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Qhwzrun Irupdwlrq Xqghu Khwhurjhqhrxv Frvwv=Wkh Pxowlsoh Jurxs Prgho4Mxumhq Ndpskruvw2 dqg Jhudug ydq ghu Oddq�DevwudfwLw lv zlgho| uhfrjql}hg wkdw wkh vkdsh ri qhwzrunv lq xhqfhv erwk lqglylgxdodqg djjuhjdwh ehkdylru1 Wklv udlvhv wkh txhvwlrq zklfk w|shv ri qhwzrunvduh olnho| wr dulvh1 Rxu sdshu �wv lqwr wkh olwhudwxuh wkdw dgguhvvhv wklvtxhvwlrq1Wkh sdshu frqwlqxhv rq wkh zrun ri Jdohrwwl/ Jr|do dqg Ndpskruvw +5336,1Lq wkhlu sdshu wkh| lqyhvwljdwh d prgho ri qhwzrun irupdwlrq/ zkhuh sod|huvduh glylghg lqwr jurxsv1 Wkh frvwv ri d olqn ehwzhhq dq| sdlu ri sod|huv duhlqfuhdvlqj lq wkh glvwdqfh ehwzhhq wkh jurxsv wkdw wkhvh sod|huv ehorqj wr1Wkh| dsso| wkh vroxwlrq frqfhsw ri plqlpdo fxue vhwv wr wkh fdvh ri wzrjurxsv1Lq wklv sdshu zh jlyh d ixoo fkdudfwhul}dwlrq ri wkh qhwzrunv lqgxfhg e| dplqlpdo fxue vhw iru dq| qxpehu ri jurxsv1 Wr gr vr/ zh vkrz wkdw lqrxu pxowlsoh jurxs prgho hdfk plqlpdo fxue vhw lv d vr0fdoohg vxshu0wljkwfxue vhw/ wkdw lv d plqlpdo fxue vhw vdwlvi|lqj wkh frqglwlrq wkdw lq hdfkvwdwh ri wkh vhw hyhu| sod|hu kdv wkh vdph ehvw uhso|1 Iurp wkh surri lwiroorzv wkdw hyhu| uhfxuuhqw fodvv ri dq xqshuwxuehg ehvw uhso| g|qdplfv lvd plqlpdo +vxshu0wljkw, fxue vhw dqg uhyhuvho|1 Iurp wklv uhvxow zh rewdlqwkh fkdudfwhul}dwlrq ri wkh w|shv ri qhwzrunv wkdw pd| dulvh lq d plqlpdofxue vhw1 Zh vkrz wkdw vxfk qhwzrunv pd| kdyh ihdwxuhv wkdw fdq qrwrffxu lq qhwzrunv zlwk dw prvw wzr jurxsv1 Qhyhuwkhohvv/ orfdo fhqwudolw|dqg fhqwhu0vsrqvruvkls duh vwloo lpsruwdqw fkdudfwhulvwlfv ri wkh qhwzrunv lqplqlpdo fxue vhwv1

�Wklv uhvhdufk lv sduw ri wkh uhvhdufk surjudp �Vwudwhjlf dqg Frrshudwlyh GhflvlrqPdnlqj�1 Zh wkdqn Dqguhd Jdohrwwl/ Vdqmhhy Jr|do dqg Ylwdo| Sux}kdqvn|12Ghsduwphqw ri Hfrqrphwulfv dqg Wlqehujhq Lqvwlwxwh/ Iuhh Xqlyhuvlw|/ Gh Erhohoddq4438/ Dpvwhugdp/ Wkh Qhwkhuodqgv1 H0pdlo= mndpskruvwChfrq1yx1qo�Ghsduwphqw ri Hfrqrphwulfv dqg Wlqehujhq Lqvwlwxwh/ Iuhh Xqlyhuvlw|/ Gh Erhohoddq4438/ Dpvwhugdp/ Wkh Qhwkhuodqgv1 H0pdlo= joddqChfrq1yx1qo4



5 41 LqwurgxfwlrqLpdjlqh d zruog zlwk lqglylgxdov wkdw zrxog ehqh�w iurp wudgh zlwk hdfkrwkhu1 \hw wkh zruog lv glylghg lqwr vhyhudo fxowxuhv dqg lqglylgxdov iurpfxowxuhv pruh dolhq wr hdfk rwkhu �qg lw pruh gl!fxow wr lqwhudfw wkdq lq0glylgxdov iurp fxowxuhv pruh vlplodu wr hdfk rwkhu1 Lq rxu zruog/ zh kdyhvhhq wkdw vrph shrsoh/ riwhq phufkdqwv/ kdyh lqyhvwhg lqwr pdnlqj frqwdfwzlwk shrsoh iurp rwkhu fxowxuhv1 Dqg wkurxjk wkrvh frqwdfwv lqirupdwlrqdqg jrrgv zhuh h{fkdqjhg ehwzhhq lqglylgxdov ri wkrvh gl�huhqw fxowxuhv1Lq wklv sdshu zh h{dplqh d zruog lq zklfk wkh djhqwv duh jdwkhuhg lqwrjurxsv/ dffruglqj wr wkhlu fkdudfwhulvwlfve1 Lq wklv zruog/ djhqwv h{fkdqjhydoxdeoh lqirupdwlrq zlwk hyhu|rqh wkdw wkh| kdyh frqwdfw zlwk/ lqfoxglqjwkh lqirupdwlrq wkdw wkh| uhfhlyhg iurp rwkhuv1 Krzhyhu/ ehiruh wzr djhqwvkdyh frqwdfw/ rqh ri wkh djhqwv kdv wr pdnh wkh frqwdfw1 Qdwxudoo|/ wkh pruhvlplodu wzr sod|huv duh/ wkh hdvlhu frqwdfw zloo eh pdgh1Wklv sdshu �wv lqwr wkh txlfno| h{sdqglqj olwhudwxuh rq wkh irupdwlrqri vrfldo dqg hfrqrplf qhwzrunv1 Wkh vwuxfwxuh ri qhwzrunv fdq vljql�0fdqwo| d�hfw lqglylgxdo dqg djjuhjdwh ehkdylruD1 Iurp wkdw shuvshfwlyh lwlv zruwkzkloh wr lqyhvwljdwh zklfk qhwzrunv duh olnho| wr dulvh lq gl�huhqwflufxpvwdqfhv1 Pdq| sdshuv kdyh ehhq sxeolvkhg rq wklv vxemhfw S1Lq wklv sdshu zh jhqhudol}h dqg h{whqg uhvxowv rq qhwzrun irupdwlrq re0wdlqhg e| Edod dqg Jr|do +5333, dqg Jdohrwwl/ Jr|do dqg Ndpskruvw +5336,/wr eh uhihuuhg wr dv EJ dqg JJN uhvshfwlyho|1 Lq EJ d vhw ri krprjhqhrxvdjhqwv lv frqvlghuhg1 Ehfdxvh wkh qhwzrun irupdwlrq zloo eh dqdo|}hg zlwklqd jdph0wkhruhwlf iudphzrun/ lq wkh vhtxho wkh djhqwv duh fdoohg sod|huv1 Wzrsod|huv duh vdlg wr eh olqnhg wr hdfk rwkhu zkhq rqh ri wkh sod|huv pdnhvfrqwdfw zlwk wkh rwkhu sod|hu1 EJ dvvxph wkdw wkh frvw ri d olqn ehwzhhqwzr sod|huv lv frpsohwho| sdlg e| wkh sod|hu zkr wdnhv wkh lqlwldwlyh wr pdnhwkh frqwdfw1 Wkhuhiruh wkh frqwdfwlqj sod|hu lv vdlg wr eh wkh vsrqvru= khvsrqvruv +sd|v iru, wkh olqn ehwzhhq wkh wzr sod|huv1 Lw lv dvvxphg wkdwhdfk olqn lv htxdoo| frvwo|1 Wzr sod|huv duh frqqhfwhg wr hdfk rwkhu zkhqwkhuh lv dw ohdvw rqh sdwk ri olqnv ehwzhhq wkhp/ l1h1 wzr sod|huv l dqg mduh frqqhfwhg li wkhuh lv d vhtxhqfh ri sod|huv l�> l2> = = = > l� vxfk wkdw l @ l�/m @ l& dqg l� lv olqnhg wr l�n�/ m @ 4> 5> = = = > n�41 Sod|huv ehqh�w iurp ehlqjfrqqhfwhg zlwk rwkhu sod|huv1 EJ dvvxph wkdw wkh ehqh�wv duh lqghshqghqw
eIru h{dpsoh/ dffruglqj wr wkh rujdqlvdwlrq/ frxqwu|/ fxowxuh/ vrfldo fodvv ru jhrjudsk0lfdo duhd wkdw wkh| ehorqj wr1 Dqrwkhu srvvlelolw| lv iru lqvwdqfh wr jurxs vflhqwlvwv df0fruglqj wr wkhlu �hog ri vshfldol}dwlrq1DVhh iru lqvwdqfh Exuw +4<<5,/ Prqwjrphu| +4<<4,/ Judqryhwwhu +4<:7,/ Frohpdq+4<<9,/ Edudeävl +5335, dqg Zdwwv +5336,1SIru qhwzrun irupdwlrq prghov zlwk krprjhqhrxv djhqwv vhh iru lqvwdqfh Gxwwd dqgMdfnvrq +5333,/ Idon dqg Nrvihog +5336,/ Jr|do +4<<6,/ Kdoohu dqg Vdudqjl +5334,/ Mdfnvrqdqg Zrolqvnl +4<<9,/ dqg Zdwwv +5334/ 5335,1 Qhwzrun irupdwlrq prghov zlwk khwhurjh0qrxv djhqwv kdyh ehhq vwxglhg e| h1j1 Mrkqvrq dqg Jloohv +5333, dqg PfEulgh +5335,1Mdfnvrq +5336, lv dq ryhuylhz sdshu ri wkh qhwzrun irupdwlrq olwhudwxuh wkdw xvhv frrs0hudwlyh jdph wkhru| +wklv lv dw wkh prphqw ri zulwlqj grzqordgdeoh iurp klv zhevlwh,1



6iurp wkh vsrqvrulqj sod|huv dqg wkh ohqjwk ri wkh sdwk+v, ehwzhhq wzr frq0qhfwhg sod|huv1 Vr/ zkloh wkh frvwv ri d olqn duh rqh0vlghg/ wkh ehqh�wv duhwzr0vlghg= zkhq rqh sod|hu vsrqvruv d olqn wr dqrwkhu sod|hu/ erwk rewdlqwkh vdph ehqh�w1 Pruhryhu/ wkhuh lv qr ghfd| ru sdwk ghshqghqf|/ l1h1 wkhehqh�w iurp ehlqj frqqhfwhg wr dqrwkhu sod|hu lv lqghshqghqw ri wkh ohqjwkri wkh sdwk+v, dqg wkh qxpehu ri gl�huhqw sdwkv ehwzhhq wkh wzr sod|huv1Ilqdoo|/ dq| frqqhfwlrq jlyhv wkh vdph ehqh�w1 Vr/ wkh wrwdo ehqh�w wr dsod|hu lv htxdo wr vrph frqvwdqw wlphv wkh qxpehu ri sod|huv zlwk zklfk khlv frqqhfwhg1 Iurp wklv lw iroorzv wkdw wkh sd|r� wr d sod|hu lv htxdoNe�Of/zkhuh e lv wkh ehqh�w shu frqqhfwlrq/ N wkh qxpehu sod|huv wr zklfk kh lvfrqqhfwhg/ f wkh frvwv ri d olqn dqg O wkh qxpehu ri olqnv vsrqvruhg e| wkhsod|hu1 Revhuyh wkdw erwk frvwv dqg ydoxhv +ehqh�wv, duh krprjhqhrxv1Iru lqvwdqfh/ frqvlghu d wkuhh sod|hu qhwzrun zlwk rqh olqn ehwzhhq Shwhdqg Mrkq/ vsrqvruhg e| Mrkq1 Wkhq wkh sd|r� wr Shwh lv e � f/ wkh sd|r�wr Mrkq lv e dqg wkh sd|r� wr wkh wklug sod|hu Vdudk lv 31 Dowkrxjk dovrMrkq ehqh�wv iurp wkh olqn wkdw Shwh vsrqvruv/ rqo| Shwh lqfxuv wkh frvwvri wkdw olqn1 Iru h{dpsoh/ zkhq Shwh pdnhv d skrqh fdoo wr Mrkq/ rqo| Shwhsd|v iru wkh fdoo/ zkloh erwk Shwh dqg Mrkq pd| ehqh�w iurp wkh h{fkdqjhri lqirupdwlrq1 Zkhq dovr Vdudk lv vsrqvrulqj d olqn wr Mrkq/ wkhq Shwh lvfrqqhfwhg wr khu wkurxjk klv olqn wr Mrkq dqg khu olqn wr Mrkq1 Wkh sd|r�vduh qrz 5e� f iru erwk Shwh dqg Vdudk dqg 5e iru Mrkq1 Zkhq lq dgglwlrqwr wkh olqnv deryh Vdudk dovr vsrqvruv d olqn wr Shwh/ wkhq wkh sd|r� wr Shwhdqg Mrkq grhv qrw fkdqjh= wkh| vwloo lqfxu wkh vdph frvwv/ dqg qhlwkhu riwkhp uhfhlyhv pruh ehqh�wv/ ehfdxvh qhlwkhu wkh ohqjwk ri wkh frqqhfwlrq wrVdudk qru wkh qxpehu ri gl�huhqw sdwkv wr rwkhu sod|huv pdwwhu1 Krzhyhu/wkh dgglwlrqdo olqn ghfuhdvhv Vdudk*v sd|r� wr 5e� 5f/ ehfdxvh vkh qrz dovrlqfxuv wkh frvwv ri wkh dgglwlrqdo olqn1Zlwklq wklv iudphzrun d qhwzrun lv fdoohg d +vwulfw, Qdvk qhwzrun li wkhqhwzrun lv d +vwulfw, Qdvk htxloleulxp/ l1h1 li hyhu| sod|hu sod|v d +vwulfw,ehvw uhso| wr wklv qhwzrun1 D vwudwhj| lv d vwulfw ehvw uhso| yhuvxv d qhwzrun/li lw lv wkh xqltxh ehvw uhso| djdlqvw wkdw qhwzrun1 D zhdn Qdvk qhwzrun lv dqrq0vwulfw Qdvk qhwzrun1 EJ vkrz wkdw li wkh frvwv ri d olqn duh kljkhu wkdqwkh ehqh�w shu frqqhfwlrq/ wkh rqo| vwulfw Qdvk qhwzrun lv hpsw| +qr olqnv dwdoo,1 Zkhq wkh frvwv ri d olqn duh orzhu wkdq wkh ehqh�w shu frqqhfwlrq/ wkhqhdfk vwulfw Qdvk qhwzrun lv qrq0hpsw| +kdv dw ohdvw rqh olqn,1 Pruhryhu/dq| vwulfw Qdvk qhwzrun lv frqqhfwhg +hdfk sod|hu lv frqqhfwhg wr dq| rwkhusod|hu, dqg lv d vr0fdoohg fhqwhu0vsrqvruhg vwdu/ l1h1 wkhuh lv suhflvho| rqhsod|hu vsrqvrulqj olqnv dqg wklv sod|hu vsrqvruv d olqn wr dq| rwkhu sod|hu1EJ dovr vkrz wkdw lq d g|qdplf vhwwlqj zkhuh sod|huv pd| uhylvh wkhluvwudwhjlhv dv li wkh| duh p|rslfdoo| udwlrqdo/ wkh g|qdplfv dozd|v frqyhujhvwr d vwulfw Qdvk qhwzrun1 Dq h{dpsoh ri d fhqwhu0vsrqvruhg vwdu ri 7 sod|huvlv ghslfwhg lq Iljxuh 41 Sod|hu 4 lv wkhuh wkh fhqwudo sod|hu/ zkr vsrqvruv dolqn wr hdfk rwkhu sod|hu1
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Iljxuh 41 Fhqwhu0Vsrqvruhg Vwdu
Wkhvh uhvxowv duh jhqhudol}hg lq JJN +Jdohrwwl/ Jr|do dqg Ndpskruvw/5336, e| uhod{lqj wkh dvvxpswlrqv ri frvw krprjhqhlw| dqg ydoxh krprjhqh0lw|1 JJN �qg wkdw li hlwkhu frvwv ri olqnv ru wkh ehqh�w shu frqqhfwlrq duhkhwhurjhqhrxv/ d qrq0hpsw| vwulfw Qdvk qhwzrun pd| idlo wr eh frqqhfwhg1Vr/ xqghu khwhurjhqhlw| ri frvwv ru ehqh�wv wkhuh pd| h{lvw vwulfw Qdvk qhw0zrunv lq zklfk wzr sod|huv duh qrw frqqhfwhg wr hdfk rwkhu1 Lq sduwlfxodu= lifrvwv duh krprjhqhrxv dqg ydoxhv duh khwhurjhqhrxv/ wkhq vwulfw Qdvk qhw0zrunv pd| h{lvw frqvlvwlqj ri vhyhudo fhqwhu0vsrqvruhg vwdu frpsrqhqwv +dvxevhw ri sod|huv lv d frpsrqhqw li lw lv frqqhfwhg dqg wkh vxevhw ehfrphvxqfrqqhfwhg zkhq dgglqj dq| rwkhu sod|hu,1 Li frvwv duh khwhurjhqhrxv/ wkhqdq| plqlpdo +xqfrqqhfwhg, qhwzrun pd| dulvh dv d vwulfw Qdvk qhwzrun +dqhwzrun lv plqlpdo li wkh qxpehu ri frpsrqhqwv lqfuhdvhv zkhq ghohwlqjdq| rqh olqn,1 Khqfh JJN frqfoxgh wkdw erwk krprjhqhlw| lq frvwv dqglq ydoxhv duh lpsruwdqw ghwhuplqdqwv iru wkh h{lvwhqfh ri frqqhfwhg vwulfwQdvk qhwzrunv1 Pruhryhu/ wkh| frqfoxgh wkdw frvw khwhurjhqhlw| lv fuxfldoiru wkh vkdsh +ru dufklwhfwxuh, ri wkh qhwzrunv wkdw pd| dulvh dv vwulfw Qdvkqhwzrunv/ dv zlwkrxw uhvwulfwlrqv rq wkh frvw ixqfwlrq dq| qhwzrun zlwk dplqlpdo dufklwhfwxuh pd| dulvh dv d vwulfw Qdvk qhwzrun1Vlqfh ydoxh khwhurjhqhlw| lv uhodwlyho| xqlpsruwdqw iru wkh dufklwhfwxuhri wkh qhwzrun/ JJN surfhhg e| dvvxplqj krprjhqhrxv ydoxh ixqfwlrqv1Pruhryhu/ wkh| uhvwulfw wkh khwhurjhqhlw| ri frvwv wr eh ri d vshfl�f irup1Wr gr vr/ wkh| dvvxph wkdw/ dffruglqj wr fhuwdlq fkdudfwhulvwlfv/ wkh sod|huvfdq eh glylghg lqwr p jurxsv/ qxpehuhg iurp 4 wr p/ hdfk jurxs frqwdlqlqjdw ohdvw wzr sod|huv1 Lw lv ixuwkhu dvvxphg wkdw wkh qxpehulqj uh hfwv wkhgl�huhqfhv lq wkh fkdudfwhulvwlfv ri d jurxs1 Lq sduwlfxodu/ iru vlpsolflw| lw lvdvvxphg wkdw wkh gl�huhqfhv ehwzhhq wzr jurxsv k dqg m/ fdq eh phdvxuhge| wkh glvwdqfh ehwzhhq wkh jurxsv ehlqj wkh devroxwh ydoxh mk � mm ri wkhgl�huhqfh ehwzhhq wkh qxpehuv ri wkh jurxsv1 Iru hdfk sod|hu/ wkh frvwvri d olqn wr vrph rwkhu sod|hu lv jlyhq e| d frvw ixqfwlrq wkdw lv +zhdno|,lqfuhdvlqj lq wkh glvwdqfh ehwzhhq wkh jurxsv wr zklfk erwk sod|huv ehorqj1Hdfk sod|hu lv dvvxphg wr kdyh wkh vdph frvw ixqfwlrq i / zlwk i+n, wkh frvwvri d olqn ehwzhhq wzr sod|huv dw glvwdqfh n/ n @ 3> = = = >p�41 JJN fdoo d olqnzlwklq d jurxs dq lqwhuqdo olqn dqg d olqn iurp d sod|hu wr d sod|hu rxwvlghklv rzq jurxs dq h{whuqdo olqn1 Fruuhvsrqglqjo| wkh| qdphg wklv prgho wkhLqvlghu0Rxwvlghu prgho1 Vlqfh wkh fkdudfwhulvwlf ihdwxuh ri wkh prgho lv wkhsduwlwlrqlqj ri wkh srsxodwlrq lqwr pxowlsoh jurxsv/ zkhuh wkhuh duh pdq|
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Iljxuh 51 Wkuhh frqqhfwhg fhqwhu0vsrqvruhg vwdu zlwk wzrjurxsv ri wkuhh sod|huv hdfk1
gl�huhqw w|shv ri rxwvlghuv +ghshqglqj rq glvwdqfh, iurp wkh srlqw ri ylhzri dq| sod|hu/ lq wklv sdshu zh suhihu wr fdoo wklv prgho wkh Pxowlsoh Jurxsprgho +PJ prgho,/ dqg wr uhihu wr wklv dv wkh Lqvlghu0Rxwvlghu prgho lq wkhvshfl�f fdvh ri wzr jurxsv1Iru wkh PJ prgho/ JJN vkrz wkdw iru kljk hqrxjk ydoxhv ri wkh frvwvi+3, ri lqwhuqdo olqnv/ wkh hpsw| qhwzrun lv wkh xqltxh vwulfw Qdvk qhwzrun1Iru orz hqrxjk ydoxhv ri lqwhuqdo olqnv dqg kljk hqrxjk ydoxhv ri h{whuqdoolqnv ri ohqjwk rqh/ dq| vwulfw Qdvk qhwzrun lv d qhwzrun lq zklfk hdfk jurxsirupv d fhqwhu0vsrqvruhg vwdu frpsrqhqw1 Li erwk wkh frvwv i+3, ri lqwhuqdoolqnv dqg i+4, ri h{whuqdo olqnv ri ohqjwk rqh duh orz hqrxjk/ wkhq dq|vwulfw Qdvk qhwzrun lv d vr0fdoohg jhqhudol}hg fhqwhu0vsrqvruhg vwdu1 Vxfkd qhwzrun lv plqlpdoo| frqqhfwhg +l1h1 ghohwlqj d olqn pdnhv wkh qhwzrunxqfrqqhfwhg, dqg kdv d fhqwudo sod|hu l zlwk wkh surshuw| wkdw li zh pryhdorqj d sdwk zlwk vxevhtxhqwo| wkh sod|huv l�> l2> ===> l& zlwk l� @ l/ wkhq wkholqn iurp l� wr l�n� lv vsrqvruhg e| l�/ m @ 4> = = = > n�41 Pruhryhu/ dorqj hdfkvxfk d sdwk/ wkhuh lv dw prvw rqh sod|hu iurp hdfk jurxs/ ljqrulqj sod|hu lklpvhoi1 Vr/ wkh jurxs wr zklfk wkh fhqwudo sod|hu l ehorqjv frqvwlwxwhv dfhqwhu0vsrqvruhg vwdu +l1h1 l vsrqvruv d olqn wr dq| rwkhu sod|hu lq klv jurxs,dqg doo rwkhu jurxsv duh frpsohwho| iudjphqwhg +l1h1 dq| sdwk ehwzhhq wzrphpehuv ri vxfk d jurxs frqwdlqv d phpehu ri dqrwkhu jurxs,1 Ilqdoo|/JJN �qg wkdw iru orz ydoxhv ri i+3, dqg prghudwh ydoxhv ri i+4, d vwulfwQdvk qhwzrun grhv qrw h{lvw1Iru wkh fdvh ri mxvw wzr jurxsv/ JJN vxevhtxhqwo| fkdudfwhul}h wkh qhw0zrunv lq wkh uhfxuuhqw fodvvhv ri wkh g|qdplfv zlwk p|rslfdoo| udwlrqdo sod|0huv dv vshfl�hg e| EJ1 Lw lv vkrzq wkdw wkh g|qdplfv frqyhujhv wr d uhfxuuhqwfodvv wkdw pd| frqwdlq pxowlsoh Qdvk qhwzrunv1 Li wkh uhfxuuhqw fodvv lv qrq0vlqjohwrq. wkhq hdfk qhwzrun ri wkh fxue vhw lv d zhdn Qdvk qhwzrun lq zklfkerwk jurxsv irup d fhqwhu0vsrqvruhg vwdu dqg lq zklfk wkhuh lv rqh vlqjohsod|hu/ vd| l +wkh vdph lq hdfk ri wkhvh qhwzrunv,/ wkdw vsrqvruv d olqn wrrqh ri wkh sod|huv lq wkh rwkhu jurxs1 Zh fdoo vxfk d qhwzrun d frqqhfwhgfhqwhu0vsrqvruhg vwdu qhwzrun1 Frqvlghu iru h{dpsoh wkh wkuhh qhwzrunv lqIljxuh 51 Wkhvh wkuhh qhwzrunv duh d uhfxuuhqw fodvv ri wkh g|qdplfv iru

