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Abstract

All parameters in structural vector autoregressive (SVAR) models are locally identified when
the structural shocks are independent and follow non-Gaussian distributions. Unfortunately,
standard inference methods that exploit such features of the data for identification fail to
yield correct coverage for structural functions of the model parameters when deviations
from Gaussianity are small. To this extent, we propose a robust semi-parametric approach
to conduct hypothesis tests and construct confidence sets for structural functions in SVAR
models. The methodology fully exploits non-Gaussianity when it is present, but yields
correct size / coverage regardless of the distance to the Gaussian distribution. Empirically
we revisit two macroeconomic SVAR studies where we document mixed results. For the oil
price model of Kilian and Murphy (2012) we find that non-Gaussianity can robustly identify
reasonable confidence sets, whereas for the labour supply-demand model of Baumeister and
Hamilton (2015) this is not the case. Moreover, these exercises highlight the importance
of using weak identification robust methods to assess estimation uncertainty when using
non-Gaussianity for identification.
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1 Introduction

In this paper we develop robust inference methods for non-Gaussian structural vector autore-

gressive (SVAR) models. To outline our contribution, consider the SVAR model
Yi=c+BYi1+ - +BYi ,+ A e, (1)

where Y; is a K x 1 vector of variables, c¢ is an intercept, Bi,..., B, are the autoregressive
matrices, A is the invertible contemporaneous effect matrix and ¢ is the K x 1 vector of
structural shocks with mean zero and unit variance.

It is well known that, without further restrictions, the first and second moments of {Y;} are
insufficient to identify all parameters in A (e.g. Kilian and Liitkepohl, 2017). Instead, higher
order moments or non-Gaussian distributions can be exploited to (locally) identify A. The most
well known result follows from the Darmois—Skitovich theorem and is central to the literature on
independent components analysis (ICA): if the components of ¢, are independent and at least
K — 1 have a non-Gaussian distribution, then A can be recovered up to sign and permutation
of its rows Comon (1994). Based on such results several recent works have exploited non-
Gaussianity to improve identification and conduct inference in SVAR models (e.g. Lanne and
Liitkepohl, 2010; Moneta et al., 2013; Lanne et al., 2017; Kilian and Liitkepohl, 2017; Maxand,
2020; Lanne and Luoto, 2021; Gouriéroux et al., 2017, 2019; Tank et al., 2019; Herwartz, 2019;
Bekaert et al., 2021, 2020; Fiorentini and Sentana, 2022; Braun, 2021; Sims, 2021; Brunnermeier
et al., 2021; Drautzburg and Wright, 2021; Davis and Ng, 2022).%:2

Unfortunately, as we show in this paper, standard inference methods for non-Gaussian
SVARs are not robust in situations where the densities of the structural shocks are too “close”
to the Gaussian density. Intuitively, what matters for correctly sized inference is not non-
Gaussianity per se, but a sufficient distance from the Gaussian distribution. When the true
distributions of the structural shocks are close to the Gaussian distribution, local identifica-
tion deteriorates and coverage distortions occur in confidence sets for structural functions, e.g.
structural impulse response functions or forecast error variance decompositions.?> The problem
is somewhat analogous to the weak instruments problem where it is well known that non-zero
correlation between the instruments and the endogenous variables is not sufficient for standard
inference methods to be reliable; the correlation must be sufficiently large in order for conven-
tional IV asymptotic theory to provide an approximation which accurately reflects the finite
sample situation.? Similarly, in our setting, non-Gaussianity alone is not sufficient for standard
(pseudo) maximum likelihood or generalised method of moments methodologies to yield correct
coverage when the distance to the Gaussian distribution is not sufficiently large. As such we

[43

refer to this phenomenon as “weak non-Gaussianity”.

1See Montiel Olea et al. (2022) for a recent review of this approach and a related approach based on heteroskedas-
ticity.

2ICA type identification results have been applied /extended for various related models such as linear simultaneous
equations models, graphical models and factor models (e.g. Shimizu et al., 2006; Bonhomme and Robin, 2009;
Wang and Drton, 2019).

3Simulation studies in, among others, Gouriéroux et al. (2017, 2019) and Lanne and Luoto (2021) have previously
highlighted such coverage distortions for parameter estimates in the case of “weakly” non-Gaussian distributions,
see also Lee (2022); Lee and Mesters (2022a) for more discussion of the same issue in static ICA models.

“See e.g. the recent review by Andrews et al. (2019).



In this paper, we propose a solution to this problem by combining insights from the econo-
metric literature on weak identification robust hypothesis testing as well as the statistical lit-
erature on semiparametric inference. Specifically, we treat the SVAR model with independent
structural shocks as a semiparametric model where the densities of the structural shocks form
the non-parametric part.

For this set-up we provide two main results. First, we adopt a semi-parametric generalisation
of Neyman’s C(«) statistic in order to test the possibly weakly identified (or under / unidentified)
parameters of the SVAR. More precisely, the semi-parametric score statistic that we propose
is based on a quadratic form of the efficient score function, which projects out all scores for
the nuisance parameters, including the scores corresponding to the density functions of the
structural shocks, from the conventional score function for the parameter of interest. This
projection, along with the fact that the potentially weakly /non- identified parameter is fixed
under the null when conducting the test (as is standard in score-type testing procedures), enables
us to circumvent the (weak-)identification problem and we show that the semi-parametric score
test has a x? limit under the null hypothesis regardless of how close the shock distributions are
to the Gaussian distribution (i.e. the point of identification failure). The choice to base the
score test on the efficient score function is also beneficial in terms of power as such efficient
score tests have been shown to possess power optimality properties in various settings (see e.g.
Choi et al., 1996; van der Vaart, 1998; Lee, 2022).

Second, we propose a method for constructing confidence sets for smooth structural func-
tions. Prominent examples of interest include structural impulse responses and forecast error
variance decompositions. Specifically, we utilise our proposed score test for the weakly identified
parameters in a Bonferroni-based procedure (cf. Granziera et al., 2018; Drautzburg and Wright,
2021) which is guaranteed to provide correct coverage asymptotically, regardless of the degree
of non-Gaussianity in the shock distribution.

Overall, our methods are computationally simple and efficient. The implementation of the
semiparametric score test typically only requires estimating regression coefficients, a covariance
matrix and the log density scores of the structural shocks, and does not require, for instance,
bootstrap methods to obtain critical values. To estimate the log density scores, we use B-
spline regressions as developed in Jin (1992) and also considered in Chen and Bickel (2006) for
independent component analysis. This approach is computationally convenient and allows our
methodology to work under a wide variety of possible distributions for the structural shocks.’?

We assess the finite-sample performance of our method in a large simulation study and find
that the empirical rejection frequencies of the semi-parametric score test are always close to
the nominal size. This is in contrast to several existing methods that are not robust to weak
non-Gaussianity and show substantial size distortions for non-Gaussian distributions that are
close to the Gaussian density. We also analyse the power of the proposed procedure and find
that the power of the semi-parametric score test generally exceeds that of alternative robust
methods such as weak identification robust GMM methods. Finally, we show that while the

Bonferroni approach for constructing confidence sets is (by construction) conservative, it does

5The general approach is applicable with other choices of log density score estimators, e.g. the local polynomial
estimators proposed in Pinkse and Schurter (2021). The main requirement is that the chosen estimator should
satisfy the high-level conditions stated in Lemma A.1.



often substantially reduce the length of the confidence bands for structural impulse responses
when compared to alternative methods.

In our empirical study we revisit two prominent macroeconomic SVAR applications and ask
whether non-Gaussian distributions can help to robustly identify structural functions of interest.
Specifically, we revisit (i) the labour supply-demand model of Baumeister and Hamilton (2015)
and (ii) the oil price model of Kilian and Murphy (2012).6 Our findings are mixed.

In the labour supply-demand model of Baumeister and Hamilton (2015) we find that allowing
for non-Gaussian structural shocks does not lead to a tight confidence set for the supply and
demand elasticities. In contrast, when non-robust methods are used, as in Lanne and Luoto
(2019) for instance, non-Gaussianity appears to pin down the elasticities in a narrow set. These
findings strongly support the usage of robust confidence sets when assessing uncertainty around
parameter estimates obtained using non-Gaussianity as an identifying assumption.

For the oil price model of Kilian and Murphy (2012) non-Gaussian structural shocks provide
substantially more identifying power. In fact, we show that our robust methodology yields a
finite confidence set for the short-run oil supply elasticities, thus avoiding the need to impose
a priori bounds on these elasticities. For instance, the bounds imposed in Kilian and Murphy
(2012) have been criticised for being too tight in Baumeister and Hamilton (2019) and have led
to a large literature that assesses their importance, see Herrera and Rangaraju (2020) for an
overview. We show that exploiting non-Gaussian shocks leads to finite bounds that are within
the range of estimates documented in the literature, hence providing a data driven solution to
the determination of appropriate bounds.

This paper relates to several strands of literature. First and foremost, the paper contributes
to the literature that exploits non-Gaussianity of the structural shocks for identification (see
the references above). There are two papers that are specifically related to the current paper.

First, Drautzburg and Wright (2021) are similarly concerned about identification when using
higher order moment restrictions for identification. To circumvent distortions in confidence sets
they exploit the identification robust S-statistic of Stock and Wright (2000) as well as a non-
parametric independence test for conducting inference. The benefit of the S-statistic is that it is
not necessary to assume full independence of the structural shocks. Instead, typically only the
third and fourth order higher cross moments are set to zero, leaving all higher order moments
unrestricted. A downside of such a robust moment approach is that it requires the existence of
substantially higher order moments. For instance, when using fourth order moment restrictions
the convergence of the S-statistic requires the existence of at least eight moments. We provide
a detailed comparison between the approaches in our simulation study.

Second, this paper builds on Lee and Mesters (2022a) and Lee (2022) who consider a similar
score testing approach in static ICA models. The crucial differences are that (a) those papers
require that the observations are independent and identically distributed across time and (b)
they focus on testing a hypothesis for a potentially weakly- or un-identified parameter and do not
consider functions of identified and possibly unidentified parameters. Relaxing the independence

assumption is non-trivial in this context; we show a new (uniform) local asymptotic normality

5The assumption of independence among the structural shocks is maintained throughout this paper. Therefore
in each application we test for the existence of independent components following Matteson and Tsay (2017);
see also Montiel Olea et al. (2022).



result for semi-parametric SVARs. Further, in the SVAR setting the objects of economic interest,
such as IRF's, are typically functions of both well-identified and possibly unidentified parameters.
This paper provides a robust inference procedure for such objects.

Besides the non-Gaussian SVAR literature, we note that our approach is inspired by the
identification robust inference literature in econometrics (e.g. Stock and Wright, 2000; Kleiber-
gen, 2005; Andrews and Cheng, 2012). The crucial difference in our setting is that the nuisance
parameters which determine identification status are infinite dimensional, i.e. the densities of
the structural shocks. Despite this difference, conceptually our approach is similar to the score
testing approach developed for weakly identified parametric models in Andrews and Mikusheva
(2016). To handle infinite dimensional nuisance parameters we build on the general statistical
theory discussed in Bickel et al. (1998) and van der Vaart (2002). While the majority of the
statistical literature focuses on efficient estimation in semi-parametric models, a few papers have
contributed to testing in well identified models (e.g. Choi et al., 1996; Bickel et al., 2006). The
major difference with our paper is that in our setting, a subset of the parameters of interest are
possibly weakly- or un- / under- identified, which violates a key regularity condition assumed
in this literature.

The remainder of this paper is organised as follows. In Section 2, we briefly illustrate how
non-Gaussian distributions can help with identification and how the weak identification problem
arises. Section 3 casts the SVAR model as a semi-parametric model and Section 4 establishes
a number of preliminary results. The semi-parametric score testing approach is presented in
Section 5 and inference for smooth structural functions is covered in Section 6. Section 7
evaluates the finite-sample performance of the proposed methodology and Section 8 discusses

the results from the empirical studies. Section 9 concludes.

2 An illustration of non-Gaussian identification

In this section, we briefly illustrate how non-Gaussian structural shocks can help to identify the
parameters of the SVAR model. Furthermore, we provide an intuitive explanation for the weak
identification problem that arises when the error distributions are close to Gaussian.

As an example, consider a bivariate SVAR model as defined in equation (1), but assume for
simplicity that (i) the number of lags is zero (p = 0) and (ii) that the contemporaneous effect
matrix A is a rotation matrix.” Under these assumptions, the matrix A can be parametrised

by a scalar parameter o and the model can be written as

Y, = A e, where Al = [

cosa —sino ]

sin o CoS &

The parameter of interest is the scalar o that determines the rotation matrix A. If for example
a = 0, A equals the identity matrix and each of the structural shocks only impacts its respective
component in Y;. For 0 < a < m, or integer multiples thereof, the off-diagonal elements are

non-zero so that the shocks affect all variables, with signs depending on the value of «.

"Note, that the assumption for A being a rotation matrix can be asymptotically justified if the data Y; is jointly
re-scaled to have mean zero and identity variance matrix (pre-whitening). For details, see Gouriéroux et al.
(2017).



To illustrate how non-Gaussian distributions for ¢; may help to identify «, we study the
expected log-likelihood E/,(Y;) in the model above for different distributions of the structural

shocks € ;. For instance, if € ; ~ N(0,1) for all k& we have
1
Elo(Y;) x =5 E (A ) A e] = -1,

and the log likelihood takes the same value for all «. This reflects the standard identification
problem: without additional identifying restrictions, the impact effects of the structural shocks
are not identifiable when the shocks are Gaussian.

Figure 1 visually illustrates this result and shows how it changes when we move away from
the Gaussian distribution in the direction of the student-t distribution. The left panels shows
the expected log likelihood as a function of «, whereas the right panels show the contour plots
of the log-likelihood together with a red and a blue line indicating the vector Y; (i.e. a linear
combination of the structural shocks ¢;), corresponding to two different choices for a.

As we move away from the Gaussian distribution the expected gradient of ¢,,(Y;) with respect
to a becomes non-zero in the vicinity of the true parameter (here set as a = 7). Equivalently,
in the contour plots the red and blue lines reach different level curves. This means that different
choices of « lead to different values of the log-likelihood and hence, « is locally identifiable. That
only local identification occurs is clear, as the same level curves are reached in each quadrant
of the contour plot, with each quadrant corresponding to a permutation and/or sign change of
the rows of A. These examples illustrate how non-Gaussianity of the structural shocks can help
to identify parameters up to permutation and sign changes.

The problem of weak non-Gaussianity arises when the distance from the Gaussian distribu-
tion is not very large. In such scenarios, changes in o only imply minor changes in the level
of the likelihood, so that the likelihood ends up being rather flat around the true parameter
a. Compare for instance, the panels corresponding to the ¢(5) density and the #(15) density.
In the case of the #(5) density, the red and blue vectors end on clearly distinguishable contour
lines of the log-likelihood and the value of the log likelihood varies substantially around « = 7.
In contrast, for the ¢(15) density, the differences are small and the red and blue vectors almost
reach the same contour line. In the extreme case of Gaussian shocks (i.e. the upper panels of
Figure 1) we find that « is completely unidentified.

Whilst in population we would always be able to locally identify o when the densities of the
structural shocks differ from Gaussian, in finite sample, if the densities of the structural shocks
are close to Gaussianity, the available identifying information may be small relative to sampling
variability. This creates a problem when standard test statistics are used as, in such a setting,
standard (i.e. fixed parameter) asymptotics provide a poor approximation to the finite sample
behaviour of test statistics.

To illustrate this point, consider the standard Wald statistic that is based on the maximum
likelihood estimate for . When the densities are non-Gaussian « is (locally) identified and the
Wald statistic converges to its usual x?(1) limit. In contrast, when the densities are Gaussian a
is unidentified and the Wald statistic has a non-standard limit. Such a discontinuity implies that
in finite sample the x?(1) distribution may provide a poor approximation to the finite sample

behaviour of the test when the true densities are close to Gaussian relative to the sample size.



FIGURE 1: IDENTIFICATION WITH NON-GAUSSIAN DISTRIBUTIONS
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Note: The figure shows the expected log-likelihood as a function of « (left panels) and the expected likelihood
contours (right panels) for the SVAR(0) model with different distributions for the structural shocks e ¢. The red
and blue lines in the right plots denote the vector Y; corresponding to two different choices for a.

In this paper we address this problem by developing a robust semi-parametric approach for
constructing confidence bands for . The methodology is based on inverting a score-type test
for & = ag. The key result is that the semi-parametric score statistic is asymptotically 2 both
in the well identified case and when the structural shocks are close to Gaussianity. This ensures
that the test is reliable for a large class of (true) densities: non-Gaussian, close to Gaussian, or

even Gaussian densities are all permitted provided some regularity conditions are satisfied.®

8 Alternatively, one could think of constructing some threshold statistic — analogous to the F-statistic used in
instrumental variable studies — that indicates whenever the distance to the Gaussian distribution is sufficiently
large such that standard methods can be used, see Guay (2021) for such approach when higher order moments are
used for identification. While practically attractive, the results of this paper render developing this alternative
unnecessary as the semi-parametric score test is efficient under strong identification.



3 Semi-parametric SVAR model

In this section we cast the SVAR model as a semi-parametric model and impose some primi-
tive assumptions that will be maintained throughout the text. For convenience, we adopt the
following notation for the SVAR model

Y, = BX; + A (o, 0)e tez, (2)

where X; = (1,Y/ 4,...,Y/ ), B=(¢,B1,...,By) and A(a,0) is a K x K invertible matrix
that is parametrised by the vectors o and o.

In general, we will leave the choice for the specific parametrisation of A(a, o) open to the
researcher. The key restriction is that o should be recoverable from the variance of Y; —
BX,;, whereas a may be unidentified depending on the distribution of the structural shocks.
A canonical choice in this context sets A~'(a, o) = £/2(0)R(a), where X'/2(0) is a lower
triangular matrix (with positive diagonal elements) defined by the vector o and R(«a) is a
rotation matrix that is parametrised by the vector . That said, different parametrisations are
often used in practice (cf Section 8) and our general formulation allows for such alternatives.

We let n = (m,...,nK) correspond to the density functions of € = (€14,...,€x)" and

summarise the parameters in

9:(7777)7 ’Y:(avﬁ)? B:(U,b), <3)

where b = vec(B).

Let Y = (Y1,...,Y,)" and let P}’ denote the distribution of Y™ conditional on the initial
values (Y1—p, ..., Yp). Throughout we work with these conditional distributions; see Hallin and
Werker (1999) for a similar setup. For a sample of size n, our semi-parametric SVAR model is
the collection

P ={Py:0€0}, @:wx’}{, (4)
r
where I' ¢ RY, with L = L, + L, + Ly corresponding to the dimensions of (a,o,b), and
H C TI5, H with

H:= {g eLiNNC: g(z) > 0,/9(2) dz = 1,/zg(z)dz = 0,/n(z)g(z) dz = 0} ,

where \ denotes Lebesgue measure on R, C! is the class of real functions on R which are
continuously differentiable and x(z) = 22 — 1. The parameter space for the densities 1, is thus
restricted such that €, ; has mean zero and variance one. Further restrictions are placed on the

parameter space © in the assumptions below.

Assumptions

Having defined the semi-parametric SVAR model, we now proceed to formulate the required
assumptions. Broadly speaking, we split our assumptions into two parts: Assumption 3.1 details

the main assumptions that allow us to establish the properties of the semi-parametric score test



and Assumption 3.2 defines a set of regularity conditions on densities 1 under which the log
density scores can be consistently estimated using B-splines.” These scores are an important
ingredient for the methodology discussed below.

The main assumption is stated as follows.
ASSUMPTION 3.1: For model (2), we assume that
(i) Forall B € B, |Ix —Y_"_) Bj2!| #0 for all |z| <1 with z € C

(i) Conditional on the initial values (Y' 1, ...,Yy)", et = (€14, ..., €x1)" is independently and
identically distributed across t, with independent components e +. Eachn = (n1,...,nk) €
H is such that each ng is nowhere vanishing, dominated by Lebesgue measure on R, con-
tinuously differentiable with log density scores denoted by ¢ (z) == dlognk(z)/0z, and for
allk=1,....K

(a) Bepy = 0, Bef, = 1, eyt < oo, E(ef,) — 1 > E(6} ), and B¢y (ery) < 0o (for

some 6 > 0);
(b) Edrlers) =0, EQp(ens) >0, Edp(ens)ens = —1, Egp(ens)e , = 0 and E gy (epr)ep , =
—3;

(111) For all (o, B) € I" we have that
(a) A(a, o) is nonsingular

(b) (a,0) = A(a,0) is continuously differentiable
(¢) (c,0) = [Dy, (Oé,O')]k.A(Oé,O').—jl and (o, 0) — [Do,, (Oé,O')]k.A(Oé,O')._jl, with Dy, (o, 0) =
0A(a,0)/0a; and D, (a,0) = 0A(a,0)/dom, are Lipschitz continuous for all
l=1,...,La, m =1,...,L, and j,k = 1,..., K, where the notation Bej or Bje

denotes the jth column or row of a matriz B.

