c), A.6 a) and A.7, we have:

Ay = U'CTHLU +0,(0% ) (B.28)
Wiy = (H)'w, (EL—EHA)ZJ +0,(0% 1), (B.29)

v, r—q
where A = [E}IWéﬁ'S':[WUSUEH]_1E}[Wé7:[/7:[WU\iIEL, matrix U is defined in Lemma B.3, and
C = W, HIH) ' W,,,. (B.30)

v,r—q

Note that the approximation in (B.28) holds for the terms in the main diagonal, as matrix A, has been defined
to be diagonal.

B.2.4 Asymptotic expansion of },"¥ 52,

Let us now derive an asymptotic expansion for the sum of the 7 — ¢ smallest eigenvalues Z;;‘ll 637 ¢41- Using
T—q ~2 — A .
Dot Or gy =t {Av}, we get:

2o = r{CT U} +0,0), (B31)

by the cyclic property of the trace and including second-order terms in Op(612\, r). Lemma B.5 provides asymp-
totic expansions of the terms within curly brackets in (B.31). These are derived starting from the expressions for
Wz, and its components from Lemma B.3, and noting that from Lemma C.1 in the OA we get:

- ZT - by @
o = E: 2 N :‘7‘7—1:[ HH HL]'
(t:l il 1) (tzl fed 1) o Crim PLL

2"This can be easily seen by noting that

HW, S WIH') - (H) ' WoEL = HW, S, EL = 00—y = (H) " 'WoEL - 0 g.r—g)»

where the first equality follows from W, W, = I,., and the second one from equation (B.12) and E, = [0(,—q,q), Ir—4]'-
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Importantly, the last equation shows that Dy L = Py and ) ., = ®rr,1.€. that the bottom blocks of matrix ®
are estimated without error if the true factors are observed without error, which is critical to derive our asymptotic
distribution below.

LEMMA B.5. Under Assumptions A.1-A.4, A.5 b)-c), A.6 a) and A.7 we have:

r—q
R 1 1
62 4 = ~ir { Z El(urs — ®rpumi—1 — Prrure—1)(un: — Praume—1 — (I)LLuLtl)lu:t]}
=1 T
1
ure — Prpumi—1 — Prruri—1)(ure — Praumi—1 — Prouni—1)’
!

—E(urt — Praumi—1 — Prruri—1)(ure — Proaumi—1 — Prruri—1)'|Fe] }

+0, (0% 1) + 0p (en,1) (B.32)

where en T = #ﬁ and the terms in curly brackets are Op(1).

From the definition of e 7 = ﬁﬁ in Lemma B.5 and of 7 := (min{N,T})~! in Lemma B.2, and the
condition T <« N < T3/2 in Assumption A.1, we have 6]2V’T = o (en1). Therefore the leading stochastic

terms in ), {62, are of order O, (+) and O, ( ) Let us define the process

NVT
U = up— Praumi—1 — Prruri—1- (B.33)

Process U; depends on N, but we do not make this dependence explicit for expository purpose. Then, from
Lemma B.5 we get:

T
1 .
62—t {C7'Bu} = W (\FZ UU, — UtUt|]-‘t)]) +op (en) (B.34)
where:

1

T
T > E(ULU{|F) .
t=1

Under our assumptions, term ﬁ ST [UlU; — E(U[U|F;)] is Op(1) as, in the next subsection, we show that
this term is asymptotically Gaussian distributed. Under our condition vV < N < T%/? the remainder term

op (en,) in the r.h.s. of (B.34) is negligible with respect to the first term in the r.h.s.?8
B.2.5 Asymptotic distribution of the test statistic under the null hypothesis H(q)

From the asymptotic expansion (B.34) we obtain the asymptotic distribution of £(q) = > y_162_ ., under the
null hypothesis H (q) of ¢ common shocks. First, we apply a CLT for weakly dependent triangular array data to

BIEN Z T3/2 then, similarly to what happens in the asymptotic expansion AGGR, additional higher order terms
appear in the asymptotic distribution of ~,"{62_, 41, hot necessarily neghglble with respect to the term of order ~ \F’

driven by non-linear functions of the higher order term b; of the expansion of f in Corollary B.1. Under the Assumptions
of Theorem 2 these terms are zero.
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prove the asymptotic normality of % Z;le Znyas N, T — oo, where
Zth = Ut/Ut — E(U,;Ut‘./_"t)

depends on N via process U; defined in (B.33). Let process Vv ; = V; be as defined in Assumption A.6, and let

Vi — 5(V,,t —m < s < t +m) for any positive integer m, with V; = V! _.

LEMMA B.6. Under Assumptions A.3, A.4 a), b), A.5 b) and A.6 a), b) we have:
(i) Zn, is measurable w.rt. V;, and E[Zn 4] = 0 forallt > 1 and N > 1,

(ii) sup FE[|Zn4]"] < oo, for a constant r > 2,
t>1,N>1

(iii) Process (Zx.) is L? Near Epoch Dependent (L*-NED) of size —1 on process (V;), and (V;) is strong
mixing of size —r/(r — 2), uniformly in N > 1, %

(iv) The limiting variance Qy := lim7 y_00 V ( % EtT:l zZ N7t> is strictly positive and such that

o0

Qu= Y T(h), T(h):= Jim Cov (24, 2N 1) (B.35)
h=—o0

Then, by an application of the univariate CLT in Corollary 24.7 in Davidson (1994) and the Cramér-Wold device,
we have that:

T
1 d
ﬁ g Zny — N (0,Qp), (B.36)
t=1

as T, N — oo. Let us now compute the limit autocovariance function I'(h) explicitly. By the Law of Iterated
Expectation and E[Zy¢|F;] = 0, we have:

I'(h) = lim E[Cov(Znt, Znt—n|Ft)]- (B.37)

N—oo

The next Lemma provides the asymptotic distribution of (U, U;_,)’.

LEMMA B.7. From Assumptions A.3 and A.5 a), the vector (U{,U,_, )" is asymptotically Gaussian for any h,
tas N — oo:

U d [ U ~N< [ Yui(0)  Zp(h) D ] .
( U > — ( Uee, > Oc2r,1)> Sue(h) Suin(0) ,  (Fi-stably), (B.38)

Sue(h) = Cou(Up®, Ul |F) = ElUFUZ|F]
= Yutrn(hlF) — @raBus—1,om(h — 1UF) — ®rp¥u—1,00(h — 1|F)
~Sutrm(h+1UF) @y — By rr(h + UF)PL, + PruXus—1,mm (| Fe) gy
+@r1 501,00 (MF) Py + PraXui—1,00 (M| F) 7 + PrrXui—1,0n(hF) Py

and Yy s(h|F;) = Cov(Ug®, U, | F) = E[UFUX, | F), for all t and h including h = 0, and s < t.

YThat is,

Zny — B[Zna V], < €0m), uniformly in¢ > 1and N' > 1, where £(m) = O(m ™) for some ¢ > 1.

m
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Using analogous arguments, we can also compute explicitly the term By in the bias of é“(q):

~ 1

T
By = T { ut, 1L (O1Fe) = @raSu -1, (—1[F) = @rr¥y—1,n(—11F)

—Eu,t,LH(Uft)‘I’LH — St L (UF) Ry, + @rpSue—1, 10 (01 F) 4
+ 071501080 F) Oy + PraXus 1,501 F) @), + @LLiu,t—1,LL(0|ft)¢'LL} .

The next lemma provides the expression for I'(h), which is necessary to compute the variance ;.

LEMMA B.8. Under Assumptions A.3 and A.5 b), we have:
L(h) = E [Cov(U® U, UX UZ,L| )] (B.39)
where

Cov(U U, UX U, | Fr) = 2tr {ZU’t(h)Eth(h)’} ) (B.40)

From (B.35) and Lemma B.8 we get:

o0

Qu = > 2tr {E [Sua(h)Sue(h)]} - (B.41)

h=—00

Finally, from equations (B.34) and (B.41), and N ﬁQ;l/ 2_0 (N ﬁ) = O(ey N, T) under the hypothesis
of ¢ primitive shocks the statistic £(q) = S i_162_ ., is such that:

T
N\/fQ;l/2 [é(q) — ;tr{éléy}} = _1/2 ( Z ) +0,(1)

From equation (B.36), the r.h.s. converges in distribution to a standard normal distribution, which yields Theo-
rem 1.

B.3 Proof of Theorem 2

The derivation of the asymptotic distribution of the feasible statistic {N (¢) in (4.6) in Theorem 2 requires to
control the effect of replacing the bias term ¢tr-{C ' By, } and variance Q;; terms in the unfeasible statistics £%(q)
by means of their estimates, which are functions of the factors and loadings estimates. In the OA Section C.9
we derive also the asymptotic expansions of factors and loadings estimators which, additionally to confirming
that the estimators are consistent, are also critical to prove Theorem 2. In Subsection B.3.1 and B.3.2 we prove
the statements in Part i) and in Part ii) of Theorem 2, respectively.

B.3.1 Proof of Part (i)

Under the assumptions of Theorem 2, the asymptotic distribution of the unfeasible statistic §~ “(q) is:

£1(q) = NVTQ;'? [é(q) — %tr {C”BU}] 4 N(0,1), (B.42)
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where, importantly, the expressions of By and Qs simplify those in (4.4) and (4.5), respectively. By rewriting
the feasible test statistics {(q) in (4.7) as

o = (%) oo, (Il (ea)-n (). @

it can be seen that Theorem 2 part i) follows if we prove
tr {BU} = tr {CHBU} + 0 <\/1T> , (B.44)
Qu = Qu+oy(1), (B.45)

as the ratio /Qu converges in probability to 1 from (B.45), the first term éu(q) in curly brackets converges
in distribution to a standard Gaussian distribution from (B.42), and the second term in curly brackets is op(1)
from (B.44). We now prove results (B.44) and (B.45) by deriving the asymptotic expansions of C'~1 and all
the terms appearing in the expressions of By and §, defined in Theorem 2, i.e. the blocks of ® and those of

~ ~oa\ 1 Aoaa A\ T
S, = (% A A) (%ATA) (%A’A) , which involve the estimated factors, loadings and residuals. The
asymptotic expansions of the factors and loadings from Lemma C.4 in OA Section C.9 allow to show the next
result.

. N N |
LEMMA B.9. Under Assumptions A.1 - A.9, i) The asymptotic expansion of ® = (Ethl ftf{_1> (Zthl ft_lft’_l)
is:

d=H1OH + o, (%) , (B.46)
where
s [He Ogrg }
i [ o) | (B4T)
O(T_(Lq) HL

and H H, H L are non-singular matrices w.p.a. 1, and such that:
51 _ (7:[_1>/7:l_1 o (1> $-1 (7:[_1)’7_2_1 Yo (1)
f.HH H H p JT)’ f,.LL L L p JT)’

with f]f,HH = {%ﬂ ZtT:O ftft’] . and flf’LL = [T%H 23;0 ftft’} . ii) The asymptotic expansion of
estimator N'A /N is:

AA e 1
G s (1), iy

where S\ = %A’ Awith A =[Ay: Av—g].  iii) The asymptotic expansion of ANTA/N is:
L NPA = HOH + 0 <1> (B.49)
N B P\vT)’ '

where Q) = L A'TA, with T = diag(v;;,i = 1,...,N).

52



N R N1
From equation (B.48) we get (%A’ A) = H‘lel (7—[/ ) +op (T) By substituting the latter equal-
ity into the expression of 33, in (4.6), and using (B.49), we get

S, = HOS, (7%’>_1 + 0 (\%) , (B.50)

where iu = ixlflixl. From equation (B.50) and (B.46) we get the asymptotic expansion for ﬁU in (4.4):

By = By (7)) +o (=), (B.51)
L p \/T

- AN
From Lemma C.4 in the OA we have EJTILL = (Hf) Hzl + op (T) The following Lemma B.10,
establishes the link between C' and & fLL-

LEMMA B.10. Under Assumptions A.1-A.4, A.5 b), c), A.6 a), and A.7, we have C = f)f,LL +0p (ﬁ)

Therefore, we have C~1 = (7—[ ) 7—[ 14 op ( ﬁ) This equation, together with the asymptotic expansion

(B.51), the cyclical property of the trace operator, and the fact that ) g = Py and P rr = P11 imply equation
(B.44). Similarly, the asymptotic expansions (B.46) and (B.50), and the result I 31 (0) imply equation
(B.45).

B.3.2 Proof of Part (ii)

In order to prove Theorem 2 (ii), we consider the behavior of statistic 13 (¢) under the alternative hypothe-
sis H; of more than ¢* > ¢ primitive shocks. Specifically, let ¢* > ¢ be the true number of primitive
shocks in the DGP corresponding to the alternative hypothesis. The statistic is given by: §~ (99 = N ﬁ@&l/ 2
X (Zz i] 03 41— tr {BU }) . We rely on the following Lemma to prove that By is asymptotically bounded
in probability.