.D vlqjohwrq uhfxuuhqw fodvv lq wkhvh g|qdplfv frqvlvwv e| gh�qlwlrq ri d vwulfw Qdvkhtxloleulxp1



9i +3, ? 4> i +3, ? i +4, ? 6= Iru wkh vdph sdudphwhuv/ wkh| duh dovr Qdvkqhwzrunv1 Exw wkh| duh qrw vwulfw Qdvk qhwzrunv/ ehfdxvh sod|hu 5 grhvq*wfduh wr zklfk sod|hu ri jurxs 5 kh vsrqvruv klv olqn1 Pruhryhu/ qrqh ri wkhrwkhu sod|hu fduhv zklfk ri wkh wkuhh dowhuqdwlyhv sod|hu 5 fkrrvhv1 Wkhuh0iruh sod|hu 5 pd| fkdqjh wklv olqn iurp rqh shulrg wr wkh qh{w1 Krzhyhu/doo rwkhu olqnv duh wkh vdph lq hdfk ri wkhvh qhwzrunv1Lq wkh edvlf prgho zlwk krprjhqhrxv frvwv dqg ehqh�wv ri EJ/ hdfkplqlpdo fxue vhw lv d vlqjohwrq vwulfw Qdvk qhwzrunv/ mxvwli|lqj wkhlu irfxvrq vwulfw Qdvk qhwzrunv iurp d g|qdplf shuvshfwlyh1 Krzhyhu/ lq wkh PJprgho zlwk khwhurjhqhrxv frvwv/ vwulfw Qdvk qhwzrunv gr qrw h{lvw iru prg0hudwh ydoxhv ri i+4, wrjhwkhu zlwk orz ydoxhv ri i+3,1 Pruhryhu/ vwulfw Qdvkqhwzrunv duh qrw wkh rqo| qhwzrunv wkdw pd| eh sduw ri d uhfxuuhqw fodvv1Wklv udlvhv wkh txhvwlrq zkhwkhu irfxvvlqj rq wkh vroxwlrq frqfhsw ri vwulfwQdvk qhwzrunv lv wrr uhvwulfwlyh1Wkh reylrxv dowhuqdwlyh/ wr frqvlghu doo Qdvk qhwzrunv/ lv dovr xqdwwudf0wlyh1 Lw lv d frpprq ihdwxuh ri qhwzrun irupdwlrq prghov/ lqfoxglqj wklv rqh/wkdw wkh frqfhsw ri Qdvk htxloleulxp kdv yhu| olwwoh elwh1 Iru lqvwdqfh/ lqwkh fdvh ri rqh jurxs/ iru d udqjh ri frvwv/ hyhu| plqlpdo frqqhfwhg qhwzrunlv d Qdvk qhwzrun1 Pruhryhu/ lq wkh g|qdplf vhwwlqj wkdw EJ vwxglhg/ doouhfxuuhqw fodvvhv frqwdlq rqo| rqh qhwzrun/ qdpho| d vwulfw Qdvk qhwzrun1Qr zhdn Qdvk qhwzrun vxuylyhv vxfk g|qdplfv1 Dqg dowkrxjk vrph zhdnQdvk qhwzrunv vxuylyh wkh g|qdplfv zkhq wkhuh duh wzr jurxsv/ lq jhqhudoprvw zhdn Qdvk qhwzrunv fdq qrw vxuylyh1 Wkxv wkh frqfhsw ri doo Qdvkqhwzrunv dsshduv wrr zlgh1JJN wkhuhiruh lqwurgxfh wkh frqfhsw ri plqlpdo fxue vhwvH1 Wklv vwdwlfvroxwlrq frqfhsw kdv frqvlghudeoh elwh +h{foxghv prvw qhwzrunv, dqg qrq0hpsw| vroxwlrqv iru doo srvlwlyh lqfuhdvlqj frvw ixqfwlrqv1 Pruhryhu/ lq wklvprgho hdfk plqlpdo fxue vhw lv lghqwlfdo wr rqh ri wkh uhfxuuhqw fodvvhv dqgylfh yhuvd1 Wkxv d qhwzrun lv sduw ri d plqlpdo fxue vhw li dqg rqo| li lw lvsduw ri d uhfxuuhqw fodvv ri wkh ehvw uhso| g|qdplfv1JJN dovr vkrz wkdw/ li wkhuh duh mxvw wzr jurxsv dqg wkh frvw ixqfwlrq lvvwulfwo| lqfuhdvlqj/ d frqqhfwhg fhqwhu0vsrqvruhg vwdu lv h!flhqw/ zkloh wkhjhqhudol}hg fhqwhu0vsrqvruhg vwdu lv qrw1Lq wklv sdshu zh jhqhudol}h wkh dqdo|vlv ri JJN e| doorzlqj iru dq duel0wudu| qxpehu ri jurxsv1 Wklv jhqhudol}dwlrq frphv dw d vpdoo frvw/ qdpho|wkdw zh dvvxph wkdw wkh frvwv ri d olqn duh vwulfwo| lqfuhdvlqj lq lwv ohqjwk1Zh vkrz wkdw lq wklv prgho dq| qhwzrun lq d plqlpdo fxue vhwv lv hlwkhud jhqhudol}hg fhqwhu0vsrqvruhg vwdu/ ru d frqqhfwhg fhqwhu0vsrqvruhg vwdu/ru kdv dq dufklwhfwxuh jlyhq e| d k|eulg frpelqdwlrq ri wkhvh wzr w|shv1Rq wkh rwkhu kdqg/ pdq| k|eulg dufklwhfwxuhv fdq*w dulvh lq plqlpdo fxuevhwv1 Wkhuhiruh jhqhudol}lqj wkh wzr0jurxs prgho wr dq p0jurxs prgho lvqrw vwudljkwiruzdug1 Lq idfw/ lw dsshduv wr eh h{wuhpho| gl!fxow/ li qrwlpsrvvleoh/ wr jlyh d fkdudfwhul}dwlrq ri dufklwhfwxuhv wkdw pd| dulvh lq d
HWklv qrwlrq zdv �uvw lqwurgxfhg e| Edvx dqg Zhlexoo +4<<4,1 Vhh dovr vhfwlrq 6 riwklv sdshu1



:plqlpdo fxue vhw/ vlqfh wkhuh lv qr d sulrul uhdvrq wr h{foxgh dq| qhwzruniurp wkh dqdo|vlv1 Iruwxqdwho|/ iru wkh wzr0jurxs fdvh/ JJN kdv vkrzq wkdwdq| plqlpdo fxue vhwv lv ehvw uhso| lqyduldqw/ l1h1 iru dq| sod|hu krogv wkdwklv ehvw uhso| vhw lv lqghshqghqw ri wkh qhwzrun lq wkh fxue vhw1 Wkxv/ zkhqlq vxfk d qhwzrun rqh sod|hu fkdqjhv klv froohfwlrq ri vsrqvruhg olqnv wrdqrwkhu froohfwlrq vhw ri olqnv lq klv ehvw uhso| vhw/ wkh vhw ri ehvw uhsolhv ridq| rwkhu sod|hu grhv qrw fkdqjh1 Vr/ wkh vhw ri ehvw uhsolhv ri d sod|hu dovruhpdlqv xqfkdqjhg hyhq li doo rwkhu sod|huv jhw d fkdqfh wr fkrrvh dqrwkhurswlpdo froohfwlrq ri vsrqvruhg olqnv1 JJN fdoo d plqlpdo fxue vhw wkdw lvehvw0uhso| lqyduldqw d vxshu wljkw fxue vhw1 Vlqfh prvw qhwzrunv fdqqrw ehsduw ri d vxshu wljkw fxue vhw/ wkh wdvn ri surylglqj d ixoo fkdudfwhul}dwlrqri d vxshu wljkw fxue vhw lv uhodwlyho| oljkw1Wklv vhwv wkh surjudp iru wkh uhvhdufk lq wklv sdshu1 Zh �uvw suryh wkdwdovr lq wkh pxowlsoh jurxs fdvh hyhu| plqlpdo fxue vhw lv vxshu wljkw1 Zhgr wklv e| surylqj wkdw hyhu| uhfxuuhqw fodvv ri wkh ehvw uhso| g|qdplfvfrqwdlqv d vxshu wljkw fxue vhw1 Ehfdxvh dq| plqlpdo fxue vhw frqwdlqvvxfk d uhfxuuhqw fodvv/ dq| plqlpdo fxue vhw lv vxshu wljkw1 Vxevhtxhqwo| zhduh deoh wr fkdudfwhul}h wkh qhwzrunv wkdw fdq dulvh lq plqlpdo fxue vhwv1Vlqfh pdq| plqlpdo fxue vhwv ihdwxuh d vhw ri k|eulg qhwzrunv/ jhqhudoo|wkh dufklwhfwxuhv duh qrw h!flhqw/ dowkrxjk wkh| duh w|slfdoo| pruh h!flhqwwkdq d vwulfw Qdvk qhwzrun1 Pruhryhu/ wkhuh duh vxshu wljkw fxue vhwv rizklfk wkh qhwzrunv duh frqqhfwhg fhqwhu0vsrqvruhg vwduv1 Wkh qhwzrunv rivrph ri wkhvh plqlpdo fxue vhwv duh h!flhqw1 Ilqdoo|/ zh vkrz zklfk w|shvri qhwzrunv fdq dulvh li wkhuh duh wkuhh jurxsv1Frpprq uhvxowv lq wkh qhwzrun irupdwlrq olwhudwxuh vxfk dv +orfdo, fhq0wudolw| dqg fhqwhu0vsrqvruvkls dovr krog iru wkh PJ prgho1Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 suhvhqwv wkh prgho dqg wkhg|qdplfv1 Vhfwlrq 6 lqwurgxfhv plqlpdo fxue vhwv dqg vxshu wljkw fxuevhwv1 Vhfwlrq 7 frqwdlqv wkh pdlq uhvxow wkdw lq wkh pxowlsoh jurxs prghodoo uhfxuuhqw fodvvhv ri wkh ehvw uhso| g|qdplf duh vxshu wljkw fxue vhwv/ dqgwkhuhiruh wkdw doo plqlpdo fxue vhwv duh vxshu wljkw1 Vhfwlrq 8 wkhq surylghvwkh fkdudfwhul}dwlrq ri wkh qhwzrunv lq vxshu wljkw fxue vhwv1 Vhfwlrq 9suhvhqwv wkh w|shv ri qhwzrunv lq plqlpdo fxue vhwv zkhq wkhuh duh wkuhhjurxsv/ dqg vhfwlrq : frqfoxghv1 Prvw ri wkh surriv duh uhohjdwhg wr wkhDsshqglfhv1
51 Wkh PrghoLq wklv vhfwlrq zh suhvhqw wkh jdph0wkhruhwlf prgho ri qhwzrun irupdwlrqxqghu frvwv khwhurjhqhlw|1 Zh vwduw e| gh�qlqj wkh vwdjh jdph/ l1h1 wkh vhwri sod|huv/ wkh vwudwhj| vhwv dqg wkh sd|r� ixqfwlrqv1 Zh wkhq frqwlqxh e|vwdwlqj wkh frqfhsw ri d Qdvk qhwzrun dqg wkh g|qdplfv ri wkh prgho1 Zh�qlvk wklv vhfwlrq zlwk vrph dgglwlrqdo whuplqrorj| dqg qrwdwlrq wkdw zhqhhg lq wkh vhtxho ri wkh sdshu1