Part (i) imposes that the SVAR model (2) admits a stationary and causal solution. Part
(ii) imposes that the densities of the shocks are continuously differentiable and certain moment
conditions hold. Specifically, part (a) normalises the shocks to have mean zero, variance one and
finite four+46 moments.'® Additionally, we require the log density scores ¢y (x) = dlogny(z)/0x
evaluated at the shocks to have finite 4 + ¢ moments. Part (b) simplifies the construction of the
efficient score functions. Whilst this may at first glance appear a strong condition, lemma S12 in
Lee and Mesters (2022b) shows that if (a) holds, then a simple sufficient condition is that the tails
of the densities 1, converge to zero at a polynomial rate.!’ The final part (iii) of the assumption
imposes that A(«, o) is invertible and that the parametrisation chosen by the researcher is

sufficiently smooth. For instance, for the canonical choice A=!(a,0) = EY2(0)R(a), when

9Lemma A.1 in the Appendix shows that, under Assumptions 3.1 and 3.2, the B-spline based estimator satisfies
a particular high-level condition; the results of this paper will continue to apply if any alternative density score
estimator which also satisfies this high-level condition is used.

E(et,) — 1 > E(ep,)? always holds; this is known as Pearson’s inequality. See e.g. result 1 in Sen (2012).
Assuming that E(ej,,) — 1 > E(e} ;)° rules out (only) cases where 1,z and €; , are linearly dependent when
considered as elements of L. See e.g. Theorem 7.2.10 in Horn and Johnson (2013).

1 Alternatively, these moment conditions hold if one can interchange integration and differentiation appropriately.



we model R(«) by the Cayley or trigonometric transformation parts (b) and (c) can easily be
verified to hold.

Next, we impose a number of smoothness conditions on the densities 7. These assumptions
facilitate the estimation of the log density scores ¢i(z) = V, lognx(2z), which are an important

ingredient for the efficient score test discussed below.

ASSUMPTION 3.2: Let dpp = dpligp zv |, App = E,Zn — Eﬁn and v, = v, with 1 < p <
1+46/4 and n=Y20-1/P) = (v, ). Suppose that for Bk EV 142D supp(nk) and O, 1 0 it
holds that

(Z) P(Gk ¢ [“k n7_‘k n]) = O(Vg);
(ii) For some v > 0, n_lAi"f‘(F (8+20) _ =o(vp);

(iii) ny ts bounded (||ngllec < 00) and differentiable, with a bounded derivative: |1 |/ < 00;

(i) For eachn, ¢y is three-times continuously differentiable on [Hén, :kUn} and H<Z>(3) % 6

o(vy) 12
(v) There are ¢ >0 and N € N such that for n > N we have infte[Ei =0 ) [Nk (t)| > O .

These assumptions are similar to those considered in Chen and Bickel (2006). They ensure
that the log density scores can be estimated sufficiently accurately using B-spline regressions (as
explained in section 5).'* Formally, we require that the support of the density 7 is contained
with high probability in the interval [Hk s :k n] These lower and upper points will correspond
to the smallest and largest knots of the B-splines. Second, condition (ii) ensures that the number
of knots does not increase too fast, relative to the sample size n. Conditions (iii) and (iv) impose
that the density is sufficiently smooth, such that it can be well-fitted by B-splines. The final

condition restricts the tails of the density.

4 Preliminary results

In this section we present two preliminary results for semi-parametric SVAR models that we
believe are useful more broadly. First, we provide a (uniform) local asymptotic normality
[(U)LAN] result for the semi-parametric SVAR model in (2).!* The primary difference with
existing results is that we explicitly perturb the non-parametric part of the model, i.e. the
densities nx, whereas existing (U)LAN results for VARs hold this fixed (e.g. Hallin and Saidi,
2007). This extension is necessary for deriving the form of the score test proposed in this
paper and can be used in other applications. Second, we analytically derive the efficient score
function for the semi-parametric SVAR model, see e.g. van der Vaart (1998); Bickel et al.
(1998) for general discussions on efficient score functions. Readers who are mainly interested in

implementing the methodology of this paper can safely skip this section.

12The differentiability and continuity requirements at the end-points are one-sided.

13These assumptions are tailored to the specific density score estimator we propose in this paper. Nevertheless, in
principle, other density score estimators may be used. Inspection of the proofs reveals that any such estimator
which satisfies the conclusions of Lemma A.1 can be adopted.

The uniformity here is over the finite dimensional parameters, v = (a, ). The results in the present paper
only require uniformity over «, but the additional uniformity over 8 follows at essentially no additional cost.

10



4.1 Uniform Local Asymptotic Normality

Let (9n)nen C T be such that v, — v € I, fix n € H and put 6 = (vy,7n). Let Gi denote the
law on R corresponding to n; (k= 1,..., K) and define

K

%’J::H%@, S, = {hkecl}(A):/hdek:/hdeGk:/hknde:()}, (5)

k=1
where ¢ is the identity funcion, x(z) = 22 — 1 (as defined above) and C}()\) denotes the class of
real functions on R which are bounded, continuously differentiable and have bounded derivatives

M-a.e.. Note that REetLs x 7 is a linear subspace of REatls x Loo(A\)E. We make this into a

where || - ||2 denotes

normed space by equiping it with the norm ||(¢, h)|| = ||
the Euclidean norm.

For an arbitrary sequence (¢, )neny C RFeE8 such that ¢, = (al,,d,) — (a/,d') = c let
An = Yn+cn/+/n and for an arbitrary (hy,)nen C A with hy, — h € H let fj, == n(1+hy,/\/n).
Collect these parameters into 6,, := (y,,n) and 0, = (n, Tin) respectively. Denote by pj the

density of Fy' with respect to A" and A% P the (conditional) log likelihood ratio:

A o = log( ) Zz (Ye, X¢) — Lo, (Yi, X;) (6)

where £y(Y;, X;) denotes the ¢t-th contribution to the conditional log likelihood for the SVAR

model evaluated at 8. We note that this can be explicitly written as

K

lo(Yy, X;) = log |det(A(c,0))| + > mi(Ape(r,0) (Y — BXy)) .
k=1

With this notation established we first derive the scores for the full vector of finite dimensional

parameters v = («, 0,b). The score functions with respect to the components oy, 0; and b; are

K K K

loo (Y, X0) =D > (o itn(AreVo) AjVor + > G (Sr(AreVor) ApeVar +1),  (7)
k=1 j=1,j#k k=1

) K K K

Ly, (Ye, Xt) ZZ Z e, Pr( Ak.%t)A].‘/et+ZCZkk (Or(Are Vo) AreVor +1),  (8)
k=1j=1,j#k k=1

) K

lop(Ye, X1) = dr(AreVis) X [~ Are Dy Xi] , (9)

B
Il
—

where Vp; =Y, — BXy, A = A(o,0), Dy, (a,0) = Vo, Ala,0), Dg/(a,0) = Vg Ala,0),
Dy, = Vy B, (f}; = [Dal(a,a)]k.A:jl, Crj= [Dgl(a,a)]k.A:jl and ¢y (z) = V,lognk(2).
We collect these scores in the vector

R R (N0 R (R 0) (eebet,Xt))fbl,)l.
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Under assumption 3.1, we have the following ULAN result.!®

PROPOSITION 4.1 (ULAN): Suppose that assumption 3.1 holds. Then as n — oo,

AG e, (V") =gn(Y") - %E (8. (Y™)?] + 0py (1), (10)

where the expectation is taken under Py and

K

1 |
gn(Y") = N > o, (Ve X)) + > hi(AngeVo, )|
=1 k=1

with A, = Aoy, 0y). Moreover, under By,
gn(Yn) ~ N(Oa \119(67 h’))7 \IJQ(C, h’) = nlggoE [gn(Yn>2] :

The corollary below follows from Le Cam’s first Lemma (e.g. van der Vaart, 1998, Example
6.5).

COROLLARY 4.1: If assumption 3.1 holds, then the sequences (Pg;)neN and (Pé1 YneN are mutu-

ally contiguous.

The importance of this result is that the semi-parametric SVAR model can be locally asymp-
totically approximated by a Gaussian shift experiment, uniformly in «. This local approximation
can be exploited to derive the form of the score test below as well as its limiting distribution
under local alternatives, but can be more broadly used for other inference problems. One ex-
ample is a setting where an initial y/n-consistent estimate for « is available, say by imposing
an additional identifying assumption, then the (U)LAN result may be used to obtain semi-
parametrically efficient parameter estimates similarly to as was done in Chen and Bickel (2006)
for the ICA model.'6

4.2 Efficient score function

One of the key ingredients in our framework is the efficient score function for the parameter of
interest, a. Loosely speaking this is defined as the projection of the score function for o on the
orthogonal complement of the space spanned by the score functions for the nuisance parameters
(8,7n) (e.g. Bickel et al., 1998; van der Vaart, 2002; Newey, 1990; Choi et al., 1996).

In the case of interest here, where the nuisance parameter contains both finite (8) and
infinite-dimensional (1) components, the efficient score function can be calculated in two steps:
(1) compute the projection of the score for v = («, ) on the orthocomplement of the space
spanned by the score functions for 1, and (2) partition the resulting object into the components

corresponding to « and 8 and project the former onto the orthocomplement of the latter.

5The proof is based on verifying the conditions of Theorem 2.1.2 in Taniguchi and Kakizawa, (2000), which is
due to Swensen (1985, Lemma 1).

16 Constructing such an estimator is suggested in Fiorentini and Sentana (2022) based on a non-Gaussian identify-
ing assumption. This could be easily done based on the results in this paper, but in that set-up it would remain
vulnerable to weak deviations from the Gaussian density. Therefore the score testing approach developed below
should be preferred whenever assessing the uncertainty around parameters is required.

12



We proceed according to this two-step procedure and now establish the form of the first

projection.

LEMMA 4.1: Given Assumption 3.1 the efficient score function for ~ in the semi-parametric
SVAR model P§ at any 0 = (v,n) with v = (a, 5), a« € A, f = (0,b) € B and n € H is given
by En,g(Y”) =y g@(}/t, X¢), where

(59 b (Y, Xt))fb )/

ly(Yi, Xi) = ((69 VX)) (B Vi X))

with components

K K K

loo(Yis X) =D D (o i0k(AreVa) AjVoe + > s [Tt Are Vit + i 25 (Ake Vo )]
k=1 =1k k=1

i K K K

by (Ye, X0) =D > 0k (Are Vo) AjeVou + > (i [Th1 Ake Vot + Thak(Are V)]
k=1j=1,j#k k=1

i K

Loy, (Ys, X¢t) = Z —Ape Dy, (Xt — 1)k (Ake Vo t) — 14(Sk,1Ake Vot + Sk2k(AkeVot))]
k=1

where Vo = Yy — BXy, ([ = [Dal(oz,a)}k.A:jl with Do, (v, 0) == 0A(e,0)/0cu, (f); =
[Do, (v, U)]k.A:jl with Dy, (o, 0) == 0A(a,0) /00y, Dy, == 0B /0by, = vec(tk, (tp @ (Ix — B1 —
e Bp)_lc)), and 7, = (T1 g, T2k) and s = (S1x,S2.%)" are defined as

0 1 1 Eg(AreVoz)?
T = Mk_l , Sk = Mk_l where M, == 0(AreVo,t) )
—2 0 Eo(AreVar)? Eo(AreVaoy)* — 1

The derivation of the efficient scores fy(Y;, X;) follows along the same lines as in Amari and
Cardoso (1997); Chen and Bickel (2006); Lee and Mesters (2022a). The dependence on 7 comes
through (a) the log density scores ¢y (z) = V,logni(z), for k =1,..., K and (b) the third and
fourth order moments of ¢, in M.

For future reference, we partition

. loo(Yi, X
gg(n’Xt) _ ~9, ( ty t) 7
Lo 3(Yy, Xy)

~ ~ ~ ~ ~ !/
where fy o (Vi, Xt) = (lg.0, (Ve Xe))fey and Zo,5(%i, X0) = (oo, (Ve Xe))fry, (T (Vi X)) )

Based on the efficient scores, we define the efficient information matrix for v by

- 1S - - - I
Ing=— E E ly(Yy, X1)lp(Ye, Xt) with partitioning I, = oo Tnbaf) (11)
i Ingpa Ineps

R

With Lemma 4.1 and the efficient information matrix in place, we can define the efficient

score function for o with respect to 8 and 7. In particular this score can be computed by the
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second projection (e.g. Bickel et al., 1998, p. 74)

Fino(Ye, Xt) = lo.o(Ye, Xt) — Inp.apl g galo.s (Ve Xi) (12)

as long as 1:9”35 is positive definite. The corresponding efficient information matrix is given by

in,@ = dpb,aa — In,@,aﬁi;,é’ﬁgjn,@,,@a . (13)

We note that the efficient score function #g(Y;, X;) and the efficient information matrix img can
be evaluated at any parameters 6 = («, 3,71) and variables (Y7, X;).

Building tests or estimators based on the efficient score function is attractive as efficiency
results are well established, see Choi et al. (1996), Bickel et al. (1998) and van der Vaart (2002).
A crucial difference in our setting is that the efficient information matrix might be singular.
For instance, if more than one component of ¢; follows an exact Gaussian distribution, fnﬂ is
singular, see Lemma S11 in Lee and Mesters (2022b). The singularity plays an important role

in the construction of the semi-parametric score statistic below.

5 Inference for potentially non-identified parameters

In this section we consider conducting inference on « without assuming that « is locally iden-
tified. Specifically and in contrast to the existing literature, we do not assume that sufficiently
many components of € have a non-Gaussian distribution. Only Assumptions 3.1 and 3.2 are
imposed, under which o may not be (locally) identified.

Our approach is based on testing hypotheses of the form
Hy:a=ap, BB, neH against H:a#ay, peEB,neH. (14)

The main idea is to consider test statistics whose computation does not require evaluation
under the alternative Hi, thus avoiding the need to consistently estimate «. Clearly, based
on the trinity of classical tests, the score test is the only viable candidate and we will proceed
by constructing score tests in the spirit of Neyman-Rao, but adapted for the semi-parametric
setting (e.g. Choi et al., 1996). Such test statistics can then be inverted to yield a confidence
region for o with correct coverage. This confidence region then forms the basis for constructing
confidence intervals for the structural impulse responses as we show in the next section.

In our setting, we rely on the efficient score functions for the SVAR model to construct
test statistics. The functional form of the efficient scores Zg(yt, x¢) was analytically derived in
Lemma 4.1. These scores can be estimated by replacing the population quantities by sample

equivalents. We have

050 = ( (05 20) L (B0 30) (B 0)" ) (9

14



with components

K K K

Ev,al (}/ty Xt = Z Z Clakdqbk‘ n Akovy, )A_].V’\/t =+ Z Cl K.k Tk 1Al~coV7t + Tk QK(AkoV'y t)]
k=1j=1,j#k k=1
K K K

by (Y6, X0) =3 0 D G jPrn(Are Vo) Aje Vot + > (i [P Are Vit + Ti25(Are Vi )]
k=1j=1,j#k k=1
K

gy,bl (Y;H Xt) = Z Akonl |:(Xt - Xn)qgk,n(AkoV'y,t) - Xn(ék,lAkoV'y,t + ék,2/€(AkoV’y,t))
k=1

where V., ; = Y; — BX; and X, = % Z?Zl X;.17 The estimates for the 73,’s and (}’s are obtained

by replacing the population moments defined in Lemma 4.1 by their sample counterparts: 75, =
M;,(0,—2) and &, = Mj,(1,0)’, where

. 1 LS (ApeViyt)?
Mk — ) " 5 ) n ;t:l( k V’YZ) ) (16)
n Zt:l(Ak"V%t) n thl(Ak.V%t) -1

Finally, the estimates of l%(Y}, X:) depend on q@kn() which is the estimate for the log density
scores ¢r(z) = V,lognk(z). In practice, we estimate these density scores using B-splines fol-
lowing the methodology of Jin (1992) and Chen and Bickel (2006). To set this up, let by, =

(bkn,1s -+ -5 Dk, By ,.)" be a collection of By, cubic B-splines and let ¢ = (Chn,15- - -5 Chon, By )
be their derivatives: ¢y, i(z) = (ﬂ’k‘d"i;(x) for each ¢ € [Byp,). The knots of the splines,

K n . — —_
Een = (Epmi)j—y” are taken as equally spaced in [_ﬁn, _gn] 18

Our estimate for the log density score ¢y is given by

D (2) = Vh pbrn(2) (17)
where

n -1 n
R 1 1
zﬂk,n = ﬁ ;1 bk,n(AkoVy,t)bk,n(AkoV%t), 5 ;1 Ck,n(AkoV'y,t) . (18)

This shows that computing the log density score estimate (17) only requires computing the
B-spline regression coefficients &kn in (18).
Having defined all the components of the efficient score estimates we may estimate the

efficient information matrix for v by
1= 5
= D (e Xl (Ve Xe)' (19)

With the estimates for the efficient scores and information for , we can estimate the efficient

score and information for . This amounts to replacing the population score &y, (Y%, X;) and

"Note that the components are now indexed by v as the score estimates no longer depend on 7, recalling that

0= (v,m).
81n practice we take these points as the 95th and 5th percentile of the samples {Are Vi }7-; adjusted by log(log(n)),

where A = A(a,0) and V; =Y; — BX; for a given parameter choice v = (a, §).
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information Z,, ¢ in (12) and (13) by their sample counterparts. We have that

/%n,'y(Y;fa Xt) = é’y,a(}fty Xt) - jn,'y,aﬂj;,lyﬁﬁéﬁ/ﬁ(}/ty Xt) (20)

and

N A A

In?’y = fn?’y7aa - In7’y7aﬁl’,;}y7ﬁﬂjn7’y7ﬁa : (21)

Since the information matrix may be singular, we need to make an adjustment. Specifically,
given the truncation rate v, defined in Assumption 3.2, we define a truncated eigenvalue version

of the information matrix estimate as

~

It = Unhn(v)U], (22)

where An(yn) is a diagonal matrix with the v,-truncated eigenvalues of fnﬁ on the main diagonal
and U, is the matrix of corresponding orthonormal eigenvectors. To be specific, let {j\m}le
denote the non-increasing eigenvalues of fnm then the (7,7)th element of A, (v,) is given by
j\ml(;\m > Uy). Similar truncation schemes are discussed for reduced rank Wald statistics in
Dufour and Valery (2016).

Based on this, we define the semi-parametric score statistic for the SVAR model as follows.

/
R N R
Sny = (\/ﬁ tzl"fn,"/(Y;tht)) 1, (ﬁtzlnnﬁ(thXtO ) (23)

where iﬁty is the Moore-Penrose pseudo-inverse of ifm. We note that the test statistic can be
evaluated at any v = («, ). To evaluate the null hypothesis (14) we will use a = v, i.e. fixing
the unidentified parameters under the null, and Bn, some y/n-consistent estimate for the finite
dimensional nuisance parameters.

For such parameter choices, the limiting distribution of S’nﬁ is derived in the following

theorem.

THEOREM 5.1: Let v, = (an, ) — v with each v,,y in I' and let 0, == (yn,n) — (v,m) = 6
for some n € H. Suppose that under Py , Bn is a \/n—consistent estimator of 5. Define
S, = n~ Y207kl for some C > 0 and let B, be a discretized version of Bn which replaces its
value with the closest point in .%;,. Define ¥, = (an, Bn), suppose that assumptions 3.1 and 3.2
hold. Let r, = rank(i’fl’%) and denote by ¢, the 1 — a quantile of the X%n distribution, for any
a € (0,1). Then if O = (aun, B, 1) where /n||Bn — B|| = O(1) and i, = n(1 + hn/\/n) with
h, in some compact ,%”* C %b,

lim P} (Spz5, > cn) < a,

n—ooo On
with inequality only if rank(fgo) =0.

The theorem shows that the efficient score test (23) is asymptotically correctly sized when
we choose the critical value ¢, to correspond to the 1 —a quantile of the chi squared distribution

with degrees of freedom equal to the rank of the truncated efficient information matrix. Several
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comments are in order.

First, we do not impose which estimator Bn should be adopted as the theorem holds for
any +/n-consistent estimator. However, given that the efficient scores of 4 need to be computed
anyway, it is attractive to rely on one-step efficient estimates for 8 = (o,b) as discussed in
van der Vaart (1998, Section 5.7), as this typically improves the (finite sample) power of the
test.!9 That said, conventional OLS estimates for the regression coefficients b = vec(B) and the
variance parameters o can also be used.

Second, the score statistic is evaluated at the discretised estimator 3,, which takes the
estimate ﬁn and replaces its value with the closest point in .%, = n=2/2CZ%2. Note that this
changes each coordinate of Bn by a quantity which is at most Op(nl/ 2), hence the y/n-consistency
is retained by discretization. Since the constant C' can be chosen arbitrarily small this change
has no practical relevance for the implementation of the test.?’ Discretization is a technical
device due to Le Cam (1960) that allows the proof to go through under weak conditions, see Le
Cam and Yang (2000, p. 125) or van der Vaart (1998, pp. 72 — 73) for further discussion.