LEMMA B.11. Under the alternative hypothesis H(q*), with ¢* > ¢, we have HBUH < C, wp.a. 1, for a
constant C' > Q.

From Lemma B.11 and using > ;"962_,. | = >/ "1 02 ,. | 4 0p(1), where the 0,(1) term follows from the
continuity of the eigenvalues mapping, we get £(q) = N\/TQ;/Q (Z;;‘ll 02 1+ op(l)). Under H(q"),
we have only r — ¢* < r — q eigenvalues that are equal to 0, while all the other ¢* eigenvalues are strictly larger
than 0. Therefore, > 7y_{ o7 ., = >3,°0 ., 107 4y = 2(_4410; > 0. Then, from Lemma B.11 we get

¢ (q) > NV/Tecy, wp.a. 1, for a constant ¢; > 0. The conclusion follows.
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ONLINE APPEDIX - Not for publication

“New Tests and Estimators for Common Primitive
Shocks”.

Federico Carlini ! Mirco Rubin 2 Pierluigi Vallarino 3

This Online Appendix provides supplementary material for Carlini, Rubin and Vallarino (2025),
and is structured as follows:

* Section C presents the proofs for Lemmas B.1-B.11 from the main paper. It also contains the
proofs of intermediate results required for the those lemmas;

* Section D briefly presents the alternative estimators for g discussed in the Monte Carlo analysis
of the main paper;

* Section E contains detailed derivations of the bootstrap quantities introduced in Section 5 of the
main body;

» Section F discusses further Monte Carlo results.

C Proofs of Lemmas

C.1 Proof of Lemma B.1

By substituting the expression for f; provided in (2.10) into the definitions of ‘722 and \712 in (B.2) we
get:

T
- 1 Z , 1 /
Vg = T t=1 ftft - T (q)ft—l +Ut)(q)ft—1 +Ut)
T

T
- 1 1 1
— (I)‘/ilCI)/ + P (T thl’lJ;) + (T thftll) P’ + T ;Uﬂ)é,

—

t=1

T T T
- 1 1 ~ 1
Vig = T t; firrfi = T ;:1 fia(@fi +v) = Vi d' + T ;:1 fe-1v;.

'LUISS Business School, Rome, Italy (fcarlini @luiss.it).
2EDHEC Business School, Nice, France (mirco.rubin@edhec.edu), corresponding author.
3Econometrics Institute, Erasmus School of Economics, Rotterdam, The Netherlands (vallarino@ese.eur.nl).
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By plugging-in the last two expressions in the definition of 3, = Vi — Vi 171]1‘712, and simplifying
terms we get:
S, = Var— ‘721‘71]1‘712
- 1 « 1 « 1 «
— (I)‘/H(I)/ + P (? Z ftﬂ);) + (T ZUtf?ﬁ/l) P’ + T ;’U{U;

t=1

<‘I)V11+ thft 1> (‘/11@/+ th 1vt>
_— ng - (1 thf{_1> Vi (1 3 ft_w;) | (C.1)
r t=1 T t=1 r t=1

By substituting the definition v; = [v]y, , 01x,] from (2.11) into (C.1) it follows that

~ l ZT v /U/ O l ZT v f/ ~
Zv = T t=1 YHtVH gx(r—q) :| _ |: T =1 VHtJt—1 :| V_l 1 T_ Y OT _
{ Otr—a)xq Or—q)x(r—q) O(r—q)xr 0L r X iy Orxeg) |

T T o T
— [ % Zt:l UH,tU/H,t OqX(T*q) ] _ % Zt:l UH,tft/—l‘/lll (% Zt:1 ft—lvh,t> 0q><(7’—q)
O(r—g)xq O(r—g)x(r—q) O(r—q)xq Or—q)x(r—q)

which concludes the proof. |

C.2 Proof of Lemma B.2

The proof of Lemma B.2 follows that of Lemma B.1 in AGGR. As some of the terms in this proof
will be needed in the proofs of the following Lemmas, here we report the main steps and results,
adapting them to the notation and setup of our paper. We provide the bound for X1 only as the
bounds for the other terms X 11, X22 and X21 are obtained similarly. By substituting the definition
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Wy = \/Lﬁut + Fb + ﬁdt + 1, from (B.16) into (B.22) we get:

~

K= o S (a4 i) + Zwt 0]

t=1

= Z (frorup + w1 ff) + NTZUt LU
T

~
<

t=1

4
3=
Mﬂ

(ft 1bt + bt 1ft

U ARS ngbt 10}

~
Il
—
II

T T
1 1
1 . U / 1 ! /
+ Tg\/ﬁ (bt—ldt+dt—1bt) fZ(ft—lﬂt‘f‘ﬁt—lft)
t=1 =
+ = —=u—1 + =b—1 + di—1+ 91 ) 9+ Vi <u+b+d—|—19>]
TZ[ tthl\/th tl)t tl\/NtTt\/Wt ¢
(C.2)
Under Assumptions A.2-A.4, A.5 b)-c), A.6 a) we have
1 & 1L
=Y fau, = Op(1), =D unuy, = Op(1) (C3)
\/T t=1 i T t=1 ’
L T
72 fubi, = Op(1) (C.4)
t=1
1 & 1
J— / — JR—
T;btlutz Op ( ﬁ> (C.5)
1 T
fzbtlbfm = 0p(1) (C.6)
t=1
L I
> fudi, = 0p(1) (C.7)
t=1
1 I
ﬁzutldfsz = 0p(1) (C.8)
t=1
1 I
72 bndi, = Op(1) (C.9)
t=1
1 I
72 dnd, = Op(1) (C.10)
t=1

for t1,t; = t,t — 1. As these bounds can be proved using the same arguments as those used in OA
Section C.4 in AGGR to prove their Lemma B.1, their proof is omitted. Therefore, the first nine sum-
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mation terms in the r.h.s of equation (C.2) are of order Op ( ) Op ( ) Op ( ) Op (Tﬁ)
Op (TQ) Op <F> Op (NT) Op (TW) Op (NT) respectively. From Corollary (B.1), the last

two terms in the r.h.s. of equation (C.2) are of order Op (ﬁ + TQ) and op <WT> , respectively. There-

fore, we get Xi5 = O,(0n1), where dy = max {%,#} = (min{N,T})™", which concludes the
proofs. [

C.3 Proof of Lemma B.3

As(I, - X) ' =L+ X+ O, (0%, for any (r,r) matrix X = O,(dn,r), matrix 3., in (B.24) can be
expressed as:

A

Sy = Vot Xos — (Var + Xo1) V7! |:]r — XuVit+ Op(5]2\77T):| (Viz + X12)

= Vo + X22 - (‘721 + Xm)f/ﬁl [‘712 + XlZ — an/ﬁlvlz + +Op<5]2V7T)i|

= Vi — ‘721‘71]1‘712 + Xy — ‘721‘71115(12 — vaﬁlf/m + ‘721‘7111)211‘71]1‘712 + Op(5z2v,T)7
where we have used the fact that X, = O,(dy.7) for any (5, k) € {1,2}” implies X ;3 X}, = O (6]2VT)

for any (g, k,l,m) € {1, 2}* in the second and the third equations. Recalling that ¥, = Vgg -
Vgan V14 from equation (B.4), o = VglVH and the definition ¥ := ng—(I)Xlg—Xgl(I) +<I>X11<I>’
we get the expansion

~

S, 0= B+ ¥+ 0,0k 1)

Substituting the last equation into (B.23) we get the asymptotic expansion in (B.25), and proves
Lemma B.3. u

C.4 Proof of Lemma B.4

Substituting expansions (B.25) and (B.27) into the eigenvalue-eigenvector equation (B.26), we get:
(’HWU(SU + YW/ H + op(éfv,T)) (H) W EL U+ Epa) = (H)'W[ELU + Exd](0¢_gr_g + M).

By using S, EL = 0,,—q and keeping only the terms up to first order in dx 7, the last equation
simplifies to:

HW, S B+ HW,OEL U = (H) "W, ELUM + Oy(6%.1) -
(C.11)

as HW, U Epa = O,(63 1) and &M = O,(63 7). Pre-multiplying both sides of equation (C.11) by
E4W!H', and noting that El; By, =, ,_, we get:

~

[EgWIHHW, S, Enla + [EgWHHWIVEL U = O,(6% 1),
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which implies:
& = —[EyWHHW,S,Ey)  EyWHHW,VEL U + 0,(5% 7).
Similarly, pre-multiplying equation (C.11) by E/ W/# ', and noting that equation (B.12) implies

iU,LH = 0 we get:
U d = [EfWIH T (H) W, ELUM + O,(6% 1).
(C.12)
where U}, = E’L\i/EL, which implies:
M = UNEWH T H) W EL] Wl + 0,63 7). (C.13)

The proof of Lemma B.4 is concluded by substituting (C.12) and (C.13) into the expressions of Ww,q
and A, in (B.27). u

C.5 Proof of Lemma B.5

The proof is based on the asymptotic expansion of the term U, in the rh.s. of equation (B.31). By
substituting equations (B.20)-(B.22) into the expression of U = X22 — <I>X12 — X21(I> + @Xlld)’
provided in Lemma B.3, we get:

T

N 1 ~ ~ ~
U= 37 ]+ U — Bt — B f] — ]
t=1
Sl ® = fii & — Gl @ B fy oyl @+ D [+ By, ]
1 & ~ ~ ~ ~
= 20 [Ele = ) + (= By )T+ (e — B — D) (€14
t=1

where the last equality follows by collecting terms in the previous equation and recalling that
U = f t éf t—1

from Section 3.2. Recalling that matrix U, is the bottom-right (r —gq, r —¢) block of 0, from equation
(C.14) we get

= sz { [ =vry| 4+ |@e—vn)ar]  + |0 = By — Do)}
7 (C.15)

58



The first two terms in the curly brackets in (C.15) can be computed by noting that:
) T T -1
b= fi—®fiss = (Ofiy +u,) - [Z fsfgll : [Z fslfsu] fi
T - - -1
[Z forfi ] fia

= Of, 1 +v — [Z(q)fs 1) f
‘7ﬂlft71

s=1

T
= Pfi 1+ —Df_1 — [Z vsf;—l
s=1

T
!/
- Ut - E Usfs—l
s=1

Recalling that from equation (2.11) that v; = [v}y, , 0f, )

f/ﬁlft—l-

| for all dates t = 1,..., T, we get:

Y

~ T r_ ) '
Ut(wt (I)wtfl) - |:O(rq),q O(qu),(rfq) :|

which implies
|:6t(¢t - &)¢t—1)/:| L = O(rfq,rfq)a and [(1/]15 - (I)wt—l)ﬁd L = 0(7"7q,7"7q)7

so that

\IJLL =

T
% D (W = Dty (W — Py ] . (C.16)
t=1 LL

The r.h.s. of (C.16) is obtained by substituting ¢, = \/—%us + by + ﬁds + 9, fors =t,t — 1. From
Corollary (B.1) the contribution of the remainder terms ¥,, with s = ¢,¢ — 1, is of order o,(ey 1) =
Op (ﬁ) Moreover, under Assumptions A.2-A.4, A.5 b)-c), and A.6 a) from bounds (C.8) and

(C.10) we have —= T: u,d. = O,(1) and £ T: dy, d;. = O,(1). Therefore, we have:
VT Lat=1 Y1 Gty P T 2at=1 %10, P

1 (e — Py—1) (0 — Py—1)’

M’ﬂ

t 1

1 1
— -9 -®
iy e el e

!