;5141 Wkh vwdjh jdph1 Zh frqvlghu d vhw Q @ i4> = = = > > qj ri q sod|huv/zklfk zrxog ehqh�w iurp kdylqj frqwdfw zlwk hdfk rwkhu/ iru lqvwdqfh eh0fdxvh wkh| fdq vkduh sulydwh lqirupdwlrq1 D sod|hu fdq frqwdfw dqrwkhusod|hu e| hvwdeolvklqj d olqn wr wkdw rwkhu sod|hu1 Wkh frvwv ri d olqn lvixoo| sdlg e| wkh sod|hu wkdw pdnhv wkh frqwdfw/ wr eh fdoohg wkh vsrqvru rid olqn1 Krzhyhu/ wkh ehqh�wv ri wkh frqwdfw  rz erwk zd|v= wkh vsrqvruuhfhlyhv doo lqirupdwlrq wkdw wkh uhflslhqw kdv/ dqg wkh uhflslhqw uhfhlyhv doolqirupdwlrq wkdw wkh vsrqvru kdv1 Vr/ lq wkh prgho zh kdyh dv|pphwulffrvwv dqg v|pphwulf ehqh�wv= rqo| wkh vsrqvru sd|v iru wkh olqn/ exw erwksod|huv ehqh�w iurp d olqn1Edvhg rq vrph zhoo0vshfl�hg fkdudfwhulvwlfv wkh sod|huv duh glylghg lqwrp jurxsv/ lqgh{hg e| c @ 4> = = = >p1 Zh dvvxph wkdw/ dffruglqj wr wkhlufkdudfwhulvwlfv/ wkh jurxsv fdq eh vhhq wr eh orfdwhg dorqj d olqhdu flw|/ iurpjurxs 4 rq wkh ohiw vlgh wr jurxs p rq wkh uljkw vlgh1 Khqfh/ wkh devroxwhydoxh ri wkh gl�huhqfh lq wkh qxpehuv ri wzr jurxsv fdq eh vhhq dv d phdvxuhiru wkh khwhurjhqhlw| lq wkh fkdudfwhulvwlfv ehwzhhq wkhp1 Zlwk Q� � Qehlqj wkh vhw ri sod|huv lq jurxs c> wkh froohfwlrq ri vxevhwvQ�> = = = >Q6 irupvd sduwlwlrq ri Q 1 Lw lv dvvxphg wkdw p � 5 dqg mQ�m � 5 iru doo c @ 4> = = = >p1Zh ghqrwh wkh froohfwlrq ri wkhvh jurxsv e| Q @ iQ�> ===>Q6j1Wr jlyh wkh vwudwhj| vhwv ri wkh olqn irupdwlrq jdph/ zh ghqrwh d olqnehwzhhq sod|hu l dqg sod|hu m vsrqvruhg e| l/ vkruwo| d olqn iurp l wr m/ e|wkh rughuhg sdlu +l> m,1 Wkh vhw ri doo srvvleoh olqnv vsrqvruhg e| sod|hu l/l 5 Q / ghqrwhg e| O�/ lv jlyhq e|O� @ i+k> m, 5 Q �Q mk @ l> m 9@ lj =Wkh vhw ri doo ihdvleoh olqnv lv wkxv jlyhq e| O @ ^�M�O�1 Hdfk sod|hu +rqo|,ghflghv xsrq zklfk olqnv kh dfwxdoo| vsrqvruv1 Vr/ d vwudwhj| ri sod|hu l lvd vxevhw j� ri O� dqg wkh vwudwhj| vsdfh J� ri sod|hu l lv wkh froohfwlrq ri doovxevhwv ri O�/ wkxvb �f J� @ ij� m j� � O�j =Zlwk vrph dexvh ri wkh vwdqgdug jdph0wkhruhwlfdo qrwdwlrq/ zh gh�qh wkhvwudwhj| vsdfh J ri vxevhwv ri O e| ��J @ ijmj � Oj =Fohduo|/ dq| j 5 J lqgxfhv iru dq| l 5 Q d vwudwhj| j� 5 J� jlyhq e|j� @ i+k> m, 5 j m k @ lj=
bWkurxjkrxw wkh sdshu zh zloo ghqrwh d vxevhw e| \ dqg d vwulfw vxevhw e| a1�fRxu qrwdwlrq ri d vwudwhj| }� gl�huv iurp wkh xvxdo qrwdwlrq lq wkh qhwzrun irupdwlrqolwhudwxuh/ lqfoxglqj JJN1 Zh fkrvh wr ghqrwh wkh vwudwhjlhv ri sod|huv e| wkh vhw ri olqnvwkdw wkh| vsrqvru/ zkhuhdv lq wkh pdlq olwhudwxuh wkh vwudwhj| ri d sod|hu lv ghqrwhg e| dq?0yhfwru/ vd| ��1 Wkhq d vwudwhj| }� M :� ehlqj d vhw ri olqnv fruuhvsrqgv wr wkh ?0yhfwru�� zlwk frpsrqhqwv ��� ' � li E�c �� M }� dqg ��� ' f li E�c �� *M }�1 Zh pdgh wklv fkdqjhehfdxvh wkh xvxdo qrwdwlrq ehfrphv yhu| fxpehuvrph lq rxu surriv1��Dffruglqj wr wkh irupdo dssurdfk lq jdph wkhru|/ wkh vwudwhj| vsdfh lv jlyhq e|��M� :� lqvwhdg ri :1
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Iljxuh 61 j @ i+4> 5, > +4> 8, > +5> 4, > +9> 6,j
Uhyhuvho|/ zkhq sod|hu l ghflghv rq vwudwhj| j� 5 J�/ l 5 Q / wkhq j @^�M� j� 5 J1 Vr/ zlwkrxw dq| frqixvlrq/ dq| j 5 J uhsuhvhqwv d vwudwhj|sur�oh j�/ l 5 Q 1Lw lv xvhixo wr revhuyh wkdw d vwudwhj| sur�oh j 5 J fdq eh uhsuhvhqwhge| d qhwzrun/ ehlqj d gluhfwhg judsk zlwk wkh vhw ri sod|huv dv qrghv dqgd gluhfwhg hgjh ehwzhhq wzr qrghv l dqg m li dqg rqo| li +l> m, 5 j1 Lq wkhvhtxho zh wkhuhiruh riwhq uhihu wr d vwudwhj| sur�oh dv d qhwzrun1 Iljxuh 6lv dq h{dpsoh ri d qhwzrun lq d jdph zlwk q @ 9/ p @ 5/ Q� @ i4> 5> 6jdqg Q2 @ i7> 8> 9j/ qdpho| wkh qhwzrun lqgxfhg e| wkh vwudwhj| sur�ohj @ i+4> 5, > +4> 8, > +5> 4, > +9> 6,j1 Lq doo �jxuhv lq wklv sdshu/ zh sxw sod|huvri wkh vdph jurxs yhuwlfdoo| wr hdfk rwkhu1 Vr/ hyhu| froxpq ri qrghv lv dvhw ri sod|huv ri wkh vdph jurxs1Wr frpsohwh wkh ghvfulswlrq ri wkh qrupdo0irup ri wkh qhwzrun irupdwlrqjdph/ zh kdyh wr vshfli| wkh sd|r� ixqfwlrqv1 Wkhuhiruh zh frqvlghu wkhfrvwv dqg ehqh�wv ri wkh iruplqj ri olqnv1 Ohw f�� ghqrwh wkh frvwv wr sod|hu lri vsrqvrulqj d olqn wr sod|hu m1 Zh dvvxph wkdw wkhvh frvwv duh lqfuhdvlqj lqwkh gl�huhqfhv ri wkh fkdudfwhulvwlfv ri wkh jurxsv wr zklfk wkh wzr sod|huvehorqj1 Vr/ iru wzr sod|huv l 5 Q� dqg m 5 Q&/ wkh frvw ri iruplqj wkh olqn+l> m, lv jlyhq e| f�� @ i +mo � nm, >zkhuh i +�, lv dq lqfuhdvlqj uhdo0ydoxhg ixqfwlrq lq wkh ohqjwk mo � nm ri wkholqn1 Revhuyh wkdw wklv prghoolqj lpsolhv khwhurjhqhlw| lq frvwv gxh wr idfwwkdw wkh frvwv ri d olqn ghshqg rq lwv ohqjwk1 Lq idfw/ wkh frvwv duh vwulfwo|lqfuhdvlqj lq wkh devroxwh ydoxh ri wkh gl�huhqfh ehwzhhq wkh qxpehuv ri wkh+wzr, jurxsv frqwdlqlqj l dqg m/ l1h1 olqnv ehfrph pruh frvwo| li wkh sod|huvduh pruh gl�huhqw lq wkhlu fkdudfwhulvwlfv1 Zh ixuwkhu dvvxph wkdw i +3, A 31Wr rewdlq wkh ehqh�wv ri wkh iruplqj ri olqnv/ lw lv xvhixo wr revhuyh wkdwdq| qhwzrun lqgxfhv dq xqgluhfwhg judsk rq wkh vhw ri sod|huv1 Fohduo|/ iruhdfk qhwzrun j 5 J/ wkh vhw �j ri xqgluhfwhg sdluv ri sod|huv gh�qhg e|�j @ iil> mj � Q ` m +l> m, 5 j ru +m> l, 5 jj =
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Iljxuh 71 �j @ ii4> 5j > i4> 8j > i6> 9jj
jlyhv dq xqgluhfwhg judsk rq Q zlwk dq hgjh ehwzhhq dq| wzr sod|huv l dqgm li dqg rqo| li wkh xqgluhfwhg sdlu il> mj 5 �j 1 Iru lqvwdqfh wkh qhwzrun riIljxuh 6 jlyhv wkh vhw ri xqgluhfwhg sdluv �j @ ii4> 5j > i4> 8j > i6> 9jj dqg wkhuhvxowlqj xqgluhfwhg judsk lv ghslfwhg lq Iljxuh 71Qrz/ dv xvxdo lq wkh qhwzrun irupdwlrq olwhudwxuh/ sod|hu l kdv dffhvv wrwkh lqirupdwlrq ri dq| sod|hu m wr zklfk kh lv frqqhfwhg/ lqfoxglqj klpvhoi1Lq d qhwzrun j/ sod|hu l lv frqqhfwhg wr sod|hu m li wkhuh lv dw ohdvw rqh sdwkehwzhhq wkhp/ l1h1 wkhuh h{lvwv d vxevhw ri sod|huv m�> ===> mo zlwk l @ m� dqgm @ mo vxfk wkdw im&> m&n�j 5 �j iru n @ 4> = = = > u � 41 Lw lv dvvxphg wkdwsod|hu l uhdol}hv d ehqh�w htxdo wr 4 iurp kdylqj dffhvv wr wkh lqirupdwlrqiurp dq| sod|hu m wr zklfk kh lv frqqhfwhg/ lqfoxglqj klpvhoi1 Revhuyh wkdwwkh ehqh�wv duh krprjhqhrxv dqg rqo| ghshqgv rq wkh qxpehu ri sod|huv wrzklfk d sod|hu lv frqqhfwhg1�2Qrz/ wkh sd|r� ri sod|hu l lq qhwzrun j lv htxdo wr wkh qxpehu ri sod|huv wrzklfk l lv frqqhfwhg/ lqfoxglqj klpvhoi/ plqxv wkh frvwv ri wkh olqnv vsrqvruhge| l1 Wr vwdwh wklv irupdoo|/ zh lqwurgxfh vrph qrwdwlrq1 Iluvw/ iru l 5 Q /ghqrwh wkh vhw ri sod|huv wr zkrp sod|hu l vsrqvruv d olqn lq qhwzrun j dvQr +l> j, @ im 5 Q m +l> m, 5 jj =Ixuwkhu/ ohw Qr& +l> j, @ im 5 Qr +l> j, mm 5 Q&j eh wkh vhw ri sod|huv lq jurxsn/ n @ 4> = = = >p/ wr zklfk sod|hu l vsrqvruv d olqn lq qhwzrun j1 Qh{w/ irud qhwzrun j/ ohw ej eh wkh froohfwlrq ri xqrughuhg sdluv il> mj vxfk wkdw wkhuhh{lvwv d sdwk ehwzhhq l dqg m/ wkxvej @ iil> mj � Q m wkhuh lv d sdwk ehwzhhq l dqg m lq jj =Iru h{dpsoh/ lq Iljxuh 6 zh kdyh wkdw ej @ ii4> 5j> i4> 8j> i5> 8j> i6> 9jj1Olnhzlvh/ ohw Q +l> j, ghqrwh wkh vhw ri sod|huv wr zklfk sod|hu l lv frqqhfwhglq j/ lqfoxglqj l lwvhoi1 Vr/Q+l> j, @ im 5 Q m il> mj 5 ejj ^ ilj=

�2Wkh qrupdol}dwlrq wr rqh xqlw ri ehqh�w grhv qrw d�hfw wkh uhvxowv dqg vlpsol�hv wkhvwdwhphqwv ri rxu uhvxowv1



44Qrz/ iru l 5 Q�/ wkh sd|r� ixqfwlrq ri sod|hu l dvvljqlqj wkh sd|r� wr sod|hul lq dq| qhwzrun j 5 J lv jlyhq e|
��+j, @ mQ+l> j,m � 6[

&'� mQr&+l> j,mi+mo � nm,=
Wr dyrlg erughu sureohpv/ zh dvvxph wkdw sod|huv oh{lfrjudsklfdoo| suhihuvsrqvrulqj d olqn wr qrw vsrqvrulqj d olqn1 Wkxv li sod|hu l uhfhlyhv wkh vdphsd|r� lq j ^ i+l> m,j dv lq j/ wkhq l zloo vwulfwo| suhihu j ^ i+l> m,j deryh j=Wklv frpsohwhv wkh ghvfulswlrq ri wkh vwdjh jdph15151 Qdvk qhwzrunv1 Jlyhq d qhwzrun j 5 J/ ohw j3� ghqrwh wkh qhwzrunwkdw uhpdlqv zkhq doo ri sod|hu l*v olqnv duh uhpryhg/ wkxv j3� @ j q j�1 Wkhqhwzrun j3� 5 J fdq eh vhhq dv d vwudwhj| sur�oh zkhq l fkrrvhv qrw wr irupd olqn zlwk dq|rqh1 Qrz/ d vwudwhj| k� 5 J� lv vdlg wr eh d ehvw uhso| risod|hu l wr j li iru dq| k�� 5 J� krogv wkdw�� +k� ^ j3�, A �� �k�� ^ j3��ru �� +k� ^ j3�, @ �� �k�� ^ j3�� dqg mk�m � mk��m=Vr/ li k� lv d ehvw uhso|/ wkhq k�� lv dovr d ehvw uhso| li erwk �� +k� ^ j3�, ��� +k�� ^ j3�, dqg mk�m � mk��m krog zlwk htxdolw|1 Li wkhuh lv dw ohdvw rqh vwulfwlqhtxdolw|/ wkhq k�� lv qrw d ehvw uhso|1 Wkh vhw ri doo ehvw uhsolhv ri sod|hu lwr j lv ghqrwhg e| E� +j, dqg d vshfl�f hohphqw ri E� +j, zloo eh ghqrwhg e|e� +j,1 Revhuyh wkdw E� +j, @ E� +j3�, iru doo j1 Zlwkrxw dq| frqixvlrq zhzloo xvh erwk qrwdwlrqv1Ehiruh zh frqwlqxh/ zh vkrxog hpskdvl}h vrph dvshfwv ri wkh ehvw uhso|vhwv ri wkh sod|huv1 Frqvlghu qhwzrun j dqg ohw wkh qhwzrun j3� frqvlvw rin . 4 frpsrqhqwv��/ vd| Ff> = = = > F&1 Zlwkrxw orvv ri jhqhudolw| zh pd|dvvxph wkdw l ehorqjv wr Ff1 Ohw e�+j, 5 E�+j, eh d ehvw uhso| ri sod|hul wr j3�1 Wkhq e�+j, grhv qrw frqwdlq d olqn +l> m, wr dq| sod|hu m lq klvrzq frpsrqhqw Ff/ zkloh wkhuh lv dw prvw rqh olqn lq e�+j, wr dq| rwkhufrpsrqhqw1 Ixuwkhu/ li l suhihuv wr vsrqvru d olqn wr vrph frpsrqhqw F�/k @ 4> = = = > n/ wkhq kh lv lqgl�huhqw ehwzhhq wkh sod|huv lq wkdw frpsrqhqwwkdw duh forvhvw wr klp dqg kh zloo qrw vsrqvru d olqn wr dq| rwkhu sod|huri wkdw frpsrqhqw1 Odvwo|/ vlqfh wkh ehqh�wv ri olqnlqj wr vrph frpsrqhqwduh lqghshqghqw ri wkh rwkhu olqnv ri wkh sod|hu/ kh zloo pdnh klv fkrlfh zlwkuhvshfw wr zklfk ri wkh sod|huv forvhvw wr klp lq wklv frpsrqhqw luuhvshfwlyhri klv olqnv wr rwkhu frpsrqhqwv1 Iurp wklv zh rewdlq zlwkrxw ixuwkhu surriwkh iroorzlqj ohppd�e/ zklfk zloo dsshdu xvhixo odwhu1

��Vhh vhfwlrq 517 iru wkh gh�qlwlrq ri d frpsrqhqw1�eZlwk voljkw dexvh ri xvxdo qrwdwlrq/ iru 6 qrq0hpsw| vhwv ��/ � ' �c � � � c6/ zhgh�qh wkh surgxfw vhw dv �6�'��� ' tt@�c � � � c @6� � @� M ��c � ' �c � � � c6�/ l1h1 wkhsurgxfw vhw lv wkh froohfwlrq ri doo vhwv ri 6 hohphqwv frqwdlqlqj suhflvho| rqh hohphqw rihdfk vhw ��1



45Ohppd 41 Ohw j eh d qhwzrun lq J dqg ohw F�> = = = > F& eh wkh frpsrqhqwvri j3� qrw frqwdlqlqj sod|hu l1 Zkhq l suhihuv wr vsrqvru d olqn wr F�/ ohwG� eh wkh vxevhw ri sod|huv lq F� wkdw duh forvhvw wr l> rwkhuzlvh ohw G� @ >1Wkhq E�+j, @ i>j li G� @ > iru doo k dqgE�+j, @ �t��(� �'��G�> rwkhuzlvh=Vr/ wkh ohppd vd|v wkdw wkh ehvw uhso| vhw frqwdlqv e� @ > � J� dv lwvxqltxh hohphqw zkhq l grhv qrw zdqw wr vsrqvru dq| olqn1 Rwkhuzlvh/ dvwudwhj| e� 5 J� lv lq wkh ehvw uhso| vhw E�+j, li dqg rqo| li e� frqwdlqvsuhflvho| rqh olqn wr d sod|hu lq G� iru dq| frpsrqhqw F� zlwk G� 9@ >1Iru h{dpsoh/ ohw j3� frqvlvw ri irxu frpsrqhqwv= Ff> F�> F2 dqg F�1 zlwkl 5 Ff1 Ixuwkhu/ vxssrvh wkdw l suhihuv wr vsrqvru d olqn wr F� dqg F2/ exwqrw wr F�1 Ohw sod|huv m> m�> m�� eh wkh sod|huv lq F� forvhvw wr l dqg n> n� wkhsod|huv forvhvw wr l 5 F21 Wkhq
E� +j, @ �e� 5 J� m e� @ i+l> mW, > +l> nW,j > mW 5 �m> m�> m��� > nW 5 �n> n��� =Gh�qlwlrq 41 D qhwzrun j lv d Qdvk qhwzrun li dqg rqo| li j� 5 E� +j, iruhdfk l1 D Qdvk qhwzrun lv d vwulfw Qdvk qhwzrun li E�+j, @ ij�j iru doo l/rwkhuzlvh/ d Qdvk qhwzrun lv vdlg wr eh zhdn1Vr/ lq d Qdvk qhwzrun hdfk sod|hu sod|v d ehvw uhso|1 Lq d vwulfw Qdvkqhwzrun j lw krogv iru dq| sod|hu l wkdw hdfk rwkhu vwudwhj| k� jlyhv d orzhusd|r� wr l ru lw jlyhv wkh vdph sd|r� exw k� frqwdlqv ohvv olqnv wkdq j�1