Third, the practical choice for the eigenvalue truncation rate v,, which theoretically needs
to satisfy Assumption 3.2, appears to have little effect on the finite sample results. In our
simulation studies and empirical applications, we always truncate at machine precision which
implies that fﬁw is similar to ﬂw, the Moore-Penrose inverse of fnﬁ. Experimenting with
different, but small, truncation rates appears to matter little in practice.

Fourth, if 7 has full rank, the singularity adjusted score statistic is asymptotically equivalent
to its non-singular version that is computed with fg %n instead of fﬁbgn, it is well known that the
former is (locally asymptotically) optimal in a number of settings.2! Moreover, if the rank of Ty
is positive, the singularity adjusted score statistic is (locally asymptotically) minimax optimal,
as can be shown by an argument analogous to that given in Lee (2022).

Finally, the theorem is stated along (local) sequences of parameter values 0,. By standard
arguments one can translate such limit statements along sequences to limit statements that
hold uniformly over certain sets. In the present case a uniform statement would hold over,
for example, sets of the form &2, = {Pg,6+d/ﬁ,n(1+h/¢ﬁ) ca e A, |ld| < M, h € A} where

A, C A, H, C H are compact, with .7 as defined in (5), and M € (0, c0).

Confidence set

A confidence set for the parameters « can be constructed by inverting the efficient score test

Sp,~ over an arbitrarily fine grid of values for . Formally, for any a € (0, 1) we define the 1 —a

confidence set estimate for a as

A~

Coga={a€A:S, 7)< Cnat

19See the simulation results of section 7.

20Indeed, in practice, we always discretise at machine precision, see Algorithm 1 below.

21This can be seen by comparison of the asymptotic local power of this test with the power bound in the
appropriate limit experiment. For example, see Theorem 25.44 in van der Vaart (1998) for the one-dimensional
one-sided case; optimality amongst unbiased tests in the two-sided case can be shown similarly.
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where ¢, o the 1 —a quantile of the X%n , distribution and r,, o = rank(jfl (o )). The following

corollary establishes that the confidence set én,l—a has asymptotically correct coverage.

COROLLARY 5.1: Let vy, O, 9~n, Bn, By and 7y, be as in Theorem 5.1 and suppose that assump-
tions 3.1 and 3.2 hold. Then,

lim P2 (an € én,l_a) >1—a. (24)

The confidence set C’ml_a is the main building block for constructing confidence bands for
the structural functions in the next section. In addition, this set may be of interest in its
own right as in some models the coefficients a have a direct structural interpretation, see for
instance the labour supply-demand model of Baumeister and Hamilton (2015) that is considered
in Section 8.

We finish this section by summarising the practical implementation for the construction of

the confidence set, which naturally includes the implementation for the efficient score test.

Algorithm 1: Confidence set for o
(i) Choose a set A;
(ii) For each a € A:

1 Obtain estimates Bn = (0, I;n), with b, = vec(B,,), and set V,=Y, — EnXt;

2 For k =1,..., K, compute the log density scores ¢ (A(q, Gp)reVi) from (17);

3 Compute the efficient scores lf:Yn (Y3, X;) from (15) and the information matrix I, 4,,
from (19) using ¥, = (a0, Bn);

4 Compute f, 4, (Yi, X;) and Z, 5, from (20) and (21).

5 Compute the score statistic S*n,% from (23) and accept Hy : o = ay if S’nﬁn < cp,

where ¢, is the 1 — a quantile of the x? distribution with r, = rank(i’z )
(iii) Collect the accepted values for « to form C’n’l_a.

The algorithm highlights that the computation costs for computing the confidence set are
modest. In fact, the costs are similar to those for constructing standard weak instrument robust
confidence sets, such as those based on the Anderson-Rubin statistic for instance (e.g. Andrews
et al., 2019). The only difference is that we require K regression estimates (to estimate the log

density scores) as opposed to one.

6 Robust inference for smooth functions

In this section we discuss the methodology for conducting robust inference on smooth functions
of the finite dimensional parameters v = («, ). The main functions of interest are the structural
impulse response functions (sIRF), but also forecast error variance decompositions and forecast
scenarios can be considered within the general framework that we develop (e.g. Kilian and

Liitkepohl, 2017). The main difference with the preceding section is that we are now explicitly
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interested in conducting inference on functions of both « and 8, where we recall that the
parameters [ are y/n-consistently estimable, but o may not be consistently estimable due to a
potential lack of identification.

We define the general function of interest by
g(a,3) : Dy —RY% | with D, > AxB, (25)

where D, is the domain of g and d; is some integer. The following assumption restricts the

class of functions that we consider.

ASSUMPTION 6.1: g : Dy — R% s continuously differentiable with respect to 3 and the Jacobian
matriz J, = Vg g(a, B) has full column rank on D.

The differentiability condition allows for the application of a uniform delta-method (cf The-
orem A.2 in the appendix), whereas the rank condition ensures that no further degeneracy in
the asymptotic distribution occurs, apart from that caused by « being possibly non-identified.

For concreteness the next example provides the details for a vector of structural impulse

response functions.

EXAMPLE 6.1: Consider the vector that collects all sSIRF at horizon l

IRF(1) = g(a, 8) = vec (DB(b)lD’A(a, a)*l) ,

where
'Bl B2 . Bp_l Bp-
Ik 0 0 0
D = [IK OKXK(p—l) ) and B(b) = 0 IK . 0 0
00 Iy 0

In our general notation we have dy = K2 and we note that, given Assumption 3.1, this function
is continuously differentiable with respect to 3. The Jacobian J, € RE*XLs has the form J, =
[Jy.1, Jy 2] where

h—l

B = (At 0 1] { 3 (D@0 & (DB D]

k}

=0
Jyo = [IK®DB(b) 'l Vo vec(A(a, o)~ h.

Similar details can be worked out for forecast error variance decompositions and other
structural functions of interest.

In general, our objective is to construct a valid 1 — ¢ confidence set for g(a, 8). Intuitively,
we proceed in two steps: first we construct a valid confidence set for o using the methodology of
the previous section, and second, for each included « we construct a confidence set for g(a, Bn)

The union over the latter sets provides the final set. Overall, this two-step Bonferroni approach
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is similar to the approach utilised by Granziera et al. (2018) and Drautzburg and Wright (2021).

Formally, let ¢1,q2 € (0,1) such that g1 + g2 = ¢ € (0,1). In the first step we construct
a 1 — g1 confidence set én,l—ql for o using Algorithm 1. The asymptotic validity of this set
was proven in Corollary 5.1. Second, for each a € CA'nyl,ql we compute Uy, = g(a, Bn) The

confidence set for 7y, is given by
Crgat-a =V 1ap = ) Vi d(Pan = V) S i} (26)

where v = g(a, ) and Vn,a = J@XAJHJ%, with 4 = (a,Bn) and 3, a consistent estimate for the
asymptotic variance of Bn The critical value ¢4, corresponds to the 1 — go quantile of a Xi "
random variable. The following proposition establishes the conditions on the estimates Bn that

ensure that the confidence set (26) is valid.

PROPOSITION 6.1: Suppose that assumption 6.1 holds and let vy, 6,, 0,, be as in Theorem 5.1.

Suppose 571 s a sequence of estimates such that

P

~ ~

Vn(Bn — Bn) e N(0,%), with X positive definite,

A A P’_rL A
and X, is a sequence of estimates such that 3, LN ¥, then the confidence set Cp g in (26)
satisfies
lim Pél (g(anaﬁn) € Cn,g,an,lfzp) =1-q. (27)

n—oo

The proposition formally establishes that if Bn is asymptotically normal along the local
sequences 0, then the confidence set CA’mg,a is valid. The proof of this proposition is a straight-
forward application of the (uniform) delta method. Under Assumption 3.1 both OLS and
one-step efficient estimates for the parameters 8 satisfy the required conditions on Bn That is,
the proposition can be restated for such specific estimators after requiring Assumption 3.1 to
hold. Moreover, conventional variance estimators for ¥ can be adopted to satisfy the consistency
of 3, see Kilian and Liitkepohl (2017, Chapter 9) for more details.

A~

The final confidence set for g(a, 3), i.e. Cpg4, is formed by taking the union of the sets

Ch.g,a,1—gs Over o € Cp 1—q,. Formally, we consider

Crg= | Cngata- (28)

a€Cn,1—q

The confidence set C’n,g is a valid 1 — ¢ confidence set as we formally establish in the following

Corollary.

COROLLARY 6.1: Let én be as in Theorem 5.1, CA’n,l_ql satisfies Corollary 5.1 and C’n,g@ml_qz

satisfies Proposition 6.1, then

lim inf F;" (g(an,ﬁn) € én,g) >1-q.
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This Corollary requires only the conclusions of Corollary 5.1 and Proposition 6.1.22 For

convenience we summarise the practical implementation in the following algorithm.

Algorithm 2: Robust confidence sets for smooth functions
(i) Obtain the confidence set én,l—q1 for a using Algorithm 1;
(ii) For each a € Cp 1y,

(a) Estimate £, and Sy;
(b) Compute Vo = J:YZA)J% with J; and 4 = (v, By)

(c) Construct the confidence set C, ga.1—g, as in (26);
(iii) Construct CA’mg from (28).

As is demonstrated in the subsequent section, for structural impulse responses this approach
often provides confidence sets with shorter average length when compared to alternative robust

confidence set constructions proposed in the literature.

7 Finite sample performance

This section presents the results from a collection of simulation studies that were designed to
evaluate the size and power of the proposed inference procedures. First, we evaluate the size
and power of the score test for «, as discussed in Section 5, and compare its performance to
existing approaches. Second, we evaluate the coverage and length of the confidence intervals

for structural impulse responses using the methodology of Section 6.

7.1 Size of semi-parametric score test

We start by evaluating the empirical rejection frequencies of the score test S’m% for the semi-
parametric SVAR model. We consider SVAR(p) specifications with p = 1,2,4,8,12 lags, K =
2,3 variables and sample sizes T = 200,500, 1000. We simulate the SVAR(p) model for ten
different choices for the distributions of the structural shocks e, with & = 1,..., K. The
density functions that we consider and their abbreviated names are reported in Table 1. We
standardise the draws to have mean zero and unit variance.

We parametrise the contemporaneous effect matrix by A(a,0)”! = B/2(s)R(a) where
»1/2(¢) is lower triangular and the rotation matrix R(a) is parametrised using the trigonometric
transformation as in Section 2. In the bivariate case, L, = 1 and we choose ag = 7/5 for the
data-generating process. In the trivariate SVAR, L, = 3 and we use a9 = (37/5,27/5, —7/5)’.
Furthermore, we choose ¥'/2 such that the diagonal elements of $1/2%1/ 2" are equal to one,
oy =1fori=1,..., K, and its off-diagonal elements are equal to o;; = 0.2 for |i — j| = 1 and
oij = 0.1 for |i — j| = 2 (for K = 3). The SVAR coefficient matrices, A,..., A, are generated

22These are proven under Assumptions 3.1 and 3.2 which, we re-iterate, do not impose that the structural shocks
have non-Gaussian distributions.
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TABLE 1: DISTRIBUTIONS FOR STRUCTURAL SHOCKS

Abbreviation Name Definition
N(0,1) Gaussian \/%7 exp (—32?)
_ , 0 (g 2\ )
t(v), v =15,10,5 Student’s t V(%) (1 +Z )
SKU Skewed Unimodal IN(0,1) + IN(L,(2)?) + 2N (32, (5)?)

)
KU Kurtotic Unimodal IN(0,1) + 3N (0, (15)?)

BM Bimodal IN(= 1.3 + IV (1LGP)
SPB Separated Bimodal IN(=2,3)+ IV (E (D))

SKB Skewed Bimodal SN(0,1) 4+ N (3, (1))

TRI Trimodal A= .(32) + (S (1) + A (0.(12)

Note: The table reports the distributions that are used in the simulation studies in section 7 to draw the structural
shocks. The mixture distributions are taken from Marron and Wand (1992), see their table 1.

based on full K x K matrices with elements drawn from a N(0, 1) distribution.?? We use 400
burn-in periods to simulate the SVAR(p) model and use M = 2,500 Monte Carlo replications.

Tables 2-3 report the empirical rejection frequencies of the semi-parametric score test defined
in Section 5 for testing the hypothesis Hy : & = ag vs. H1 : @ # ag. The test is implemented
following steps 1-5 of Algorithm 1 for @ = ag and using B = 6 cubic B-splines for the
estimation of the log density scores. Table 2 reports the results when estimating the nuisance
parameters [ using OLS while Table 3 reports the results from using the one-step efficient
estimates for § which update the OLS estimates using one Gauss-Newton iteration (van der
Vaart, 1998, Section 5.7). All tests are conducted at 5% nominal size.

The first panel in Table 2 reports the OLS based results for T = 200. We find that for
the SVAR(p) with K = 2 variables, the size of the test is generally very close to the nominal
size of 5%. Importantly, this holds even when the shocks are normally distributed and « is not
identified. Further, the size remains correct for all densities that are close to Gaussian, such as
the ¢(15) and the skewed-unimodal density. For more complicated densities such as the seperate
bi-modal density, some under-rejection is observed.

As the number of parameters in the SVAR increases with the lag size p or the number of
variables K, the rejection rates increase and the test starts to over-reject when 7" = 200. For
an increase in the number of lags, rejection rates only increase slightly, but when the number
of variables increases, the number of parameters grows quadratically and hence the rejection
rates show a more substantial increase. Importantly, this holds regardless of the true underlying
density considered and is caused by the rather imprecise OLS estimates that are plugged into

the score test statistic.

270 ensure stationarity of the SVAR(p) model, the coefficient matrices are transformed using the approach of
Ansley and Kohn (1986).
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When we increase the sample size (7' = 500, 7" = 1000) these size distortions quickly
disappear and the rejection frequencies converge to the nominal size of the test. Thus, even in
the case of an SVAR with a larger lag length, the testing procedure gives correct inference, as
long as the sample size is not too small. We note that we continue to see under-rejection for
some of the densities far from Gaussianity.

Table 3 reports the empirical rejection frequencies for the same simulation design, but now
one-step efficient estimates are used for the nuisance parameters. The one-step efficient estimates
of B are obtained by updating the OLS estimates of the nuisance parameters 5 towards the
efficient estimates by one Gauss-Newton iteration. Comparing the rejection rates in Table 3
with those reported in the case of OLS estimates of the nuisance parameters in Table 2, shows
that using the one-step estimates yields substantial improvements in the size of the test in small
samples, especially when the number of lags is large. For example, for the case of an SVAR
with three variables and 12 lags, the size of the rejection rates are very close to the nominal
size of 5%. Further, we note that using one-step efficient updates of 3 also remedies the under-
rejection observed for some of the Gaussian mixture distributions in Table 2. As the sample size
grows, the difference between Tables 2-3 is less pronounced and the procedures yield comparable
rejection rates.

Overall, we may conclude that the empirical size of the test is close to the nominal size
regardless of the choice for the true densities, i.e. Gaussian, close to Gaussian, or far from
Gaussian. Finite sample size distortions can be largely overcome by using one-step efficient

estimates.

7.2 Comparison to alternative approaches

Next, we compare the performance of the semiparametric score test to a variety of alternative
methods that have been proposed in the literature based on size and power. We distinguish
between two types of tests: (i) tests that do not fix o under the null (e.g. Wald and Likelihood
ratio type tests) and (ii) tests that fix a under the null (e.g. score type tests). Clearly, from
the discussion in Section 2 it follows that we expect the tests in the first category to perform
poorly as they are vulnerable to identification failures.?*

In the first category, we consider the pseudo maximum likelihood Wald test (WFML) of
Gouriéroux et al. (2017) which we implement using one (standardised) ¢(7) density and a (stan-
dardised) ¢(12) density for the second shock, as in Gouriéroux et al. (2017). We additionally
consider two tests based on the work of Lanne and Luoto (2021): these are the GMM Wald
(WEH) and distance metric (DMP") tests based on higher (third & fourth) order moment con-
ditions.

In the second category we consider four tests. Firstly we have the pseudo maximum like-
lihood Lagrange Multiplier test (LML) that is based on work of Gouriéroux et al. (2017).
This test is based on the score of the pseudo log likelihood which we take, following Gouriéroux
et al. (2017), to be the Student’s ¢t with degrees of freedom fixed at v = 7 and v = 12 for the

24Gimulation evidence in Lee and Mesters (2022a) has shown that tests that do not fix o under the null often
show severe over-rejection in ICA models when the errors are close to Gaussian.
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TABLE 2: EMPIRICAL REJECTION FREQUENCIES USING OLS ESTIMATES
K p N(0,1) t(15) ¢t(10) t(5) SKU KU BM SPB SKB TRI
T =200

1 4.76 548 472 474 398 422 232 240 426 2.04
2 5.04 506 556 484 430 452 238 250 386 1.60
4 5.00 580 57 542 416 486 2.72 3.00 3.96 1.78
8 6.40 7.00 644 576 538 558 3.64 328 546 212
12 742 720 730 710 630 6.22 4.06 414 6.16 4.02

1 538 580 556 7.04 6.22 6.64 568 454 564 4.68
2 6.22 6.66 7.12 752 592 526 526 436 5.76 4.56
4 812 770 888 822 7.28 488 522 392 7.16 3.80
8§ 1216 1278 11.90 1258 882 744 684 510 948 6.24
12 1698 17.32 16.62 15.54 11.32 10.32 10.38 7.94 14.10 8.92

1 448 454 490 398 340 448 1.60 1.50 342 1.26
2 456 466 492 416 380 492 1.78 1.76 3.06 1.70
4.88 490 494 414 376 550 240 2.60 2.88 1.48
548 556 484 542 464 6.06 294 2.68 426 124
6.16 6.04 626 534 554 6.84 314 400 456 1.90

4
8
2
1 516 554 6.00 576 546 596 556 494 514 5.30
2 558 588 6.62 656 534 530 526 478 500 4.68
4
8
2

6.66 6.36 6.48 652 6.16 476 4.62 430 572 4.10
782 806 820 890 7.8 550 476 348 6.18 4.78
11.06 9.80 1098 996 876 6.00 570 420 7.12 5.18

1 476 446 436 360 398 466 1.18 1.30 3.04 1.26
2 540 432 440 4.08 3.72 490 164 150 342 1.32
4 464 464 512 406 38 496 1.72 192 3.08 1.50
8 5.56 448 4.66 442 426 640 2.30 2.18 3.52 1.78
12 526 524 512 474 504 7.06 294 280 354 224

1 5.04 492 476 480 4.72 534 498 472 4.06 4.92

498 522 564 518 558 560 5.14 4.62 4.72 4.18

4 6.16 5.28 572 524 582 516 480 440 4.74 4.68

8 6.08 6.80 658 660 634 486 5.02 5.08 4.72 454

12 6.56 722 730 7.08 7.62 648 528 540 4.60 4.30

wWwwww| o[ NHlwwmwoww| v oo | N oo oo oo

Note: The table reports empirical rejection frequencies for the semi-parametric score test of the hypothesis
Ho:a=ag vs. Hi : @ # ag in the K-variable SVAR(p) model with nominal size 5%. The nuisance parameters
[ are estimated by OLS. The columns correspond to different choices for the distributions of the structural
shocks, €, ¢ for k =1,..., K. The distributions are reported in Table 1. Rejection rates are computed based on
M = 5,000 Monte Carlo replications.
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TABLE 3: EMPIRICAL REJECTION FREQUENCIES USING ONE-STEP ESTIMATES

K p N(0,1) t(15) t(10) t(5) SKU KU BM SPB SKB TRI
T = 200

2 1 592 656 580 536 534 462 484 546 4.86 4.88
2 2 596 518 574 548 490 4.86 504 538 420 4.70
2 4 506 4.68 488 492 420 4.08 518 508 444 5.16
2 8 436 398 462 418 436 4.02 576 6.18 4.08 5.76
2 12 376 388 408 368 424 324 544 6.64 3.62 5.98
3 1 726 770 7.62 736 7.04 6.66 650 6.06 6.26 5.60
3 2 720 774 808 810 624 750 622 6.86 6.78 6.08
3 4 630 702 748 736 692 630 620 644 612 5.54
3 8 396 468 480 540 472 432 330 428 442 3.82
3 12 230 242 222 290 208 216 264 216 244 2.96
T = 500

2 1 640 6.06 644 526 508 472 562 570 5.02 4.46
2 2 598 598 630 560 506 444 590 6.12 4.62 5.96
2 4 630 562 550 536 4.86 4.86 586 6.38 4.04 6.04
2 8 572 498 562 578 496 518 640 6.76 492 6.64
2 12 600 534 602 502 498 500 6.18 7.54 454 T.78
3 1 850 836 886 7.04 582 6.06 578 602 598 6.06
3 2 780 822 822 732 604 670 594 538 570 5.80
3 4 860 820 7.62 750 658 598 598 6.34 638 6.40
3 8 820 7.62 834 824 686 7.30 7.02 796 6.62 6.22
3 12 798 800 804 798 6.02 690 68 7.70 6.14 6.44
T = 1,000

2 1 630 610 6.00 540 534 442 526 592 504 5.18
2 2 694 590 580 590 502 468 552 640 502 5.96
2 4 590 622 612 590 474 470 5.68 594 4.22 5.88
2 8 656 566 544 588 470 506 580 6.08 478 6.64
2 12 598 620 58 578 498 4.60 638 628 452 7.34
3 1 816 734 758 6.64 508 546 548 490 522 4.86
3 802 7.82 812 648 6.02 612 560 556 500 4.76
3 4 930 778 794 662 594 636 610 568 556 6.12
3 8 824 856 764 810 612 674 658 692 580 7.10
3 12 750 832 842 746 656 832 696 7.96 580 6.90

Note: The table reports empirical rejection frequencies for the semi-parametric score test of the hypothesis
Hy : o= ag vs. Hi : a # ag in the K-variable SVAR(p) model with nominal size 5%. The nuisance parameters 3
are estimated by the one-step efficient procedure. The columns correspond to different choices for the distributions
of the structural shocks, €y for & = 1,..., K. The distributions are reported in Table 1. Rejection rates are

computed based on M = 5,000 Monte Carlo replications.
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first and second shocks respectively.?® Secondly, we consider the LM test corresponding to the
GMM setup of Lanne and Luoto (2021) (LM"). Lastly, we compare to the recently proposed
robust GMM methods of Drautzburg and Wright (2021). We include both tests that they pro-
pose. The first is based on the S-statistic of Stock and Wright (2000) which sets the cross third
and fourth order moments to zero (SPW). Second, we include their non-parametric test which
is based on Hoeffding (1948) and Blum et al. (1961) and sets all higher order cross moments
to zero (BKRPW). The SPW has the benefit that it does not require a full independence as-
sumption, whereas the BKRPW test, similarly to our semi-parametric score test, requires full
independence of the structural shocks. We implement the SPW and BKRPW tests using the
bootstrap procedure described in Drautzburg and Wright (2021).