[M]=

[(bt — Bby_y) (g — Bug_) + (up — duy_1)(by — ébt,l)’}

-
Il

1

~ - 1
+— by — ®b;_1)(by — Pby_1) +
T3t=21(t i—1)(by 1) T2UNT 2=

+0p(€N,T) (C.17)

M=

[(bt —Bby1)(dy — Dde1) + (dy — Dely_y)(by — ébt_l)’}

By recentering the first term in the r.h.s., and highlighting the convergence rates, equation (C.17) can
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be rewritten as:

T
% > (W — Prhy1) (e — Py 1)’
=1

1 T
N (TZ [ — duy_ ) (up — Puy_1) | F >
1 1 <& ) ) ,
Tﬁ (ﬁ ; — Puy 1) — duy_ 1) —E [( — Puy—1)(up — Puy—1) \ft})
T
T\/lNiT 1T ; [ — Oby_1)(ur — Pug—1)' + (w — Pug—1)(by — (ibt_l)’D

(by — Db_1) (b — ébt_l)’>

~+

+
=
N
N~
Mﬂ/\

’ﬂ
TH
/\ Il
-
erﬂ

—_

[bt (I)bt 1)(de — (bdt )"+ (de — (bdt 1) (b — (I)bt 1)]) + op(enT),
(C.18)

where the terms in the round brackets are O, (1) from (C.5), (C.6), (C.8) and Lemma B.6, which pro-

vides a CLT for \/LT ZtT:l(ut — @ut,l)(ut — @ut,l)’ - F [( — du,_ 1)( — du,_ 1) |ft] Moreover,
under our assumption A.1 we also have that #ﬁ = o(enr) and Z = o(enr), which allows to
simplify (C.18) as:

T

T
Z — DYy 1) (P — Prpy1) = % (; d E [(ut — Duy)(uy — <i>ut1)']'_t]>
t=1

1 1 =~ = / F & /
TNT (ﬁ ;(ut — Duy_)(uy — Puy,) — E [(ut — Duy_1)(ug — Puy_y) m]) + oplen).

Substituting the last equation into (C.16) we get:

. 11« - -
\IJLL = — f ZE ((ut — <I>ut,1)(ut — @ut,l) |]:t>]
t=1 LL
71 (1 i(w - (fUt—l)(ut - &)Ut—ly - B [(U,t — &)’U,t_l)(Ut — @ut_l)’\}}}) -+ Op(eN,T)-
NVT \VT = LL

Il
2=
—
Nl =
(]~

&

~~
Il
N

~ Pug1)z (ur — Pup 1)L|ft}>

=

3

51~
N

o~
Il
—

+

(ur — Pug_1)p(ug — Pug_1)) — E [(Ut — duy_1)p(uy — &)Utl),ﬂft}) + op(enT)-

(C.19)
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By using . . . .
(ug — Pup1)r = upe — [Pu—]r = ure — Prpum—1 — Prruri—
equation (C.19) can be rewritten as:
T

A 1 1 ~ ~ - -
Vi, = N (T ; E [(uLt —®rpgumgi—1 — Prrune—1)(ure — Prrum—1 — CI’LL“Ltl)’VtD

1

T
1 _ 5 B 5
+——| —= E (upe — Pruvumi—1 — Prruri—1)(ure — Praumi—1 — Prruri—1)
NVT <\/T —

-F [(ULt — Orpupms1 — Prrure 1) (ure — Prgume-1 — ‘fLLuLt—1)/!.B]> + op(en,T).

(C.20)

By substituting (C.20) into (B.31) we get:

5’3—“1 = tr {é_l : ‘i’LL} + Op(é%V,T)

T
t=1

1 _
+ tri 1
NVT {
-F [(ULt — ®rpumi—1 — Prpune—1)(upe — Praum1 — ‘i)LLuLt—l)/|-7:tH }

+ Op(6% 1) + oplenr)- (C.21)

T
1 ~ 11 ~ ~ ~ -
= —tr {C "> E [(ULt = Crpupi—1 — Prrure—1)(ure — Proumi—1 — (I)LLULtfl)/U:t} }

T
7T > (ure — @pmume1 — Prpuse1)(upe — Spmume 1 — Sppus1)
=1

The next lemma allows to replace the estimated quantities P g and P 1.1, with their true values @z
and &, ;. Notably, the results is not asymptotic and only relies on the fact that the lower (r — ¢)-
dimensional subvector vy, iS a zero vector.

LEMMA C.1. For any sample size N and T > r? it holds that

Py = Crr + 0g,(r—q)»
O = cI)LL_'_O('r—q),(r—q)-

Hence, we get

r—q T
R 1 ~ 41
Z 6o = i {C 1? Z E [(urt — ®raume — Prpure—1)(une — Praume1 — @rpupe—1) | Fil }
=1 =1
- ! tr{Ct L i(uu — ®rgupt—1 — Prrure—1)(ure — Praum—1 — Proure—1)
NVT VT =
—F [(urt — ®raupi—1 — Prruri—)(ure — Praume—1 — Prrure—1)'|Fe]] }
+ Op(6% 1) + oplen,r)- (C.22)

which can be further simplified by using the next Lemma C.2, which provides an asymptotic expansion
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of matrix C' defined in Theorem 1.
LEMMA C.2. Under Assumptions A.2-A.4, A.5 b)-c), A.6 a) and A.7 we have:

HH = 1,4+ 0y(1), (C.23)
which implies C = I,_, + o0,(1), and

Cl=1_,+0y(1). (C.24)

Plugging in C~' = I,_, + 0,(1) from equation (C.24) into the second term in (C.22) concludes the
proof of Lemma B.5, as = - 0,(1) - O,(1) = 0, <ﬁf) = o,(en). |

C.5.1 Proof of Lemma C.1

By definition of the OLS estimator of ® when factors are observable, and using the VAR(1) expression
in rotated factor space (see equations (2.10) and (3.2)), we have that

) T T -1
¢ = (Z ftf;_1> (Z ft_lf;_l)
t=1 t=1
T T -1 T T -1
=0 <Z ft_lf;_1> (Z ft_lf;_1> + (Z vtf;_1> (Z ft_lf;_1>
t=1 t=1 t=1 t=1
T
=0+ (Z Utft/—1> Sf_la

t=1

. T ;
where Sy =3, fi-1f{_y. Since vy = [v,, 0, _,

T
VRIS
(; o 1) 0v-gra Or-0)(—0)

where we omitted the upper blocks as they are irrelevant for the Lemma. Combining this results with
the expansion for ¢ we get that

)/s we have that

{@HH (;ISHLl_{CDHH CI)HL:|_|_|:' : ]
bryg P Org Prr Or—g1a Op—q),tr-q) |

where we have again omitted irrelevant blocks in the last matrix. This concludes the proof.

C.5.2 Proof of Lemma C.2

The first result (C.23) corresponds to result in equation (C.29) in OA C.3.1 in of AGGR. The proof of
that result requires first to show that all their Assumptions A.2-A.4, A.5 b)-c), A.6 a) and A.7 imply
their Proposition C.2, their Assumption C.1 and their equation (C.27). Additionally, the proof of that
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result requires that the estimated factors are orthogonal, that is £ F/(T + 1) = I, in our notation. As
our Assumptions A.2-A.4, A.5 b)-g),AA.6 a) and A.7 correspond to those with the same numbering in

AGGR, and we also assume that F” F/ (T'+ 1) = I, (see Section 3.2), result (C.23) using the same
arguments as in OA C.3.1in of AGGR. R R
Equation (C.23) and the equality (H'H)' = H~'(H')~! imply

~

HUH) =1y +0,(1), (C.25)

where the equality follows the expansion of the matrix inverse function in a neighborhood of the
identity is

(I g+X) ' =1_,— X, where X =o,(1). (C.26)

Substituting equation (C.25) in the expression C' = Wéyr,q’;‘:l_l(”;’:l’ )"'W,.»_, from Theorem 1, we
get:

O = W Worg+0p(1) = Ly +0,(1) (C27)

where the second equality follows from the definition of the (r,r — ¢) eigenvector matrix W, ,_, in
Section 2.1, which implies W/ . W,,_, = I,_,. Finally, the result C~' = I._, + 0,(1) follows

v,r—q

substituting (C.27) the expansion of the matrix inverse function in (C.26). [ |

C.6 Proof of Lemma B.6

The proof of Lemma B.6 follows the same steps as the Proof of Lemma B.6 of AGGR, with the
notable difference that the definition of process U; in their paper is different from the one in our
paper, as our U; involves not only the contemporaneous values of the terms u, (which are function
of the terms & = \/LN Zf\;l Ai€i+ defined in Assumption A.5 ), but also their lagged version u;_1,

and @ = (Z;‘le f ft’_1> (ZL fio1 ft’_1> 1. The proof relies on showing that the conditions in parts
(1)-(iv) of Lemma B.6 hold under our Assumptions A.3, A.4 a), b), A.5 b) and A.6 a), b).

Part (i) follows by the Law of Iterated Expectation and E(U;|F;) = 0, which is implied by As-
sumption A.4 a). Part (i1) is implied by Assumptions A.3, A.4 b) and A.5 b). The NED property in
part (iii) holds true because conditional expectations given JF; can be well approximated by elements
in the sigma-field V/*"" generated by the mixing process (V;), for large m, by Assumptions A.3, A.4
b), A5 b)and A.6 a),b), as shown in the next lemma.

LEMMA C.3. Assumptions A.3, A.4 b), A.5 b) and A.6 a),b) imply part (iii) in Lemma B.6.

To check part (iv) in Lemma B.6 we use:

T T—1
1 1
hm V iy Z = hm — T_ h COU Z ,Z 3
TN oo < /—T; N,t> T7N_>00Th—§T-|—1( |h]) (2Nt ZNt-n)

= lim Z Cov (ZN,tv ZN,t—h) )

h=—o00
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where the first equality follows from stationarity of the data. The series converges because the zero-
mean process Zy; is a L2-mixingale with size —1, * by Theorem 17.5 in Davidson (1994) and Condi-
tions (i1)-(iii), which implies

|Cov (2, Zne-n)l| = HE [E(ZNAVt—h)Z;V,t—h} H < [EEnVi-n) 2| 2nt-nll2 = O (h_¢) ,

uniformly in N > 1, for some ¢ > 1. The latter uniform bound also allows for an application of the
Lebesgue Lemma to get:

o0

T
) 1
where I'(h) = limy_,o Cov (Zn4, Zn,4—1), Which yields equation (B.35). The computations in Sub-
section B.2.5, and in particular Lemma B.8, show that the limit in I'(%) is well-defined. This concludes
the proof of Lemma C.6. [

C.6.1 Proof of Lemma C.3

Assumption A.6 a) gives the strong mixing condition for process V;. Since

Ut = [Ut - (I)utfl]L = [ixlgt — (I)left,1 .

where 2, = A’A /N. Process U, is a linear combination of components of the a-mixing process V; and
of a finite number of its lags. Hence, U, is an a-mixing sequence (see Theorem 14.1 in Davidson, 1994)
and the NED property for process Zy ; can be proved by showing that process Xy = E(U,U;|F;) is
L2-NED on (V;). This is the case as

| XNt — E(XN,tthf:f)Hz < N XNt — E(XNglFry oo From) |2
= ”E(Ut/Ut“Ft)_E(UtIUt‘Fta7thm)H2
< N E(fuyue] o] Fo)ll2 + | E([uy_ @ we) | Fo)ll2 + 2| E([e—1®'®u—1) ]| F)|l2

= O<m_w)7

for ¢y > 1, where the first inequality follows from the Minkowski’s inequality and the Law of Iterated
Expectation (LIE), the first equality follows again by applying the LIE, the second inequality follows
by applying again first inequality follows from the Minkowski’s inequality, and the last equality fol-
lows directly form Assumption A.6 b). The conclusion follows. [

*Thatis, | E[Zn,¢|[Vi—m]|, < ¢(m), uniformly in ¢ > 1 and N > 1, where {(m) = O(m~") for some 1 > 1.
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C.7 Proof of Lemma B.7

Since Uy = [uy — Puy_1]p, and u, = (% Zf\il N7 4, Assumptions A3 and A.5 a) imply that
d

(U, U _,) — (U2, U)), where

Ut d Utoo
— ~ N
()= ()=

with

Cov (U»,UZ|F)  Cov (U, U, | F)
E (U, | F) ’

Cov (U, U2y F)" Cov (U, Usc, | F)

E (U*|F) ]

E (U, F) = plim E[U|F] = plim E [(u; — Puy_1), | F] =0

N—o0 N—oo

as F [u;_p|F:] = 0 for any h, and

Cov (U, U F) = E|UUZLIF] = plim B [(u = Pur) (un — Pupp-1)), |7

N—oo

= ]E/)lim E [(utu;_h — Pup_qup_p — wuy_p_ '+ (I)“tfluz,t—h—lq)/)LL ]]:t]
—00

— plim (iu,t(hyft) — DSy 1(h —1|F) — Sus(h+ 1| F)D + q)iu,t_l(hyft)cb’)

N—o00 LL

= [Su(h|F) — @By1(h — 1F) — Suu(h+ 1| F) ® + @Sy 1 (h|F) D],

= Yuirn(h|F) —PruXui—1man(h — 1F) — @rr3y 1,00 (h — 1| F;)
—Surra(h+ 1UF) Oy — Surrn(h+ 1 F) ), + PraSui—1,mm(h|F)PLa
+ @Y i—1,00 (R F)Pry + PruXui—1.mL(h|F)P + Prrus—1.0n(hF) P,

for all h, including i = 0. [ |

C.8 Proof of Lemma B.8

The proof of result (B.39) follows similar arguments as the Proof of Lemma B.7 in AGGR. We report
it for completeness adapting it our set-up and modified set of assumptions.