5161 Wkh G|qdplfv1 Wr vshfli| wkh g|qdplfv ri wkh prgho/ zh dvvxphwkdw wlph lv glvfuhwh1 Pruhryhu/ zh dvvxph wkdw lq hyhu| shulrg hdfk sod|husod|v wkh vdph vwudwhj| dv kh glg wkh shulrg ehiruh zlwk suredelolw| 4� s1Krzhyhu zlwk srvlwlyh suredelolw| s ? 4/ d sod|hu uhfhlyhv wkh rssruwxqlw|wr xsgdwh +uhylvh, klv vwudwhj|1 Wkh suredelolw| s lv dvvxphg wr eh lghqwlfdoiru hdfk sod|hu dqg wkh suredelolw| wkdw sod|hu l 5 Q lv doorzhg wr xsgdwhklv vwudwhj| grhv qrw ghshqg rq wkh idfw zkhwkhu ru qrw sod|hu m 5 Q q iljlv doorzhg wr xsgdwh1 Wklv phdqv wkdw lq hdfk shulrg/ wkh vhw ri sod|huv wkdwlv doorzhg wr xsgdwh/ fdq eh dq| rqh vxevhw ri wkh srsxodwlrq1 Li d sod|huxsgdwhv/ kh zloo dfw dffruglqj wr d suh0vshfl�hg ehkdylrudo uxoh1 Zh dvvxphwkdw sod|huv duh p|rslfdoo| udwlrqdo/ wkdw lv/ zkhqhyhu sod|huv xsgdwh wkhluvwudwhj| wkh| sod| d ehvw uhso| +ehfdxvh wkh| duh udwlrqdo, wr wkh fxuuhqwqhwzrun +ehfdxvh wkh| duh p|rslf,1 Wkxv d sod|hu grhv qrw wdnh lqwr dffrxqwwkdw dovr rwkhu sod|huv zloo xsgdwh wkhlu vwudwhjlhv1 Li d sod|hu kdv vhyhudoehvw uhsolhv/ wkhq kh fkrrvhv rqh dffruglqj wr d udqgrp ghylfh wkdw dvvljqvsrvlwlyh suredelolw| wr hdfk ehvw uhso|1 Wkh uhvxowlqj g|qdplfv lv wkh vr0fdoohg ehvw uhso| g|qdplfv1 Ehfdxvh s lv vpdoohu wkdq 4/ qrw hyhu| sod|huuhfhlyhv wkh fkdqfh wr xsgdwh hyhu| wxuq1 Wklv ihdwxuh ri wkh prgho lv fdoohglqhuwld1 Odvwo|/ zh gr qrw doorz iru dq| shuwxuedwlrqv lq wkh g|qdplfv= qrsod|hu hyhu sod|v d vwudwhj| wkdw grhv qrw iroorz iurp wkh ehkdylrudo uxoh1Vxppdul}lqj/ zh xvh dq xqshuwxuehg ehvw uhso| g|qdplfv zlwk lqhuwld1



46Irupdoo|/ wkh g|qdplfv lqgxfhv d Pdunry surfhvv rq wkh vwdwh vsdfh J ridoo qhwzrunv1 Pruh suhflvho|/ iru j 5 J/ ohw !�} eh d suredelolw| glvwulexwlrq rqJ� dvvljqlqj srvlwlyh suredelolw| wr k� 5 J� li dqg rqo| li k� 5 E� +j,1 Vr wkhehkdylrudo uxoh ri hyhu| sod|hu lv jlyhq e| wkhvh suredelolw| glvwulexwlrqv lqwkh vhw J ri doo qhwzrunv1 Qrz/ vwduwlqj iurp vrph lqlwldo qhwzrun jf dw wlphw @ 3/ ohw wkh Pdunry surfhvv eh jlyhq e| wkh vhtxhqfh ri udqgrp yduldeohv[|/ w � 4/ rq wkh vwdwh vsdfh J1 Wkhq wkh wlph0lqghshqghqw wudqvlwlrqpdwul{ ri wudqvlwlrq suredelolwlhv S}� wkdw dw wlph w . 4 wkh surfhvv pryhvwr vwdwh k 5 J zkhq lw zdv lq vwdwh j 5 J dw wlph w lv jlyhq e|S}� @ Surei[|n� @ km[| @ jj @ ��M�S �}�c��>zkhuh S �}�c�� lv wkh suredelolw| wkdw sod|hu l xsgdwhv wr vwudwhj| k� zkhq khsod|hg j�/ l1h1
S �}�c�� @

;AA?AA=
s� !�}+k�, zkhq k� 5 E� +j, dqg k� 9@ j�>4� s. s� !�}+k�, zkhq k� 5 E� +j, dqg k� @ j�>4� s zkhq k� @ j� dqg j� @5 E� +j, >3> rwkhuzlvh1+514,

Vwduwlqj iurp vrph lqlwldo vwdwh jf dw wlph w @ 3/ wkh Pdunry surfhvv jhq0hudwhv d vhtxhqfh ri qhwzrunv1 Li dw wlph w wkh qhwzrun lv j|> wkhq wkh vhw riqhwzrunv wkdw duh srvvleoh dw wlph w. 4 lv jlyhq e|J|n� @ �j 5 Jmj� 5 E� �j|� ^ j|� > iru doo l 5 Q� =+515,Lw lv zhoo0nqrzq wkdw wkh surfhvv frqyhujhv wr vrph uhfxuuhqw fodvv ri vwdwhv1Wr fkdudfwhul}h wkh qhwzrunv zklfk pd| dsshdu lq d uhfxuuhqw fodvv ri vwdwhv/zh zloo xvh wkh frqfhsw ri plqlpdo fxue vhw/ wr eh lqwurgxfhg lq wkh qh{wvhfwlrq15171 Dgglwlrqdo qrwdwlrq dqg whuplqrorj|1 Lq wklv vxevhfwlrq zh lqwur0gxfh vrph pruh qrwdwlrq dqg whuplqrorj| wkdw zh zloo qhhg lq wkh vhtxhori wklv sdshu1 Iluvw/ zh vwdwh wkh zhoo0nqrzq frqfhswv ri frpsrqhqwv/ plq0lpdolw|/ frqqhfwhgqhvv/ f|fohv dqg hpsw| qhwzrunv1 Vhfrqg/ zh lqwurgxfhvrph vshfl�f qrwlrqv wkdw zloo xvhg lq wkh qh{w vhfwlrqv/ vxfk dv lqwhuqdoolqnv dqg h{whuqdo olqnv1 Ilqdoo|/ zh gh�qh vrph vhwv ri sod|huv lq uhodwlrqwr d olqn wkdw d sod|hu vsrqvruv1D frpsrqhqw ri d qhwzrun j lv d pd{lpdoo| frqqhfwhg vxevhw ri sod|huv/l1h1 wkh vxevhw lv frqqhfwhg dqg ehfrphv xqfrqqhfwhg zkhq dgglqj dq| rwkhusod|hu wr wkh vxevhw1 Ohw F +j, @ �F�> ===> F�E}�� eh wkh vhw ri frpsrqhqwvri d qhwzrun j/ zkhuh � +j, lv wkh qxpehu ri frpsrqhqwv lq qhwzrun j1Revhuyh wkdw hyhu| sod|hu ehorqjv wr h{dfwo| rqh frpsrqhqw/ vr wkdw wkhfrpsrqhqwv irup d sduwlwlrq ri wkh vhw Q ri sod|huv1 Zh ghqrwh wkh qxpehuri frpsrqhqwv wkdw kdyh dw ohdvw rqh phpehu zlwklq d fhuwdlq jurxs/ vd|jurxs c/ e| �� +j,1 Irupdoo|=�� +j, @ miF& 5 F +j, mQ� _ F& 9@ >jm =



47Iru h{dpsoh/ lq Iljxuh 6 wkhuh duh 6 frpsrqhqwv= i4> 5> 8j/ i6> 9j dqg i7j/zkloh �� +j, @ 5 dqg �2 +j, @ 61 Lq wkh qhwzrun j ri Iljxuh ; wkhuh lv rqo|rqh frpsrqhqw dqg wkxv ��+j, @ 4 iru dq| jurxs c1D qhwzrun j lv vdlg wr eh plqlpdo li dqg rqo| li � +j, ? � +j q i+l> m,j,iru doo +l> m, 5 j1 Wkxv d qhwzrun lv plqlpdo li uhprylqj dq| olqn zrxogeuhdn wkh frqqhfwlrq ehwzhhq vrph sdlu ri frqqhfwhg sod|huv1 Fohduo|/ dqhwzrun lv plqlpdo li dqg rqo| li wkhuh lv d xqltxh sdwk ehwzhhq hyhu| sdluri frqqhfwhg sod|huv +wkhuh duh qr *f|fohv*,1Zh vd| wkdw d qhwzrun j lv frqqhfwhg li hyhu| sod|hu lv frqqhfwhg wr hyhu|rwkhu sod|hu1 Wkxv d frqqhfwhg qhwzrun frqvlvwv ri rqo| rqh frpsrqhqw1 Lid frqqhfwhg qhwzrun lv plqlpdo wkhq zh fdoo lw plqlpdo frqqhfwhg1 Lw iroorzvwkdw dq| olqn lq d plqlpdo frqqhfwhg qhwzrun lv fulwlfdo lq wkh zd| wkdw wkhqhwzrun euhdnv xs lqwr wzr frpsrqhqwv zkhq ghohwlqj dq| olqn1 D f|foh lq dqhwzrun j lv d sdwk ri n � 5 gl�huhqw xqrughuhg sdluv il�> l2j> = = = > il&> l&n�jlq wkh lqgxfhg xqgluhfwhg qhwzrun +judsk, �j vxfk wkdw doo sod|huv rq wkhsdwk duh gl�huhqw/ h{fhsw wkdw l� @ l&n�1 Wkxv lq d qhwzrun j rq wkhsod|huv vhw Q @ i4> 5> 6> 7> 8j/ erwk wkh vhw ri olqnv i+4> 5, > +5> 6, > +4> 6,jdqg i+7> 8, > +8> 7,j frqvwlwxwh d f|foh1 Qrwlfh wkdw d qhwzrun frqwdlqv df|foh li dqg rqo| li lw lv qrw plqlpdo1 D qhwzrun zlwkrxw olqnv lv fdoohg dqhpsw| qhwzrun1 E| gh�qlwlrq vxfk d qhwzrun lv plqlpdo dqg frqvlvwv ri qfrpsrqhqwv1Qh{w zh lqwurgxfh vrph frqfhswv zlwk uhvshfw wr wkh jurxsv lq wkh prgho1D olqn +l> m, lv fdoohg lqwhuqdo li l dqg m ehorqj wr wkh vdph jurxs1 Rwkhuzlvhzh vd| wkdw wkh olqn +l> m, lv h{whuqdo1 Zh vd| wkdw l> m 5 Q� duh lqwhuqdoo|frqqhfwhg lq j li wkhuh h{lvwv d sdwk lq j ehwzhhq l dqg m wkdw rqo| frqwdlqvlqwhuqdo olqnv1 Zh vd| wkdw l> m 5 Q� duh h{whuqdoo| frqqhfwhg li wkh| duhfrqqhfwhg exw qrw lqwhuqdoo| frqqhfwhg1 Jurxs c lv fdoohg hqwluho| lqwhuqdoo|frqqhfwhg lq qhwzrun j li doo sdluv l> m 5 Q� duh lqwhuqdoo| frqqhfwhg/ jurxsc lv fdoohg hqwluho| h{whuqdoo| frqqhfwhg li doo sdluv l> m 5 Q� duh h{whuqdoo|frqqhfwhg1 Zh ghqrwh wkh vhw ri hqwluho| h{whuqdoo| frqqhfwhg jurxsv lq je| Q. +j,/ dqg wkh vhw ri hqwluho| lqwhuqdoo| frqqhfwhg jurxsv e| Q U +j,1Qrwlfh wkdw Q U +j, ^ Q. +j, � Q @ iQ�> = = = >Q6j/ iru doo j 5 J1 Zh vd|wkdw wkh vhw ri sod|huv Q� 5 Q lq jurxs c lv d fhqwhu0vsrqvruhg vwdu li dqgrqo| li wkhuh lv rqh sod|hu lq Q� wkdw vsrqvruv d olqn wr hdfk rwkhu sod|huri Q�/ dqg qr rwkhu sod|hu lq Q� vsrqvruv dq| lqwhuqdo olqn1 Dq h{dpsohri d fhqwhu0vsrqvruhg vwdu lv jurxs 6 lq wkh qhwzrun ri Iljxuh :1 Ilqdoo|/iru j 5 J/ zh ghqrwh wkh qxpehu ri lqwhuqdo olqnv zlwklq jurxs c e| �� +j,dqg wkh wrwdo qxpehu ri lqwhuqdo olqnv zlwklq wkh qhwzrun j e| � +j,/ wkxv� +j, @ S6�'� �� +j,1 Iru h{dpsoh lq Iljxuh 6 �� +j, @ 5/ �2 +j, @ 3/ dqg� +j, @ 51Qh{w/ zh lqwurgxfh vrph gh�qlwlrqv ri vhwv ri sod|huv wkdw d sod|hu re0vhuyhv yld d olqn wkdw kh vsrqvruv1 Dw wkh hqg zh jlyh dq h{dpsoh wr foduli|wkhvh gh�qlwlrqv1 Iluvw/ iru d qhwzrun j 5 J dqg l 5 Q / zh ghqrwh D��� +j,e| wkh vhw ri sod|huv wkdw l revhuyhv h{foxvlyho| yld klv olqn wr vrph sod|hu



48l� 5 Q q ilj e|D��� +j, @ �m 5 Q m m 5 Q+l> j, dqg m @5 Q �l> j q ��l> l����� =Wkxv D��� +j, lv wkh vhw ri sod|huv wkdw l revhuyhv lq j dqg wkdw l zrxog qrwrevhuyh li l ghohwhv klv olqn wr l�1 Revhuyh wkdw D��� +j, @ > li +l> l�, @5 j1 Zhsurfhhg e| gh�qlqj D.��� +j, dv wkh vhw ri sod|huv lq D��� +j, wkdw duh phpehuvri hqwluho| h{whuqdoo| frqqhfwhg jurxsv wkdw duh qrw ixoo| revhuyhg e| l yld+l> l�,/ l1h1D.��� +j, @ �m 5 D��� +j, mm 5 Q�>Q� 5 Q.+j, dqg D��� +j, _Q� 9@ Q�� =Wkxv D.��� +j, frqvlvwv ri doo sod|huv wkdw vdwlvi| wkuhh frqglwlrqv= �uvw/ hdfksod|hu pxvw dovr eh sduw ri D��� +j,1 Vhfrqg/ hdfk sod|hu pxvw eh sduw ri dqhqwluho| h{whuqdoo| frqqhfwhg jurxs1 Wklug/ wkhuh pxvw eh dqrwkhu sod|hu lqwkh vdph jurxs wkdw lv qrw sduw ri D��� +j,1 Frqyhuvho|/ ohw G.��� +j, ghqrwhwkh vhw ri sod|huv lq hqwluho| h{whuqdoo| frqqhfwhg jurxsv vxfk wkdw rwkhusod|huv ri wkdw jurxs duh revhuyhg e| l yld +l> l�,/ exw wkh| wkhpvhoyhv duhqrw1 Wkxv=
G.��� +j, @ �m 5 Q qD��� +j, mm 5 Q�> Q� 5 Q.+j, dqg D��� +j, _Q� 9@ >� =Revhuyh wkdw li wkhuh h{lvwv d sod|hu m 5 D.��� +j,_Q�/ wkhq hdfk sod|hu lq Q�lv hlwkhu sduw ri D.��� +j, ru ri G.��� +j,1 Ilqdoo|/ ohw Qo +l> j, ghqrwh wkh vhw risod|huv wkdw vsrqvru d olqn wr sod|hu l lq qhwzrun j/ l1h1Qo +l> j, @ im 5 Q m +m> l, 5 jjdqg iru l 5 Q�/ ohw Q- +l> j, eh wkh vhw ri sod|huv wkdw vsrqvru d olqn wr l/vxfk wkdw dq| l� 5 Q� revhuyhg e| l zloo dovr eh revhuyhg e| l zkhq dq|m 5 Q- +l> j, ghohwhv klv olqn +m> l,/ l1h1Q- +l> j, @ im 5 Qo +l> j, m�� +j, @ �� +j q i+m> l,j,j =Dv dq h{dpsoh/ frqvlghu Iljxuh ;/ exw zlwk olqnv +5> 4, dqg +5> 6, uhsodfhge| +8> 5, dqg +9> 6,1 Khqfh Q� � Q. +j,/ l1h1 jurxs 4 lv hqwluho| h{whuqdoo|frqqhfwhg1 Sod|hu 45 revhuyhv sod|huv 4 wr 9 dqg sod|hu < yld wkh olqn+45> <,1 Pruhryhu li zh zrxog uhpryh +45> <, iurp wklv qhwzrun/ wkhq sod|hu45 revhuyhv qrqh ri wkhvh sod|huv1 Wkhuhiruh D�2cb +j, @ i4> 5> 6> 7> 8> 9> <j1Vlploduo| DDce +j, @ i7j1 Li zh zrxog dgg wkh olqn +7> 8, wr wkh qhwzrun/ wkhqDDce +j ^ i+7> 8,j, @ >/ vlqfh sod|hu 8 zrxog dovr revhuyh sod|hu 7 yld +7> 8,1Ohw xv qrz �qg D.�2cb +j,1 Lq D�2cb +j,/ wkh sod|huv 4/ 5/ 6 dqg < ehorqjwr hqwluho| h{whuqdoo| frqqhfwhg jurxsv1 Krzhyhu/ doo phpehuv ri jurxs4 ehorqj wr D�2cb +j,/ wkxv D�2cb +j, _ Q� @ Q�1 Rq wkh rwkhu kdqg/ wkhlqwhuvhfwlrq ri D�2cb +j, zlwk jurxs 6 lv d vwulfw vxevhw ri jurxs 61 Wkhuhiruhsod|huv lq D�2cb +j, wkdw duh phpehu ri jurxs 6 duh sduw ri D.�2cb +j,/ zklohphpehuv ri jurxsv 4 dqg 5 duh qrw= D.�2cb +j, @ i<j1 G.�2cb duh doo sod|huvwkdw duh qrw sduw ri D.�2cb +j,/ exw wkdw ehorqj wr d jurxs ri zklfk vrphsod|huv duh sduw ri D.�2cb +j,1 Lq wklv qhwzrun G.�2cb +j, @ i:> ;> 43j1 Ilqdoo|/