To evaluate the finite-sample performance, we focus on an SVAR(1) model with K = 2
variables and a sample size of T' = 500. We use the same parametrisation and parameter values
as described in the previous subsection to generate the data. However, different to the previous
simulation study evaluating the size of the score test, we report results both for the case where
the structural shocks €14, €2 are identically distributed, but also for the case where the first
shock is fixed to have a Gaussian distribution while the distribution of the second structural
shock varies. Note that in the latter case, theoretically non-Gaussianity can still be used to
identify the parameters of the SVAR  if the second structural shock does not follow a Gaussian

distribution. However, identification is generally weaker in this case.

Size comparison

Table 4 compares the size of the different testing procedures. The first panel reports the results
for the case where the two structural shocks, €4, €2, are drawn from the same (non-Gaussian)
distribution while the second panel reports the results where €1, is fixed to have a Gaussian
distribution.

First as expected, the tests in group (i) — WFME WEL and DMM — tend to perform very
poorly, with the simulation results demonstrating both substantial over-rejection and extremely
conservative performance, depending on the test and distribution pair. This leads to the strong
recommendation to avoid tests that are not robust to weak deviations from Gaussian densities.

Overall, all tests in group (ii) perform much better, yet there are some differences that
are worth noting. First, similarly as before the rejection rates for the two efficient score tests
(5’ ) are close to the nominal size of 5%, regardless of the distribution of the structural shocks
(as in table 3). This holds regardless whether the second structural shock is Gaussian or not.
Next, consider the LM test based on Gouriéroux et al. (2017) (LMPMY): in the case with one
Gaussian density, this test is able to control size for all choices of the second density considered.
In the case where both shocks are drawn from the same distribution, this test is able to control
size for most of the distributions, however over-rejects somewhat for the BM, SPB and TRI
distributions. The LM test based on Lanne and Luoto (2021) (LM™“") displays slightly worse
performance, with over-rejections for about half of the distributions considered. Interestingly

many of these over-rejections occur in the first panel, where we may expect that identification

ZNote that this test is not actually discussed in Gouriéroux et al. (2017), but the simulations in Lee and Mesters
(2022a) show that it has reliable size for ICA models.
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is somewhat stronger. The identification robust moment tests of Drautzburg and Wright (2021)
(GMMPW and BKRPW) generally perform well, with the former always controlling size correctly
and the latter over-rejecting only in a few cases (e.g. the kurtotic unimodal distribution). This
over-rejection is not due to identification failure but rather slow convergence due to the higher
order moment conditions used.

To summarise, most of the non-robust alternative procedures lead to incorrect inference if
the distribution of the structural shocks is not “sufficiently” non-Gaussian. Furthermore, the
identity of the best-performing alternative procedure crucially depends on which non-Gaussian
distribution generated the data. In contrast, the semi-parametric score test proposed in this
paper gives correct inference regardless of the distribution of the structural shocks and whether

one or both shocks are non-Gaussian.

TABLE 4: EMPIRICAL REJECTION FREQUENCIES FOR ALTERNATIVE TESTS

Test N(0,1) t(15) t(10) t(5) SKU KU BM SPB SKB TRI
€1t ™~ €21

Sois 456 624 472 456 5.16 5.16 4.28 4.40  4.16 4.56
Sonestep 588 7.28 6.28 492 528 520 4.92 4.48  4.64 5.20
LMPML 448 484 496 4.84 636 576 20.44 31.68 5.68 32.36
LML 6.04 9.88 13.20 25.83 2236 14.96 5.64 472 11.32 5.28

GMMPW 340 4.04 392 524 488 4.36 3.04 236 3.56 2.96
BKRPW 500 4.64 4.00 524 6.76 30.56 4.80 4.76  6.44 4.80

WPML 2044 3.16 1.60 240 3.36 3.32 100.00 100.00 3.12 100.00
WLL 74.96 44.08 22.64 1.00 0.44 2.40 0.00 0.00 50.00 0.00
DML 11.80 12.56 13.60 14.28 11.96 10.68 5.48 4.92 13.72 4.28
€1t ~~ N(O, 1)

S, 512 452  4.64 440 416  4.36 1.60 1.12  3.48 1.88
Sonestep 6.72 6.32 620 576 508 4.56 5.04 5.00 5.24 6.00
LMPML 556  6.28 568 6.08 9.04 6.80 5.68 6.68 5.04 5.68
LML 736  6.12 640 656 7.12 8.08 1236 13.60 6.24 12.36

GMMPW 3.00 3.84 436 556 3.60 3.20 3.04 452  3.32 4.08
BKRPW 452 524 528 588 9.84 49.72 7.56 9.20 13.44 9.32

WFML 2220 10.40 7.64 2.04 188 1.44 95.08 97.68 11.20 97.92
WLL 74.88 67.40 58.64 24.64 14.80 43.84 56.08 50.88 72.36  54.28
DML 12.04 11.96 11.48 9.08 9.24 11.64 6.20 5.04 12.72 5.20

Note: The table reports empirical rejection frequencies for tests of the hypothesis Hp : a« = o vs. H1 : a # «o
with 5% nominal size for the SVAR(1) model with K = 2 and T = 500, and g = 7/5. S5 denotes the
semi-parametric score test using OLS estimates for 3, gonestep uses one-step efficient estimates. LMLL, W and
DM denote the GMM-based LM, Wald and distance metric tests of Lanne and Luoto (2021). LMF™™ and
WPFML denote the pseudo-maximum likelihood LM and Wald tests of Gouriéroux et al. (2017), GMMPW denotes
the GMM-based test of Drautzburg and Wright (2021), BKRPW denotes the non-parametric test of Drautzburg
and Wright (2021). The columns correspond to different choices for the distributions of the structural shocks,
€xt for k=1,..., K. The distributions are reported in Table 1. The tests of Drautzburg and Wright (2021) use
500 bootstrap replications to simulate the null distribution of the test statistics. Rejection rates are computed
based on M = 2,500 Monte Carlo replications.
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Power comparison

Next, we compare power among the identification robust tests. We again focus on an SVAR(1)
model with K = 2 variables a sample size of T' = 500, and two independent shocks drawn from
the same distribution.

Figure 2 reports the raw (i.e not size-adjusted) power for the semi-parametric score test
using one-step nuisance parameter estimates (red solid line), the semi-parametric score test
using OLS nuisance parameter estimates (black sold line), the pseudo maximum likelihood LM
test (dot - dashed blue line), the Drautzburg and Wright (2021) GMM test (dotted green line)
and the non-parametric Drautzburg and Wright (2021) test (dot - dashed purple line).

For the ¢ distributions in the first row of the figure, the best performing test is the pseudo
maximum likelihood LM test. This is not surprising as this test is based on the ¢ — density and
therefore is close to correctly specified. Nevertheless, the efficient score tests are not far behind,
offering almost comparable power. Moreover, in the other panels, the efficient score tests are
typically the most powerful tests (that also control size), with the one-step update version
performing slightly better. The quality of the other three tests depends to a large extent on
the underlying density. For example, the tests of Drautzburg and Wright (2021) offer very little
power in the ¢-distribution cases, but for the other distributions their non-parametric test has

power curves which are not much below those of the efficient score test.?%

7.3 Coverage and length of confidence sets

Next, we consider evaluating our methodology for constructing confidence sets for smooth func-
tions of the SVAR parameters as discussed in Section 6. We focus on evaluating the coverage
and length of the confidence sets for structural impulse response functions, see Example 6.1 for
the details.

We consider a similar simulation set up as above and discuss the results for the SVAR(1)
model with K = 2, T' = 500, and two independent shocks drawn from the same distribution,
as listed in Table 1. In each case, the confidence set is calculated using Algorithm 2 for the
structural impulse response of the first variable to the second shock and we report the coverage
rate and length for horizons 0-12. Further, we compare our approach to the identification robust
methods of Drautzburg and Wright (2021), for which we change step (i) in Algorithm 2 and
replace the efficient score test by the tests of Drautzburg and Wright (2021).

Figure 3 shows the empirical coverage rates. Not surprising we generally find that the two-
step Bonferroni approach is conservative; all empirical coverage rates are above the nominal
90% level. This holds for all horizons, densities and methods considered.

That said, we find that if the efficient score test, based on one-step efficient estimates, is
used as the first step in the Bonferroni method the coverage becomes much closer to the nominal
size. This holds for nearly all densities, the exception being the t densities that are very close

to Gaussian, where there is generally very low power.

26For the kurtotic unimodal distribution the power curve of this test is higher, however this test is substantially
oversized for this density. It should also be noted that the tests of Drautzburg and Wright (2021) are sub-
stantially more computationally demanding than the efficient score based approaches, as they use a bootstrap
approach to obtain the critical value. Relying on asymptotic critical values for these tests yields substantially
worse performance.
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FIGURE 2: POWER IN THE SVAR(1) MODEL

t(15) t(10) t(5)

N
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Note: The figure reports unadjusted empirical power curves for tests of the hypothesis Ho : « = a vs. Hy : a # o
with 5% nominal size for the SVAR(1) model with K = 2 and 7" = 500. The x-axis corresponds to different
alternatives for « around ao = 7/5. Sols denotes the semi-parametric score test using OLS estimates for g,
S’Mestep uses one-step efficient estimates. LM PML denotes the pseudo-maximum likelihood test of Gouriéroux
et al. (2017), GMMP"™ denotes the GMM-based test of Drautzburg and Wright (2021), BK R denotes the
non-parametric test of Drautzburg and Wright (2021). The tests of Drautzburg and Wright (2021) use 500
bootstrap replications to obtain critical values. Rejection frequencies are computed using M = 2,500 Monte
Carlo replications.

Figure 4 shows the length of the confidence intervals. We find that efficient score approach
gives the smallest length among all procedures considered and for all densities. The differences
between the methods varies; for some densities all methods give comparable intervals, but for
others the efficient score approach can give intervals that are up to 30% shorter in length.

We conclude that the two-step Bonferroni method, where the first step is based on the effi-

cient score test, gives substantial efficiency improvements when compared to existing methods.
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FIGURE 3: COVERAGE RATES OF Cp, g .1.0.9
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Note: The figure reports empirical coverage rates of confidence intervals at individual horizons for the impulse
response of the first variable to the second shock with 90% nominal coverage for the SVAR(1) model with K = 2
and T = 500. 5’018 denotes the semi-parametric score test using OLS estimates for f, Sonestep uses one-step
efficient estimates. GMMP" denotes the GMM-based test of Drautzburg and Wright (2021) and BKR”W
denotes the non-parametric test of Drautzburg and Wright (2021). The tests of Drautzburg and Wright (2021)
use 500 bootstrap replications to obtain critical values. Coverage is computed using M = 2,500 Monte Carlo
replications.
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FIGURE 4: AVERAGE LENGTH OF Cj, .0,0.9
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Note: The figure reports average length of confidence intervals at individual horizons for the impulse response
of the first variable to the second shock with 90% nominal coverage for the SVAR(1) model with K = 2 and
T = 500. 5’015 denotes the semi-parametric score test using OLS estimates for 3, S'Onestep uses one-step efficient
estimates. GMMPW denotes the GMM-based test of Drautzburg and Wright (2021) and BKRPY denotes
the non-parametric test of Drautzburg and Wright (2021). The tests of Drautzburg and Wright (2021) use 500

bootstrap replications to obtain critical values.

replications.

Average length is computed using M = 2,500 Monte Carlo
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8 Empirical studies

8.1 Labor supply-demand model of Baumeister and Hamilton (2015)

We revisit the bivariate SVAR(p) model of the U.S. labor market as considered in Baumeister
and Hamilton (2015). We have Y; = (Awy, An:)’, where Awy, is the growth rate of real compen-
sation per hour and A, is the growth rate of total U.S. employment. The SVAR model for Y;

is parametrised as

Y;g:C—FBlY;f—l+"'+BPY;5—P+BO_121/2 €t , (29)
with
_.d 1 0
By = “ ) and n/2 = |7
—a’ 1 0 (o))

The parameter o is the short-run wage elasticity of demand, and a® is the short-run wage
elasticity of supply. The number of lags used is p = 8, the sample is from 1970:Q1 through
2014:Q2, and conventional sign restrictions are imposed on the supply and demand elasticities;
a® >0 and o < 0.

Without further identifying information, any fixed point that satisfies the sign restrictions
is a valid point and nothing more can be learned. To improve identification, Baumeister and
Hamilton (2015) introduce carefully motivated priors on the short-run labor supply and demand
elasticities, based on estimates from the micro-econometric and macroeconomic literature, as
well as a long-run restriction on the effect of labor-demand shocks on employment (e.g. Shapiro
and Watson, 1988). We investigate whether such additional identifying assumptions can be
avoided by exploiting possible non-Gaussianity in the supply and demand shocks.

Recently, Lanne and Luoto (2019) adopted the methodology of Lanne and Luoto (2021) to
assess this possibility, but this approach may yield incorrect coverage when the shocks are close
to Gaussian (cf Section 7). Here we will adopt the robust score testing approach of Sections 5
and 6 to construct confidence sets for the elasticity parameters as well as impulse responses to
labor supply and labor demand shocks. Specifically, we construct confidence sets for a using
Algorithm 1 and confidence bands for the impulse responses using Algorithm 2. For both
algorithms, we make use of one-step efficient parameter estimates Bn.

Before getting there, we recall that our methodology relies on the assumption that the
demand and supply shocks are independent and not merely uncorrelated. Therefore, we start
by testing for independent components using the permutation test of Matteson and Tsay (2017),
see also Montiel Olea et al. (2022). For the given sample period, the test does not reject that
¢; has independent components (p-value = 0.248), hence we conclude this assumption is not

unreasonable and proceed with constructing confidence sets for the elasticity parameters.

Confidence Sets for (a?, o)

Figure 5 shows the 95% and 67% joint confidence sets for labor demand (af) and labor supply
(«®) parameters obtained using Algorithm 1 of Section 5. The confidence sets are constructed
based on a grid of 250,000 equally spaced points for (a?, a®) € [-3,0) x (0, 3] which covers the

32



FIGURE 5: CONFIDENCE SETS FOR LABOR DEMAND AND SUPPLY ELASTICITIES
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Note: 95% (light blue) and 67% (dark blue) confidence regions for labor demand and supply elasticities obtained
using Algorithm 1 with 250,000 equally-spaced grid points for (a?,a®) € [-3,0) x (0, 3].

majority of elasticity estimates reported in the microeconometric literature, as well as findings
from theoretical macroeconomic models (see the discussion in Baumeister and Hamilton (2015)).
The figure shows that overall, non-Gaussianity is not sufficient to pin down a precise region for
the elasticities, though it does rule out parts of the parameter space which would be accepted
under Gaussianity. For sufficiently negative values of the short-run demand elasticity, the
short-run supply elasticity is reasonably well identified from non-Gaussianity with confidence
sets indicating that o lies in the 0 - 0.3 range for both 95% and 67% confidence level. In
contrast, for values of a? that are less negative (smaller absolute value), the confidence sets
support a wide range of values for the supply elasticity, up to 0.6 at 67% confidence level and
spanning almost all values in the inspected grid at 95% confidence level. Our results match the
findings of Baumeister and Hamilton (2015) who report that the main posterior mass for o*
lies in the 0 - 0.5 range while the posterior for o indicates that demand elasticities between -3
and 0 are well supported by the model.

Note that the estimate of Lanne and Luoto (2019) obtained using non-Gaussianity identi-
fication (a? = —0.197,a® = 0.765) falls within our confidence set at 95% level. However, they
find narrow confidence sets for the elasticity parameters (asymptotic standard errors of 0.057
for a? and 0.196 for o, respectively) while our weak-identification robust approach results in

much wider confidence sets, similar to the credible sets of Baumeister and Hamilton (2015).
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FIGURE 6: IRF CONFIDENCE BANDS FOR LABOR DEMAND AND SUPPLY SHOCKS
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Note: 95% (light blue) and 67% (dark blue) identification-robust confidence bands for impulse responses to labor
supply and labor demand shocks, obtained using 250,000 equally-spaced grid points for (ad, a’) € [-3,0) x (0, 3].

Confidence Sets for impulse responses

Figure 6 shows our identification-robust 95% and 67% confidence sets for the impulse responses
to labor-demand and labor-supply shocks. Comparing the impulse response bands to the poste-
rior credible sets reported by Baumeister and Hamilton (2015), we note that the implied impulse
responses are, overall, very similar and show long and persistent responses to the supply and
demand shocks. The main differences are that our 95% identification-robust bands support
slightly negative long-run responses of the real wage and employment to a demand shock, as
well as a more pronounced negative long-run response of employment to a supply shock while
Baumeister and Hamilton (2015)’s credible sets contain only (weakly) positive responses. Com-
paring our results to Lanne and Luoto (2019), we note several differences. First, Lanne and
Luoto (2019) find a significant negative long-run response of the real wage to a supply shock
while our confidence sets do not rule out that the long-run response is weakly positive. Second,
and most important, they find a strong and significant dynamic response of both the real wage
and employment to the labor demand shock, inconsistent with the tight prior variance Baumeis-
ter and Hamilton (2015) impose on the long-run response of employment to a demand shock.
In contrast to their findings, both our 67% and 95% identification-robust confidence bands do
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not rule out that the long-run response of either variable to the demand shock is zero. This
evidence suggests that the long-run restriction of Baumeister and Hamilton (2015) cannot be

rejected solely on the basis of non-Gaussianity.

8.2 OQil price model of Kilian and Murphy (2012)

Next, we revisit the tri-variate oil market SVAR(p) model of Kilian and Murphy (2012). We
have Y; = (A, z¢, pt)” where Ag; is the percent change in global crude oil production, z; is an
index of real economic activity representing the global business cycle and p; is the log of the

real price of oil. The SVAR model is parameterised as follows

01 Qgx 05 Ogp-06
Yi=c+Biyi1+--+BY;p+ Ail(a, o) €, Ail(a,a) = |oy o4 Qzp (30)

03 05 06

where following Baumeister and Hamilton (2019) we use p = 12. In this model, ¢ includes
a shock to the world production of crude oil ( “oil supply shock”), a shock to the demand for
crude oil and other industrial commodities associated with the global business cycle ( “aggregate
demand shock”), and a shock to demand for oil that is specific to the oil market ( “oil-market-
specific demand shock”). In the parametrisation above, oy, is the short-run (impact) demand
elasticity of oil supply while «, captures the short-run (impact) price elasticity of oil supply.
The baseline model of Kilian and Murphy (2012) makes use of the following sign restrictions

on the impact responses in A~! to identify impulse responses:%7

+
. (31)
+

_|_
A a,0) = |+

+ o+ +

In addition, Kilian and Murphy (2012) impose a set of upper bounds on the short-run oil supply
elasticities implied by the model to shrink the identified set for the impulse responses. Specif-
ically, they assume that ag, < 0.0258, oy, < 0.0258 and that oy, > —1.5. These restrictions,
in particular the elasticity bound on «g,, have been criticised by Baumeister and Hamilton
(2019) as being too tight and there is an active debate around which values for these bounds
are reasonable (see Herrera and Rangaraju (2020) for an overview).