First, we show that we can interchange the limit N — oo and the outer expectation in the r.h.s. of
equation (B.37), i.e.:

lim B [Cov(Zxy, ZninlF)] = E [ Tim Cov (Z, ZnenlF)| . (C.28)
—00

N—o0

Indeed, by the Cauchy-Schwarz inequality, we have the bound Cov (Zn+, Zni—n|Ft) < XeXt—hs

P-as., uniformly in N > 1, where x; = supys; £ [|ZN¢|2|]-}]1/ ?. The uniform upper bound
Xt X:_n is integrable, because Ex:x:-n] < E[X?Y2E[x? ,]"/? by Cauchy-Schwarz, and E[y?] =
E [supysy E (|12n4)? | F)] < ¢ - E [supysy E (|Ui|*|F:)] < oo, for a constant ¢*, by Assumption
A.5 b). Then, (C.28) follows from the Lebesgue Lemma.
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We now need to show that:

Jim Cov(U, U, U Ui Fr) = Cou(UX'UX,UXUX,F), P—a.s. (C.29)
—00

We have Cov(UUy, U]_, Us_p|F:) = E[(UU)(U,_,Ui—p)| F:] — E[U{U|F) EU/_,Us—p|F:]. Let us
prove that:

lim B((U[U) (U Uin)|F] = E(UUR)US USR], P —as.

N—oo

By definition of conditional expectation, this is equivalent to:

E | lim E[(UU)U]_ U )| FlLa] = B [(UUF)(UU)14]
for any measurable set A € F;. By Assumption A.5 b) and the Lebesgue Lemma, we can interchange
the limes and the expectation in the 1.h.s., and by the Law of Iterated Expectation we get:

lim E [(U{U)(Uf_Ui-n)1a] = E [(UZUR)UUZ)14] - (C.30)

N—o0

Now, by (B.38) and stable convergence, we have (U/U;)(U]_,Ui—p)1a A (U'UR) (U2 U2 )1 4.
Moreover, by Assumption A.5 b), we have uniform integrability: sup v, E[|(U{U:)(U;_,Ui-n)14|?] <
o0, for some p > 1. Therefore, by the Corollary of Theorem 25.12 on page 338 in Billingsley (1995),
we get (C.30). By similar arguments applied to E[U,U;|F;] and E[U/_,U;_p|F:] equation (C.29) fol-
lows. Combining (C.28) and (C.29), equation (B.39) follows.

Equation (B.39) in Lemma B.8 allows to deploy the joint asymptotic Gaussian distribution of
(U, U)) to compute the limit autocovariance I'(h). The expression of Cov(U® 'U°, U /U, | F:)
inside I'(h) in (B.40) is derived by applying Theorem 12 p. 284 in Magnus and Neudecker (2007) and
Theorem 11.22 in Schott (2017) which provide the covariance between two quadratic forms of Gaus-
sian vectors. In particular, as vector U;”* := (Up®, U?},) in equation (B.38) is, conditionally on F;,
normally distributed with zero mean and variance-covariance matrix:

00, | Bue(0) Eyu(h)
V(Ut |ft) = |:EU,t(h) EU,tfh(O) :|7

and as
Cov(UX'UX, U US| Fi) = Cov(U™™ "MLUS* U™ 'MlUtoo’*|ft)
with
M, = Ir—g Or—g),(r—q) ] 7 M, = [ Otr—q),—0)  O(r—q),(r—q) ] ,
Or—9).0—0)  Or—0),(r-q) Or—g).—0)  Ir—q
Theorem 11.22 in Schott (2017) implies:

Cov(UX'UX, U US| F) = 2tr{My - V(U F) - My - V(U F)} =2 tr {Zu(h) S (h)'},

where the second equality follows by substituting the expressions for matrices My, M, and V (U | F).
Therefore, Lemma B.8 follows. [ |
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C.9 Proof of Lemma B.9

In order to prove Lemma B.9 we first need to define the estimator fL,t of the redundant factors fr,,,
and then to derive the asymptotic expansion of the factors estimators f ¢ and f 1+ and the associated
loadings, which are provided by Lemma C.4. Then, the three separate Subsections C.9.1, C.9.3 and
C.9.3 provide the proofs of parts i), ii) and iii), respectively, of Lemma B.9.

DEFINITION 2. The estimator of the redundant static factors fr; is fL’t = Wém_q ﬁ, with Ww_q
defined in Section 3.2.

LEMMA C.4. Under Assumptions A.1-A.4, A.5 b)-c), A.6 a), A.7, A.S8, the asymptotic expansions of
factors and loadings estimates are

A - 1
fre = H' |:fL,t + \/_NUL,t:| +0p (T71/2) ; (C.3D)
; -1 1 ~1/2
foe = Hp |[fue+ ﬁuL,t +0,(T7/7), (C.32)
" - 1
>\L,z‘ = /H,L |:)\L,z' + \/T:—i—leﬂ} + 0, (T—1/2) : (C.33)
N - 1
)\H,i = H}{ |:)‘H,z + me?z} —+ Op (T_I/Q) , (C34)

where the 0,(T~'/?) terms are uniform w.rt. 0 <t < T and 1 < i < N, vector uy = [uly, , uy ] is
, S T . T .
defined in Corollary B.1, wy,; = Ef’lLL\/T;—H > o fra€ip and wy,; = Ef}{H\/T;i—H > o fr€ip with

i]vaH = [—T}rl ZtT:o ftf{] and i]vaL = [—Til ZtT:o ftfff] , and matrices H;, and Hjyy are such
HH LL
that

~ ~ 1\ 1 ~ ~ N\’ - 1
Sihn = (Aa') A +o, (ﬁ) Sk = (A Ao, (ﬁ) (€35)
HiH = Lg+o,(1),  HyHuy=1I,+0,1), (C.36)
By recalling that the estimator ft of the r static factors can be written as
. fu w! S .0
h= )= =i

v,r—q

from (C.31) and (C.32) we get:

VN

where # is the block-diagonal matrix defined in equation (B.47), namely:

77— { Hiu  Ogryg) } ’
Or—qq) HMr

ﬁzﬁlpﬁﬂiw4+%@1@, (C.37)
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which implies:

o [ Hy Oy

H 2 (C.38)
O(T—q,q) HLl

Finally, to prove this Lemma is useful to explicitly write the factor model in (2.9) for the i-th individual:
yi,tzkgft—i_gi,ta 1= 1,...,N, tzO,l,...,T,

and in matrix notation as:
Y = FA +¢,

where Y = [y1,...,¥i,...yn], With y; = [¥i0,¥i1,...,yir) is the (T" + 1, N) matrix collecting the
observations v; ¢, F' = [fo, f1, ..., fr)' is the (T + 1,r) matrix of factor values, A = [A1,..., \y]" and
€ = [e1,..s €y ooy €] Where €; = [€50, €01, ..., €57) foralli = 1,..., N. Moreover, to prove some of
the next results we need the following Lemma (C.5)

LEMMA C.5. Under Assumptions A.2 and A.3, the factors are such
F'F/(T+1) =14 0,(1) as T — oo, (C.39)
and the loadings are such that
ANA/N =3, +o0(1) as N — oo, (C.40)
where matrix Y.y, is positive definite.

The results in Lemma C.5 correspond to standard assumptions in the factor literature, see e.g. Bai
and Ng (2002b), Stock and Watson (2002), Bai (2003).

C.9.1 Proof of Lemma B.9 Part (i)

. - S 1
By substituting (C.37) into the estimator ® = (ZL ftft/—l) (Zthl ft_1f{_1> in (3.6), we get:

S (% S [t gt o (1)) [+ s 0, (177 ) (R[]

t=1

. (% 3 [ fi \/—%ut_l o, (T—l/Z)] - [ S+ Tlﬁut_l o, (T—l/ﬂ ) e

t=1

By noting that #NZIL frury = O, (\/%) — 0, (T7/2), #ﬁzle froaus = o, (T7V/2),
T Yy oy = 0, (T7Y2), and 75 370 wqwy = O, (3) = 0, (T7Y/2) from (C.3), the

68



assumption that 7'/? < N, and by using Assumptions A.2, A.5 and A.6 a) we get:

T T !
~ ~ 1 / 1 ! )/ -
b = # 1(;2%1) (?thlfH) o, (T777)
=1 t=1
— 4o, (T712)
B ﬁgl‘i)HHﬁH ﬁﬁl(i)HL’}:lL
H ' OppHy Hi'OrHr

[+aa.

where the last equation follows from the definition of H'in (C.38).

C.9.2 Proof of Lemma B.9 Part ii)

Vectors \;, 5\1 and w, are defined as

S ) R )
L,i AL,Z wL,Z
Then, the estimator A = [5\1, ey A ~]’ of loadings matrix A (which is A = T—HY’ F', and is provided
in (3.5)) has the following asymptotic expansion:
A 1 ~
A = |A+ G| H+o, (T7?), C.41
{ VTl 1 P (I77) (©4D
where
G L 'F
= £ y
VT +1
as X = [TLH ST ftft’] = I,_4 + 0,(1) from Lemma C.5, and o0,(7~'/2) denotes a matrix
LL

whose rows are (r, 1) vectors uniformly of order o,(7~1/2).

To derive the asymptotic expansion of matrix NA /N, we work with the asymptotic expansion in
equation (C.41), which involves the matrix product:

1 1 ! 1 1 1 1

— A+ —0QG| A+ —CG| = ANA+—  (NG+GCGN+——G'G

N{ VT +1 } { VT +1 } N N\/T+1( ) N(T+1)
(C.42)

The different terms in the r.h.s of the last equation can be bounded as:

1 1

TR = TR = i B M=)

=1 t=0
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and
1

R 1« RN /_
voox k() () o

by arguments similar to the proof of Lemma B.2. Thus, by using these bounds and A’A/N =

from equation (C.42) we get:

1 1 ! 1 1 1 1
— A+ G| [A+ G| = —NA+O,(—++),
e N (a7 7)

which implies:

NA - (NAN - 1 e 1
N = H (W)H‘f‘()p (ﬁ) = HEAH+OP (ﬁ),

where the second equality follow from the definition of Sa.

C.9.3 Proof of Lemma B.9 Part iii)

a) Asymptotic expansion of r

O(1),

We start by deriving the uniform asymptotic expansion for the residuals. The asymptotic expansions

in (C.31)-(C.34) allow to compute the asymptotic expansion of &, ;:
Eit = Yit— ;\;ft = &t — [S\th - Aéft]
[(/\ T
Eit — it e
! VT +1
1 1
Eip — | =AU+ —=——=W; )
= (T s

VN

+ o0, (T712).

w; + op(T_1/2)> (ft + Lut + op(T_l/Q)) — Xift]

(C.43)

Here the 0,(T~/2) term is uniform w.r.t. 1 <i < N, 0 < ¢t < T by the bounds in the next Lemma

C.6 and Assumption A.8 d).