49qrwh wkdw Qo +<> j, @ i8> 45j dqg wkdw �� +j, @ �� +j q i+8> <,j, @ 4/ zkloh�� +j q i+45> <,j, @ 51 Wkhuhiruh Q- +<> j, @ i8j161 Vxshu Wljkw Fxue VhwvVwdqgdug wkhru| vkrzv wkdw vwulfw Qdvk htxloleuld duh vwdeoh lq d ehvwuhso| g|qdplf surfhvv1 D vwulfw Qdvk htxloleulxp lv fkdudfwhul}hg e| dvwudwhj| sur�oh lq zklfk hdfk djhqw lv sod|lqj klv xqltxh ehvw uhso|1 Vr/li wkh g|qdplfv dw vrph wlph w uhdfkhv vxfk d vwdwh dqg wkh g|qdplfv lvxqshuwxuehg/ wkhq lw zloo vwd| lq vxfk d vwdwh iruhyhu1 Lq rwkhu zrugv/ dvwulfw Qdvk htxloleulxp lv dq devruelqj vwdwh +d vwdwh wkdw lv qrw *ohiw* rqfhlw lv uhdfkhg, ri dq xqshuwxuehg ehvw uhso| g|qdplfv1Lq jhqhudo/ wkh xqshuwxuehg ehvw uhso| g|qdplfv frqyhujhv wr d uhfxuuhqwfodvv ri vwdwhv1 D fodvv ri vwdwhv lv uhfxuuhqw zkhq +l, wkh g|qdplfv vwd|vzlwklq wklv fodvv iruhyhu dv vrrq dv lw kdv uhdfkhg rqh ri wkh vwdwhv ri wkh fodvv/dqg +ll, iurp hdfk vwdwh lq wkh fodvv wkhuh lv d srvlwlyh suredelolw| wr uhdfk dq|rwkhu vwdwh lq wkh fodvv zlwklq d �qlwh qxpehu ri vwhsv1 Iru h{dpsoh frqvlghuwkh elpdwul{ jdph ri Iljxuh 81 Lw uhsuhvhqwv d vlpxowdqhrxv pryh jdph riwzr sod|huv zlwk vwudwhj| vsdfh V @ V��V2/ zkhuh V� @ id> e> f> g> hj lv wkhvwudwhj| vsdfh ri sod|hu 4 dqg V2 @ iD>E>F>G>Hj wkh vwudwhj| vsdfh risod|hu 51 Zh qrz vxssrvh wkdw wkh jdph lv uhshdwhg lq�qlwho| dqg wkdw wkhsod|huv uhylvh wkhlu vwudwhjlhv frqirup wkh xqshuwxuehg ehvw uhso| g|qdplfvwkdw zh gh�qhg lq wkh suhylrxv vhfwlrq1 Wkh vwdwh vsdfh ri wkh g|qdplfvlv wkh vwudwhj| vsdfh V @ V� � V21 Zh ghqrwh d vwdwh/ ru vwudwhj| sur�oh/e| v @ +v�> v2, 5 V1 Wkhuh duh wkuhh uhfxuuhqw fodvvhv ri vwdwhv/ qdpho|[ @ i+d>D, > +d>E, > +e>D, > +e>E,j/ \ @ i+f> F, > +f>G, > +g> F, > +g>G,j dqg] @ i+h>H,j1Fohduo|/ wkh vwudwhj| sur�oh v @ +h>H, lq wkh vlqjohwrq uhfxuuhqw fodvv ]lv d vwulfw Qdvk htxloleulxp1 Khqfh zkhq wkh g|qdplfv uhdfkhv wklv vwdwh/wkhq lw zloo vwd| wkhuh iruhyhu1 Dq| vwdwh lq wkh fodvv [ lq d zhdn Qdvkhtxloleulxp1 Lq wklv fodvv wkh g|qdplfv fdq jr iurp rqh vwdwh wr dq| rwkhuvwdwh zlwklq rqh vwhs1 Iru lqvwdqfh/ frqvlghu v @ +d>D, 5 [1 Lq wklvvwdwh/ sod|hu 4 lv lqgl�huhqw ehwzhhq sod|lqj d dqg sod|lqj e dqg sod|hu 5lv lqgl�huhqw ehwzhhq D dqg E1 Wkhuhiruh/ zkhq wkh g|qdplfv lv lq vwdwh+d>D,/ lw jrhv wr +d>E, ru +e>D, zkhq rqh ri wkh sod|huv xsgdwhv/ ru wr +e> E,zkhq erwk sod|huv uhylvh wkhlu vwudwhjlhv vlpxowdqhrxvo|1Zlwklq wkh uhfxuuhqw fodvv \ wkh g|qdplfv fdq jr iurp rqh vwdwh wr suh0flvho| rqh rwkhu vwdwh1 Iru lqvwdqfh/ zkhq wkh g|qdplfv lv lq +f>F,/ lw jrhvwr +f>G, zkhq sod|hu 5 xsgdwhv +dqg vwd|v rwkhuzlvh lq +f> F,,/ iurp +f>G,wr +g>G, zkhq sod|hu 4 xsgdwhv/ iurp +g>G, wr +g> F, zkhq sod|hu 5 xsgdwhvdqg wkhq edfn wr +f> F, zkhq sod|hu 4 xsgdwhv1 Vr/ lq wklv fdvh wkhuh lv dxqltxh f|foh frqwdlqlqj doo wkh vwdwhv ri \ dorqj zklfk wkh g|qdplfv pryhv1Revhuyh/ wkdw qrqh ri wkhvh vwdwhv lv d Qdvk htxloleulxp1 Qhyhuwkhohvv/ wklvuhfxuuhqw fodvv zloo eh uhdfkhg zkhq sod|hu 5 xsgdwhv dqg sod|hu 4 sod|v fri g/ ru zkhq sod|hu 4 xsgdwhv dqg sod|hu 5 sod|v F ru G1 Dssduhqwo|/ lwpd| kdsshq txlwh zhoo wkdw wkh g|qdplfv zloo uhdfk wklv uhfxuuhqw fodvv ri



4:
players Player 2

strategies A B C D E
a 3, 5 2, 5 2, 4 2, 4 0, 0
b 3, 4 2, 4 2, 3 2, 3 0, 0
c 2, 1 1, 1 4, 2 3, 5 0, 0
d 2, 1 1, 1 3, 5 4, 2 0, 0Pl

ay
er

 1

e 0, 0 0, 0 0, 0 0, 0 2, 2

Iljxuh 81 50sod|hu 8{8 jdph
vwdwhv1 Wklv pdnhv wkdw hdfk ri wkh wkuhh uhfxuuhqw fodvvhv lv d fdqglgdwhvroxwlrq iru wkh ehvw uhso| g|qdplfv1Wr eh deoh wr fkdudfwhul}h wkh vwdwhv zklfk pd| rffxu lq d uhfxuuhqw fodvvri wkh xqshuwxuehg ehvw uhso| g|qdplfv ri wkh qhwzrun irupdwlrq jdph/zh zloo frqvlghu wkh vwdwlf vroxwlrq ri wkh vr0fdoohg fxue vhwv/ lqwurgxfhg e|Edvx dqg Zhlexoo +4<<4,1 D vhw ri vwudwhj| sur�ohv lv vdlg wr eh forvhg xqghuudwlrqdo ehkdylru +fxue, li lw frqwdlqv doo lwv ehvw uhsolhv1 Irupdoo|/ ohw ehjlyhq d jdph zlwk sod|huv vhw Q @ i4> = = = > qj dqg vwudwhj| vsdfh V @ ��M�V�/ zkhuh V� lv wkh vwudwhj| vhw ri sod|hu l1 Wkhq d vxevhw V � V lv d fxuevhw li E+V, @ ��M� ^rM7 E�+v, � V>zkhuh E�+v, lv wkh l0wk sod|hu*v ehvw uhso| vhw wr vwudwhj| sur�oh v 1 Fohduo|/dq| vwulfw Qdvk htxloleulxp lv d +vlqjohwrq, fxue vhw1 Vr/ wkh uhfxuuhqw fodvv] lq wkh h{dpsoh ri Iljxuh 8 lv d fxue vhw1 Lw lv hdvlo| vhhq wkdw dovr wkhuhfxuuhqw fodvvhv [ dqg \ duh fxue vhwv1 Krzhyhu/ e| gh�qlwlrq/ iru d jdphzlwk erxqghg vwudwhj| vsdfhv dovr wkh zkroh vwudwhj| vsdfh ri wkh jdph lvd fxue vhw/ vr wkdw wkh frqfhsw ri fxue vhw lv qrw yhu| uhvwulfwlyh1 Wkhuhiruh/riwhq dgglwlrqdo surshuwlhv duh lpsrvhg wr rewdlq dq dssursuldwh vroxwlrqfrqfhsw1D fxue vhw V � V lv vdlg wr eh wljkw li E +V, @ V dqg V � V lv vdlg wreh d plqlpdo fxue vhw +PFV, li lw grhv qrw frqwdlq d vwulfw vxevhw V� � V/vxfk wkdw E +V�, � V�1 Qrwlfh wkdw li V lv dq PFV/ wkhq E +V, @ V/ l1h1 dooplqlpdo fxue vhwv duh wljkw1 Fohduo|/ hdfk vwulfw Qdvk htxloleulxp frqvwlwxwhvd vlqjohwrq PFV1 Lq wkh jdph ri Iljxuh 8/ doo wkuhh uhfxuuhqw fodvvhv [ / \dqg ] duh plqlpdo fxue vhwv1 Lw iroorzv vwudljkwiruzdugo| wkdw d uhfxuuhqwfodvv lv dozd|v frqwdlqhg lq d plqlpdo fxue vhw1 Krzhyhu/ lq jhqhudo wkhuhyhuvh grhv qrw krog1 Iru lqvwdqfh/ frqvlghu wkh elpdwul{ jdph jlyhq lqIljxuh 91Lq wklv jdph/ wkhuh lv rqo| rqh plqlpdo fxue vhw/ qdpho| wkh zkroh vwudw0hj| vsdfh V @ id> e> fj � iD>E>Fj lwvhoi1 Vr/ wkh xqltxh plqlpdo fxue vhwfrqwdlqv doo srvvleoh qlqh vwudwhj| sur�ohv1 Krzhyhu/ wkh xqltxh uhfxuuhqwfodvv ri wkh xqshuwxuehg ehvw uhso| g|qdplfv frqwdlqv rqo| vl{ vwdwhv dqg



4;
players Player 2

strategies A B C
a 2, 4 1, 1 4, 2
b 4, 2 2, 4 1, 1

Pl
ay

er
 1

c 1, 1 4, 2 2, 4

Iljxuh 91 50sod|hu 6{6 jdph
lv jlyhq e| wkh vhw i+d>D,> +e> D,> +e>E,> +f> E,> +f>F,> +d>F,j1 Rqfh wkh g|0qdplfv uhdfkhv rqh ri wkhvh vwdwhv/ lw zloo f|foh dorqj wkhvh vwdwhv iruhyhu1Vr/ wkh xqltxh uhfxuuhqw fodvv lv d uhdo vxevhw ri wkh xqltxh plqlpdo fxuevhw/ exw lv qrw htxdo wr wklv PFV1 Wkh iroorzlqj wkhruhp vwdwhv wkdw hy0hu| plqlpdo fxue vhw frqwdlqv dw ohdvw rqh uhfxuuhqw fodvv ri wkh ehvw uhso|g|qdplf gh�qhg lq Vxevhfwlrq 5161Wkhruhp 41 Frqvlghu d jdph zlwk srsxodwlrq Q @ i4> ===> qj/ zlwk vwudw0hj| vsdfh= V @ ��M� V�= Wkhq hdfk plqlpdo fxue vhw frqwdlqv dw ohdvw rqhuhfxuuhqw fodvv ri wkh g|qdplf gh�qhg e| Htxdwlrq 514/ zlwk J @ V1Surri Qrwh �uvw wkdw li v| lv wkh vwdwh dw wlph w> wkhq wkh vhw ri srvvleohvwdwhv lq wlph w. 4 lv jlyhq e| V|n� @ J|n� dv jlyhq e| Htxdwlrq 515/ l1h1V|n� @ �v 5 Vmv� 5 E� �v|�� v|�> iru doo l 5 Q� =Vhfrqg/ revhuyh wkdw li [ lv vrph plqlpdo fxue vhw/ wkhq E +[,�[ � [=Wkhuhiruh/ li v| 5 [/ wkhq vA 5 [ iru doo W � w= Wklv lpsolhv wkdw [ frqwdlqvdw ohdvw rqh uhfxuuhqw fodvv ri wkh g|qdplfv1
Qrwlfh wkdw zh gr qrw fodlp wkdw dq| uhfxuuhqw fodvv lv frqwdlqhg e| vrphplqlpdo fxue vhw1Wr rewdlq d ixuwkhu uh�qhphqw ri wkh frqfhsw ri fxue vhw/ revhuyh wkdwwkh fxue vhw [ lq wkh h{dpsoh ri Iljxuh 8 kdv wkh vshfldo surshuw| wkdw wkhehvw uhso| ri sod|hu l/ l @ 4> 5 wr d vwudwhj| sur�oh v 5 [ lv lqghshqghqw riv/ l1h1 iru dq| v 5 [ zh kdyh wkdw E�+v, @ id> ej dqg E2+v, @ iD>Ej1 Wklvsurshuw| wulyldoo| dovr krogv iru ]/ exw lw grhv qrw krog iru \ 1 Iru wkh odwwhuvhw zh kdyh wkdw E�+f>F, @ E�+g> F, @ ifj dqg E�+f>G, @ E�+g>G, @ igj1Dffruglqj wr JJN/ dq PFV V vdwlvi|lqj wkh surshuw| wkdw iru dq| sod|hul wkh ehvw uhso| vhw lv wkh vdph iru dq| vwudwhj| sur�oh v 5 V lv fdoohg dVxshu Wljkw Fxue Vhw +VWFV,1 Irupdoo|/ iru V � V dqg l 5 Q / ohw V� eh wkhuhvwulfwlrq ri V wr V�/ l1h1V� @ iv� 5 V� m < ev 5 V zlwk ev� @ v�j=Wkhq d fxue vhw V lv VWFV zkhq V lv d plqlpdo fxue vhw dqg lw krogv wkdwE�+v, @ V� iru dq| v 5 V1 Vr/ zlwklq d VWFV wkh ehvw uhso| vhw ri dq|sod|hu lv lqghshqghqw ri wkh vwudwhj| fkrvhq e| dq| rwkhu sod|hu1 Wkh VWFVsurshuw| lpsolhv wzr wklqjv1 Iluvw/ li V lv VWFV/ wkhq dq| vwudwhj| sur�ohv 5 V lv d Qdvk htxloleulxp1 Fohduo|/ vlqfh E�+v, @ V� iru doo v 5 V lw krogv



4<wkdw v 5 V @ E+v,1 Vhfrqg/ zkhq V lv VWFV/ wkhq wkh ehvw uhso| g|qdplfvfdq jr iurp dq| vwdwh lq V wr dq| rwkhu vwdwh lq V zlwklq rqh vwhs/ vlqfhdoo sod|huv fdq xsgdwh vlpxowdqhrxvo|1 Vr/ zkhq wkh g|qdplfv lv lq vrphvwdwh v 5 V dw wlph w/ wkhq zlwk srvlwlyh suredelolw| wkh g|qdplfv fdq eh lqdq| vwdwh ev 5 V dw wlph w . 41 Frqvhtxhqwo|/ zkhq V lv d VWFV/ wkhq V lvd uhfxuuhqw fodvv ri vwdwhv1 Frqfoxglqj zh kdyh wkdw dq| uhfxuuhqw fodvv lvfrqwdlqhg lq dq PFV/ zkloh rq wkh rwkhu kdqg dq PFV lv d uhfxuuhqw fodvvli lw lv VWFV1Wkhruhp 51 Frqvlghu d jdph zlwk srsxodwlrq Q @ i4> ===> qj/ zlwk vwudw0hj| vsdfh= V @ ��M� V�= Ohw wkh g|qdplfv eh gh�qhg e| Htxdwlrq 514/ zlwkJ @ V1 Wkhq d plqlpdo fxue vhw wkdw lv vxshu wljkw lv lghqwlfdo wr wkh xqltxhuhfxuuhqw fodvv ri wkh g|qdplf lw frqwdlqv1Lq wkh h{dpsohv jlyhq deryh zh kdyh wkdw wkh uhfxuuhqw fodvvhv [ dqg ]ri Iljxuh 8 duh VWFV/ zkhuhdv wkh uhfxuuhqw fodvv \ lv dq PFV/ exw qrwVWFV1 Wkh xqltxh uhfxuuhqw fodvv ri Iljxuh 9 lv d uhdo vxevhw ri wkh xqltxhPFV dqg wkhuhiruh lw lv qrw dq VWFV1
Zh qrz uhwxuq wr rxu Pxowlsoh Jurxs qhwzrun irupdwlrq jdph1 Qrwlfhwkdw Wkhruhpv 4 dqg 5 dsso| wr wklv prgho1 Iru d vxevhw ri vwudwhj| sur�ohv[ ri wkh vsdfh J ri doo qhwzrunv/ zh kdyh wkdw[� @ ij�mj 5 [j >E�+[, @ ^}Mf E� +j, >dqg E +[, � ij 5 Jmj @ ^�M� j�> j� 5 E�+[,> iru doo lj =D fxue vhw [ lv VWFV li [ lv plqlpdo dqg E�+j, @ [� iru doo j 5 [ dqg dool 5 Q 1 Wzr h{dpsohv ri plqlpdo fxue vhwv iru wkh qhwzrun irupdwlrq jdphzlwk irxu jurxsv duh jlyhq lq wkh Iljxuhv : dqg ;1 Wkh qhwzrun ri Iljxuh: lv d vwulfw Qdvk htxloleulxp1 Wkh qhwzrun ri Iljxuh ; krzhyhu lv hohphqwri d plqlpdo fxue vhw wkdw frqwdlqv 45 qhwzrunv +vwdwhv,1 Revhuyh wkdw lqwklv �jxuh dq| sod|hu/ h{fhsw sod|hu 8/ kdv d xqltxh ehvw uhso| dqg wkdw wklvehvw uhso| lv lghqwlfdo wr wkhlu fxuuhqw vwudwhj|1 Sod|hu 8 kdv 45 ehvw uhsolhv+6 dowhuqdwlyhv wr jurxs 4 wlphv 7 dowhuqdwlyhv wr jurxs 6,/ lqfoxglqj klvfxuuhqw vwudwhj|/ sod|lqj olqn +8> <,/ lwvhoi1 Iru h{dpsoh/ zkhwkhu 8 olqnv wr:/ ;/ </ 43/ 44/ 45/ ru 46/ kh zloo revhuyh wkh vdph vhw ri sod|huv1 Krzhyhu wkholqnv wr wkh sod|huv lq jurxs 7 duh pruh h{shqvlyh wkdq wkh olqnv wr jurxs61 Wkhuhiruh wkhuh duh 6 dowhuqdwlyhv iru wkh olqn +8> <,1 Vr/ vlqfh dq| sod|husod|v d ehvw uhso|/ wkh qhwzrun lv d Qdvk qhwzrun1Ixuwkhu revhuyh wkdw wkh vhwv ri ehvw uhsolhv ri wkh rwkhu sod|huv duh xq0d�hfwhg e| wkh sduwlfxodu ehvw uhso| fkrvhq e| 81 Iru lqvwdqfh/ dowkrxjkwkh ydoxh ri wkh olqn +45> <, ghfuhdvhv li 8 vzlwfkhv iurp < wr ;/ wkh ydoxhlv vwloo kljkhu wkdq wkh frvw ri wkh olqn/ vlqfh i +4, � 4 dqg wkhuhiruh lw lvvwloo rswlpdo iru sod|hu 45 wr sod| wklv olqn1 Vlqfh wkh ehvw uhso| vhw ri dq|
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Iljxuh ;1 Qhwzrun lq d qrq0vlqjohwrq PFV iru i +4, � 4=
sod|hu rwkhu wkdq 8 lv vlqjohwrq/ wkh ehvw uhso| vhw ri hdfk sod|hu l 5 Q lvqrw d�hfwhg e| wkh sduwlfxodu ehvw uhso| sod|hg e| m 5 Qqilj1 Wkhuhiruhwkh plqlpdo fxue vhw frqwdlqlqj wkh qhwzrun ri ; lv VWFV dqg wkxv d uhfxu0uhqw fodvv ri vwdwhv1 Khqfh/ dq| qhwzrun lq wklv fxue vhw lv d Qdvk qhwzrundqg wkh ehvw uhso| g|qdplfv pd| jr iurp dq| qhwzrun lq wkh vhw wr dq|rwkhu qhwzrun lq wkh vhw zlwklq rqh vwhs1 Lq sduwlfxodu lq vkrxog eh qrwlfhgwkdw lq dq VWFV ri qhwzrunv/ wkh vhw ri ehvw uhsolhv lv xqd�hfwhg e| dq|vhtxhqfh dqg dq| wlplqj lq zklfk dq| vhw ri sod|huv fkrrvh wr vhohfw dq| riwkhlu dowhuqdwlyh ehvw uhsolhv1 Dovr qrwlfh wkdw/ dv suryhg e| Edod dqg Jr|do+5333,/ doo Qdvk qhwzrunv duh plqlpdo1