We investigate whether the bounds on the elasticities can be avoided by exploiting non-
Gaussian features of the structural shocks. We consider the robust score testing approach of
Sections 5 and 6 to construct confidence sets for the elasticity parameters as well as the impulse
responses to the oil supply shock, the aggregate demand shock and the oil-market-specific

demand shock. Our implementation is similar as in the previous application.?®

2TKilian and Murphy (2012) normalize the first shock to be an oil supply disruption, leading to inverted signs in
the first column of A~!. Following Baumeister and Hamilton (2019), we consider a positive oil supply shock.

28We started again by testing for independent components using the permutation test of Matteson and Tsay
(2017). The test does not reject that e, has independent components (p-value = 0.24).
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FIGURE 7: CONFIDENCE SETS FOR (0q, 0tgp)
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Note: 95% (light blue) and 67% (dark blue) confidence regions for supply elasticities (s, 0gp) Obtained using
Algorithm 1 using 500,000 grid points for (aqa, agp, @zp) € (0,0.25] x (0,0.1] x [—3,0) by projection across
accepted values for ag,. The black dashed lines denote the original supply elasticity bounds of 0.0258 imposed
by Kilian and Murphy (2012).

Confidence sets for oil supply elasticities (o, ogp)

Figure 7 shows the 95% and 67% joint confidence sets for the price elasticity of oil supply (o)
and the demand elasticity of oil supply (o) obtained using Algorithm 1 of Section 5 from a
grid of 500,000 points for (o, agp, zp) € (0,0.25] x (0,0.1] x [-3,0) with 100 points for g,
and «gp each and 50 points for agp. The confidence set for (e, ogp) is obtained by projecting
over all values of a, in the grid. The end points of the grid were chosen by (i) doubling the
bound on «,;, imposed by Kilian and Murphy (2012), (ii) allowing for a large range of values for
g, and (iii) substantially relaxing the bound on the price elasticity of oil supply () in Kilian
and Murphy (2012) to address the critique of Baumeister and Hamilton (2019). In particular,
the grid end-point of 0.1 for ay, matches the largest supply elasticity bound considered in
the sensitivity analysis of Baumeister and Hamilton (2019)’s model carried out in Herrera and
Rangaraju (2020) and nests the relaxed supply elasticity bound considered in Zhou (2020). To
ensure that our robust confidence set is compatible with the sign restrictions in (31), we impose
these signs in the estimation of the nuisance parameters ¢.?

Inspecting the confidence set depicted in Figure 7, we note that non-Gaussianity significantly
helps to identify the price elasticity of the oil supply, but is less able to accurately pin down
the demand elasticity of oil supply. In particular, while the considered grid allows for supply

29Note that the set of sign restrictions on A~! does not merely pin down a signed permutation of A~!, but also
imposes additional restrictions on the magnitudes of elasticities; see the discussion in Baumeister and Hamilton
(2019, p. 1881).
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FIGURE 8: IRF CONFIDENCE BANDS IN THE OIL MARKET MODEL
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Note: 95% (light blue) and 67% (dark blue) identification-robust confidence bands for the impulse responses to
oil supply, aggregate demand and oil-specific demand shocks, obtained using 500,000 equally-spaced grid points
for (aga, gp, azp) € (0,0.25] x (0,0.1] x [=3,0).

elasticities up to 0.1, the bound on the price elasticity of oil supply implied by the 95% and
67% confidence set for agy, falls within the relaxed bound of 0.04 considered by Zhou (2020). In
addition, at the 67% level, the elasticity lies within the bound of 0.0258 originally considered
in Kilian and Murphy (2012). At the 95% level, non-Gaussianity can not rule out that oy, falls
outside this bound. For the demand elasticity of oil supply (ag.), the confidence set spans a
large range of values between zero and 0.22, depending on the value for ay,.

Overall, our results suggest that non-Gaussianity is informative about the oil supply elas-
ticities ags, agp in the model of Kilian and Murphy (2012). However, it is not able to justify
the bounds considered in Kilian and Murphy (2012).

Confidence Sets for Impulse Responses

Finally, we turn to inspecting the 95% and 67% confidence bands for impulse responses to
oil supply, aggregate demand and oil-specific supply shocks which are depicted in Figure 8.
We note that our confidence bands overall exhibit response patterns that are similar to the
results reported in Kilian and Murphy (2012) based on sign restrictions and the elasticity

bound of 0.0258. However, our procedure results in substantially wider confidence bands for
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the responses of global real activity and the real price of oil than the ones originally reported
in Kilian and Murphy (2012). In particular, while the responses of oil production are identified
precisely, the responses of global real activity and of the real price of oil exhibit large uncertainty
with insignificant and flat responses to the oil supply shock, significant positive hump-shaped
responses to the aggregate demand shock and mixed response patterns to the oil-specific demand
shock.

9 Conclusion

This paper develops robust inference methods for structural vector autoregressive (SVAR) mod-
els that are identified via non-Gaussianity in the distributions of the structural shocks. We treat
the SVAR model as a semi-parametric model where the densities of the structural shocks form
the non-parametric part and conduct inference on the possibly weakly identified or non identi-
fied parameters of the SVAR, using a semi-parametric generalisation of Neyman’s C(«) statistic.
We additionally provide a two-step Bonferroni-based approach to conduct inference on smooth
functions of all the finite-dimension parameters of the model.

We assess the finite-sample performance of our method in a large simulation study and find
that the empirical rejection frequencies of the semi-parametric score test are always close to the
nominal size, regardless of the true distribution of the shocks. Moreover, the power of the test
is typically higher than alternative methods that have been proposed in the literature.

Finally, we employ the proposed approach in a number of empirical studies. Overall our
findings are mixed. Whilst non-Gaussianity does provide some identifying information for the
structural parameters of interest, it is unable to always pin down the parameter values or impulse
responses precisely. These exercises also highlight the importance of using weak identification

robust methods to asses estimation uncertainty when using non-Gaussianity for identification.
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Appendix

A Proofs and additional results

A.1 Density score estimation

LEMMA A.1: Suppose Assumptions 3.1 and 5.2 hold. Let 6, = (an,Bn, n) — 0 where \/ﬁHBn —
Bl = O(1). Then the log density score estimates ¢ defined as in (17) satisfy for j,k
LK kA

%Z [ék,n(An,ko (Y;f - BnXt)) ¢k( n ko( BnXt))] Wn,t = OPéln (TL_I/Q), (32)
t=1

where A, = A(an, Bp) and B, = B(3,) and for v, = vh, with 1 < p < 1+ 6/4 and
n~1/20=1/P) = (v, ) we have

:LG: <[(£k’”<14"”1“(}/;f — BnXt)) — Or(Anpe(Ye — BnXt>)] Wn,t)Q = ory (Vn). (33)
t=1

where W,y are any random variables independent from all Ay, yeo(Ys — cn — BpXs) with s >t

and such that sup,en 1<i<n Ej. W2, < oo and IS W2, — Eg, w2, 0.

Proof of Lemma A.1. The proof follows by an argument analogous to that used to prove Lemma
3 of Lee and Mesters (2022a); see Lee and Mesters (2022b) for the proof. O
A.2 Main proofs

Proof of Proposition 4.1. Throughout we work conditional on (Y_,11,...,Y))". Define

K

[Clégn (5/75, Xt) + Z hk (An,ko%n,t)
k=1

1
Wit =
SRS

where A, = A(an,0n), Fnt = 0(Yy, Xt), Fn = Fnn and note that (W ¢, Fn t)nen, tefn) forms
an adapted stochastic process. Moreover it is clear that given assumption 3.1(ii),

)

1

K
[CIE [EG(Y;% Xt)’fn,t—1:| + ZE[hk(An,ko‘/On,t)‘Fn,t—l]] = 07 (34)
k=1

almost surely, where the expectation is taken under Py .
Next define Z, ; = (znﬂg/zn,t_l)l/2 — 1 where 2z, 0 =1 and else

(Y LT 2820 (1 ()
Zn,j = |A| X Vnt) n,k\4n ke n,t)/ TL>,

1 e ] Ap ke

ie.,
. K - 1/2
‘An’ Tk (An,ko Vn,t)

— 1.
‘An’ b1 nk’(An,koVn,t)

Znt =

)

(1 + B (An e Vi) /\/ﬁ)

We now verify conditions (S2) — (S6) of Theorem 2.1.2 in Taniguchi and Kakizawa (2000), having
shown (S1) to hold above. (S2), i.e. that EY ;| [Wy: — Zn4]? — 0, where the expectation is
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taken under Pj' is shown to hold in Lemma A.3 below. (S3) — (S6) follow from Lemmas A.7
and A.8. (S3) follows immediately from Lemma A.7; (S5) follows from Lemma A.8 by Markov’s
inequality. For (S4), use the uniform integrability given by Lemma A.7 and Markov’s inequality
to obtain that for any € > 0, as n — oo

py <max |Wit| > g> <Py (Z W2 A{| Wiyl > e} > 52>
t=1

_2% ZE [nW2 1{V/n|Wh| > ev/n}]
t=1
— 0.

For (S6), note that the same UI argument as just used yields that

nlggOZE 2 2{|Wayl > 6}] =0,
for some § > 0 and hence as conditional expectations are contractions in L1,

lim E | E [W2 1{|Wny| > 0} Fns-]| =0,

n—r00
t=1

implying (S6). (L3) of Theorem 2.1.1 in Taniguchi and Kakizawa (2000) holds since the relevant
measures are both absolutely continuous with respect to Lebesgue measure (cf. Taniguchi and
Kakizawa, 2000, p. 34). By Theorem 2.1.2 of Taniguchi and Kakizawa (2000), under Py :

AG 6 (Y™) s N (=7%/2,77). (35)
In view of Lemma A.8 and (S1) we have that Wy(c, h) := limp_,00 E [gn(Y™)?] = 72 (in which
the dependence on ¢, h is notationally supressed on the right hand side). Let € € (0,1) be
fixed and define E,, == {maxj<;<p |Zp, Theorem 2.1.2 of Taniguchi and
Kakizawa (2000) Py E, — 1. By Taylor expansion of log(1 + x), on Ej;, we have

log(1 4 Znt) = Znt — 2th + 22 R(Zny),

where R(x) < M|z| for some M € [0,00) and so by (S2), on E,
A7 o (V") =23 log(Zue +1)
t=1
D IS 0
t=1
Moreover, by Theorem 2.1.2 of Taniguchi and Kakizawa (2000),

Z tR nit) <Mmax |Znt]Z t:Openn(l),

t=1

and so using also Lemma A.4

AG o (Y Z2Wnt—7/4— Zz i+ opp (1),
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Lemma A.8, comparison of W, ; and g,(Y"™) and the fact that the above display holds with
Py —probability approaching 1 yields the asymptotic expansion (10). The weak convergence of
gn(Y™) follows by combining (10), (35) and (S5). O

Proof of Corollary 4.1. Combine (35) with Example 6.5 in van der Vaart (1998). O
Proof of Lemma 4.1. Define

n K
pg,H‘—{Zth (AkeVoy) : h—(hl,...,hx)e%ﬂ}, Vou =Y, — BoX;.  (36)
t=1 k=1

. L
It suffices to show that (a) £p(Ys, Xs) € [7';7(9'7}[] C Lo(Py) (componentwise) and (b) under Py

E =0 forall he 7.

K
(0¥, X,) = 2o(Ys, X)) D23 h(AraVire)
t=1 k=1

For (a), the fact that 5(Vs, X,) € Lo (Py') follows straightfowardly from its form and the moment
conditions in assumption 3.1(ii). Next note that for any h € 5,1 < s <n,

Zn:iE V@ Y5, Xs hk(AkoVet)] =0

t=1 k=1
will obtain under Py if we have that for all k,j,m € [K] with m # j and all 1 < s < n,
1<t <n,

E [¢1(€m,s)€j,s hk(ﬁk )] =0

E [em,shr(€rt)] =

E [k(€m,s) I ek, t)] 0

E [(Xs — 1) pm(€m,s)he(exs)] = 0,

the first three of which follow from the independence between components and across time of

(€t)¢>1. If s < ¢, then by independence E [( Xy — 1) dm (€m,s) i (€rt)] = E[(Xs — 1) dm(€m,s)]) E [hi(€r )] =

0. If s > t, then E [( Xy — 1) dm(€m,s) i (ert)] = E[(Xs — ) hi(ert) E [pm(em,s)|o(er, ... es-1)]] =
0 again by independence.

For (b), that fg(Ys, X) — lo(Ys, X;) € La(Py) follows from fy(Ys, X;) € La(Py') (as noted
above) and Lemma A.7. Note that for any h € 5,1 < s <n,

SR
t=1

will obtain under Pj' if we have that for any m € [K],1 <t <mn, 1 <s<n and

=0

K
(29(%, Xs) = lp(Ys, Xs)) D hi(AreVay)
k=1

K
E ((bm(em,s)fm,s +1- Tm,1€m,s — Tm,Q"f(ﬁm,s» Z hk(ek,t)] =0
k=1

K
E ((bm(em,s) + Sm,1€m,s T+ gm,2""7(6m,s)) Z hk(Ek,t)] =0.
k=1

If s # ¢, both terms follows by independence (over t) of (&)s>1 and the definition of . If
s =t the first term follows from the fact that the projection of ¢y, (em¢)ex: + 1 on [’7'77‘7 1+
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Tk1€kt + Tk 2k(€x,) as follows from the analogous result in the proof of Lemma 2 of Lee and
Mesters (2022a).3 For the second term, if s # ¢, then this follows by independence (over t) of
(e1)i>1 and the definition of 2. If s = ¢, then define g(e) = ¢m(e) + sm,1e + smak(e). qlem)

belongs to cl Tgl 1 as q(émyz) € Lo(Fy') and the choice of ¢ ensures that

Elg(eém,t)] = Elg(€m,t)ems] = Elq(em,t)k(€m,)] =0,

as is easily verified.3! Define also r(e) = Sm,1€ + Sm2k(e). Then, by definition of A we have

that r(em¢) € [Tnh ]*. Hence we can write
Pm(€m.t) = qlemt) — 7(€m.)

where the first right hand side term belongs to cl 7'77| and the second to its orthogonal comple-
ment. Therefore, by e.g. Theorem 4.11 of Rudin (1987) 7(€)m,¢ is the orthogonal projection

Of G (€mnys) onto [TH 1+ whlchlmphesthau@[(%(em,t)—(—r(em,t)))zlehk(ek,t)}:o. O

Proof of Theorem 5.1. Define

a5 = v e ]|
Ru2(B2) = |[ViPu [fo. = B9,] + Valng, (3 = )
Ro3(By) = | Inr, — I

where v, == (a, Bx) and 6, == (74, n). We show that we have

n

Rui(0n) =250 fori=1,2,3. (37)

Define b, := /n(B!, — 3). We may assume without loss of generality that b, — b and h,, — h.32

Let Q,, denote the law of (Y;)%, corresponding to 0, = (o, B+ bn/v/n, (1 + hy/+/n)) and
P, that corresponding to 6, == (v, B+b,/+/n,n) (both conditional on the initial observations).
By Corollary 4.1 @,, <>P,, and hence (37) follows by Lemma A.10 and Le Cam’s first Lemma
(e.g. van der Vaart, 1998, Lemma 6.4).

Next we show that (37) continues to hold if the argument of the remainders R, ; is replaced
by B, as defined in the theorem. Since 3, remains \/n-consistent there is an M > 0 such that
s (VnllBn — B|| > M) < e. If \/n||B, — B]| < M then B, is equal to one of the values in the

finite set .7¢ = {B € n=1/2CZ" : |8’ — || < n~/2M?}. For each M this set has finite number
of elements bounded independently of n, call this upper bound B. Letting R, denote any of
R,.1, Ry or R, 3 we have that for any v > 0

P2 (IRa(B)ll > v) <e+ D> Py ({IRa(Ba)ll > v} N {8y = Bn})

Bn€SE

<e+ Z Pgn;L (HRn(ﬁn)”>’U)

Bn€SE
< e+ BP (|[Ra(B)] > v),

where 8 € B, maximises 8 — P3' ([[Rn(B)|| > v). As (B})nen is a deterministic \/n-consistent

30See Lee and Mesters (2022b) for the proof.

31That cl 7—1437!71{ is the set of Ly random variables satisfying these equations can be shown by an argument
analogous to that in footnote S5 of Lee and Mesters (2022b).
320therwise the same argument can proceed along appropriately chosen subsequences.
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sequence for § we have that P7' (|| Rn(585)[ > v) — 0 by (37).
It follows that '

VP, b5, — By, | = Vi b5, = g, | + iy [lg, B, | = ~T00,0,(Ba = B)) + 0pn (1),

TL PTL

and I . —)Ig andsoICng —>lC9for

’69 = |:I —I~97alg1975/3} I@nﬁ = |:I _fn@aﬂln_@ ﬁﬁ]
We combine these to obtain

VP, [fn s, — Fnp,)
— (R — Ko ) Vit [i5, — ] + Ko, 0 [B5, — 0] + (s, — Ko, ) itPol,
= —Ko,16,(0,v/n(B. — B)) + opy. (1)

- 1, I 0
— |1 —I N I 1 } LOn,aa  10n,08 B "
|: an» 5 Gn,ﬂﬁ -167“6(1 I@,’hﬁﬁ \/ﬁ(ﬁn _ 6) + OPén(l)
= opn (1)

On

Next, let Z,, = ﬁ Yoty fngn (Y, X¢) and re-write it as

Zn = men Y, Xi) \FZ Fin g (Yo, Xo)—Fin g, (Y1, X1)) = men (e, Xo)+opy (1).

By (i) of Lemma A.10 and Le Cam’s third lemma (e.g. van der Vaart, 1998, Example 6.7)

||M:

7 Tg, (Y, X;) ~ N (19(0’ WY, I ) under P |

and hence under Pén
1 - . -
Zn= = D lonial¥e X0) = Dngnli, asl,5(Ye X0) + opy (1) = 2~ N(0,Ty).
=1

We additionally have

By repeated addition and subtraction along with the observations that any submatrix has a
smaller operator norm than the original matrix we obtain and the matrix inverse is Lipschitz

0, Ym0 -[0 ao

Tug, ~ ], <

‘ +HInvn aﬁfn%w]nvn Iﬁaﬁfeﬁﬁfﬁﬁa

continuous at a non-singular matrix we obtain

|

Hence by equation (37) with %, replacing ~, we have P <’

Iv

yin

4,5

n,Yn IBH

fnﬁn — ngz < ﬁn> — 1 where
Uy, = Cy, for some positive constant C' > 1. By Proposition 3.13 and Lemma C.6 of Lee (2022)

ZA'Z:T—Y” SN fg and Py Ry — 1,

43



where R, = {rank(ifﬂn

Suppose first that r := rank(Zy) > 0. By Slutsky’s lemma and the continuous mapping
theorem we have that

) = rank(Zy)}.

Sok. = 2015, 2o~ ZT}Z ~ X
where the distributional result X := Z’f;r Z ~ x2, follows from e.g. Theorem 9.2.2 in Rao and

Mitra (1971). On R,, ¢, is the 1 —a quantile of the x? distribution, which we will call c. Hence,
P .
we have ¢, — ¢ and as a result,Sign — ¢y ~ X — ¢ where X ~ x2. Since the x? distribution

is continuous, we have by the Portmanteau theorem
P (S;fﬁ > cn> =1-P; (S;fﬁn e < 0) 51-P(X—¢c<0)=1-P(X<c)=1-(1-a)=a,

which completes the proof in the case that » > 0.

It remains to handle the case with » = 0. We first note that Z,, ~ Z ~ N (O,ig) continues
to hold by our assumptions, though in this case Zy is the zero matrix and hence the limiting
distribution is degenerate: Z = 0.

On the sets R,, we have that ffl% is the zero matrix, whose Moore-Penrose inverse is also
the zero matrix. Hence on these sets we have S’ign = 0 and ¢, = 0 and therefore do not reject,
implying

Py (SRR > cp) <1— P Ry, — 0.

It follows that Py (SSE > ¢,) — 0. O
Proof of Corollary 5.1. Apply Theorem 5.1 to conclude:

lim Pjl (€ Cn)>1-— lim_ Py (SRR > e) 21 -a O
Proof of Proposition 6.1. Let G be a convex, compact set with G D {7, : n > Ny} for some
Ny € N. Since g is continuously differentiable and G is compact, {||g || : v € G} is bounded and
hence {g/, :n € N} is uniformly equicontinuous (cf. Remark A.2). By compactness, v + g, is
uniformly continuous on G. Combined with the mean-value theorem (e.g. Drabek and Milota,
2007, Theorem 3.2.7) this implies that g is uniformly differentiable along (v )nen. By Theorem

A.2 and the fact that A'(0, M,) == N(0, M) if M,, — M = 0,

P

Vvn <g(an,,3n) — g(am, Bn)> 23 (Oa J’y%zl) .