LEMMA C.6. Let X = O, (an1) mean X = O,[an(log T)?] for some b > 0. Under Assumption

A.8 we have the following uniform bounds:

sup || fill = Opu(1),
0<t<T
sup [[ull = Ope(1),
0<t<T
T
1
— ; = 0,,(T7"?),
]igﬂT+1§OﬂaM e )

where n > 1/2.
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Equation (C.43) allows us to compute:

. 1 ZT:éQ 1 ZT:[E L o Ly r+ (T_1/2>
i = i = it — ———Wift — ——=M\u 0
! T 41425 T—|—1t:0 VT Yt N T
.z T T
2 !
= Ei — 7 ) 6747 Alu
T+1t§% * (T+1 VT +1) Z% wnfe = \/N; e
4 T T 5 T
+ (w;ft 'U}ft )\ut)—i—o < 71/2).
(T+1)2; T+1 N; T+1)\/(T+1 NtZ
By using w; = \/;TZt oEitfr = Op(1), \/szt 0 i = Op(1) uniformly in 1 < ¢ < N, we

get:

Vi = T+1Z£zt+0( >+0p( ),

uniformly in 1 < i < N. Using that 1/N = o(1/v/T) when /T < N, we get:

1
T T2 — A T f —1/2
i T+1Z€”+% ) = vt i e T,

uniformly in 1 <7 < N, where

1 T
wy i
T+1 ; i)
Therefore, we have:
. 1
I = I'+ We + o, (T7'?), C.44
v e ) (49

where I' = diag(yii, i = 1,..., N) and W* = diag(wg, i =1,...,N), for j = 1,2.

b) Asymptotic expansion of %f\’f[\
From (C.41) and (C.44) we have:

ANTA =H'UH + o0, (T7V?), (C.45)
where we define:

. 1 1 ! 1 1
O = —(A+—G) (P — W (A —C
N( VT +1 ) ( VT +1 )( VT +1 )

+97+Q;I+Q?I/+Q II+QIII+Q;V+Q>€/7

o}
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and:

Q = %A’FA,
O = ! A’WEA—O< . )
L NYT 1 -~ P\VNT)’
R 1 1
Q= ————GTA=0, — |,
I NVT + 1 b (x/NT)
Ak L 1 ITXA7EN l
O, = N(TH)GWA_O,,(T),
A L 1 ! o l
O, o= N(T+1)GFG—OP<T>,
. 1 1
Qr = GWG=0,—).
v N(T +1)VT +1 8 (T\/T)

Collecting the previous results, we get:
A ~ 1 1
Q= Q+0,| —=+ =)
’ (va T)
By substituting into equation (C.45) we get:
1 o onn L
FATA=H QH +o, (77172

which concludes the Proof of Lemma B.9. [ |

C.9.4 Proof of Lemma C.4

We start by providing some uniform bounds in Subsection C.9.4 a), that are instrumental for the rest
of the proof of Lemma C.4. Then, in Subsections C.9.4 b) and c) we establish the uniform asymptotic
expansions of factors and loadings up to order o,(N~'/2), where N = max{N, T}. Finally, in Sub-
section C.9.4 e) we show how to get the uniform asymptotic expansions up to order op(T_l/ 2) under a
less restrictive asymptotic scheme.
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a) Uniform bounds

Let X = O, (ayr) mean X = O,[ay 1 (log T)"] for some b > 0. Under Assumption A.8 we have the
following uniform bounds, which complement those in Lemma C.6:

sup [|b]] = Ope(1), (C.46)
0<t<T
sup [|dil| = Op(1), (C.47)
0<t<T
sup [|fill = Ope(1), (C.48)
0<t<T
1 T
sup |l=——=> 5|l = O,(1), C.49
1§i§IDN||T+1 2 it (1) (C.49)
1 N T 1 1
SUp —— Nevigis = O +0(=), C.50
12in N(T + 1) g;#; e v i) T O (€50

where 17 > 1/2. The proofs of these uniform bounds is analogous to that in Section D.4.1 in the OA
of AGGR, and therefore is omitted.

b) Asymptotic expansion of f Lt

Let us start by establishing the asymptotic expansion of f 1.+ up to order o, (N ~1/2). The eigenvectors

associated to the smallest r — ¢ eigenvalues of ¥, are spanned by Wj’rfq,

asymptotic expansion W = (H')~'W, (EL — EHA) U + O,(6% ) from (B.29). Hence, the

v’/r_q

which has the following

normalized eigenvectors associated to the smallest » — ¢ eigenvalues of 3, are:

Wypog = W2, Dy,

U,T*q

where

Dy = diag(Wy|_ Wr,_ )72

’U7,r7q ’U,r*q

Then, we get:

fL,t = W;yr_qft = Dt [E’L — A’E}I} Wﬁ:[_lﬂwvft + Oy, ((5]2V7T)

1

.. 1 1
= DU’ |:fL,t + —=urs + =brs + ——=dr; + V4

VN T VNT
. 1 1 1
A b+ —b + d +19(5))]+O 62,
<fH,t \/N H,t T H,t \/W H,t H7t p,l( N7T)

uniformly in 1 < ¢ < T, where we use the expansion of _the factor estin}ates in Corollary B._l, and
(C.48). Under Assumption A.1 we have (log T')0%, ;- = o( N ~/2), for any b > 0, \/LN(SMT = o(N~1/?)

and +0y, = o(N~'/2). By using uniform bounds in Lemma C.6 and (C.46)-(C.47), and keeping only
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terms up to o,(N~1/2), we get:

n ~ 1 N _
foo = Hi! fL,t+¢—NuL,t—A'fL,t +o, (N7V2), (C.51)

uniformly in 1 <¢ < T', where

~

Hzl - ﬁﬂfl’.

Recalling from definition of A in Lemma B.4 that it is a function of U = O,(dy.7), we have A =
O,(dn.1), and by using Assumption A.1, equation (C.51) further simplifies to:

foo = Hi' {ﬁ,ﬁ +o, (N7V2), (C.52)

1
—U
VN L’t}

uniformly in 1 <¢ < 7T'. By using Assumption A.1 we have

R N 1
froe = Hzl oo+ —=ur:| +op (T_I/Q) )
v N

Finally, let us show the asymptotic expansion for H L”;‘:l’L Substituting the expression of fL’t from
equation (C.52) into the equality 7' St frafis = I—q we get:

~

~ 1 T 1 1 ! Y _
I—q = 7'[L1T—+1 ; (fL,t + ﬁuL,t) (fL,t + \/_NUL’O (HL1> +0p (N 1/2)

t
= H;' (L ETJ frofi ) (7%—1)' +0, (N71/2)
L T 14 LitJ Lt H P ;
= Wy Span (Hy') +op (N12),
using arguments similar to the proof of Lemma B.2 and Assumption A.1. Thus, we get
HLH, =g + 0, (N7V2), (C.53)
which yields the first equation in (C.35). By using (C.39) it follows:
HLH, =L+ O,(T7'2). (C.54)

¢) Asymptotic expansion of f Hit

To find the asymptotic expansion of vat up to order o,(N~'/2), we first need to find the asymptotic
expansion of the estimator W, ;. Let W' be a (7, ¢) matrix whose columns are eigenvectors of matrix
iv associated with the largest eigenvalues &%, ey 63. We have:

SWr, = W,

A~
*
v’q

Av,l:qa
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where Avylzq = diag(53, ..., &2) is the (g, q) diagonal matrix containing the ¢ largest eigenvalues of

>,. Using arguments analogous to those in Section B.2.3 we have
W, = (H)"'W, (EH n ELAQ) Uy +0,(0% 1),

the stochastic (g, ) matrix Us is nonsingular with probability approaching (w.p.a.) 1, and Ay is a
(r — g, q) stochastic matrix such that & = 0,(0n 7).

Therefore, the normalized eigenvectors associated to the smallest g eigenvalues of 3, are:

. s o
Wor—q = W5 ,_oDo,

v,r—q

where

Dy = diag(W? ] Wr,. )72

v,r—q " " v,r—q

Then, by using arguments analogous to those used to derive the asymptotic distribution of fL,t in the
previous Subsection C.9.4 b) we get:

fre = H {fg,t + \/%um} +o, (N712), (C.55)
uniformly in 0 < ¢ < T', where
H' = Dyl
By using Assumption A.1 we have
fH,t = 7:[1_{1 |:fH,t + \/—1NUH15} + 0p (T_I/Q) ;

By substituting the expression of f ¢ from equation (C.55) into the equality TLH ZLO f Ht f Hi =
I, we get:

A 1 r 1 1 ro. / _
Iq = 'H;Ilj Z (fH7t + \/—NUH,t> (fH,t + \/—NUHJ) (HI_JI> + Op (N—I/Q)

using arguments similar to the proof of Lemma B.2 and Assumption A.1. Thus, we get

HuHy = Spm + 0, (N7V?), (C.56)
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which yields the second equation in (C.35). By using (C.39) it follows:

HuHly = I, + O,(T~?). (C.57)

d) Asymptotic expansion of i

~ ~ ~ !/
We now derive the asymptotic expansion of \; = [)\}{,m A L,i] , which is the i — th row of the (N, r)

matrix A = TLHY’F defined in (3.5). Stacking together (C.52) and (C.55) in ft = [f}ﬁ, fit]’ we get:

fi=H" {ft + \/%ut} +o, (N7V2), (C.58)

where f; = [fy ., 1. ur = [y, vl ) and H~! is defined in equation (C.38). As ' = [fy, ..., fr]',
equation (C.58) implies

F= (F+

o ntrn,

-

for U = [uy, ..., ur|’, so that

FH - F = VLNU oy (N2,

where 0, (N~!/?) denotes a matrix whose rows are uniformly of stochastic order o, (N~'/2). Then,
by using y; = [¥i1, ..., ¥ir) , we have:

~ 1 ~ 1 o
Moo= Py = —F(FA +
’ T+1 YT T (FAi+&:)
1 U Fqy! a7y
e ()
7 1 o ( tray! 1 ni
By writing ' = [F + (FH — F)] (H')~!, we get:
“ ~ ~ ~ ~ ~ 1 N
R ! ) n-—1 -1 /. n—1 -1 r /
i H {Az+(?—[) (H) —T+1F€Z+<H) (H) —T+1(FH F)'e;
T — [F+(F7%/—F)]/(F7%/—F) it (C.59)
T+1

Define the (r,7) block diagonal matrix

- » Ogr
E — vaH ~(qu q) :| ,
1BD [O(rq,q) YL
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then, from (C.54) and (C.57) we have

TNEPEN (Hly o) Hy' 0w>
O A i
Op—gq) (HL) " 1| Opge HL'
_ |:(HHHH 1 Oggr—g) 1
0(7‘ 4,9) (/HL/H/ >_
= ZfBD+Op(N 12y

= L +0,(T'?)

where the third equality follows from (C.53) and (C.56), while the last equality is due to Assumption
A.1. Then, as Assumptions A.1 and A.8 allow to bound the different terms in (C.59), we get:

A\ = H{A+E F4+wAN1W,

1
£.BDT 4

uniformly in 1 <7 < N. The last equation can be rewritten as

&:ﬁ{&+ Wymﬂﬁﬂﬂ, (C.60)

1
VT +1
where:

- 1

w; = 2f7BD—T—_|_1F,8i = fBD T—|— thgzt

Equation (C.60), the fact that ¥ 7.5p 1s block-diagonal (as i;}g p 1s block diagonal), the definition of
#, and the fact that f, = | fue 14 imply:

~ ~ 1 _

Ai::H’Ai+———wJ+oJWW,
H, H |: H, \/T——i-l H, P( )
~ ~ 1 _

)\ i = Hl |:)\ 1—|——w Z:| + o ]\/'_1/2 s
L, L | ML, \/T——i—l L, p( )

where wy,; = ¥} L\/QTZt o fri€ir and wy; = E H\/TT Zt o fH€ir. Assumption A.1 im-
plies:

1
VI +1

wL,i:| + Op (T_I/Q) )

S\H,i = 7:1}1 |:)\H,i + wH,i:| + 0p (T71/2) )

R N 1
Api = Hp | AL+
" L[ T

which concludes the proof of Lemma C.4.
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C.9.5 Proof of Lemma C.5

The results in Lemma C.5 are implied by implied by Assumptions A.2 and A.3. These results are is
standard in the factor literature, see e.g. Bai and Ng (2002b), Stock and Watson (2002), Bai (2003).

C.9.6 Proof of Lemma C.6

The uniform bounds in Lemma C.6 can be proved by using analogous arguments to those used to prove
the analogous Lemma B.10 of AGGR in Section C.11.13 of their OA.

C.10 Proof of Lemma B.10

Assumptions A.1-A.4, A.5b), ¢), A.6 a), and A.7 allow to prove the asymptotic expansion (B.16) in

Corollary B.1. By substituting the expansion of f’t from (B.16) into the equality TLH Zf:o ft f{ =1,
using arguments similar to the proof of Lemma B.2 and Assumption A.1, we get:

o1 1 1N\ y
IT = %Wv _T ; <ft + \/_NUt> (ft + \/_NUt) ] Wv/H + Op (N 1/2)
i ST RE|WIH 40, (T7?),

= HWSWIH 4 0y (T2)

where ¥; = Y S°7, fif!. Pre-multiplying both sides by (HW,)~"! and post-multiplying them by
(W!H')~" yields

Noting that C' = W/

v,r—q

(HW,) H(WIH) ™ = WH Y (H) W, = 5p + o0, (T7?).
HH) Wy = [

Y(H )_1Wv] , the last equation implies
LL

C = if,LL + 0, (T_1/2) .