71 Vxshu Wljkw Fxue Vhwv lq wkh PJ prghoLq wkh qh{w wzr vhfwlrqv zh zdqw wr fkdudfwhul}h wkh qhwzrunv wkdw duholnho| wr dulvh lq wkh PJ prgho1 Zh irfxv wr wkh fdvh zkhuh i +3, � 4 dqgi +4, � pd{� mQ�m1 Wkh dqdo|vlv fdq eh h{whqghg wr doo frvw ixqfwlrqv/ dqgwkhruhp 8 zloo frqwlqxh wr krog1 Wkh surri iru wklv lv qrw lqfoxghg lq wkhsdshu/ ehfdxvh lw lv fxpehuvrph dqg odujh/ zkloh lw dggv olwwoh dgglwlrqdolqvljkw1JJN irxqg wkdw wkh vwulfw Qdvk htxloleulxp grhv qrw h{lvw iru doo sdudp0hwhuv/ dqg wkdw lw lv qrw wkh rqo| w|sh ri qhwzrun wkdw vxuylyhv wkh ehvw uhso|



54g|qdplfv1 Khqfh wkh irfxv rq vwulfw Qdvk htxloleuld dsshduv ryhuo| uhvwulf0wlyh1 Krzhyhu/ dv lq prvw qhwzrun irupdwlrq prghov/ wkh frqfhsw ri zhdnQdvk htxloleulxp kdv olwwoh elwh= zh fdqqrw vd| pxfk derxw vxfk qhwzrunv1Pruhryhu/ prvw Qdvk htxloleuld gr qrw vxuylyh wkh ehvw uhso| g|qdplfv1Khqfh zh xvh dq dowhuqdwlyh vroxwlrq frqfhsw= wkh plqlpdo fxue vhw1 Dv zhvkrz lq wklv vhfwlrq/ wkh plqlpdo fxue vhwv ri wklv prgho frqwdlq rqo| Qdvkhtxloleuld/ qdpho| wkrvh wkdw ehorqj wr d uhfxuuhqw fodvv1 Ixuwkhupruh/ dooqhwzrunv lq d uhfxuuhqw fodvv ehorqj wr d plqlpdo fxue vhw1 Wkhuhiruh wkhplqlpdo fxue vhw lv/ lq wklv prgho/ d jrrg uh�qhphqw ri wkh vhw ri Qdvk htxl0oleuld1 Lq Vhfwlrq 8 zh jlyh qhfhvvdu| dqg vx!flhqw frqglwlrqv iru qhwzrunvwr ehorqj wr d plqlpdo fxue vhw1Zh suryh wkhvh uhvxowv lq Wkhruhp 81 Wkhuh zh vkrz wkdw hyhu| uhfxuuhqwfodvv frqwdlqv d vxevhw ri qhwzrunv wkdw lv/ e| lwvhoi/ d vxshu wljkw fxue vhw1Wrjhwkhu zlwk Wkhruhpv 4 dqg 5 lw iroorzv wkdw hyhu| plqlpdo fxue vhw lvvxshu wljkw1 Wklv hqdeohv xv wr fkdudfwhul}h wkh plqlpdo fxue vhwv/ zklfkzh gr lq Vhfwlrq 81 Pruhryhu/ vlqfh wkh g|qdplfv kdyh dw ohdvw rqh uhfxu0uhqw fodvv/ wklv dovr suryhv wkh h{lvwhqfh ri d Qdvk qhwzrun lq wkh qhwzrunirupdwlrq jdph1Wr rewdlq wkh pdlq uhvxowv ri wklv vhfwlrq wkdw dq| PFV lv VWFV/ zh �uvwsuryh wzr rwkhu wkhruhpv1 Wkhvh wkhruhpv vwdwh wkdw iru fhuwdlq w|shv riqhwzrunv dw prvw rqh f|foh fdq dulvh li wzr sod|huv xsgdwh vlpxowdqhrxvo|1Uhfdoo wkdw iru d qhwzrun j 5 J ri gluhfwhg sdluv ri sod|huv/ j lv wkh fruuh0vsrqglqj xqgluhfwhg judsk rq Q dqg ej wkh froohfwlrq ri doo sdluv frqqhfwhgwr hdfk rwkhu lq j wkurxjk d sdwk1Wkhruhp 61 Ohw j 5 J eh frqqhfwhg dqg plqlpdo1 Li h{dfwo| wzr djhqwv xs0gdwh vlpxowdqhrxvo|/ wkhq wkhuh lv dw prvw rqh f|foh lq wkh uhvxowlqj qhwzrunj�1Surri Ohw wkh wzr xsgdwlqj sod|huv eh l dqg m1 Ehfdxvh wkh qhwzrun lvplqlpdo dqg frqqhfwhg/ qhlwkhu sod|hu zloo vsrqvru pruh olqnv lq wkh qhwzrunj� diwhu xsgdwlqj wkdq lq wkh qhwzrun j ehiruh xsgdwlqj1 Rwkhuzlvh/ wkh|zrxog h{shfw wr fuhdwh d f|foh/ zklfk frqwudglfwv wkdw wkh sod|huv sod| dehvw uhso| wr j zkhq xsgdwlqj1 Wkxv wkh qxpehu ri olqnv grhv qrw lqfuhdvh1Vxssrvh wkdw j� frqwdlqv d f|foh1 Vlqfh wkh qxpehu ri olqnv glg qrw lqfuhdvh/wklv lpsolhv wkdw j� lv qrw frqqhfwhg1 Ixuwkhu/ vlqfh rqo| l dqg m kdyh ehhqxsgdwlqj/ wkh f|foh frqwdlqv dw ohdvw rqh ri wkhp1 Z1o1r1j1 dvvxph wkdw llv lq wkh f|foh dqg ohw Q �SJ? � Q eh wkh vhw ri sod|huv frqqhfwhg wr l lq j�/lqfoxglqj l lwvhoi1 Zh �uvw vkrz wkdw m 5 Q �SJ?1 Vxssrvh qrw1 Fohduo|/ wkhf|foh fdq rqo| frqwdlq sod|huv lq Q �SJ?1 Krzhyhu/ li m @5 Q �SJ? wkhq doo sod|huvlq Q �SJ? h{fhsw l lwvhoi sod| lq j� wkh vdph vwudwhj| dv lq j1 Vlqfh j glg qrwfrqwdlq d f|foh/ wklv phdqv wkdw l vsrqvruv dw ohdvw rqh olqn ri wkh f|foh/zklfk frqwudglfwv wkdw lq j� l sod|v d ehvw uhso| wr j1 Khqfh m 5 Q �SJ?1Vxssrvh sod|hu l dqg m ghohwhg wrjhwkhu { olqnv1 Wkhq li qr f|fohv zrxogkdyh ehhq fuhdwhg wkhuh zrxog kdyh ehhq { . 4 frpsrqhqwv/ ehfdxvh wkhwrwdo qxpehu ri olqnv lq wkh qhwzrun lv qrz mQ m � {� 41 Lq hdfk f|foh/ dq|



55rqh olqn frxog eh ghohwhg zlwkrxw uhprylqj wkh frqqhfwlrq +sdwk, ehwzhhqdq| wzr sod|huv1 Wkhuhiruh/ vxfk d olqn grhv qrw frqqhfw dq| wzr/ rwkhuzlvhglvfrqqhfwhg sod|huv1 Wkhuhiruh/ shu f|foh lq j� wkhuh lv rqh pruh frpsrqhqwlq j�/ zklfk grhv qrw frqwdlq l dqg m= Ohw xv ghqrwh dq| rqh vxfk frpsrqhqwe| Q ��rJ, � Q 1 Vlqfh j zdv frqqhfwhg/ hlwkhu l ru m ru erwk vsrqvruhg d olqnwr d sod|hu ri Q ��rJ, lq j1 Zlwkrxw orvv ri jhqhudolw|/ vxssrvh wkdw l vsrq0vruhg d olqn lq j wr vrph sod|hu l� 5 Q ��rJ,1 Vlqfh wkh sod|huv lq Q ��rJ, glg qrwxsgdwh dqg Q ��rJ, lv frqqhfwhg/ wklv lpsolhv sod|hu l revhuyhg doo sod|huv lqQ ��rJ, wkurxjk klv olqn wr l�/ l1h1 Q ��rJ, � D��� +j,1 Vlqfh l sod|hg d ehvw uhso|wr j/ sod|hu l wkrxjkw wkdw kh zrxog vwloo revhuyh wkh sod|huv Q ��rJ, lq j�1Vr/ zkhq xsgdwlqj sod|hu l uhsodfhg klv olqn +l> l�, e| d olqn +l> l��, vxfk wkdwQ ��rJ, � D���� +j3� ^ j��,1 Krzhyhu/ lw dsshduv wkdw wkh sod|huv lq Q ��rJ, duh qrwrevhuyhg dq|pruh/ l1h1 Q ��rJ, � Q q D���� +j�,1 Khqfh lw iroorzv wkdw sod|hu mkdv d olqn yld zklfk l h{shfwhg wr dffhvv Q ��rJ,/ l1h1 wkhuh lv d sod|hu m� vxfkwkdw Q ��rJ, � D��� +j,1 Wklv lpsolhv wkdw l 5 D��� +j, dqg m 5 D��� +j, dqgwkdw erwk vhwv frqwdlq Q ��rJ,/ l1h1 lq j wkhuh lv d sdwk iurp l wr m frqwdlqlqjsod|huv ri Q ��rJ,1 Qrz/ vxssrvh wkhuh lv d vhfrqg frpsrqhqw Q ���rJ, 9@ Q ��rJ, rifrqqhfwhg sod|huv lq j� qrw frqwdlqlqj l1 Wkhq j dovr frqwdlqv d sdwk iurp lwr m frqwdlqlqj sod|huv ri Q ���rJ,1 Krzhyhu/ wklv frqwudglfwv wkdw j lv plqlpdo1Vr wkhuh duh dw prvw wzr frpsrqhqwv lq j�/ rqh frqwdlqlqj sod|hu l dqg rqhqrw1 Wkhuhiruh j� fdq frqwdlq dw prvw rqh f|foh1
Wkhruhp 71 Ohw j 5 J eh plqlpdo dqg ohw m 5 Q eh vxfk wkdw j� 5 E�+j,1Wkhq li l dqg m vlpxowdqhrxvo| xsgdwh/ wkh uhvxowlqj qhwzrun j� zloo frqwdlqdw prvw rqh f|foh1Surri Ohw F eh wkh frpsrqhqw ri wkh qhwzrun j wkdw frqwdlqv m1 Ehfdxvhm sod|v d ehvw uhso| lq j/ dssduhqwo| kh vwulfwo| suhihuv qrw wr vsrqvru d olqnwr dq| sod|hu k @5 F&= Wkxv li m dqg d sod|hu l 9@ m vlpxowdqhrxvo| xsgdwh/wkhq dq| f|foh lqyroylqj dq| sod|hu k @5 F lv fuhdwhg e| wkh ehvw uhso| ril1 Krzhyhu/ wklv frqwudglfwv wkdw l sod|v d ehvw uhso| wr j1 Vr/ dq| f|fohlv fuhdwhg e| m dqg l wrjhwkhu dqg wkhuhiruh fdq rqo| lqfoxgh sod|huv ri F1Wkhuhiruh/ iru wkh sxusrvh ri ghwhuplqlqj wkh qxpehu ri f|fohv wkdw j� fdqfrqwdlq/ zh fdq wuhdw F dv d plqlpdo frqqhfwhg qhwzrun e| lwvhoi dqg dsso|wkhruhp 61 Wklv frqfoxghv wkh surri1
H{dpsoh 41Frqvlghu wkh qhwzrun j ri Iljxuh < zlwk wzr jurxsv zlwk sod|hu 4 5 Q� dqgsod|huv 5> 6> 7> 8 5 Q2 dqg ohw wkh frvw ri dq| olqn eh vpdoohu wkdq 41 Wkhqsod|hu 4 lv lqgl�huhqw ehwzhhq dq| olqn wr rqh ri wkh sod|huv 6/ 7 dqg 8/ zklohsod|hu 7 lv lqgl�huhqw ehwzhhq vsrqvrulqj d olqn wr hlwkhu sod|hu 5 ru sod|hu61 Vr/ li erwk sod|huv xsgdwh vlpxowdqhrxvo| wkhq lw pd| kdsshq wkdw sod|hu7 uhsodfhv klv olqn wr 6 e| d olqn wr 5 dqg sod|hu 4 uhsodfhv klv olqn wr 6 e| dolqn wr 81 Vr/ lq wkh uhvxowlqj qhwzrun j� wkh sod|huv 4 dqg 7 plvfrruglqdwhdqg qhlwkhu sod|hu vsrqvruv d olqn wr 61 Dv d uhvxow/ lq j� sod|hu 6 lv lvrodwhg
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Iljxuh <1 H{dpsoh ri plvfrruglqdwlrq
dqg d f|foh ehwzhhq 4/ 5/ 7 dqg 8 rffxuv1 Revhuyh wkdw lq j� wkh qxpehu riolqnv lv qrw odujhu wkdq wkh qxpehu ri olqnv lq j1Zh duh qrz uhdg| wr vwdwh wkh �uvw ri wkh wzr pdlq wkhruhpv ri wklvsdshu/ vd|lqj wkdw xqghu fhuwdlq frqglwlrqv dq| uhfxuuhqw fodvv +UF, ri wkhqhwzrun irupdwlrq lv dovr d vxshu wljkw fxue vhw1Wkhruhp 81 Ohw eh jlyhq d qhwzrun irupdwlrq jdph zlwk p jurxsv ri sod|0huv Q�> = = = >Q6/ p � 5 dqg mQ�m � 5 iru doo c/ dqg zlwk d vwulfwo| lqfuhdvlqjfrvw ixqfwlrq i+�, vdwlvi|lqj i+3, � 4 dqg i+4, � pd{� mQ�m1 Li [ � J lv duhfxuuhqw fodvv iurp wkh g|qdplfv vshfl�hg lq Htxdwlrq 514/ wkhq [ lv dovrdq VWFV1Wkh surri ri wklv wkhruhp iroorzv iurp d qxpehu ri ohppdv vwdwhg ehorz1Wkh ohppdv vkrz wkdw dq| qhwzrun lq vrph vxevhw ri dq UF vdwlv�hv fhuwdlqsurshuwlhv1 Dw wkh hqg lw iroorzv wkdw dq| qhwzrun ri dq UF vdwlv�hv wkhvhsurshuwlhv/ zklfk lpsolhv wkdw wkh UF frqwdlqv dq VWFV1 Lw wkhq gluhfwo|iroorzv wkdw wkh PFV lv vxshu wljkw dqg wkdw hdfk uhfxuuhqw fodvv lv lghqwlfdowr vrph PFV1 Lq wkh uhdvrqlqj xqghuo|lqj wkh ohppdv/ lw vkrxog eh nhswlq plqg wkdw/ �uvw/ li d qhwzrun lv lq vrph UF [/ dq| vhtxhqfh ri xsgdwhvjhqhudwhv d vhtxhqfh ri qhwzrunv lq [> vhfrqg/ li d qhwzrun lv plqlpdo dqgrqo| rqh sod|hu xsgdwhv/ wkhq wkh uhvxowlqj qhwzrun lv dovr plqlpdo> dqgwklug/ li d qhwzrun lv plqlpdo dqg dq| qxpehu ri sod|huv xsgdwh vlpxowd0qhrxvo|/ wkhq wkh uhvxowlqj qhwzrun frqwdlqv dw ohdvw wkh vdph qxpehu rilqwhuqdo olqnv1 Dv idu dv qhhghg zh uhihu wr Dsshqgl{ D iru wkh surriv ri wkhohppdv1Dv zh kdyh vhhq dq| qhwzrun lq d vxshu wljkw fxue vhw lv d Qdvk qhwzrundqg wkxv lv d plqlpdo qhwzrun1 Zh wkhuhiruh �uvw dgdsw wkh uhvxow iurpEdod dqg Jr|do +5333,/ vd|lqj wkdw dq| UF frqwdlqv dw ohdvw rqh plqlpdoqhwzrun1 Wr vhh wklv/ ohw [ eh dq UF/ jf d qhwzrun lq [/ dqg vxssrvhwkdw doo sod|huv xsgdwh vxevhtxhqwo|/ l1h1 hdfk sod|hu l sod|v vxevhtxhqwo|d ehvw uhso| wr qhwzrun j�3�/ zkhuh j� lv wkh qhwzrun wkdw rffxuv diwhu wkhxsgdwh ri sod|hu l/ l @ 4> = = = > q1 Fohduo|/ wkh uhvxowlqj qhwzrun j? kdv wr ehplqlpdo1 Li qrw/ wkhq wkhuh pxvw eh d f|foh lq wkh qhwzrun1 Exw wkhq wkhodvw sod|hu l frqwdlqhg lq wklv f|foh wkdw vsrqvruv d olqn lq wkh f|foh/ glg qrwsod| d ehvw uhso| wr j�3�= d frqwudglfwlrq1 Vlqfh e| gh�qlwlrq hdfk qhwzrun