This and the fact that Vma _n, JVZJ; > 0 by our hypotheses and the continuous mapping
theorem imply that

N

ng(an,ﬁAn)'Vn_,ég(an,Bn) ~ X?lg under Pé”n.
It follows that

lim P (g(amén) € CA"n,g,ozn,l—a) = nham P (ng(anyén)lvnjolég(amﬁn) < Ca> =1l-a O

n—oo  On 0o On

Proof of Corollary 6.1. This follows directly from the hypotheses and the fact that

P2 (9o Ba) € Cuy) = B ({9, Bu) € Crgnnas 01 {n € Gy, })

> Pérn;b (g(an’Bn) c én,g,an,lqu) —+ Pg;b (Oén S én,l*Ql) — 1. OJ
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A.3 Auxilliary results

Here we record results relating to the model under study in the main text, which are used in

establishing the main results which are proven above.

Define Z; .= (Y/,Y/ 4, ...

7Y;5/—p+1>/7 C9 = (6/07 0/7 cee 70/)/;

[Bo1 By Bp,—1 Boy] (A

I 0 0 0 0

Byg=| 0 I 0 0 Dg:=| 0
00 I 0 0

and note that we can write

Zy = Co + ByZi_1 + Dye. (38)

PROPOSITION A.1: Suppose that assumption 3.1 holds. Then ® = (Zy)i>0 (with initial value
Zy = z) is a uniformly ergodic Markov chain on REP. Moreover for any compact set K C R%,
we have that for any (initial value) z € REP,

1QF (2, ) = mo()llrv < (Mi + [|2]*)v™,

sup for somey <1, My < o0

0=(v,m): veK

and g an invariant probability distribution for ® (under 6) and for My < oo

sup  fig(n) < (4My +3]l2[* + Ma)y /2,

0=(v,m): veK
where Bp(n) are the B-mizing coefficients of ®.

Proof. That ® is a Markov chain follows from Proposition 11.6 in Kallenberg (2021). Explicit
computation of the rank of the controllability matrix (Meyn and Tweedie, 2009, equation (4.13))
demonstrates that the associated linear control model is controllable. Moreover under assump-
tion 3.1, (LSS4) and (LSS5) of Meyn and Tweedie (2009) hold and hence by Proposition 6.3.5
in Meyn and Tweedie (2009), ® is a i-irreducible T-chain and every compact subset is a small
set. Aperiodicity of ® follows from the assumptions on the densities.

The 1-step transition probability is given by the density on RXP x REP defined as

K

p
a0(y, %) = Al [ m(AoxVo), Vo =w1—co— Y Boaa,
e =1

where e.g. y; denotes the first K elements of y and similarly for z. By assumption 3.1, the map
(%, Y, ™) = q(y,n) (¥, T) is continuous and positive everywhere on I' x REP x REP. For any compact

B C RE? put € == finf(w,x)erB Q('y,n)(yv l’) dy and p(y) = inf('y,ac)erB d(vm) (y’w)/agg Then
for any A € B(R®P) and any x € B,

/Aqe(y,x) dy Ze—:/Ap(y) dy.

Under assumption 3.1 the eigenvalues of By are bounded above by some p < 1 for all
0 €T :={(v,n):v € K}. Using this and the Gelfand formula (e.g. Horn and Johnson, 2013,
Corollary 5.6.14) there exists a p, < 1 with ||Bj|| < p} on T. Since we can re-write (38) as

Zy —mp = Bp(Zi—1 — mg) + Dyey, (39)

33Note that € > 0 by the positivity and continuity.
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with mg = (Z;ﬁo Bg) Cp, we have
Vo(Zi) = |Bg(Zi—1 — my)||* + [|Dgec||* + 2[Bo(Zi—1 — mq))'Doer + 1,
and since € is independent of Z;_1, and ||Dy|| < D, < oo on T,
E(Vo(Zi)|Z-1) < pil| Zi—1 — mo||* + DF < p2No(Zi-1) + D3,

This, in conjunction with Proposition 5.5.3 and Lemmas 15.2.8 of Meyn and Tweedie (2009)
establishes that the Markov chain satisfies the drift condition (10) in Roberts and Rosenthal
(2004) with A = (1+p2)/2 < 1,b=D? < oo and C = Cy = {2 : Vp(2) < 2D?/(1 — p2)}. By
Proposition 11 in Roberts and Rosenthal (2004) their bivariate drift condition (11) is satisfied
with h(z,y) = [Vo(z) + Vo(y)]/2 and o=t = A+ b/(d + 1) < 1. Moreover by g = max{1,a(l —

€) SUP(3.4)cCy xCy Rohg(x,7)} is bounded above by (1 —¢)D2/(1 — p2) < oo, where Rphy(z,y) is
defined analogously to Rh(z,y) on p. 41 of Roberts and Rosenthal (2004). By Theorem 16.0.2

of Meyn and Tweedie (2009) there exists an invariant mp with
1Q4(2,-) —mo|| < Rr™™, R < o0, r>1,

where Qg(z, ) is the transition probability. That is, ® is uniformly ergodic.
For the second claim, by Theorem 12 in Roberts and Rosenthal (2004) we have that for any
(initial) z € RXP and some y < 1, for all € T,

15 (2, ) = molly < (M + 2 *)v",

where34
My =14 sup ||mgl]* + sup/ |2 — mgl|* dmg(2) < .
9T 9T

The claim regarding the S-mixing coefficients then follows directly from Proposition 3 in Lieb-
scher (2005), with My == supger [ ||2]|> dmg(2) < 00.35 O

LEMMA A.2: Suppose that assumption 3.1 holds. Define Uy, as the (unique, strictly) stationary
solution to (38) (under 0). Then Uy, has the representation

o oo
Ups=mg+ > BjDgerj, mg:=(T—By)"'Cs Y _|[Bj < o0.
§=0 §=0

If py is the largest absolute eigenvalue of the companion matrix By and v > 0 is such that
po +v <1, the for || - || the spectral norm,

E ||Doet ||

E||Ug; — mgll® < — 1207
U0, —molP’ < 7= 00

p€[l,4+4].

Proof. Rewriting (38) as (39) and applying Theorem 11.3.1 in Brockwell and Davis (1991) yields
the first part. For the second part, let Uy Jpldy be a Schur decomposition of Bg. Then

[e.e] oo o0
1Upe —moll <Y IIBylIDgec—sl < D 1617 IDoer—sll < Y (oo + 1)’ Dger—ll-
=0 j=0 j=0

34That the first supremum is finite is clear since my = (I — 89)71C9 which is evidently continuous. For the second
supremum note that the integral is taking an expectation with respect to the distribution of the stationary
solution of a VAR model. This is bounded uniformly over § € T by Lemma A.2, the fact that ||Dg|| is uniformly
bounded on T and the observation that since M +— p(M) is continuous and T is compact, there is a p and v
with p+ v < 1 such that p > p(By) for all 8 € T.

35The uniform boundedness of Mz follows by an analogous argument as given in footnote 34.
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Since E ||Dge;—;||° = E ||Dger]|® < oo for all t € N, all j > 0 and p € [1,4 + 6], it follows that

E [|Dyet[|®

_— O
1—(po+v)°

o
E |Upe —moll® <Y (po + )P E ||Doer—j|° =
7=0

COROLLARY A.1l: Suppose that assumption 3.1 holds and 0, = (yn,n) — (7v,m) = 0. Define my
as in Proposition A.1 and let 9, ,, be the measure corresponding to the density %Z?:l P06, t
where py, + is the density of the non-deterministic parts of Xy under Py (1 <t<mn). Then
Gom ~ o

Proof. By Proposition A.1, %, Y, 7 uniformly on T = {0, : n € N} U {#}. We also have
that m, ~» mp. To see this, use the representation in Lemma A.2 and the fact that we can
uniformly bound ||BJ|| and HDﬁH for ¥ € T and j € N to obtain

[ee]
E||Us, .« — Ugall < llma, —moll +E|> B Dg,er—j — BjDger
=0

= o(1) +E lec|| Y (118, 11Ds, — Doll + [IDo1lIB5, - BI1)
j=0

=o(1)

where the second equality uses the fact the e; are identically distributed and the third equality
uses the dominated convergence theorem.36 This implies that Up,t ~ Ups as n — oo, le.
mg, ~+ mp. Combination of these results yields the claim. O

LeMMA A.3 (UDQM): Suppose that assumption 3.1 holds. Then, with Wy, and Zy, defined as
in the proof of Proposition 4.1,

lim EY (Wt — Zne)> = 0.
t=1

Proof. Write Y,, ; and Xn t for random elements which have the same law as Y}, X (respectively)
under Pe Recall V},; =Y, ; — BX,,; and define

K
90 (Yot, Xn ) = | Al H Me(AkeVe),  9o(Yots Xnt) = log(YVy, Xnt) + Y hi(AgeVir). (40)
k=1 k=1

Let (u) = (¢,mhi, ... ,nhi) for u = (¢, h) with ¢ € Rletls b e 2. We initially sup-
pose that 6, = 6 for all n € N and argue similarly to Lemma 7.6 in van der Vaart (1998).
By Assumption 3.1 and standard computations, the derivative of s — | /Ga o) at s = s is

% 90+sp(u)r/T0+sp(u) (everywhere). Inspection reveals that this is continuous in s. Let pg; be as
defined in Corollary A.1. Define

Ios = / GBaspo. .

By the mean-value theorem and Jensen’s inequality we can write

/(@ff> po.cdX < - // vn\/ﬁ)petdvdr/l foomdo (A1)

36Note that HBgn — BJ|| — 0 pointwise in j and is dominated by 2p, where p, < 1 is a uniform upper bound on
| Bsll for ¥ € T and » 72, 2p% = 23772 pi < oo.
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where ¥, =0 + ﬁcp(u) and the last step follows by Tonelli’s theorem.
It is shown in Lemma A.5 that as n — oo,

10 1
- Z/o Iy, tdv = /0 /ggvyn dG, ,, ndv — /gg dGy < o0, (42)
t=1

where Gy, is as defined in Lemma A.9. Using this, we can re-write

tZ:;/(x/W—\/fT 2f99ﬁ> poydr = /< {\/\g”—q —;gg>2dG97n. (43)

By the assumed differentiability, the integrand in the last integral converges pointwise to zero.
Combining this with (41), (42) and (43) with Proposition A.2 we have

2
lim <\f N \F]—fAe( )\/7)) PondX =0, (44)

n—o0

where pg,, == %Z?Zl po+ and Ag(u) = gy, to emphasise the linearity in u of go. We next show
that any w, — u, u, — u (all in U), and any (v,)nen C [0, 00) with v, | 0,

2
lim [A9n+vnso(un)(un) 40, +vnp(un) — D6, (1) y QGn} P0,.n AA = 0. (45)

n—oo

We first note that for any (deterministic) convergent sequence z,, — =, we have

[AOnJrvncp(un) (un) QQnJrvnap(un)](')xn) - [AQ(U)@](ﬂ ‘T) — 0,

pontwise in y. This follows by the continuity of the relevant functions and that, for ¥, =
On + UnQD(Un), (1)

(y — By, wn) — (y — Byz) = By (vn — ) + (By — Bg)x — 0,
since ¥ — By is continuous and (ii), since ¥ — Ay is continuous,
Aj, keDbyTn — Ap e Dipyw = Ay 14Dy, (xn —x) + (Aén,ko — Ap ko) Dp,z — 0.
The form of %n is the same as that given in (7) — (9) once each ¢y, is replaced by

vnhi//n
1 +Unhk/\/’ﬁ,

and, moreover, since ¥, — 6, the continuity and continuous differentiability conditions in
assumption 3.1 ensure that all non-random terms in the expressions (7) — (9) converge and are
thus bounded.?” Noting this and directly integrating, it follows that

Phn = Ok + (46)

n—oo

lim ([AOn-l—vnnp(un)(un) 40, +vnp(un) (y,xn))2 dy = /([Ag(u)@](y,iﬁ))2 dy < oo,

and hence by Proposition 2.29 in van der Vaart (1998),

2
[ (180,000 00) B o 0:20) = Ba@) VG5 2)) dy =0,

37Ct. footnote 43.
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Taking v, =0, u, = u and 6, = 0 in the above yields also

[ (B0t Glw) ~ Bo(w) @y ))* dy =0,

and hence we have that

2
Qn(x) = / <[A9n+vn¢(un)(un> 40, +vnp(un) (y,x) - [Ae(un)\/@(%m)) dy

converges continuously to 0. Using the form given in (54) for the (non-deterministic) parts of
X; and noting (as discussed following (54)) that {p(By) : ¥ € {6, : n € N} U8} is bounded,
and similarly that {||A '] : ¥ € {6, : n € N} U {0}} is bounded, it is easy to see that
SUP,en 1<t<n B || X¢]| < co. Hence by Markov’s inequality for any € > 0, there is an M such that
suppen1<t<n Fa, ([ Xl < M) > 1 — € and so the family {X,,; :n € N,;1 < ¢ < n} is uniformly
tight, where each Xyt is a random variable (defined on a common probability space) with law
ZL(Xt|Pg ). Let (tn)nen be an arbitrary sequence of positive integers satisfying ¢, < n and put
X, = nt,- Lhe sequence (Xn)neN is uniformly tight. It follows by Prohorov’s theorem that
any subsequence (X} )nen contains a further subsequence (X, Jneny with X,,, ~» X for some
random variable X. Since (2,,)nen is continuously convergent to the zero function, it follows by
the extended continuous mapping theorem (van der Vaart and Wellner, 1996, Theorem 1.11.1)
that 2,,, (X, ) ~ 0. Equation (45) will then follow provided we show that (2, (X,))nen is
uniformly integrable. For this, dominate the n-th term by

D, (X)

| /\

2| 184,00y 0 Ky + [ [Aa<u>\/q—e]<y,Xn>2dy]

—9 [E [Agn(un)(f/n,X X } +E [Ag( )V, )X H

where Y, and Y have laws such that their conditional density given X, is qp, and gg, respec-
tively. Lemma A.7 and (46) ensure that (Agn(un)(ffn, X,)?)nen is UL Combining this with the
conditional Jensen inequality and the de la Valée Poussin criterion for uniform integrability (e.g.
Bogachev, 2007, Theorem 4.5.9) yields that the first conditional expectation in the preceeding
display is UI. That the second conditional expectation is also UI follows similarly.

To complete the proof, first let § € © be arbitrary, s, = n~"/2, u, — u, and use (44), the
mean-value theorem (e.g. Drabek and Milota, 2007, Theorem 3.2.7(i)) and (45) to obtain

(S L) ]

Tl

H (\/q9+5n<p un) ~ \/A0+snp(u) >

H(W Vo

n

;AG(U)\/‘TG> Po.n

A2

1
2 A€+sng0(u)+sn5<p(un w) \/qe—i-sngo )+sndo(un—u)V /09 n

< sup + o(1)

 5€[0,1]

=o(1).

Now return to our original setting with 6,, = (v,,n) — 6 = (v,n). By the preceding display,
applying the mean-value theorem (e.g. Drabek and Milota, 2007, Theorem 3.2.7(ii)) at each n

49



n V40 +sno(un) — /46, 1 =
> E[(Wai = Zut)’] = H< - Wi, ) —QAGH(U)\/%H) 06,.,

t=1 A2

1 =
< sup § (Aen—i-dsngo(un)(un) 40, 4+snp(un) — Agn (u)\/ QHTL) P,
d€f0,1] A2
= 0(1)7
where the convergence in the last line is due to (45). O

LEMMA A.4: In the setting of Proposition 4.1, it holds that
n n
2Y Znp=2) Wai—7"/2+0p (1).
t=1 t=1

Proof. Throughout expectations are taken under Pj! . Let m,(X) = E[Zp | X¢] = E[Zp¢| F 1]
with Fpt = o(e i = 1,...,t).3 Form U,y = Znt — mn(Xy) — Wy and note that
(Unt, Fot)neN,1<t<n is a martingale difference array (by (34)). Hence

n

VY Uns

ZE n,t — nt +ZEmn Xt _2ZE nt_ nt)mn(Xt)]

t=1

Observe that
E[(Znt — Wat)mn(Xe)] = E[E [(Znt — Waa)ma(Xe) | X)) = E [ma(Xe) E [Z1| X¢]] = E [mn(X)?]

and so by Lemma A.3

Z Un,t

t=1

n n n

= E[Zns— Waidl? =D E[ma(X0)*] < E[Zne — Wayl* =0,

t=1 t=1 t=1

0<Vv

which, in combination with (L3) of Theorem 2.1.1 in Taniguchi and Kakizawa (2000) (which is
noted to hold in the proof of Proposition 4.1), yields

n n n
2Y Zpi—2) Wi+ Y E[Z2 | Fosa] = opp (1)
t=1 t=1 t=1

Pn
It therefore suffices to show that Y ;" E[Z2 | Fi—1] —ny 72/4. For this, first observe that by

Lemma A.8,
2

2 Penn -
Z( Agn Ytth)) —>Z

Next, since the (%Agn (u))2 are Ul by Lemma A.7, applying Theorem 2.22 in Hall and Heyde
(1980), Jensen’s inequality for conditional expectations and the de la Vallée Poussin criterion
for uniform integrability (e.g. Bogachev, 2007, Theorem 4.5.9) we have that

Z( A, (u Yt,Xt)>2—IE

%See e.g. Theorem 7.3.1 in Chow and Teicher (1997) for the (almost sure) equality of the conditional expectations.

1 2 .
<2A9n(u)(Yt,Xt)) |fn,t_1] L1y,
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To complete the proof it therefore suffices show that

S E(VAZn | Frit)

t=1

1 2
<2A9n(u)> |fn,t1] 50, (47)
Since E[% +|Fnt—1] = E|%n 4| Xy) for U, € {[\/ﬁvatP, (%Agn( )(Y},Xt)) } we have

B i Faa) -

(éﬁen (u) (Y, Xt)>2 ’fn,t—ll

ngE (Vi Foc) B | (30,0060 ) B
= 3" = a4 = 00| [V = af*) + 580,005
=< <q;/2 q;f)—%A (a2 75 [V = a3+ 380,003 1)

< |[[vaalr i - san | AL | [vae? - e+ jana) )

by Cauchy-Schwarz. The proof of (47) (and hence the Lemma) is completed by applying
Lemmas A.3, A.7 and noting

1 2 1/2 1 1/2| _1/2
H |: / 7/1 )+ iAGn (U)QQT/L } pg,/“n

A2
1/2 12, 1 1/2| _1/2
<H [ 4. — o, ) — §A9n (U)%n } Py, )\72> : O

LEMMA A.5: Suppose that assumption 3.1 holds. Then (42) in the proof of Lemma A.3 holds.

1/2_
A2

Proof. The finiteness of the integral on the right hand side follows by direct evaluation using
the moment bounds in assumption 3.1 along with the fact that under 7y, E || X¢||*T < co which
can be seen on combining Lemma A.2 with the fact that mg is the law of a stationary solution
to the defining VAR equation (see e.g. Kallenberg, 2021, Theorem 11.11).

By Lemma A.9 and Corollary 2.9 in Feinberg et al. (2016) it is enough to prove the uniform
Gy, ..n — integrability of (912%” Jnen for an arbitrary (vn)nen C [0,1]. As each hy is bounded,

2448/2

it suffices to show sup,,cy [ ‘c’&gvmn dGy,, ,n < oo for some § > 0. The form of lﬁg%n is

the same as that given in equations (7) — (9) once each ¢, is replaced by

vnhi/\/n
1 ‘|’Unh]€/\/’ﬁ7

where, since each hy, is bounded, the second term is bounded for large enough n. Since 4,,, , — 0,
the continuity and continuous differentiability conditions in assumption 3.1 ensure that all non-
random terms in the expressions (7) — (9) converge and are thus bounded.?® The required
bound then follows as, under vammn we have that Vy, . ~ &, with independent compo-
nents and also independent of X;, and sup, ey E[|e:|*°] < oo, sup, ey E[|éx(€:)]*+°] < oo and
sup,en E || X¢[|*9 < oo. The first two moment bounds are immediate from assumption 3.1. The

Prn = Ok +

39Ct. footnote 38.
0¢t. footnote 43.
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latter follows since under each pg ¢, sup,en1<i<n E | X¢]|4+® < oo which follows as in the proof
of Lemma A.7 and hence

1 n
sug/ H$||4+6ﬁ Zpe,t(x) dA < sup /|’$‘4+§p9’t($) d) < oo. O
ne =1

neN,1<t<n

LEMMA A.6 (Cf. Lemma A.10 in van der Vaart (1988)): Suppose that Assumption 3.1 holds.
Then for any 0, which takes the form 6, = (n, Bn +bp//1,n) with b, — b € R a convergent
sequence,

- Py
Ry = fZ[ (Y, X0) = Lo, (Vi X0)| + L, (0,5,) = 0.