This concludes the proof of Lemma B.10. |

C.11 Proof of Lemma B.11

Let ¢* be the true number of common factors (corresponding to the alternative hypothesis), and let
q denote the number of primitive shocks used in the estimation procedure (corresponding to the null
hypothesis of interest Hy(q)). We consider the case with ¢ < ¢* < r, which implies r — ¢ > r — ¢*.
The proofs consists in bounding the different terms of

T S A/ s S A/ = & A/ T . A/
By =Yt +PruXumn®Pry + Prrluroa®ry + CouXumr®rr + o2 Py,

when a model with ¢ primitive shocks is estimated from a DGP with ¢* primitive shocks.
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The factor estimator is f, = W/ f,, with W, = [Wi.qs Wo.r—q] where W, , and is the 7 x ¢ matrix
whose columns are the eigenvectors of >, associated with its q largest eigenvalues, and W,_ q and is

the 7 x (r — ¢) matrix whose columns are thr eigenvectors of 3., associated with its r — ¢ smallest
eigenvalues, normalized such that, W’ Nog = 1y W’ Ww ¢ = 14, and W’ Nor—q = Ogr—g)-

v,r—q
As, in this proof, we only want to show that elements of B are stochastlcally bounded, we can,
without loss of generality, simplify the exposition, and let H = /,., and

I } cand Wy, g = { O(gs,r—q%) } _

Wo = [vaq*’W%Pq*] = b it Woar = [ Or—q*.q*) ](r—q*,r—q*)

Then, we have 3, = 3, + 0,(1), where

5= l Yo Otgrg) }
Opr—g=q*) Or—grr—g) |’

where the ¢* X ¢* matrix f]v,HH 1S:
1 « 1 — 1 «
1
DL Tt D BT N (T > fm}it> .
t=1 t=1 t=1

The large-sample limit of VAVU,q (resp. Ww_q) is the matrix of normalized eigenvectors associated to
the g (resp. r — ¢) largest (resp. smallest) eigenvalues of matrix ,. The smallest  — ¢* eigenvalues
of ¥, are 02_ ¢ = of_q 41 = ... 02 = 0, while the ¢* largest ones of matrix iv, mm are assumed to be
strictly positive and distinct, i.e. o7 > 03 >, ..., > 07_,. > 0, to simplify the proof.

Let « denote the ¢* x (¢* —¢) matrix whose columns are the normalized eigenvectors corresponding
to the smallest ¢* — ¢ eigenvalues of EU mH- Then, we have that Wv r—q = W1+ 0,(1) where

W= | @ Ocgsr—q)

Or—gqr—q) U ’
where the (r—¢*) X (r—g¢*) matrix U is possibly stochastic and such that /'’ = I,_,«, and &/ = [+,
For later use, we denote by 3 the ¢* x ¢ matrix whose columns are an orthonormal basis of the

orthogonal complement to the columns space of . Then, [3 : ] is an orthogonal (¢*, ¢*) matrix, with
B8 =14 a'B = 0(g—g,4) and:

ad + BB = I, (C.61)
Then, we also have: W, , = W5 + 0,(1) where
_| B
=y |

From Corollary B.1 with H = I, and W, = I,, we have ft ~ f;, where symbol ~ means equality
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up to terms that are asymptotically negligible for determining large-sample limits. Then:

£ o /
g = Wafe = 5 fus, and Jri=Wfi = [ i } ~

U fr
Define the r X r matrix R := [Wy, W1]. From its definition it follows that RR' = R'R = I, and:
A B firy
fi R/ft = O/fH,t )
U fri

which implies that ft is, asymptotically, an orthogonal transformation of f;, and that

T T -1
d = (Z 1 f;1> (Z fi f;1> ~ ROR/.
t=1 t=1
Importantly, the last equation implies that
Dy =0,(1), Oy, =0,(1), Py =0,(1). (C.62)

Let us consider the estimation of the factor loadings. From (C.61) and the definition of U/, y; ; is
given by:

Yir = [udmit i+ e
= 1B Sl 18D+ o fu [0 A a] + U fra AL + i
- i;{,tAHvi + fmAL,i + Eits

o o'\ i .
where iHJ = B fueand Ay, = B'Ap s, iL,t = [ U'JJCCIZZ },ALJ = { UIAZ:i } The estimated factor
loadings A m,i and A i are obtained by regressing v; ; on i e and i L which implies:
R R "N s
M Ay = By Apise A= | A
i ~ Ay =B A, Li ™AL, { U,

Since S\Z ~ R'\;, ;\, is, asymptotically, an orthogonal transformation of ;. Using &, =~ ¢;,, we get

A

Y, ~ RY, R/, which implies
Sunn = 0,(1), Surr = 0p(1), Surr = 0,(1). (C.63)

Results (C.62) and (C.63) imply that By = O,(1), which concludes the proof of Lemma B.11. [ |
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D Estimation of the test statistics under the wild Bootstrap scheme

This Section provides details for the construction of the test statistics in equation (5.7) starting from

/
the (T'+ 1, N) bootstrapped panel of observables Y (?) = [ (b ), ygb), e ,yg,? )} . This panel is generated
from the bootstrap DGP in equations (5.3)-(5.4), that we report here for the sake of illustration:

b
g = Aft e

b AH
O G0 4 o

)

for A and @ defined in Section 3.2, while egb) and @f{ 2@ are defined in Section 5.1 (equations (5.1) and
(5.2), respectively).

D.1 Test based on the smallest eigenvalues

Let F = | fo , f1 e u:(pb)]/ be the (7" + 1,r) matrix of estimated Principal Components (PCs)
extracted from panel Y®) associated with the largest r eigenvalues of matrix N(Tl my Y ®y ®F That s,

~

F'® gatisfies the usual PCA eigenvalue-eigenvector equation:

1
N(T+1)

~
19

YOy O fb) — b)) )

where V©® is the (r,r) diagonal matrix of the r largest eigenvalues of matrix N(Tﬁy ©y ®) and

the columns of matrix F( ) are the associated normalized eigenvectors such that 1 F(b)’ F &y =

T+1 Zt =0 t = I.
Let b) = ft b)ft IO iy i 1) be the OLS estimator of ®), and let " ft ® _
P ft 1 be the VAR residuals estimated by using CD( ). In this case, the OLS estimator of Zv 1s:

Let W." be the (r, ) matrix collecting the (orthonormal) eigenvectors associated to the ordered eigen-
values 65(1)), (=1,..r,of f},@b):
SPW = WOsP

(b)

(b), ey 67 (b)) is the diagonal matrix collecting the ordered eigenvalues of >, ",

where 2 = = diag(o]
and WP'WP = ww = = [,. Let us define the estimator ft(b) = W ft(b) of f;, and matrix

/\

b) = [féb e ,...,fT /= Wi F®). The (N, r) matrix of estimated loadings A(®?) = [ng), ...,5\53)]’

SLet F'(®* be the orthonormal eigenvectors of N(TH)Y(Z’)Y( Y st N(TH)Y(Z’)Y(Z’) F* = FO*y® and

F®# (®)* — T then the normalized factor estimator F(b) is computed as F( ) =T +1-F®x
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is computed as:

Define

—1
NOIAG)
A(b o )
o) = (th fit ) (th i E’) = [ G0 50 ] -
LH *LL
Let also © A(b) =f i _ o) 7 ftf1 be the VAR residuals estimated by using ®®).
C0n51der also the estimator of 25}’):

T

1
50 == o, (D.1)

t=1
and let &z(b be the /-th largest eigenvalue of matrix P,

eigenvalues aqib}, ..., 6 is what we use when constructing 5 )(q) in equation (5.5).

)

Then, the sum of the smallest  — ¢ estimated

Starting from f]g in equation (5.6), we can also define the quantities:

A (b & (b 2 (b) (b)) &b 2 (b) (b b ( O

By = S+ Sy + RS Sy + Sy S B+ B8 00

& (b (b b) (b b) (b b

S00) = S+ S S @ + S P+ B ’HL<I>( SR AL
b b b b b b b

W) = =Ly~ PN, B (1) = S0y — S0 er

b (0) 1\ (b (b (b
0 = 2 {EP00) + 2P 0P W) + SR DEY (-1},

which are instrumental to scale and shift £®)(¢) so as to obtain £®)(q) in equation (5.7).

E Estimators of ¢ proposed in the literature

This section describes estimators of the number of common shocks that we employed in Section 6.3.

E.1 Estimators of Bai and Ng (2007)
As in Bai and Ng (2007) we define:

~9 0.5 r ~2\ 0.5
D, — Ok11 D, . — ZE:kJrl Oy
k= \<r = ) 2k = | ~r 23
ZE:I ¢ Ze:1 Oy

K5 = {k : ﬁl,k < — nis },and Ky = {k : ﬁz,k < i m },where

1n(N0-5*5,T0-5*5) n N0.5767T0.576>

syt :=min (N, T), with § = 0.1, implying :
~ m ~ m
ng{k’ : Dl,k < 2—/:?_)} K4:{k’ : DQJC < 2—/45},
SNT SNT
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Then, the estimator of ¢ considered by Bai and Ng (2007) are:
Gon,s = min (k € K3), Gon,a = min (k € Ky) . (E.1)

Bai and Ng (2007) set either mg = my = 1, or mg = 1.25 and my = 2.25. The first values are
preferable when working with covariance matrices, while the latter are recommended when dealing
with correlation matrices.

E.2 Estimators of Amengual and Watson (2007)

Amengual and Watson (2007) define the N-dimensional vectors Z' = [Z{},..., Z%,)' and ZF =
(Z5, .., Z8,] as:

P . P .4
Zt =Y, =) AbF, 2P =Yy N,
i=1 j=

where <i>1, tfg, - (i)p denote the OLS estimators from the regression of F’t on (F’t_l, Ft_g, - Ft_p),

while ﬁl, ﬁg, e f[p are OLS estimators from regressing Y; on (F’t,l, Ft,g, - ﬁt,p). Starting from
these new panels, they introduce the estimators

. [ (N+T
Gonn = argmind o2, — R(k 24Y] + & x levrl (N4 T) | (E2)
’ 0<k<r z NT
. (N+T
Guos = argmindIn62, — R(k, 2)] +  x vl INAT) L (E3)
’ 0<k<r d NT
where 67, = NTZt SN (ZD?, R(k, Z4) is defined as
k
> Wi (E.4)
=1

1 ~, - A A A
for w? the largest /- eigenvalue of WZ AZA with Z4 .= [Z{, ..., Z7"]'. 1dentical definitions hold

for quantities indexed by ZB. Because their MC analysis is comparable to ours, we follow Amengual
and Watson (2007) and set p = 2 in Section 6.3.

E.3 Estimator of Breitung and Pigorsch (2013)

Breitung and Pigorsch (2013) define G,_; := [Ft’ 15 Ft’ 9y - F’ ), and consider the matrices:

T R T . T
S’OO = Z FtF; 501 = Z FtG;_la SH = Z Gt—lG;_l- (ES)

t=m+1 t=m+1 t=m+1

Let Ry, = Sy So1.55,1Sh,. then the k largest eigenvalues of Ry, denoted as Piper L =1,.... k, are the

first squared sample canonical correlations between ﬁt and C;*t,l, with £ < r. They also define the

83



statistic:

r—k

ébp(k> = O?V}é ’ Z(l - /3610707 k = 17 "'7r - 1

=1
gbp(m = 0,
for C' = v/NT//N + T. Starting from &,,(k), they estimate ¢ with:
Jpp = min (k s &) < 7'> .

Because 0 = 1/2 and 7 = 4.5 deliver good results in their MC simulations, we can write their preferred
estimator as:

Gy = min <k L & (k) < 4.5) , (E.6)
where:
R ~ r—k
G,(k) = CVE > (1=pupe), k=171 (E.7)
/=1
Ep(r) = 0. (E.8)

F Monte Carlo: additional results

F.1 Alternative data generating processes

This section repeats the Monte Carlo analysis of Section 6 but using alternative DGPs. In particular,
we work under the same setting of Section 6.1 but consider different values of (r, ¢y) and of the auto-
regressive matrices. The first alternative DGP, that we call Design 1, sets » = 5, gy = 3, and considers
the autoregressive matrix

® = diag(0.2,0.375,0.55,0.725,0.9).

The second DGP of this section relies on r = 9, gy = 8 and autoregressive matrix
& = diag(0.2,0.2875,0.375,0.4625, 0.55,0.6375,0.725,0.8125, 0.9).

Design 1 is very similar to that of Amengual and Watson (2007) and Bai and Ng (2007), while the
second one extends it to allow for a richer factor space.

Blue histograms in Figure 1 display the empirical distribution of é (¢) under the null hypothesis
of ¢ = g9 common shocks. Histograms are based on data simulated from Design 1 (first row) and
Design 2 (second row). Red solid lines denote the probability density function of the asymptotic
N(0,1) distribution. Under Design 1, the empirical distribution is a bit far from the asymptotic one
when (N, T) = (100, 100). The difference is smaller yet still present when Design 2 is considered.
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Results for both designs improve when (N, T") = (400, 600), in which case the empirical distribution
becomes quite similar to a standard Gaussian one. The DGP notwithstanding, the distribution based
on N, = 499 bootstrap replicates for the first Monte Carlo sample (yellow histogram) provides a more
accurate approximation to the empirical one of 5 (qo). As for the DGP in the main body, summary
statistics for &(g) are reported in Table 13 of Section F.2.