57j� lv lq [/ zh rewdlq wkdw [ pxvw frqwdlq d plqlpdo qhwzrun1 Vr/ zlwkrxwixuwkhu surri zh fdq vwdwh wkh iroorzlqj ohppd1Ohppd 51 Ohw [ eh dq UF1 Wkhq wkhuh h{lvwv d qhwzrun j 5 [ wkdw lvplqlpdo1Qh{w zh gh�qh iru dq PFV [ wkh qrq0hpsw| vxevhw ri plqlpdo qhwzrunvrewdlqhg e| pd{lpl}lqj oh{lfrjudsklfdoo| wkh qxpehu ri olqnv iurp ohqjwk}hur wr ohqjwk p� 41 Pruh suhflvho|/ iru [ � J d uhfxuuhqw fodvv/ gh�qh[4�? @ ij 5 [mj lv plqlpdo j=Iurp Ohppd 5 zh nqrz wkdw [4�? lv qrw hpsw|1 Ixuwkhu/ ohw �& +j, eh wkhqxpehu ri olqnv ri ohqjwk n lq qhwzrun j1 Wkhq zh gh�qh vxffhvvlyho| irun @ 3> = = = >p� 4/[4�?& @ ij 5 [4�?&3� m �&+j, � �&+j�, iru doo j� 5 [4�?j>zkhuh [4�?3� @ [4�?1 E| frqvwuxfwlrq zh kdyh wkdw [4�?& � [4�?&3�/ n @3> = = = >p�4 dqg wkdw [4�?63� lv qrw hpsw|1 Lq wkh iroorzlqj ohppdv zh vkrzwkdw dq| qhwzrun lq [4�?63� vdwlv�hv d qxpehu ri surshuwlhv1Iluvw/ revhuyh wkdw lq dq| j 5 [4�?63� hdfk jurxs lv frqqhfwhg1 Li qrw/wkhq wkhuh lv d jurxs/ vd| jurxs c/ ri zklfk wzr sod|huv ehorqj wr d gl�huhqwfrpsrqhqw lq j1 Vlqfh i+3, � 4 dqg lq fdvh ri wlhv vsrqvrulqj d olqn lvsuhihuuhg wr qrw vsrqvrulqj/ dq| ehvw uhso| ri d sod|hu lq Q� frqwdlqv dqlqwhuqdo olqn wr d sod|hu lq Q� wkdw kh grhv qrw revhuyh lq j1 Pruhryhu/vlqfh wkh qhwzrun lv plqlpdo/ li dq xsgdwlqj sod|hu ghohwhv dq lqwhuqdo olqn/wkhq wklv olqn zloo eh uhsodfhg e| dq dowhuqdwlyh lqwhuqdo olqn1 Wkhuhiruh/ dq|xsgdwh ri d sod|hu lq Q� ohdgv wr d qhwzrun j� zlwk pruh olqnv ri ohqjwk }hurwkdq lq j/ zklfk frqwudglfwv wkdw j 5 [4�?63�1 Vr/ dq| jurxs lv frqqhfwhg1Qrz/ wkh qh{w ohppd vwdwhv wkdw lq d qhwzrun j 5 [4�?63� qrw rqo| hdfk jurxslv frqqhfwhg/ exw dovr wkdw hdfk jurxs lv hlwkhu hqwluho| lqwhuqdoo| frqqhfwhgru hqwluho| h{whuqdoo| frqqhfwhg1Ohppd 61 Iru hdfk j 5 [4�?63� lw krogv wkdw Q U +j,^Q. +j, @ Q / l1h1 dq|jurxs lv hlwkhu hqwluho| lqwhuqdoo|/ ru hqwluho| h{whuqdoo| frqqhfwhg1Vlqfh wkh surri lv jlyhq lq Dsshqgl{ D/ khuh zh rqo| looxvwudwh wkh ohppde| dq h{dpsoh1H{dpsoh 51Frqvlghu Iljxuh : exw zlwk olqn +9> 5, uhsodfhg e| olqn +5> 6, dqg vxssrvh wkdwwklv prgl�hg qhwzrun j ehorqjv wr [4�?63� iru vrph UF [1 Lq wkh qhwzrunj jurxs Q� lv qhlwkhu hqwluho| lqwhuqdoo| frqqhfwhg qru hqwluho| h{whuqdoo|1Vxssrvlqj wkdw i+4, ? 5 dq| ri wkh sod|huv 4/ 5/ 6 dqg 9 sod|v d ehvw uhso|wr j1 Krzhyhu/ zkhq sod|huv 5 dqg 9 xsgdwh vlpxowdqhrxvo|/ lw pd| kdsshqwkdw sod|hu 5 uhsodfhv klv olqn wr sod|hu 6 e| d olqn wr sod|hu 4 dqg wkdw dwwkh vdph wlph sod|hu 9 uhsodfhv klv olqn wr sod|hu 6 e| d olqn wr sod|hu 51Iru erwk sod|huv wklv lv d ehvw uhso| wr j1 Ohw j� eh wkh uhvxowlqj qhwzrun1Fohduo|/ ehfdxvh ri wkh plvfrruglqdwlrq lq wkh suhylrxv vwhs/ sod|hu 6 lv qrz



58lvrodwhg ri wkh rwkhu sod|huv lq klv jurxs dqg wkxv lq j� qhlwkhu ri wkh sod|huvri jurxs Q� sod|v dq rswlpdo uhso|1 Qrz/ ohw sod|hu 6 xsgdwh1 Wkhq wklvsod|hu zloo vsrqvru d olqn wr +rqh ri, ri wkh rwkhu sod|huv lq Q�/ vd| sod|hu 41Zkhq vxffhvvlyho| sod|hu 9 jhwv wkh wxuq wr xsgdwh/ wklv sod|hu zloo ghohwhklv olqn wr sod|hu 5/ ehfdxvh kh lv frqqhfwhg douhdg| wr 5 wkurxjk wkh sdwkyld </ ; dqg 41 Qrz/ wkh uhvxowlqj qhwzrun lv plqlpdo djdlq/ exw frqwdlqvrqh pruh olqnv ri ohqjwk }hur wkdq wkh ruljlqdo qhwzrun j/ zklfk frqwudglfwvwkdw j 5 [4�?63�1Wkh qh{w ohppd h{foxghv wkdw lq d qhwzrun j 5 [4�?63� d sod|hu revhuyhvdq rwkhu sod|hu lq klv rzq jurxs wkurxjk dq h{whuqdo olqn1Ohppd 71 Ohw j 5 [4�?63� dqg ohw l 5 Q� dqg m 5 Q& iru vrph n 9@ c1 Liil> mj 5 �j/ Q& 5 Q.+j, dqg wkhuh lv d sod|hu k 5 Q&/ k 9@ m/ wkdw lv revhuyhge| m yld l/ wkhq +l> m, 5 j1
H{dpsoh 61Frqvlghu Iljxuh ; exw zlwk olqn +45> ;, uhsodfhg e| olqn +;> 45, dqg vxssrvhwkdw wklv prgl�hg qhwzrun j 5 [ iru vrph UF [1 Lq wklv qhwzrun j zhwkhq kdyh wkdw sod|hu ; revhuyhv sod|hu : lq klv jurxs Q� wkurxjk klv olqnwr sod|hu 45 lq Qe/ l1h1 l @ 45/ m @ ;/ k @ :/ n @ 6 dqg c @ 7 dqg +;> 45, 5 j1Wkh ohppd vd|v wkdw wklv h{foxghv wkdw j lv lq [4�?63�1 Lqghhg/ zkhq sod|hu; kdv wkh srvvlelolw| wr xsgdwh/ kh zloo uhsodfh klv olqn wr 45 e| d olqn wr :/lqfuhdvlqj wkh qxpehu ri olqnv ri ohqjwk }hur1 Revhuyh wkdw lq wkh ruljlqdoqhwzrun lq Iljxuh ; lw krogv wkdw +45> ;, 5 j dqg wkxv vdwlv�hv wkh surshuw|vwdwhg lq wkh ohppd1Zh kdyh revhuyhg douhdg| wkdw dq| jurxs lv frqqhfwhg1 Wkh suhylrxvohppd lpsolhv wkdw zkhq j 5 [4�?63�/ hdfk sod|hu ri dq hqwluho| h{whuqdoo|frqqhfwhg jurxs revhuyhv wkh rwkhu phpehuv ri klv jurxs yld olqnv kh uh0fhlyhv1 Wkxv li hyhu| sod|hu ehorqjv wr dq hqwluho| h{whuqdoo| frqqhfwhgjurxs/ wkhuh duh dw ohdvw dv pdq| olqnv dv sod|huv/ zklfk lv lpsrvvleoh lq dplqlpdo qhwzrun1 Vr/ dw ohdvw rqh jurxs lv qrw hqwluho| h{whuqdoo| frqqhfwhg1Wrjhwkhu zlwk Ohppd 6 zh rewdlq zlwkrxw ixuwkhu surri wkh iroorzlqj uhvxow1Ohppd 81 Iru dq| j 5 [4�?63� lw krogv wkdw Q U +j, 9@ >/ l1h1 wkhuh lv dw ohdvwrqh jurxs wkdw lv hqwluho| lqwhuqdoo| frqqhfwhg1Wkh qh{w ohppd vd|v wkdw dq| sod|hu rq d sdwk lq j ehwzhhq wzr sod|huv mdqg m� ri dq hqwluho| h{whuqdoo| frqqhfwhg jurxs grhv qrw kdyh dq| ehvw uhso|lq zklfk m dqg m� ehfrph glvfrqqhfwhg1 Uhfdoo wkdw wkhuh duh qr lqwhuqdoolqnv lq dq hqwluho| h{whuqdoo| frqqhfwhg jurxs1Ohppd 91 Ohw j 5 [4�?63� dqg ohw sod|huv m dqg m� eh wzr glvwlqfw sod|huvlq vrph jurxs Q� 5 Q.+j,1 Wkhq li l lv rq wkh sdwk ehwzhhq m dqg m�/wkhq wkhuh lv d sdwk ehwzhhq m dqg m� lq dq| qhwzrun j� @ j3� ^ e�+j, iru dooe�+j, 5 E� +j,1
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Iljxuh 431 Qhwzrun lq dq VWFV iru i +4, � 6=
H{dpsoh 71Vxssrvh wkdw wkh qhwzrun j jlyhq lq Iljxuh : ehorqjv wr [ iru vrph UF[ dqg dvvxph wkdw i +5, A 41 Wkhq wkh sod|huv 4 dqg 5 ri wkh hqwluho|h{whuqdoo| frqqhfwhg jurxs Q� ehfrph xqfrqqhfwhg zkhq sod|hu ; xsgdwhv1Lqghhg wklv sod|hu zloo ghohwh klv olqn wr sod|hu 41 Qh{w/ ohw sod|hu 5 xsgdwh1Wkhq wklv sod|hu zloo vsrqvru dq dgglwlrqdo olqn wr 41 Wkh uhvxowlqj qhwzrunlv plqlpdo dqg frqwdlqv pruh lqwhuqdo olqnv wkhq j/ h{foxglqj wkdw j 5 [4�?63�1Wkh qh{w ohppd vwdwhv wkdw lq dq| j 5 [4�?63� hdfk sdlu ri sod|huv revhuyhvhdfk rwkhu1Ohppd :1 Dq| qhwzrun j lq [4�?63� lv frqqhfwhg1H{dpsoh 81Vxssrvh wkdw wkh qhwzrun jlyhq lq Iljxuh 43 ehorqjv wr [4�?63� iru vrph UF[ dqg dvvxph wkdw 6 ? i+4, ? : @ pd{� mQ�m @ mQ�m1 Ghqrwh wkh qhwzrune| jf1 Zkhq sod|hu 8 xsgdwhv wkh qhwzrun ehfrphv j� @ jf q i+8> 5,j/lq zklfk sod|hu 8 kdv ghohwhg wkh olqn +8> 5, ehfdxvh i+4, A 61 Qh{w/ ohwsod|hu 43 xsgdwh1 Wkhq wklv sod|hu ghohwhv wkh olqn +43> 8, dqg zh rewdlqj2 @ j� q i+43> 8,j1 Krzhyhu/ qh{w ohw sod|hu 8 xsgdwh djdlq1 Wkhq wklvsod|hu zloo dgg wkh olqn +8> 43, vlqfh i+4, ? : dqg zh rewdlq wkh qhwzrunj� @ j2^i+8> 43,j1 Ilqdoo|/ ohw vrph sod|hu l 5 Q� xsgdwh1 Wkhq wklv sod|huzloo dgg d olqn +l> m, wr vrph sod|hu m 5 Q2 dqg zh rewdlq wkh qhwzrunje @ j� ^ i+l> m,j1 Vlqfh jf 5 [ dqg lw lv vxssrvhg wkdw [ lv UF/ dooqhwzrunv j� 5 [/ l @ 4> = = = > 71 Pruhryhu doo qhwzrunv kdyh wkh vdph qxpehuri lqwhuqdo olqnv/ exw rqo| wkh frqqhfwhg qhwzrunv jf dqg je frqwdlq irxuolqnv ri ohqjwk rqh1 Wkh rwkhu wkuhh xqfrqqhfwhg qhwzrunv kdyh rqo| wzr ruwkuhh olqnv ri ohqjwkv rqh dqg wkhuhiruh wkh| gr qrw ehorqj wr [4�?63�1Wkh qh{w ohppd vkrzv wkdw iru dq| j 5 [4�?63� doo olqnv ri ohqjwk wzr rupruh duh vwdeoh/ l1h1 hdfk sod|hu l kdv d ehvw uhso| e�+j, 5 E�+j, vxfk wkdwe�+j, frqwdlqv doo olqnv +l> m, lq j� ri ohqjwk wzr ru orqjhu1



5:Ohppd ;1 Vxssrvh j 5 [4�?63�1 Wkhq iru dq| l lw krogv wkdwi+l> m, 5 j� m ohqjwk +l> m, � 5j � e�+j,iru vrph e�+j, 5 E�+j,1
H{dpsoh 91Zh vkrz wzr h{dpsohv frqwudglfwlqj wkdw j 5 [4�?63� zkhq d sod|hu suhihuv wrghohwh ru uhsodfh d olqn ri ohqjwk wzr1 Iluvw/ frqvlghu Iljxuh 43 exw zlwk olqn+48> 4;, uhsodfhg e| +<> 4;, dqg vxssrvh wkdw wklv prgl�hg qhwzrun jf 5 [iru vrph UF [1 Ixuwkhu dvvxph wkdw 6 ? i+4, ? :1 Lq wklv fdvh/ sod|hu <vwulfwo| suhihuv wr ghohwh wkh olqn +<> 4;, ri ohqjwk 51 Vr/ zkhq < xsgdwhv/ zhjhw j� @ jf q i+<> 4;,j1 Krzhyhu/ zkhq vxffhhglqjo| sod|hu 4; xsgdwhv/ zhrewdlq wkh qhwzrun j2 @ jf ^ i+4;> m,j iru vrph m 5 Qe1 Vlqfh wklv qhwzrunfrqwdlqv rqh pruh olqn ri ohqjwk rqh wkdq qhwzrun jf/ lw iroorzv wkdw jf lvqrw lq [4�?63�1Qh{w/ frqvlghu Iljxuh 43 exw zlwk olqn +43> 48, uhsodfhg e| +43> 4:, dqgvxssrvh wkdw wklv prgl�hg qhwzrun jf 5 [ iru vrph UF [1 Fohduo|/ zkhqsod|hu 43 xsgdwhv/ kh suhihuv wr uhsodfh +43> 4:, e| d olqn wr jurxs 71 Djdlq/wkh uhvxowlqj qhwzrun lv plqlpdo dqg kdv rqh pruh olqn ri ohqjwk rqh wkdqjf/ frqwudglfwlqj wkdw jf 5 [4�?63�1Zh duh qrz uhdg| wr vkrz wkdw hdfk UF [ frqwdlqv d qrq0hpsw| vxevhwri Qdvk qhwzrunv1 Wkhuhiruh zh gh�qh wkh vxevhw ri qhwzrunv ri [4�?63�/ghqrwhg e| e[4�?63�/ vdwlvi|lqj wkdw doo olqnv ri ohqjwk rqh vwdeoh/ l1h1e[4�?63� @ ij 5 [4�?63� m iru dq| l wkhuh h{lvwv e�+j,vxfk wkdw i+l> m, 5 j� m ohqjwk +l> m, @ 4j � e�+j,j=Iurp Ohppd ; zh douhdg| nqrz wkdw lq dq| j 5 [4�?63� dq| olqn ri dw ohdvwohqjwk wzr lv vwdeoh1 Pruhryhu/ doo lqwhuqdo olqnv +ri ohqjwk }hur, duh vwdeoh/vlqfh dq| j 5 [4�?63� lv plqlpdo dqg i +3, � 41 Vr/ iru d qhwzrun j 5 e[4�?63� lwkrogv wkdw doo olqnv duh vwdeoh/ l1h1 iru dq| l lw krogv wkdw wkhuh lv d ehvw uhso|e�+j, vxfk wkdw +l> m, 5 e�+j, iru dq| olqn +l> m, 5 j�1 Vr/ iru vrph jlyhq sod|hul/ uhihuulqj wr wkh qrwdwlrq xvhg lq Ohppd 4/ zh kdyh wkdw dq| sod|hu m wrzklfk sod|hu l vsrqvruv d olqn lq wkh qhwzrun j ehorqjv wr wkh vhw G� ri vrphfrpsrqhqw F� +qrw frqwdlqlqj l, lq j3�/ dqg pruhryhu wkdw lq j dq| sod|hul vsrqvruv d olqn wr dw prvw rqh sod|hu lq dq| frpsrqhqw F�1 Pruhryhu/lw vkrxog eh revhuyhg wkdw G� 9@ > iru dq| F� qrw frqwdlqlqj l/ ehfdxvh jlv frqqhfwhg1 Vr/ zlwkrxw ixuwkhu surri/ lw iroorzv qrz lpphgldwho| iurpOhppd 4 wkdw hdfk qhwzrun lq e[4�?63� lv d Qdvk qhwzrun1Ohppd <1 Dq| qhwzrun j 5 e[4�?63� lv d Qdvk qhwzrun/ l1h1e[4�?63� @ �j 5 [4�?63�mj 5 E +j,� =Wkh qh{w ohppd lv fuxfldo iru wkh surri ri Wkhruhp 8 dqg vwdwhv wkdwe[4�?63� lv qrw hpsw|/ lpso|lqj wkdw dq| PFV frqwdlqv dw ohdvw rqh Qdvkqhwzrun1