Proof. Let gg be as defined in Lemma A.3 and note that the sequence which is to be shown to
converge to zero (in probability) can be written as the sum of the following two terms

1[5 az, (Yo, X0)'/? 1-
_ - (V.. X 1_— .y XY

= 5 2 | (0.0 t)( w0, (Vx| | T gl (0 0n)

1 |- g5, (Ye, X))V 1.
Ran %Z eén(YtaXt)en—Xt)l/Q—fen(ﬁvXt) + 5100, (0, 07)'

t=1
- /2
To simplify notation, let Zp.i = eén(y;,Xt)% and Znis = lp (Y, X;). Define

= f€ y, ) 2qg, (y,2)"/?dy. Evaluated at X;, this is the conditional (on
Xt) expectatlon of Zn,m. Observe that since E[Zgn(Yt, X¢)|Xt] = 0 under PGP ,

M (X¢) = /%n(y,)Qt)czgn(3/,Xt)l/Qqen(y,)Q)”2 dy

= [ 3, 0. X005, (0 X0 [0, 0. X0 2 = 5, 0. X))

Let py,, + be the density of (the non-deterministic parts of ) X; under By pog,n = % >ty POt
and Gy, ,, be the measure corresponding to py,, n. By Lemma A.3,

2
lim [\/ﬁ (q;/2 — ) B+ b’ ! o, a5. By 24 dA = 0. (48)

n—oo n On

Additionally,
Ny

To demonstrate this we first note that by inspection of their forms, it is clear that for ¥,, equal
to either 6, 6,, or 0, and any x, — x, Ly, (y, )9, (Y, 20) /2 = Lo(y, ©)qo(y, z)Y/? (pointwise in
y). Moreover, noting the fact that these integrals are expectations conditional on X and using
the forms given in Lemma 4.1 along with the continuity given by Assumption 3.1 we have that

T =0, (49)

i [ o016 2.0

n—oo

Sy = / er(y,w)Q§/2(y,x)H2 dy < oo. (50)

Hence by Proposition 2.29 in van der Vaart (1998) we have that

~ ~ 2
lim /Hfﬁn(y,xn)qéf(ywn)—fe(y,x)qéﬂ(y,:v)” dy = 0. (51)

n—oo
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Since this also applies with 9, = 6 we may conclude that

2,(0) = [ [0, 0003w ) ~ loty 000y 0] ay (52)

converges continuously to the zero function. By Corollary A.1 and the extended continuous
mapping theorem (van der Vaart and Wellner, 1996, Theorem 1.11.1) it follows that 2,,(X,,) ~
0 where Xn has law Gy, . We next show that 2, (Xn)neN is uniformly integrable. Dominate
the n-th term by

<2 [E U Ty, (Vi X,)

| /\

n

Qﬁn dy+/H£e y, X

(y, Xn) dy]

~n] +E [ng(f/’ Xn)

*nH’

where Y, and Y have laws such that their conditional density given X, is gy, and gp respectively.
Under Assumption 3.1(ii) and using Lemma A.2 and the forms given in Lemma 4.1 it is easily

2 o
seen that each of (H&gn (Y, X») > and <H€9(Y, Xn)
neN

uniform integrability of the corresponding conditional expectations above then follows from
Jensen’s inequality for conditional expectations and the de la Vallée - Poussin criterion for
uniform integrability (e.g. Bogachev, 2007, Theorem 4.5.9). We may now conclude that

lim /H&g q$/2pﬂnn gql/zﬁéﬂn

2
> are uniformly integrable. The
neN

dA=0,.

n—o0

Using this result twice (once with 9J,, = 6,, and once with ¢,, = 67”) we obtain (49). Combination
of (48) and (49) with the continuity of the inner product yields

tim (75,555 e Vi (0 = %) il - <Zgn 2o —fb’ iy 1/ngi?n> 0.
! A

n—o0

Since

n

/fmnpgn ndA = <€~~ 1/ _1£2n’ vn <q;/2 - qé-f) f_’éfn>)\
and

=~ 1/2_1/2 1/2.1/2 1-
<£9nq97/z ’Ogr/un’ _7b/ E 0,4 9/ p@i,n> = _5 nyen(olﬁb%)/'
A

Combining these displays allows us to conclude that to establish that Ry, — 0 in Pyl -probability
it will suffice to show the same for R/Q,n = ﬁZ?:l Znt1 — Mn(Xt) — Zpta. As is easy
to verify, (Zn11 — mn(Xt) — Znt2, Fat)nen,i<t<n forms a martingale difference array with
Fnt = o0(e1,...,e). It follows that it suffices to show that (under Py )

1 n
= E ZV [Zn,t,l — mn(Xt) - Zn7t72] — 0.
t=1

\/» Z Zn t,1 — Mnp (Xt) Zn,t,?

In view of (49) for this, it suffices to show that
1 ¢ _
=S Bl (X = [ o) P, ) o — 0
t=1

For this, define m,,(y, z) = Nén (v, z)q5 (Y, z)t/? [qan (y,z)"/? — a3, (y, w)l/ﬂ and note that m, (y, x,,) —
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0 pointwise for any convergent x,, — x. We additionally have by Cauchy-Schwarz that

H [t xn>dyH < { / ||Egnu2q9~n<y,xn>dy] v { [ (a0 = a5, (00 2)’ dy}

As can be easily verified, [ HgénHQqén (y,xy) dy is upper bounded by a term of the form M; +
Ms||z,||? (with My, My finite positive constants which do not depend on n). Additionally
(qo,, (y, 20)"/? — qén(y,xn)1/2)2 — 0 pointwise in y and is upper bounded by 2qy, (v, zn) +
245, (y, ©y) which satisisfies [ 2qp, (y,2n) + 245 (y,25) dy = 4 = [ 4qp(y, z) dy for each n € N.
Therefore, by the generalised Lebesgue dominated convergence theorem

1/2

2
/ (qen (y,20)""* = g5, (v, xn)m) dy — 0.

It follows that ||my,(x,)||> — 0 pointwise for any x, — x. Re-using the bound from above, we
note that
lman(Xo)[I* < 4(My + Mo X.||*)

and hence ||[m,(X;)|? is Go, n-uniformly integrable by Lemma A.2.4! Moreover, by corollary
A1, Gy, n ~» mp and hence by Theorem 3.5 in Serfozo (1982)

1 n
S Bl (1P = [ o 4Go, [ 0dm =0,
t=1

Pn
This establishes that Ry, 5 0. For Ry p, define f,(y,z) == cnqo, (y,az)l/gqén (y, )% g, (),

where 1
_ 1/2 1/2_ 1/2 1/2y2
ot = /%ﬁ a5 P ndh =1 - 2 /(q&{ =45, P AN

n

We have
12 1/2)\2 12 121 1, - 172 2 1,- 172 2
5 1/2 /2 1/2
— b, g, 5/ "/ (qéi — g5 ) ,
and so by Lemma A.3 and the continuity of the inner product
_ 1 : _ _
/ (qéf - q;: 22 B, dX = - / bgﬁenqéfpéfn\/ﬁ (q;{ - q;,/f) péfn dA

1 1 /5 1/2 2_ —1
- §bn£gnq9n D0, ndX+o(n"")

= L2, g, (07 28,) + o(n ™),

where Iy, = fégnélenq,gnﬁgmn d\.4? Tt follows that c;! = 1 — a, with a, — 0 and na, =
10! Iy, by, + o(1). By Taylor’s theorem log(1 — a,,) = —ap, + R(1 — ay)a? with R,(1—2)—0
as  — 0. Hence logc? = —nlog(l — a,) = na, — nR(1 — ap)aZ = b1y, b, + o(1). Py

n
is the measure corresponding to the product density [[;"; ¢s,pp, Let QI be the measure

corresponding to the product density [];; quéi Zqé/ Qﬁgmn. Writing A, := A, (Qy, Py ) for their

“'Lemma A.2 bounds the moments of the (demeaned) stationary solution; it is easy to see that this provides a
uniform (in ¢,n) upper bound for our process (conditional on the initial values).
*2This sequence of matrices is bounded (see e.g. intermediate results used in the proof of Proposition 4.1).
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log-likelihood ratio and using notation from the proof of Proposition 4.1, by (35)

A, =logc, +2Zlog nt+1) N Z
t=1

where Z has a normal distribution. By Example 6.5 in van der Vaart (1998) Fg <a@Qy and so by

Le Cam’s first lemma (e.g. van der Vaart, 1998, Lemma 6.4) it suffices to show that R, ; @,

For this we first note that if
e~ . n
=3 lo,ly, = Ino, @i, (53)

then we have R, 1 % 0 as

" 1/2

1 ~ 4; 1 ~

nZ/ G v (1= | + 5 Vnlo, by, (bu/ Vi) | cugy! a5 P, AN
t=1 q

0
<o st

where the convergence follows from Lemma A.3 and the continuity of the inner product. It
remains to prove (53). For this it suffices to observe that

Zzgne(, Fuga|| < \cn—l/Hﬂgn 320 P d/\+/H€9n

7

n

1 2 1/2 1/2
/ qei Fbﬂen%i

Po. ndA

ns

1/2 1/2 1/2|p9 )

by Cauchy-Schwarz and the facts that supneN ||||€9n% ||q1/2pé£2n\|A2 < oo (under assumption
1/2.1/2 4?2
3.1), llay 7% Inz = 1, en = 1 and [[g/* = 4,17/, 1n2 — 0 by Lemma A.3. 0

LEMMA A.7: Suppose assumption 3.1 holds and let Ag(u) be as defined as in Lemma A.3. If
On = (vn,m) — (v,m) = 0, the sequence (Ag, (u))nen has uniformly bounded 4 + § moments
under Bg , i.e.

sup /|A9n(u)|4+(S dPy < oco.
neN,1<t<n

In consequence, it is uniformly square Py’ -integrable.

Proof. The continuity and continuous differentiability conditions in assumption 3.1 ensure that
all non-random terms in the expressions (7) — (9) converge and are thus bounded.*> Note that
under P, AreVo,t ~ nmi and is independent of both X; and Aj4Vp, + for j # k. Given this
independence and the forms given in (7) — (9) it suffices to show that

E[|gk (e)| ] < 00,  Efjex[*"] < o0, sup B X[* < oo,
neN,1<t<n

where the expectation is taken under Py’ and we note that 7 does not depend on n. The first
two of these follow immediately from the moment assumptions in part (ii) of assumption 3.1.

“3These terms are of the form 1, A(ap,0,)Dy, (with I an integer) or [Dy,(cn,on)]ke[A(an, on) ej for k,j €
{1,...,K} and z € {a,0} (with [ an integer).
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For the last term, by recursing backwards we obtain

t—1 t—1
Zy = Z B;Co + Z B} Dgei—j + BS Zo. (54)
j=0 j=0

Assumption 3.1(i) ensures that the matrices Bg are absolutely summable and Z?io B‘g = -
Bp) ! exists (e.g. Liitkepohl, 2005, Section A.9.1). Moreover, T := {0, : n € N} U {0} is
compact, and the spectral radius M + p(M) is a continuous function, then {p(By) : ¥ € T} is
compact, which ensures that this set is bounded above by some v < 1. Let mi, me € N with
mo > my and let By = UjJyUy be a Schur decomposition of By (see e.g. Horn and Johnson,
2013, Theorem 2.3.1). Let || - || be the spectral norm and note that we have ||Uy|| = 1 and hence
by Lemma 5.6.10 in Horn and Johnson (2013), for any € > 0 with v + ¢ < 1 we have

mo ma
ZBJ ZB] = Z 1Bl < Z 19l < Z (v+e).
J=0 Jj=mi1 j=mq j=m1

Since Y222 g(v+e)! = — I =

(I — By)~! is uniform in § € T. Since 6 + Cy is continuous, this immediately implies that

< 00, in view of the preceding display, the convergence > 2 =0 By

) 446
‘E;;%) By, anH < oo. Similarly using the same uniform bound, that (e)¢>1

SUPpeN,1<t<n
are i.i.d. and since 0 — ||Dy|| is continuous we have that

446

t—1
sup E Z By, Do, €t—j < sup ||Dg, |[*TO B ||e||*T°  sup Z ]|Bgn\|4+5 < 0.
neN,1<t<n =0 neN neN,1<t<n =0

Hence by Minkowski’s inequality we have that sup,,ey j<s<p E || X¢[|*T < 0o, where the expec-
tation is taken under Py’ . O

LEMMA A.8: Suppose assumption 3.1 holds and let Ag(u) be as defined as in Lemma A.3. If
On = (Yn,n) = (v,m) = 0 and Gy is defined as in Lemma A.9, then under Py ,

2

lim E =0, with 7% == GgAg(u)?* < co.

n—oo

1 n
*Z )/;57X7f) - 2
n :

Proof. Let 9, indicate either 6, or 6. By inspection of their forms it is clear that for any
T =z, [Ag, (W) (y, 20)]as, (1, 20) /% = [Ag(uw)(y, x)]qe(y, z)'/? pointwise in 3. By inspection of
their form, the continuity given by Assumption 3.1 we have

lim [ [Ag, (W) (Y, 20)]°q9, (y, 2n) dy = /[Ae(U)(y,m)]Qqe(y, z)dy < oo,

n—o0

i.e. 2, converges continuously to 2 where

2, () = / Ay, () 2) g0, (0, 2) dy,  2(x) = / (Ao (u) (, 2) a0 (y, ) dy.
We can bound

2u(2) <2 [ [ 80, () (Vo X0)?| K] + E [20(w)(V, X,)?

%)

where }7” and Y have laws such that their conditional density given Xn is g9, and gp respectively.
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Under Assumption 3.1(ii) and an argument similar to that of Lemma A.7 it is easily seen
that each of (Agn(u)(f’n,)zn)Q) . and <A9(u)(}7,Xn)2> , are uniformly integrable. The
ne ne

uniform integrability of the corresponding conditional expectations above then follows from
Jensen’s inequality for conditional expectations and the de la Vallée - Poussin criterion for
uniform integrability (e.g. Bogachev, 2007, Theorem 4.5.9). Corollary A.1l in conjunction with
Theorem 3.5 of Serfozo (1982) then yields that Gy, g, n0, (u)?> — GgAg(u)* < oo, where
Goon(A) = [ [1a(y,2)qs(y,z) dy dpp,(z) and the finiteness follows from the form of Ag(u),
assumptlon 3.1(ii) and Lemma A.2.** The convergence follows on combining Lemma A.7,
Proposition A.1 and Corollary 19.3(ii) of Davidson (1994). O

LEMMA A.9: Suppose that assumption 3.1 holds. Let pgy be the density of Xy = vec(Y—1,...,Yi—p)
(i.e. the non-deterministic parts of Xy) under 0. Let Gy, be the measure defined by Gy ,(A) =
Jaaot S0 pordX and Gy the measure defined by Go(A) = [, qo(y, ) d(A(y) @ mo(x)) for qy
as defined as in (40). Let (Op)neny C © be an sequence with ¥y, = (yn,n) — (v,m) = 6. Then,

TV
Gﬁmn — Gg.

Proof. By the form of 6 — gy we have that ¢y, — gy (pointwise) as n — oo. Hence, for any z,
g9, (+,z) — qo(-,x) pointwise and since each gy, (-, z) and gp(-,x) is a probability density with
respect to Lebesgue measure, by Proposition 2.29 in van der Vaart (1998),

D, (x) = / 196, (1,7) — a9(y, 2)| dy — O,

pointwise in x. Let (1,)nen be a sequence of measurable functions on RE? with 4, € [0,1] and
myn the probability measure corresponding to the density % > iy pot- Then

) < [ 2u@)dmano)

Since 2, f%l y,x)dy + [ao(y,z)dy and [ [[ gy, (y,2)dy + [ae(y, =) dy] dmgn(z) =
2= /2 f qe y,r) dy dmg(z), the 2, (m) are uniformly 7y, — integrable.”> Hence by Corollary
2.9 of Feinberg et al. (2016), [ 2, (x)dmg,(z) — 0. The proof is completed by noting that by

Proposition A.1,
’//% Y,z QG y7 )dydﬂ't‘)n /%dGe

LEMMA A10: Let vy, = (an, B) = (o, 8) = v and O, = (yn,n) — (7,m) = 0 for yp,v € T.
g/et Tn = (amﬁn) — (Oz,ﬁ) =7, On = (’NYnJ]) — (’7777) =0 :LUith by = \/ﬁ(ﬁn - 5) — b and
On = (A, ) — 60 with 7y, == (1 + hy/v/n) for hy, — h in F. Then, under the conditions of
Theorem 5.1,

'//% Y, 2) (a9, (Y, ) — qo(y, ) dy dmpn(x

O]

(1) If Zy 1 : f S Lo, (Ye, Xy) and Zno : = A} " Ao (Y™), then under Py ,

0 I Ip(0), 1Y
I 2N <<_%U§,h> ’ <(0', v)Iy Tih '
M pgn = % > pot-

4>The uniform integrability follows since, by the integral equality, Proposition A.1 and Proposition A.2,

/'/%n(y,x) dy+/qe(y,x)dy72/q9(y7x)dy’ dmgn(z) — 0.
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(ii) We have that

n

S (8, (0 X0) ~ £, (Vi X0)) = opa (n7/2)

n
t=1

1

(iii) fmgn Iy = Ggég% and PGTL <an g, — ngQ < I/n> — 1 where v, is defined in Assumption
3.2 and Gy in Lemma A.9.

(iv) We have that

n
1 _ _ - Py

Rp=—3" [eénoft, X;) — Iy (Vs Xt)} + I, (O, /(B — B)) =22 0.

Proof. For part (i), let z,; be

K /
g = (zen(n,xo’,c’fanm,xt) +th(Ak.Ven,t>> :
k=1
and Fy, ¢ = o(€r,...,€). Under assumption 3.1(ii), IEHzntH% < oo and {zp¢, Fnp 1 1 <t <

n,n € N} is a martingale difference array (all under Py ) such that

rlztz:;E [2n.12m] = [( Ing, In0,(0', b,)] N [( Iy fe(O’,b')l] ’

0, b/ )In Qn O’?L,b,h O/,b,)IQ O-g,h

noting Lemma 4.1 and Theorem 12.14 of Rudin (1991). That U?z,b,h converges to a Gah is part

of the conclusion of Proposition 4.1. That inygn — Iy follows from Lemma A.8. Moreover,
the Lindeberg condition in (67) is satisfied since {||zn¢[|?> : 1 < t < n,n € N} is uniformly
Py -integrable. That this is true for ||z,,2[|* follows from A.7. That it is also true for
can be shown by an analogous argument. Part (i) then follows from Propositions 4.1, A. 3 and
Lemma A.8.

Next, define A,, := Aén and B,, == B(;n and note that each A, ,(Y; — ¢, — BrXy) = €t ~ ni
under P" Hence we can compute certain properties of the efficient score using the equality in
dlstrlbutlon

K K K

b Y X0 =Y D R trlen)ein T Y Copn Thachs + Th2(ers)] (55)
k=1 j=1j#k k=1

) K K K

6o YR X =Y > 7 itk(era)ee+ Y g Thaer + Troklens)] (56)
k=1j=1,j#k k=1

i K

5o (Vs X6) = Y = Ay ke Dy (01 (e0) (Xe — B Xy) — B X (k1601 + Sk 25(ekt)] (57)
k=1

where we note that the same observation implies that 7y, ,, = 7 and ¢, , = ¢, for each n.%6 By our
assumptions on the map (a, o) — A(a, o), we have (7, — (% ;1 i = [Da, (a0, 0) ke A, a).J1
and (7 = €k = [Doy(a, 0)|re Aa, a) . Note that the entries of Dy ; are all zero except
for entry [ (corresponding to b;) which is equal to one.

We verify (ii) for each component of the efficient score (55)-(57). Components (55) and (56)

46In the preceding display we have written Coike and ¢k rather than ¢, and ¢/, to indicate their
dependence on én
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follow similarly and we focus on (55). We define

K K
Pt =Y Y Ckgndk(AnkeVat)AnjeVar |
k=1j=1,j#k
and
K K
¢l,n,t = Z Z Cl,k,j,n¢k,n(Amkovn,t)An,jcVn,t )
k=1 j=1,j#k
with V,: = Y; — B, Xy, and let (,, = maxje(r] je[K],ke[K] |Clajkn| which converges to ¢ =

maxe(r] je(K]ke[K] [C k00| < 00- We have that

n K K n
1 A ) A,
ﬁ Z(‘Pl,n,t_wl,n,t) < \/ﬁz Z Cn g Z ¢k,n (An,kovn,t)An,joVn,t — Ok (An,kovn,t)An,joVn,t s
t=1 t=1

k=1 j=1,j#k

Since each ‘% Z?:l qgk,n(An,koVn,t)An,joVn,t - ¢k(An,koVn,t)An,joVn,t‘ - OPgn (’I’L_l/2) by applying
the Lemma A.1 with W, ; = A, jeVi; (noting that A, reVn: ~ €xs and Ay joViy >~ €5 are
independent with Eg, (A;, jeVnt)®> = 1 by Assumption 3.1(ii), hence the WLLN implies the
required convergence) and the outside summations are finite, it follows that

1 <.
n tzl@l,n,t —¢1ng) = opp (1) (58)

pr
That 73 LN 71, follows from Lemma A.12. Now, consider ¢3 -, ; defined by

K

P2mmt = Y Gk [Te1 An ke Vit + Thok(An ke V)]
k=1

Since sum is finite and each |(7'; ;. [ = [CS ;1 x| < o0 it is sufficient to consider the convergence
of the summands. In particular we have that

1 < 1 <
= Z [%k,n,l - Tk’,l] An,kovn,t = [fk,n,l - Tk,l] = Z An,k-Vn,t — O>
\/ﬁ t=1 \/ﬁ 1=1

1 . ) I
7n ; [Tkn2 = T2l K(An ke Vint) = [Thn2 — Tk 2] NG ; K(An ke Vi) = 0,

in probability, since A, yoVi: ~ €xt ~ M and (eg¢)e>1 and (k(€g))e>1 are ii.d. mean-zero
sequences with finite second moments such that the CLT holds.
Together these yield that

1 < : s
7 Z((pg,ﬁhn,t —@2rnt) =0 in Pgﬁl—probablhty. (59)
t=1

Putting (58) and (59) together yields the required convergence for components of the type (55).
We note that the required convergence for components of type (56) follows using identical steps.
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For components (57) let ay, ;= —Ap ko Dp, and note for 1 = Sk — Sk,

IZ o (Y X0) = 0,4, (Y3, X0)

= Z an,k,l\/lﬁ Z [(Xt - EX;) [ﬁgk(An,koVn,t) - ¢k(An,k~Vn7t)H

+ Z An k)l —F— \f Z IEAXVt (¢k( n ko n t) + gk n, 1An koV n,t + ék,n,QK‘(An,koVn,t))}
K

- Zankl Z EXt gknlAn koVnt +§kn2”€(An koVnt))]
k=1 \F

Noting first that a, i — Goo k1 = AkeDys,, ach of the terms on the right hand side converges
to zero in probability. For the first term, this follows from Lemma A.1 applied with W, ; =
ank1(X: — E X;), noting that this is independent of A, yeVy+ by Assumption (ii).*” For the
second term, this follows from A.12, the CLT applied to A, keVint = €kt K£(Ap ke Vi) = K€k t)
and @x(An ke Vi) ~ dr(€rt) and the fact that X, — 1 = > =1 EX; converges to zero in probability
by e.g. Corollary 19.3 in Davidson (1994), Lemma A.2 (which provides a uniform upper bound
for the 4 + 6 moments of the X;) and Proposition A.1. For the third term, this follows from
A.12 and the CLT applied to A;, e Vit =~ €1t and k(Ay, ke Vi) =~ K(€rt).