Figure 5 — Small sample and bootstrapped distribution of the test statistic & (qo).
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(a) 5(3), N =100, and T' = 100; Design 1 (b) 5(3), N =400, and T' = 600; Design 1
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(¢) £(8), N =100, and T = 100; Design 2 (d) £(8), N = 400, and T = 600; Design 2

Empirical distribution of the test statistic £(qo) for (N, T) = (100,100) and (N, T) = (400, 600). The first row refers to
Design 1, while the second one is based on Design 2. Red solid lines correspond to the asymptotic distribution N (0, 1) of
the re-centered and re-scaled statistic.

Tables 6 and 7 exhibit empirical sizes and powers. As far as powers are concerned, we test the null
hypotheses Hy = H(1) and Hy = H(2) for Design 1, and Hy = H(6) and Hy = H(7) for Design
2. The alternative hypothesis is always given by ¢ > k for k the number of factors under the null.
Left panels pertain to the asymptotic test, while right ones study the bootstrap procedure. The DGP
notwithstanding, the asymptotic test is always oversized and has unit power.® Adopting a bootstrap
procedure always improves the size of the test at the cost of some loss of power under Design 1.

The asymptotic test consistently returns unit power also when controlling for size distortion.
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Table 6 — Empirical sizes and powers of the plug-in and of the bootstrap versions of the test of the number of
common shocks; Design 1

Plug-in: Th. 2 Bootstrap: Th. 2

size power size power

N T| 1% 5% 10% | H1) H2)| 1% 5% 10% | H(1) H(2)
100 100 | 0.07 0.16 024 | 1.00 1.00 | 0.02 0.07 0.14 | 1.00 0.84
100 200 | 0.09 0.22 031 | 1.00 1.00 | 0.01 0.06 0.12 | 1.00 0.85
200 100 | 0.03 0.09 0.14 | 1.00 1.00 | 0.01 0.07 0.13 | 1.00 0.90
200 200 | 0.04 0O.11 0.19 | 1.00 1.00 | 0.01 0.06 0.11 | 1.00 0.90
200 300 | 0.04 0.13 0.21 | 1.00 1.00 | 0.01 0.06 0.11 | 1.00 0.90
400 100 | 0.02 0.06 0.11 | 1.00 1.00 |0.02 0.07 0.12 | 1.00 0.93
400 200 | 0.02 0.06 0.12 | 1.00 1.00 |0.01 0.06 0.12 | 1.00 0.93
400 300 | 0.02 0.08 0.13 | 1.00 1.00 |0.01 0.06 0.11 | 1.00 0.93
400 600 | 0.03 0.10 0.17 | 1.00 1.00 | 001 0.05 0.11 | 1.00 0.93

Empirical sizes and powers of the one-sided test for the null hypothesis of ¢ common shocks. Results in the
left panel are based on the plug-in version of the feasible test statistic in Theorem 2. Those in the right panel pertain
to the bootstrap counterpart of this test. Simulated data come from Design 1 with » = 5 and go = 3. Empirical sizes
are assessed at significance levels o € {0.01,0.05,0.1}, while powers represent the empirical rejection frequency of
the null hypotheses Hy = H(1) and Hy = H(2) under the alternatives ¢ > 1 and ¢ > 2, respectively. These powers
are assessed at the 5% significance level. Results are based on M = 2000 MC simulations.

Table 7 — Empirical size and power of the plug-in and of the bootstrap versions of the test of the number of
common shocks; Design 2

Plug-in: Th. 2 Bootstrap: Th. 2

size power size power

N T| 1% 5% 10% | H(6) H(7)| 1% 5% 10% | H(6) H(7)
100 100 | 0.08 0.15 022 | 1.00 098 | 0.04 0.11 0.17 | 099 0.96
100 200 | 0.12 025 0.34 | 1.00 1.00 | 0.03 0.08 0.14 | 099 098
200 100 | 0.02 0.07 0.11 | 1.00 099 |0.03 0.08 0.15 | 1.00 0.99
200 200 |0.03 0.10 0.16 | 1.00 1.00 | 0.02 0.07 0.13 | 1.00 1.00
200 400 | 0.04 0.11 0.19 | 1.00 1.00 | 0.01 0.07 0.13 | 1.00 1.00
400 100 | 0.01 0.03 0.07 | 1.00 1.00 | 0.02 0.07 0.14 | 1.00 1.00
400 200 | 0.02 0.06 0.10 | 1.00 1.00 | 0.01 0.06 0.12 | 1.00 1.00
400 300 | 0.02 0.06 0.11 | 1.00 1.00 | 0.01 0.06 0.11 | 1.00 1.00
400 600 | 0.03 0.09 0.15 | 1.00 1.00 | 0.02 0.06 0.11 | 1.00 1.00

Empirical sizes and powers of the one-sided test for the null hypothesis of ¢ common shocks. Results in the
left panel are based on the plug-in version of the feasible test statistic in Theorem 2. Those in the right panel pertain
to the bootstrap counterpart of this test. Simulated data come from Design 2 so that » = 9 and gy = 8. Empirical sizes
is assessed at significance levels @ € {0.01,0.05,0.1}, while powers represent the empirical rejection frequency of
the null hypotheses Hy = H(6) and Hy = H(7) under the alternatives ¢ > 6 and g > 7, respectively. These powers
are assessed at the 5% significance level. Results are based on M = 2000 MC simulations.

Tables 8, 9 and 10 report empirical sizes and powers when N and 7" are large for the DGPs of this
section and of the main body. Given that bootstrap inference is usually employed when sample sizes
are small, we only consider the asymptotic test. Actual sizes are now very close to nominal ones while
powers are unaltered.
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Table 8 — Empirical sizes and powers of the plug-in version of the feasible test of the number of common shocks
when N and T are large; Design 1

Plug-in: Th. 2
size power

N T| 1% 5% 10% | H(1) H(2)
1000 100 | 0.01 0.05 0.09 | 1.00 1.00
1000 200 | 0.01 0.05 0.09 | 1.00 1.00
1000 300 | 0.02 0.05 0.10| 1.00 1.00
1000 600 | 0.02 0.07 0.12 | 1.00 1.00
1000 1000 | 0.02 0.07 0.13 | 1.00 1.00
1000 2000 | 0.02 0.08 0.15| 1.00 1.00
2000 100 | 0.01 0.05 0.09 | 1.00 1.00
2000 200 | 0.01 0.05 0.08 | 1.00 1.00
2000 300 | 0.01 0.05 0.09 | 1.00 1.00
2000 600 | 0.01 0.05 0.09 | 1.00 1.00
2000 1000 | 0.01 0.05 0.10 | 1.00 1.00
2000 2000 | 0.01 0.06 0.11 | 1.00 1.00

Empirical sizes and powers of the one-sided test for the null hypothesis of ¢ common shocks. Results are
based on the plug-in version of the feasible test statistic in Theorem 2. Simulated data come from Design 1 so that
r = 5 and qo = 3. Empirical sizes are assessed at significance levels o € {0.01,0.05,0.1}, while powers represent
the empirical rejection frequency of the null hypotheses Hy = H(1) and Hy = H(2) under the alternatives ¢ > 1
and q¢ > 2, respectively. These powers are assessed for a test performed at the 5% significance level. All empirical
probabilities are based on M = 2000 MC simulations.

Table 9 — Empirical sizes and powers of the plug-in version of the feasible test of the number of shocks ¢ when
N and T are large; Design 2

Plug-in: Th. 2
size power

N T| 1% 5% 10% | H(6) H(7)
1000 100 | 0.01 0.03 0.04 | 1.00 1.00
1000 200 | 0.01 0.03 0.06 | 1.00 1.00
1000 300 | 0.01 0.03 0.07 | 1.00 1.00
1000 600 | 0.01 0.05 0.09 | 1.00 1.00
1000 1000 | 0.01 0.06 0.11 | 1.00 1.00
1000 2000 | 0.02 0.08 0.14 | 1.00 1.00
2000 100 | 0.01 0.02 0.05| 1.00 1.00
2000 200 | 0.01 0.03 0.06 | 1.00 1.00
2000 300 | 0.01 0.03 0.07 | 1.00 1.00
2000 600 | 0.01 0.05 0.09 | 1.00 1.00
2000 1000 | 0.01 0.04 0.10 | 1.00 1.00
2000 2000 | 0.01 0.06 0.10 | 1.00 1.00

Empirical sizes and powers of the one-sided test for the null hypothesis of ¢ common shocks. Results are
based on the plug-in version of the feasible test statistic in Theorem 2. Simulated data come from Design 2 so that
r = 9 and o = 8. Empirical sizes are assessed at significance levels « € {0.01,0.05,0.1}, while powers represent
the empirical rejection frequency of the null hypotheses Hy = H(6) and Hy = H(7) under the alternatives g > 6
and g > 7, respectively. These powers are assessed for a test performed at the 5% significance level. All empirical
probabilities are based on M = 2000 MC simulations.
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Table 10 — Empirical sizes and powers of the plug-in version of the feasible test of the number of shocks when
N and T are large; DGP of the main body

Plug-in: Th. 2
size power

N T| 1% 5% 10% | H(3) H(4)
1000 100 | 0.01 0.03 0.07 | 1.00 1.00
1000 200 | 0.01 0.04 0.07 | 1.00 1.00
1000 300 | 0.01 0.04 0.09 | 1.00 1.00
1000 600 | 0.01 0.05 0.10 | 1.00 1.00
1000 1000 | 0.01 0.07 0.13 | 1.00 1.00
1000 2000 | 0.03 0.09 0.16 | 1.00 1.00
2000 100 | 0.01 0.03 0.05| 1.00 1.00
2000 200 | 0.01 0.03 0.06 | 1.00 1.00
2000 300 | 0.01 0.03 0.07 | 1.00 1.00
2000 600 | 0.01 0.04 0.09 | 1.00 1.00
2000 1000 | 0.01 0.05 0.10 | 1.00 1.00
2000 2000 | 0.01 0.06 0.11 | 1.00 1.00

Empirical sizes and powers of the one-sided test for the null hypothesis of ¢ common shocks. Results are
based on the plug-in version of the feasible test statistic in Theorem 2. Simulated data come from the DGP of Section
6.1 with r = 7 and qo = 5. Empirical sizes is assessed at significance levels o € {0.01,0.05,0.1}., while powers
represent the empirical rejection frequency of the null hypotheses Hy = H(3) and Hy = H(4) under the alternatives
q > 3 and q¢ > 4, respectively. These powers are assessed for a test performed at the 5% significance level. All
empirical probabilities are based on M = 2000 MC simulations.

Finally, Tables 11 and 12 repeat the comparison with some alternative estimators already proposed
in the literature. The former deals with Design 1 while the latter with Design 2. The estimators of
Amengual and Watson (2007) perform very well for Design 1 but tend to underestimate g, under
Design 2. The approaches of Bai and Ng (2007) and Breitung and Pigorsch (2013) perform on par
with our unadjusted bootstrap based estimator (pZ) under Design 1; interestingly, the size-adjustment
improves the asymptotic-based estimator but hinder performances of the bootstrap one for this data
generating process. In the case of Design 2, both bootstrap based procedures, and the (adjusted)
asymptotic estimator always outperform all competitors.
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Table 11 — Comparison of estimators of ¢ under Design 1

N T (13 (f4 (jaw,A (jaw,B qAbp Za ZanT pg pg}fv T
100 100 | 2.94 295 298 299 282 319 3.13 293 288
100 200 | 294 295 299 299 288 327 3.19 293 289
200 100 | 294 294 299 299 286 3.09 3.05 297 293
200 200 | 296 296 299 299 293 313 3.06 298 294
200 300 | 296 296 299 300 294 316 3.06 298 294
400 100 | 294 294 2.99 299 288 3.07 3.03 3.02 297
400 200 | 296 296 3.00 300 294 3.07 3.02 3.02 298
400 300 | 297 297 3.00 300 296 3.09 3.02 301 296
400 400 | 298 298 3.00 3.00 297 312 303 302 297

Average estimated number of shocks ¢ under Design 1 so that r = 5 and g9 = 3. The third and the fourth
columns present results for estimators ¢3 and ¢, of Bai and Ng (2007). The fifth and sixth columns consider 4., 4
and §q., B by Amengual and Watson (2007), while the seventh one is based on g, of Breitung and Pigorsch (2013).
The eighth and ninth columns show results for our estimator ¢ based on the asymptotic sequential testing procedure.
The former is based on the 95% quantile of the asymptotic N (0, 1) distribution while the latter considers quantiles
adjusted for a consistent selection procedure. The last two columns are based on the bootstrap version of the test
performed at the 5% significance level: the first one considers unadjusted bootstrap percentiles (i.e. pZ) and the
second adjusted ones (i.e. pfyv T). We adjust the significance level a using equations (4.9) and (5.9), where we always

setc=0.95and v = 0.1. Results are based on M = 2000 MC simulations.

Table 12 — Comparison of estimators of ¢ under Design 2

N T (33 Cf4 (jaw,A (jaw,B pr 2o ZanT pf pf}fv T

100 100 | 6.44 658 7.50 758 653 813 8.09 8.05 8.01I
100 200 | 6.51 6.63 7.71 774 6777 825 8.18 805 8.01
200 100 | 642 654 762 770 6.68 806 8.03 807 803
200 200 | 6.84 690 7.77 779 695 8.10 8.04 8.07 8.03
200 300 | 685 690 7.84 7.84 7.06 8.11 8.05 8.06 8.03
400 100 | 641 652 7.69 775 676 8.03 801 8.07 8.03
400 200 | 682 688 7.84 785 7.07 8.06 802 8.06 8.03
400 300 | 7.00 7.04 788 7.88 720 8.06 802 8.06 8.03
400 400 | 7.12 7.14 792 792 737 8.09 802 8.06 8.02

Average estimated number of shocks ¢ under Design 2, i.e. r = 9 and g9 = 8. The third and the fourth
columns present results for estimators ¢3 and ¢4 of Bai and Ng (2007). The fifth and sixth columns consider §g., o
and §q., B by Amengual and Watson (2007), while the seventh one is based on g, of Breitung and Pigorsch (2013).
Details on these estimators can be found in Section E. The eighth and ninth columns show results for our estimator
G based on the asymptotic sequential testing procedure. The former is based on the 95% quantile of the asymptotic
N (0,1) distribution while the latter considers quantiles adjusted for a consistent selection procedure. The last two
columns are based on the bootstrap version of the test performed at the 5% significance level: the first one considers
unadjusted bootstrap percentiles (i.e. p2) and the second adjusted ones (i.e. pf}fv T). We adjust the significance level
« using equations (4.9) and (5.9), where we always set ¢ = 0.95 and v = 0.1. Results are based on M = 2000 MC
simulations.

F.2 Summary statistics for the empirical distribution of &(¢)

Table 13 reports the mean,~median, standard deviation and interquartile range for the simulated distri-
bution of the test statistic £(q) when ¢ = o, i.e. the null hypothesis holds. The central panel pertains
to the Design of Section 6.1 while the left (right) one is based on Design 1 (2) of Section F.1.
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Table 13 — Summary statistics for the empirical distribution of the test statistic £(qp) in Theorem 2.
r=2>5,q =3 r=7,q=>5 r=9,q =38

N T m. med. std. iqr m. med. std. iqr m. med. std. iqr
100 100 | 050 044 1.16 154 | 052 042 126 162| 043 027 152 1.73
100 200 | 081 073 1.13 147 | 097 093 119 161 | 086 0.77 133 171
200 100 | 0.11 003 108 142| 003 -008 1.13 148 | -0.11 -024 124 1.51
200 200 | 032 027 1.06 142 | 030 025 1.09 151 | 020 0.14 1.11 142
200 300 | 043 038 1.05 138 | 047 044 1.10 146 | 035 031 1.09 143
400 100 | -0.01 -0.07 1.04 134 -0.17 -024 109 145]-029 -037 1.12 134
400 200 | 0.11 0.08 1.01 134 ] 0.02 -0.05 105 142 |-0.08 -0.10 1.05 1.37
400 300 | 0.17 0.14 1.01 134 ] 0.10 006 104 142 | 003 0.00 1.03 1.39
400 600 | 031 026 1.02 135|030 029 1.04 144 | 024 022 1.02 1.37
1000 100 | -0.11 -0.13 1.01 134 | -030 -034 1.04 141 | -046 -054 099 1.30
1000 200 | -0.04 -0.03 1.02 137 -0.19 -022 101 131 |-030 -035 100 1.33
1000 300 | -0.01 -0.03 101 136 |-0.12 -0.13 1.01 136 -0.18 -022 1.00 1.36
1000 600 | 0.08 0.05 101 133 001 -0.01 102 143 |-0.03 -0.07 099 135
1000 1000 | O.16 0.16 1.02 140 | 0.12 0.10 1.00 133 | 0.07 0.04 1.00 1.39
1000 2000 | 025 025 101 133 | 030 030 1.00 132 | 020 0.19 1.01 1.35
2000 100 | -0.16 -0.21 1.03 1.39 | -0.36 -0.41 098 1.27|-049 -056 099 1.33
2000 200 | -0.10 -0.11 1.0l 136 |-0.28 -032 098 1.28|-034 -0.38 1.00 1.31
2000 300 | -0.08 -0.13 101 132 |-021 -0.23 099 131 ]-024 -029 1.00 1.35
2000 600 | -0.01 -0.06 099 128 |-0.11 -0.11 1.01 134 -0.08 -0.10 1.0l 1.35
2000 1000 | 0.02 003 099 1.27)|-0.03 -0.06 099 137 |-002 -005 098 1.29
2000 2000 | 0.10 0.13 099 132 | 009 0.07 099 137 ] 0.04 004 097 1.32

This table reports the mean (m.), median (med.), standard deviation (std.) and interquartile range (igr.) of the empirical
distribution of the statistic é (¢) in Theorem 2. The first four columns pertain to Design 1 in Section F.1 (r = 5, gg = 3),
the second four columns refer to the Design of Section 6.1 (r = 7, go = 5) and the last four ones are based on Design
2 of Section F.1 (r = 9, g9 = 8). Empirical distributions are obtained for different sample sizes (/N, T') and using
M = 2000 MC simulations. The asymptotic distribution of the statistics is always N (0, 1) and has interquartile range
of approximately 1.35.

F.3 Comparison with the estimators of Hallin and Liska

In this section, we compare our estimators for the number of common shocks with those of Hallin
and Liska (2007). Because the latter are based on frequency domain analysis within the context of
generalized dynamic factor models, we do not present them in details.

We combine their information criteria /C'; and [C5 with their penalty terms p;, po and ps, thus
ending up with six different estimators. Their implementation always follows the same steps and
modelling choices of Onatski (2009).” Comparisons are done for the data generating process of the
main body, as well as for Design 1 and Design 2 of the previous sections.

Table 14 presents results for Design 1. The first six columns contain results for the estimators of
Hallin and Liska (2007), where H L1, labels that based on information criterion /(' and penalty term
p1, and similarly for the remaining columns. The unadjusted bootstrap-based estimator is the most ac-
curate one for all sample sizes but (N, T") = (400, 200), in which case there is a slight outperformance
from estimator f L1,. The latter is also the best performer among all estimators of Hallin and Liska
(2007) for most sample sizes. The asymptotic estimator based on the consistent selection procedure
also improves upon all estimators of Hallin and Liska (2007) for most combinations of N and 7'.

"We are grateful to Professor Alexey Onatskiy for sharing codes of his paper.
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Table 14 — Comparison of estimators of ¢ based on Hallin and Liska (2007) under Design 1

N T|HL,y HL», HL3 HLyy HLy> HLys 24 Zayr PE Pf;v -
100 100 | 3.80 3.81 3.92 3.94 3.86 387 3.19 3.13 293 288
100 200 | 3.34 3.18 341 3.98 3.97 398 327 3.19 293 289
200 100 | 3.84 3.81 3.92 3.96 3.91 391 3.09 3.05 297 293
200 200 | 3.20 3.04 3.28 3.98 3.94 398 3.13 3.06 298 294
200 300 | 3.30 3.16 3.46 3.99 3.98 399 3116 3.06 298 294
400 100 | 3.83 3.83 3.92 3.96 3.91 392 3.07 3.03 302 297
400 200 | 3.18 3.00 3.27 3.97 3.92 398 3.07 3.02 302 294
400 300 | 3.31 3.18 3.42 3.98 3.97 399 3.09 3.02 301 296
400 600 | 2.90 2.73 3.03 3.97 3.95 398 312 3.03 3.02 297

Average estimated number of shocks ¢ under Design 1, i.e. 7 = 5 and g9 = 3. Columns HL;; to Hy3 re-
port six possible implementations of the consistent estimator of Hallin and Liska (2007). The ninth and the tenth
columns show results for our estimator ¢ using the asymptotic sequential testing procedure based either on the 95%
quantile of the asymptotic N (0, 1) distribution (z) or on its adjusted counterpart (z, ). The last two columns are
based on the bootstrap version of the test performed at the 5% significance level: the first one considers unadjusted
bootstrap percentiles (i.e. p2) and the second adjusted ones (i.e. pf?v T). We adjust the significance level o using
equations (4.9) and (5.9), where we always set ¢ = 0.95 and ~y = 0.1. Results are based on M = 2000 MC
simulations.

Results for the data generating process of the main body are in Table 15. At least one of our
estimators always outperforms those of Hallin and Liska (2007) for all sample sized. Identical results
hold for Design 2, as can be seen from Table 16.

Table 15 — Comparison of estimators of ¢ based on Hallin and Liska (2007) under the DGP of main body
N T HLl,l HLLQ HL173 HL271 HLQ,Q HLQ,?, Za Z@N,T pg B

pa*N,T

100 100 | 5.67 5.62 5.82 5.76 5.61 562 517 512 501 497
100 200 | 5.29 5.62 5.37 5.96 5.95 596 530 520 503 497
200 100 | 5.71 5.67 5.85 5.84 5.73 574 507 504 506 501
200 200 | 5.14 4.95 5.23 5.97 5.93 597 512 506 505 5.01
200 300 | 5.22 5.03 5.38 5.96 5.95 596 5.17 506 505 501
400 100 | 5.76 5.68 5.86 5.86 5.75 575 5.04 501 507 5.03
400 200 | 5.09 4.94 5.20 5.97 5.93 597 506 502 506 502
400 300 | 5.26 5.03 5.40 5.96 5.95 596 508 502 506 502
400 600 | 4.82 4.50 4.92 5.97 5.95 597 5.12 503 505 502

Average estimated number of shocks ¢ under the DGP of the main body, i.e. » = 7 and go = 5. Columns
HL, ; to Hy 3 report six possible implementations of the consistent estimator of Hallin and Liska (2007). The ninth
and the tenth columns show results for our estimator ¢ using the asymptotic sequential testing procedure based either
on the 95% quantile of the asymptotic N (0, 1) distribution (z,) or on its adjusted counterpart (z4, ). The last two
columns are based on the bootstrap version of the test performed at the 5% significance level: the first one considers
unadjusted bootstrap percentiles (i.e. p2) and the second adjusted ones (i.e. pa%V T). We adjust the significance level
« using equations (4.9) and (5.9), where we always set ¢ = 0.95 and v = 0.1. Results are based on M = 2000 MC
simulations.
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Table 16 — Comparison of estimators of ¢ based on Hallin and Liska (2007) under Design 2

N T|HL,y HL», HL3 HLyy HLy> HLys 24 Zayr PE Pf;v -
100 100 | 7.65 7.50 7.73 7.22 7.14 726 8.13 809 8.05 8.01
100 200 | 7.52 7.34 7.52 7.89 7.86 790 825 818 8.05 8.01
200 100 | 7.66 7.54 7.75 7.38 7.41 748 8.06 8.03 807 8.03
200 200 | 7.33 7.22 7.41 7.94 7.89 794 8.10 8.04 8.07 8.03
200 300 | 7.23 7.09 7.41 7.97 7.97 797 811 8.05 806 8.03
400 100 | 7.68 7.57 7.78 7.48 7.47 7.54 8.03 801 8.07 8.03
400 200 | 7.30 7.20 7.38 7.94 7.87 795 8.06 802 8.06 8.03
400 300 | 7.25 7.05 7.39 7.97 7.96 797 8.06 802 8.06 8.03
400 600 | 6.77 6.52 6.92 7.97 7.96 798 8.09 8.02 806 8.02

Average estimated number of shocks ¢ under the DGP of the main body, i.e. r = 9 and ¢9 = 8. Columns

HL, , to Hy 3 report six possible implementations of the consistent estimator of Hallin and Liska (2007). The ninth
and the tenth columns show results for our estimator ¢ using the asymptotic sequential testing procedure based either
on the 95% quantile of the asymptotic N (0, 1) distribution (z,) or on its adjusted counterpart (24, ,.). The last two
columns are based on the bootstrap version of the test performed at the 5% significance level: the first one considers
unadjusted bootstrap percentiles (i.e. pZ) and the second adjusted ones (i.e. paBTV T). We adjust the significance level

o using equations (4.9) and (5.9), where we always set ¢ = 0.95 and v = 0.1. Results are based on M = 2000 MC

simulations.
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