The first part of (iii) follows from Lemma A.8. To verify the second part of (iii) we will
show that

A

I -

n,0n

v

I -

n,0n

+
2

—feH <
2

Lo, ~1ug, —Iy||, = ory (1}/?). (60)

where I == E[ZQ(YQ, Xi)lo(Ye, X1)'] = L 371 E[ly(Yz, X¢)0o(Yz, X;)'] with the expectation taken
under Gy, g = 30, Lo(Ye, Xe)lo(Ye, Xp)' and I g = £+ 300, Lo(Ye, Xe)lo (Y, Xo)'.

To obtain the rates we start with || Iy, —Iy||2, for which we show that each component satisfies
the required rate. To set this up, let Q;, . = 60 " (Y,g,Xt)Q9 s, (Ye, Xy), where 7, s € {a,0,b}
and [, m denote the indices of the components of the efficient scores. Fix any r,s and [, m and
note that it suffices to show

1
r,8 r,8 7,8 _ 1/2
- Z Ql sm,t.n Eén Ql,m,t,n + E Z Eén [Ql,m,t,n] — Ky [Ql,m,t,oo] - Opénn (Vn/ )
t=1

For the first term, by the fact that €~ has uniformly bounded 4 + § moments,*® Proposition
A.1 and Theorem 1 of Kanaya (2017) we obtain

fZle,t,n Ej, Qrmen = Orp (n0772) = 0pn (10/%). pe (L1+6/4].

That the second term is o(un/ ) follows by the assumed Lipschitz continuity of the map defining
the (’s, that of each 5+ A(«, 0)ke (which holds locally at §) and Lemma A.11.

~ For the other component of the sum, let r € {a,0,b} and let | denote an index, we write
Untr = 69 rl(thXt) U, = Ee Tl(Y},Xt) and D, ¢, = Ee Tl(Y},Xt) Ea m(Y},Xt)

Since it is the absolute value of the (r,1) — (s,m) component of In Fi I

i it is sufficient

1 2 1 3 1/2
to show that |2 30" | Un .t Dntism + 7 Dotet Pt Utysm | = opx (un/ ) as n — oo for any r, s €
n

4"The convergence condition follows by combining Proposition A.1, Lemma A.2 (which provides a uniform upper
bound for the 4 + § moments of the X;) and Corollary 19.3 of Davidson (1994).
48 Argue as in Lemma A.7.
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{a,0,b} and [,m. By Cauchy-Schwarz and lemma A.13

- 2; Dt Uty | < (n > U152,8m> (n > Di,t,rl> = Opy (1)xopr (v %) = opr (%),
t—

=1 t=1
1 1/2 1 1/2
- Z Un,tir D s | < (n > Ug,t,m) (n > D, sm> = Opy (1)xopp (/%) = OPgn(VflLﬂ)v
t=1 t=1

for any (r,l) — (s, m). It follows that

2
+2

ZDntrlUt Sm

n
1 X N
[n E Un,t,nDn,t,sm + Dn,t,n Ut,sm - OP(; (l/n)
n

t=1

S [ ZUntrl n,t,Sm

and hence ||fn’§n - ‘fn,énH? < ||fn b, fn’(;an = opr. (Vé/z). We can combine these results to

obtain:
1,5, = Tolla <5 — I ll2+IL,5 — ol = OPgln(Vrl/z) + OPgn(Vrl/z) = OPgn(Vrl/Q)-
Part (iv) follows directly from Lemma A.6. O

LEMMA A.11: In the setting of Lemma A.10
(i) £ 301 By, Xe —Eo X = o(vi®),
(ii) & S0, By, Xil[Bg, Xi)' — [Bo Xi][Bo Xi)' = o(vi/?).
(iii) L0 By (X — By XJ[X, — By Xi' — Eg[X, — Eg X][X; — Ep Xy]' = o(va!?).
Proof. For (i) we decompose as
Es Xi—Eo X, =[Eg X; —E5 Xi]+[Eg X; —Eg Xi] + [Eo X; — Eg X

where X; denotes a stationary solution to the VAR equation. Note that for all ¥ € {én
N} U {6} and some p, <1

1 — - 1 .
~D B Xy ~Eg Xl = — Y D[ By Ziot — Eg Zia |
t=1 t=1

2
<HC19HQ><*Z ZHBJH
t=1 \ j=t
2
< [|Colf* x *Z Zﬂi (61)
t=1 j=t
\|C19||2 o
_ ( Z
IColl? (1 - p*(”“’) |
— X —
(I=p)?(1=p3) n

= O(n_l)v



and hence by Jensen’s inequality L Y"1 | | Ey X;—Ey X¢|| = O(n=/?). The middle term satisfies

1 — - - - - _ ~ _
EZ IE; Xi—Eo Xyl =E5 Xy —Eo Xyl =(I—-Bj )'Cs — (I —By)'Co=0(n"?),
t=1

since 8+ (I — By)~'Cy is locally Lipschitz at 6.
For (ii), note that combination of the preceding displays yields that

1 ¢ _
o> g, Xi—Eg Xl = O(n™"),

which, in conjunction with the Cauchy-Schwarz inequality and Lemma A.2 yields (ii).
For (iii) let Uy, == X; — Ey X; and Uﬁt = X, — Ey X;. We note that for all ¥ € {9
N} U {6}, some p, < 1 and some finite, positive M

% N Ey (UsaUp,) —Es (Uﬂ,tﬁé,t) - % 33 BIDyD)(B))
t=1

t=1 j=t

1 n o0 )
SMgzZPz]

t=1 j—t

1 - P* ZID

M (1 . pi(n-ﬁ-l))
T A=
=0(n™).

1
n

Additionally, we can write vec(Ey Uy, Uj,) = (I — By ® By)~!vec(DyDY), which is locally
Lipschitz in 8 at # under our assumptions. This implies that

1 ¢ o
n ZE U9n,tU, —Eg Up,Ug, = O(n=1/?).

By using a similar decomposition as in (i), the previous two displays suffice for (iii). O

LEMMA A.12: If assumption 3.1 holds, then ||ogn — Oknll2 = opy (Unp) = opr (1/%/2), where 0,

is as in Lemma A.10 and o € {7,5}.

Proof. Under PP, Ay keVit ~ €t ~ Nk, for Vi ==Y, — ¢, — By Xy Let w € {(0,-2),(1,0)'}
By the fact that the map M — M~ is Lipschitz at a positive definite matrix My we have that
for a positive constant C' then for large enough n, with probability approaching one

1680 = 0knllz = (M, = Mg Ywllz < 2(|M, ) = Mo < 20| My — Mill2.  (62)
By Theorem 2.5.11 in Durrett (2019)

1—

n Z n.ke Vs - E(An,kovn,t)3] = Opggn (nT)

I3

- Z ke Vid)! = E(An Vo)) = opn (n'7").

n
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These together imply that
1—

~ ~ ol 2
|Min, — Mgll2 < || My — Mg|lp =o0pn (07 ) =o0pn (Vnyp).
On On

Combining these convergence rates with equation (62) yields the result. O

LEMMA A.13: Suppose assumptions 3.1 and 3.2 hold and 6,, = (an, Bnym) where \/n(By, — B) =
O(1) is a deterministic sequence. Then for each r € {c,0,b} and |

- 2

Z( G (Voo Xt) — é,m(YtaXt)) = opz (Vn)-
2

Proof. We start by considering elements in 2 " | ( 6,0 (Yt Xt) — Ee o (Yt,Xt)) . We define

Thing = Thmn,g — Th,g a0d Vi =Y, — ¢, — B, X, Since each Kn,l,k,j‘ < oo and the sums over k, j

are finite, it is sufficient to demonstrate that for every k, j,m, s € [K]|, with k # j and s # m,

72[% nkeVnt) = 6 An gV | [Gun(AnsaVnt) = 6s(AnsaVnt)| AnjoVinAnmaVant = o2 (v0),

] (63)
%Z [¢k n(AnkeVnt) — Ok(Ap eV, )] ApjeVat [TsniAnseVnt + Tsn2k(An seViit)] = opp. (Vn),
) (64
S o Anse Vi & T (An Vo)) Bt At Vit + T 28 (An e Va)] = 0Bs (). (65)
t=1

For (65), let £&1(x) = x and & (x) = k(x). Then, we can split the sum into 4 parts, each of
which has the following form for some ¢, w € {1,2}

I~. . T
E Z Ts,n,qu,n,wfq (An,so n,t)gw (An,kovn,t) = Tsm,qu,n,wﬁ Z gq(An,so n,t)é-w (An,kovn,t) = OPQZ‘ (Vn)’
t=1 t=1

since we have that each 7, 5, Tk nw = 0 Py (vn) by lemma A.12.%° For (64) we can argue similarly.

Again let & (x) = = and &(z) = k(z). Then we can split the sum into 2 parts, each of which
has the following form for some ¢ € {1,2}

— Z [Qbk n n, ko n t) (z)k( n ko )] Amjovn,t%s,n,ng(An,so n,t)

:\*—‘

1 9 1/2 n 1/2
S%s,n,q (nZ[ék,n( nko ) ¢k( n,ke nt)] (An,jovn,t)2> ( Z Ansovnt )

t=1

by Lemma A.1 applied with W, ; = A, jeVit and T4 = opr (V}/Q).50 For (63) use Cauchy-

“The fact that 2 57 | €5(An,seVi,t)éw(An ke Vi) = Opém (1) can be seem to hold using the moment and i.i.d.
assumptions from assumption 3.1 and Markov’s inequality, noting once more that An xeVn,t = €k, under Py’ .
50Gee footnote 49.
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Schwarz with Lemma A.1

72[% nkeVint) = Ok (A aVit)] [Bon(AnsaVint) = 65(AnsVar)| AnjoVit AnmaVas

n

1/2
( Z {(Z)kn n,ke nt) ¢k:( nkoVnt):| (A ,]OVnt) )
t=1

S

n 1/2
1 A 2
X <n Z [¢S,n(An,soVn,t) - ¢3(An,sovn,t):| (An,movn,t)2)
t=1
= opr. (vn).

This completes the proof for the components corresponding to a;. We note that the components
corresponding to o; follow identically.
. - 2
Finally, we consider the elements in %E?:l (ngbl (Ys, X¢) — Lo, 5, (Y2, Xt)) , where we note
that with §~k,n = ék,n — Sk

A ~ 2
(genubl (}/t’ Xt) - ggn,bl (Yt; Xt))

NE

1
n

o~
Il

N

+ + = -
M T LT

>~ Jfana O~ BXOP [fuAngabi) — 0x(Ansati)] |

=1

~

n

Z [ankl EXt )] (¢k( n,ke nt) +§kn1An koVnt+§kn2/{'(An,koVn,t))2]
t=1

S|

S|
NE

[[an,k,l E ti (Gk,n,lAn,koVn,t + Gk,n,Qﬁ(An,koVn,t))Z}
1

i

1 t

That the first right hand side term is o Pr (vy,) follows by Lemma A.1.5! and the Cauchy-Schwarz

inequality. The third follows from Lemma A.12 since [a,, ;; E X;]? is uniformly (in ¢) bounded
(cf. Lemma A.2).

For the second, let Xt denote a random vector which has the stationary distribution of X;
and note that by equation (61) we have

1 < . _
- Y IIE; Xi—E5 Xif?=0(m").
t=1

Now let

Un,t = (Qbk (An,kovn,t) + gk,lAn,koVn,t + gk,Qﬁ(An,koVn,t))Q
Un,t = (ék,n,lAn,koVn,t + gk,n,Qﬁ(An,koVn,t))Z .

By Theorem 1 in Arnold (1985) and Markov’s inequality, we have that maxj<i<p Up; =
Opezl (nl/p). Then

1< . ~
n;||E9~nXt—EénXt||2Unt<m?<x Upi— ;HE Xo —Eg Xi|* = Opp (n™11/P) = opn (vn).

51CL. footnote 47.
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Additionally, by equation (61), Jensen’s inequality, Lemma A.2 and Theorem 2 of Kanaya (2017)

2
+

n 2

1 -
E Z(]Eén Xt o Eén Xt)
t=1

- 1 & _ _
IEs Xi—Xn|? <2 HnZ(Xt—Eén X)) = Opn (n Hton™h),
t=1

hence
1 « ~ - 1 &
w2 s, Ko = XalPUne = 1By, X = Kall'53_Une = Ory (n7) = or ()

To complete the proof, it suffices to combine the above results with the observation that by
Lemma A.12 and Theorem 1 of Arnold (1985)

1 & o
o 1B, Xo = Xall?Dng
t=1

N knl ZHE Xt X” nko )2+%lg,n,11r£%}%(‘4nko Z”E Xt E XtHQ

+Tkn2 ZHE Xt X H ’{( nk:oVnt) —I—TanmaX H(Anko nt ZHE Xt E XtH
t:l t 1

= opr (vn). O

A.4 Miscellaneous results

The results in this subsection are general results, which are useful in establishing the main
results of the paper, but are not specific to the model under study.

PROPOSITION A.2 (Cf. Proposition 2.29 in van der Vaart, 1998): Suppose that on a measureable

space (S,S), (tin)neN is a sequence of finite measures such that p, v, w (with v a finite measure
n (S,8). If (fn)nen and f are (real-valued) measurable functions such that f, — f in p-
measure and Umsup,,_,o [ |fn|P dpn < [ 1f|Pdu < 0o for some p > 1, then [ |fn — f|P dpn — 0.

Proof. (a+ b)P < 2P(aP + bP) for any a,b > 0 and hence, under our hypotheses,
0 < PUful? + PSP = |fu— fIP > 2P in o - measure.

By Corollary 2.3 of Feinberg et al. (2016) and the hypothesis that limsup,,_,. [ |fnl? dpn <
JIUPdu < oo,

/2p+1\f\pdu < liminf/Zp]fn]p LRI~ |f— FIP dptn
n—oo
< grtl / 1P dy — limsup / o — 1P b, O
n—oo

PROPOSITION A.3: Let {Z,, 1, Fo i - k < n,n € N} be a martingale difference array of L—dimensional
random vectors, such that ¥, j = E [vakZ;L k} exists. Suppose that

1 n
~> Snk = S, (66)
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with ¥, positive semi-definite (and finite) and that for each € > 0
1 n
=~ E1ZnklP1{l1Zn k]l = evn}] = 0. (67)
k=1

Then
1 n
— Lyl ~> ).
\/ﬁ ; n,k N(07 )

Proof. Put §nk = Zpr/v/n for k < n and &, = 0 otherwise. Fix a € RL. The adapted se-
quence (a'&p, i, Fn i )ken is clearly a martingale difference sequence under our hypotheses. More-

over, the sums Y 22, a’éup = Y py dénr and Y 00 E[(@énr)?] = Sop; E[(d/&n)?] trivially
converge with probability 1 for each n € N. By linearity and continuity we have that

1 n
IETTIE w _a'[nzzn,k]aﬂ@*azo_

k=1

Next, suppose that a # 0 and let € > 0. We have that {|a’Z, x| > ev/n} C {||Z,x| > ev/n/lal|}

and therefore

nkll = evn/llal}] =0,

ZE ('€n k) 1{|d' & | > €}] <HaH2 ZE | Z,,
k=1

by assumption.?? This establishes that the conditions of Theorem 18.1 of Billingsley (1999) are
satisfied and hence

1 a / — / /
— Za Znj = Za &k ~ N(0,d'E.a).
v k=1 k=1

The claimed result then follows by an application of the Cramér-Wold theorem. O

REMARK A.1l: Proposition A.3 is completely standard. It is recorded here because we have been
unable to find a reference for a multivariate CLT for martingale difference arrays which permits
a positive semi-definite limiting variance matriz.

THEOREM A.1 (Extended uniformly equicontinuous mapping): Let (X,dx) and (Y,dy) be sep-
arable metric spaces and let (fn)nen be a sequence of functions from X —Y and (gn)nen @ uni-
formly equicontinuous sequence of functions from X — Y. Suppose that x — dy (fn(z), gn(z))
converges compactly to 0. If (Pp)nen and (Qn)nen are sequences of laws on X such that (z)
(Pn)neN 18 umformly tight and (ii) dgr,(Ppn, Qn) — 0, then dBL(Pn,Qn) — 0 for P, == P, of1
and Qn =Q@no gn .

Proof. By Theorem 11.7.1 in Dudley (2002), there exist on some probability space X-valued
random variables X,, and Y,, such that X,, ~ P, and Y,, ~ @, and dx(X,,Y,) — 0 in proba-
bility. By the triangle inequality

dy (fn(Xn), gn(Yn)) < dy (fn(Xn), 9n(Xn)) + dy (gn(Xn), gn(Yn))-

By uniform equicontinuity of (gn)nen, dy (gn(Xn), gn(Y )) — 0 in probability. Let 6, € > 0 be
given and choose a compact K such that (each) P, K > 1—e&. The compact convergence ensures
that for all sufficiently large n, sup,cx dy (fn(2), gn(x)) < 6. Hence, for all such n,

P (dy (fa(Xn), gn(Xn)) > 6) <P (X, ¢ K) = P, Kt <.

52In the case that a = 0 this limit trivially holds.
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It follows that dy (fn(Xn),9n(Yn)) — 0 in probability and the conclusion follows by applying
Theorem 11.7.1 in Dudley (2002) once more. O

THEOREM A.2 (Uniform Delta-method): Let U and V' be normed linear spaces and ¢ : Uy — V'
(with Uy C U). Let (rn)nen be a sequence of constants with ry, — 00, (Xn)nen a sequence
of Ug-valued random variables, (0p)nen C Uy and (Pp)nen, (@n)nen sequences of laws on U
with (each) P,Uy = 1 for a separable Uy C U. Suppose that (i) ¢ is Hadamard differentiable
tangentially to Uy, uniformly along (0p)nen, with derivative ¢y, (i) T, = rp(Xn — 60p) ~
Py, where (Pn)nen is uniformly tight, (i) dpr(Pn,Qn) — 0 and (i) (¢y nen is uniformly
equicontinuous. Then,

dBL (g (Tn (¢(Xn) - d’(en))) ) Qn o [(ﬁlen]il) — 0. (68)

Proof. Define f,(h) := 1y (¢(0 +7,'h) — ¢(60,)) and gn(h) := ¢} (h). By our uniform differ-
entiability assumption, for any compact K C Uy we have

sup ||y (¢(6n + 77, h) = $(6)) — 5, (W)]| = 0,
heK

and so h — || fn(g9) — gn(R)|| converges compactly to 0 on Uy.5® This fact and (ii) - (iv) allows
the application of Theorem A.1 to conclude (68).% O

REMARK A.2: Since Hadamard derivatives are bounded linear maps by definition, a sufficient
condition for the uniform equicontinuity of (¢y Jnen is that sup,ey |dp || < oo, i.e. their
operator norms are uniformly bounded. This ensures that each qﬁgn is Lipschitz with Lipschitz
constant sup,, ey ||<z5f9nH and hence the collection is uniformly equicontinuous.

P3Cf. e.g. pp. 453 — 455 in Bickel et al. (1998)
54The image of a separable space under a continuous function is separable, cf. Theorem 16.4(a) in Willard (1970).
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