5;
Ohppd 431 Ohw [ eh dq UF1 Wkhq wkh vhw e[4�?63� ri Qdvk qhwzrunv lv qrwhpsw|1
H{dpsoh :1Vxssrvh wkdw wkh qhwzrun j jlyhq lq Iljxuh 43 ehorqjv wr [4�?63� iru vrphUF [ dqg dvvxph wkdw 9 ? i+4, ? :1 Fohduo|/ j lv qrw Qdvk1 Zkhq sod|hu43 xsgdwhv/ kh ghohwhv erwk +43> 8, dqg +43> 48, ehfdxvh kh rqo| revhuyhv 9sod|huv wkurxjk hdfk ri wkhvh olqnv1 Qh{w/ zkhq sod|hu 8 xsgdwhv/ kh ghohwhv+8> 5,/ exw kh zloo dgg d olqn wr jurxs 61 Wkhq ohw dq| rqh sod|hu ri jurxs4 xsgdwh= kh fuhdwhv d olqn wr jurxs 51 Vlploduo|/ ohw uhvshfwlyho| sod|hu 48dqg d sod|hu iurp jurxs 8 xsgdwh1 Wklv surfhvv ohdgv wr d Qdvk qhwzrun j�1Vlqfh �&+j�, @ �&+j, iru dq| ohqjwk n dqg lw lv vxssrvhg wkdw j 5 [4�?63�/ lwiroorzv wkdw j� 5 e[4�?63�/ vkrzlqj wkdw wkh odwwhu vhw lv qrw hpsw|1Zh qrz frqwlqxh zlwk vrph surshuwlhv iru qhwzrunv j lq e[4�?63�1 Wkh �uvwsurshuw| vd|v wkdw zkhq j 5 e[4�?63� hdfk sod|hu l vsrqvruv lq dq| j� 5 E+j,wkh vdph qxpehu ri olqnv dv lq j wr hdfk jurxs1Ohppd 441 Ohw j eh d qhwzrun lq e[4�?63� dqg j� d qhwzrun lq E +j,1 Wkhqiru hdfk l dqg hdfk c lw krogv wkdwmi+l> m, 5 j m m 5 Q�jm @ mi+l> m, 5 j� m m 5 Q�jmH{dpsoh ;1Frqvlghu Iljxuh ;/ exw zlwk olqn +8> <, uhsodfhg e| +4> :, dqg vxssrvh wkdwwkh prgl�hg qhwzrun j lv lq e[4�?63� iru vrph UF [1 Lq wklv qhwzrun sod|hu 8lv lqgl�huhqw ehwzhhq wkh olqn +8> 4, dqg d olqn wr dq| rqh phpehu ri jurxs 6+ru wr dq| rwkhu phpehu ri jurxs 4,1 Vr/ wkh ohppd grhv qrw krog/ ehfdxvhsod|hu 8 fdq uhsodfh wkh olqn +8> 4, e| iru lqvwdqfh wkh olqn +8> ;,1 Krzhyhu/zkhq sod|hu 8 lv grlqj vr/ wkhq sod|hu 4 vwulfwo| suhihuv wr uhsodfh +4> :, e|d olqn wr jurxs 51 Wklv ylrodwhv Ohppd ;/ vkrzlqj wkdw j lv qrw lq [4�?63�dqg wkxv dovr qrw lq e[4�?63�1Ohppd 44 lpsolhv wkh iroorzlqj fruroodu|=Fruroodu| 41 Ohw j eh d qhwzrun lq e[4�?63� dqg +l> m, 5 j> l 5 Q�/ m 5 Q&zkhuh n 9@ c= Wkhq l lv qrw lqgl�huhqw ehwzhhq d olqn wr m dqg d olqn wr vrphm� @5 Q&=Surri Zh suryh wklv e| frqwudglfwlrq1 Ohw l xsgdwh1 Ehfdxvh j lv d Qdvkqhwzrun/ e| Ohppd 4 l pd| vhohfw e� +j, @ +j�q i+l> m,j,^i+l> m�,j = Krzhyhu/vlqfh m� @5 Q& sod|hu l wkhq vsrqvruv ohvv olqnv wr jurxs n wkhq ehiruh1 Wklvlv d frqwudglfwlrq zlwk Ohppd 441
Wkh qh{w surshuw| vd|v wkdw zkhq lq d Qdvk qhwzrun ri dq UF d sod|hu lqdq hqwluho| h{whuqdoo| frqqhfwhg jurxs revhuyhv dqrwkhu sod|hu lq klv jurxswkurxjk d olqn vsrqvruhg wr klp e| d sod|hu l/ wkhq kh revhuyhv doo sod|huvlq klv jurxs wkurxjk wkh vdph olqn1 Revhuyh wkdw sod|hu l grhv qrw ehorqjwr wkh vdph jurxs/ rwkhuzlvh wkh jurxs lv qrw hqwluho| h{whuqdoo| frqqhfwhg1
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Ohppd 451 Ohw j 5 e[4�?63� dqg m dqg m� wzr glvwlqfw sod|huv lq vrph jurxsQ� 5 Q.+j,1 Zkhq +l> m, 5 j dqg l lv rq wkh sdwk ehwzhhq m wr m�/ wkhq l lvrq wkh sdwk ehwzhhq m dqg k iru doo k 5 Q� q imj1
H{dpsoh <1 Frqvlghu Iljxuh ; exw zlwk olqn +45> ;, uhsodfhg e| olqn +8> ;,dqg vxssrvh wkdw wklv prgl�hg qhwzrun j 5 [ iru vrph UF [1 Qrz/ sod|hu< lq wkh hqwluho| h{whuqdoo| frqqhfwhg jurxs Q� revhuyhv sod|hu ; wkurxjkwkh olqn vsrqvruhg e| sod|hu 8/ exw kh revhuyhv sod|hu 43 wkurxjk wkh olqnvsrqvruhg e| 451 Khqfh wkh ohppd lv qrw vdwlv�hg1 Lqghhg/ revhuyh wkdw lqj sod|hu 45 lv lqgl�huhqw ehwzhhq d olqn wr ; dqg d olqn wr </ zkloh sod|hu 8lv lqgl�huhqw ehwzhhq d olqn wr < dqg d olqn wr 431 Ohw wkhvh sod|huv xsgdwhvlpxowdqhrxvo|/ vxfk wkdw 8 vzlwfkhg wr 43 dqg 45 vzlwfkhg wr ;1 Wkhq <ehfrphv lvrodwhg1 Qh{w/ zkhq < xsgdwhv/ kh zloo vsrqvru dq lqwhuqdo olqn/iru lqvwdqfh wr 431 Ilqdoo|/ zkhq 8 xsgdwhv djdlq/ kh zloo ghohwh rqh ri klvolqnv wr ; dqg 431 Wkh uhvxowlqj qhwzrun lv plqlpdo/ exw kdv pruh lqwhuqdoolqnv wkdq j1 Khqfh j lv qrw lq [4�?63� dqg wkxv dovr qrw lq e[4�?63�1Qh{w/ zh gh�qh d vxevhw ri wkh vhw ri Qdvk qhwzrunv e[4�?63�/ wr eh ghqrwhge| h[4�?63�/ vdwlvi|lqj wkdw sod|huv zlwklq d hqwluho| lqwhuqdoo| frqqhfwhg jurxslq wkh qhwzrun duh rujdql}hg lq d fhqwhu0vsrqvruhg vwdu +FVV,/ l1h1h[4�?63� @ qj 5 e[4�?63� m iru doo Q� 5 Q U +j, > wkhuh h{lvwv l 5 Q�+714, vxfk wkdw �l> l�� 5 j iru hdfk l� 5 Q� q ilj� =Edod dqg Jr|do +5333, vkrzhg wkdw lq d prgho zlwkrxw frvw khwhurjhqhlw|sod|huv duh rujdql}hg lq d FVV1 Ehfdxvh lq rxu prgho wkhuh lv qr frvw khwhur0jhqhlw| zlwklq jurxsv dqg doo sdwkv frqqhfwlqj sod|huv ri hqwluho| lqwhuqdoo|frqqhfwhg jurxsv frqvlvw rqo| ri lqwhuqdo olqnv/ zh h{shfw wkdw wkhlu uhvxowh{whqgv wr hqwluho| lqwhuqdoo| frqqhfwhg jurxsv1 Lqghhg zh zloo vkrz lq Vhf0wlrq 8 wkdw lq dq| j lq d VWFV hdfk hqwluho| lqwhuqdoo| frqqhfwhg jurxs lvFVV1 Dv d suholplqdu| uhvxow/ wkh qh{w ohppd vd|v wkdw iru dq| PFV [/ wkhvxevhw h[4�?63� zkhuhlq wkh dufklwhfwxudo vwuxfwxuh ri dq| lqwhuqdoo| frqqhfwhgjurxs lv d fhqwudo0vsrqvruhg vwdu +FVV, lv qrw hpsw|1 Iru wkh surri zh uhihudjdlq wr Dsshqgl{ D1Ohppd 461 Ohw [ eh dq UF1 Wkhq h[4�?63� lv qrw hpsw|1Wkh �qdo ohppd vkrzv wkdw zlwklq dq UF [ wkh vhw ri ehvw uhsolhv lv wkhvdph iru dq| j 5 [ e| vkrzlqj wkdw iru dq| j 5 [ wkh ehvw uhso| vhw lv wkhvdph dv wkh ehvw uhso| vhw iru d jlyhq qhwzrun jW 5 h[4�?63�1Ohppd 471 Ohw jW 5 h[4�?63�1 Wkhq wkhq E +j, @ E +jW, iru dq| j 5 [1Djdlq/ wkh surri ri wkh ohppd lv jlyhq lq Dsshqgl{ D1 Zlwkrxw ixuwkhudgr zh fdq suhvhqw wkh �qdo ohppd1Ohppd 481 Ohw [ � J eh dq UF/ dqg ohw j 5 [= Wkhq E +j, @ [=



63Surri E| ohppd 47 lw lv vx!flhqw wr vkrz wkdw hyhu| qhwzrun lq dq UF lvd Qdvk qhwzrun= Vxssrvh wkdw j 5 [ lv qrw d Qdvk qhwzrun/ dqg frqvlghuvrph jf 5 h[4�?63�= Ehfdxvh erwk qhwzrunv ehorqj wr wkh vdph UF/ wkhuh lvd sdwk ri qhwzrunv iurp jf wr j= Wkh g|qdplfv lpso| +vhh Htxdwlrq 515,wkdw iru hdfk sod|hu hlwkhu j� @ jf� ru j� 5 E� +j�, iru vrph j� rq wkh sdwk riqhwzrunv iurp jf wr j= Ehfdxvh jf lv d Qdvk qhwzrun/ jf� 5 E� �jf� iru dool 5 Q= Khqfh iru doo l 5 Q / wkhuh lv d qhwzrun j� 5 [ vxfk wkdw j� 5 E� +j�, =E| ohppd 47/ lw iroorzv wkdw j� 5 E� +j, iru doo l 5 Q= Wkhuhiruh j 5 E +j,iru doo j 5 [=
Wkxv zh �qg wkdw dq| UF [ kdv wkh ihdwxuh wkdw E +j, @ [= Khqfh [vxshu wljkw fxue vhw/ dv lv vwdwhg lq Wkhruhp 81Surri Wkhruhp 8 Wkh surri iroorzv iurp wkh Ohppdv 50471
Ehfdxvh dq VWFV lv dq PFV/ lw lpsolhv wkdw hyhu| UF lv dq PFV1 Pruh0ryhu/ ehfdxvh dq| PFV frqwdlqv dq UF/ wkh Ohppd lpsolhv wkdw dq| PFV lvdq UF1 Zlwkrxw ixuwkhu surri zh fdq wkhuhiruh vwdwh wkh iroorzlqj fruroodu|1Fruroodu| 51 Ohw eh jlyhq d qhwzrun irupdwlrq jdph zlwk p jurxsv risod|huv Q�> = = = >Q6/ p � 5 dqg mQ�m � 5 iru doo c/ dqg zlwk d vwulfwo|lqfuhdvlqj frvw ixqfwlrq i+�, vdwlvi|lqj i+3, � 4 dqg i+4, � pd{� mQ�m1 Li[ � J lv dq PFV/ wkhq [ lv dovr dq VWFV dqg dq UF ri wkh g|qdplfvvshfl�hg lq Htxdwlrq 5141Zlwk wklv fruroodu|/ zh fdq fkdudfwhul}h wkh qhwzrunv lq dq PFV ri wkhPJ prgho181 Fkdudfwhul}dwlrq ri Qhwzrunv lq Plqlpdo Fxue VhwvLq wkh suhylrxv vhfwlrq zh kdyh vhhq wkdw lq wkh Pxowlsoh Jurxs qhwzrunirupdwlrq jdph dq| UF frqwdlqv dq VWFV/ dqg wkhuhiruh wkdw hyhu| PFVlv vxshu wljkw1 Qrwh wkdw wkh fkdudfwhul}dwlrq ri wkh PFV qhwzrunv lq wklvprgho lv srvvleoh rqo| ehfdxvh ri Wkhruhp 81 Zlwkrxw wkdw uhvxow zh fdq qrwhvwdeolvk dq| qrq0wulyldo d sulrul uhtxluhphqw rq wkh qhwzrunv lq wkh jdphwkdw krogv wr eh wuxh iru doo qhwzrunv frqwdlqhg lq dq PFV1 Iru h{dpsoh/zh fdq qrw hyhq h{foxgh wkdw qrq0Qdvk qhwzrunv duh sduw ri vrph PFV +iruh{dpsoh lq wkh PFV \ ri wkh jdph lq Iljxuh 8,1 Wkh vdph sureohpv dsso|wr d vxevhw ri wkh qhwzrunv lq dq PFV= wkh uhfxuuhqw fodvv1Lq frqwudvw/ wkh frqfhsw ri dq VWFV lv pxfk pruh uhvwulfwlyh1 Lw ghpdqgviru lqvwdqfh wkdw doo qhwzrunv lq wkdw vhw duh Qdvk htxloleuld1 Wkhuhiruh wkhuhvxow wkdw hyhu| PFV lv vxshu wljkw lv fuxfldo lq wkh fkdudfwhul}dwlrq ri wkhPFV qhwzrunv1Lq wklv vhfwlrq zh dvvxph djdlq wkdw i +3, � 4/ dqg i +4, � pd{� mQ�m1Wkh fkdudfwhul}dwlrq iroorzv lq wkuhh vwhsv1 Iluvw zh vkrz lq wkh Wkhruhpv:/ ; dqg < wkdw dq| qhwzrun lq dq PFV vdwlv�hv vhyhq surshuwlhv1 Lq rxusurriv zh xvh wkh uhvxow wkdw dq| PFV lv dovr dq UF iurp wkh g|qdplfv



64vshfl�hg lq Htxdwlrq 5141 Wkh �yh surshuwlhv jlyhq lq Wkhruhp : iroorzvwudljkwiruzdugo| iurp wkh qh{w wkhruhp ehorz/ wkdw vwdwhv wkdw dq| PFV[ lv htxdo wr lwv vxevhw h[4�?63� dv vshfl�hg lq Htxdwlrq BB1 Wkh Wkhruhpv ;dqg < vwdwh wzr dgglwlrqdo surshuwlhv1 Ilqdoo| Wkhruhp 43 vkrzv wkdw wkhvhvhyhq surshuwlhv duh dovr vx!flhqw wr jxdudqwhh wkdw d qhwzrun lv sduw ri dqPFV1Wkhruhp 91 Ohw [ � J eh dq PFV1 Wkhq [ @ h[4�?63�1Surri E| Ohppd 46 zh kdyh wkdw h[4�?63� 9@ >1 Ohw jW eh d qhwzrun lqh[4�?63�1 Iurp Ohppd 47 zh nqrz wkdw E +j, @ E +jW, @ [ iru doo j 5 [1Iurp wklv lw iroorzv wkdw [ @ [4�?63�1 Vxssrvh qrw1 Wkhq wkhuh h{lvwv dqhwzrun j 5 E +jW, q[4�?63�1 Vr/ wkhuh pxvw h{lvw d sod|hu m zkr lq j hlwkhuvsrqvruv pruh olqnv wkdq kh grhv lq jW/ ru kdv ghohwhg d olqn/ ru kdv uhsodfhgd olqn e| d orqjhu rqh1 Krzhyhu/ hdfk ri wkhvh srvvlelolwlhv frqwudglfwv wkdwj� 5 E�+jW,1Vlqfh j 5 [ @ E +j, iru dq| j 5 [/ lw dovr iroorzv wkdw dq| j 5 [ lv d Qdvkqhwzrun/ wkxv [ @ e[4�?63�1 Ilqdoo| iurp j 5 E+jW, dqg Ohppd 44 lw iroorzvwkdw wkh vhw ri lqwhuqdo olqnv lq j lv htxdo wr wkh vhw ri lqwhuqdo olqnv lq jW1Vr d jurxs lq j lv lq Q U+j, dqg FVV li dqg rqo| li lw lv lq Q U+jW, dqg FVV1Khqfh j 5 h[4�?63�1
Wkhruhp :1 Ohw [ � J eh dq PFV1 Wkhq hdfk qhwzrun j 5 [ vdwlv�hvwkh iroorzlqj surshuwlhv=D1 j lv d Qdvk qhwzrun dqg lv plqlpdo frqqhfwhg/
E1 Q U +j, ^Q. +j, @ Q dqg Q U +j, 9@ >/
F1 li Q� 5 Q U +j, wkhq Q� lv d FVV/G1 Ohw +l> m, 5 j/ zkhuh m 5 Q�1 Wkhq iru hdfk j� 5 E� +j,mi+l> m, 5 j m m 5 Q�jm @ mi+l> m, 5 j� m m 5 Q�jm>
H1 Ohw +l> m, 5 j/ l 5 Q�/ m 5 Q& 5 Q. +j,1 Li m revhuyhv dq| sod|hum� 5 Q& q imj yld l/ wkhq doo m�� 5 Q& q imj duh revhuyhg e| m yld l1Surri E| Wkhruhp 9 zh kdyh wkdw dq| j 5 [ lv lq h[4�?63�/ zklfk vkrzv wkhsurshuwlhv D dqg F1 Ixuwkhu/ dq| j vdwlv�hv doo wkh surshuwlhv jlyhq lq wkhohppdv ri Vhfwlrq 71 Vr/ surshuw| E iroorzv iurp Ohppd 6 dqg Ohppd 8/surshuw| G iurp Ohppd 44 dqg surshuw| H iurp Ohppd 451
Wkh �yh surshuwlhv ri Wkhruhp : gr qrw e| wkhpvhoyhv suhyhqw wkh wkuhhfdxvhv ri fkdqjhv lq ehvw uhso| vhwv= +l, plvfrruglqdwlrq/ +ll, d wrr odujhghfuhdvh ri wkh qxpehu ri shrsoh h{foxvlyho| revhuyhg e| vrph sod|hu lwkurxjk vrph olqn +l> l�, dqg +lll, wkh hqwudqfh ri vrph sod|hu m lq wkh vhw ri



65shrsoh h{foxvlyho| revhuyhg e| vrph sod|hu l wkurxjk vrph olqn +l> l�,/ zkhuhl lv qrw ixuwkhu iurp m wkdq iurp l�1 Lq Wkhruhpv ; dqg < ehorz zh vkrzwkdw dq| qhwzrun lq dq PFV vdwlv�hv wzr dgglwlrqdo surshuwlhv wkdw suhyhqwwkhvh wkuhh wklqjv wr kdsshq1 Wr gr vr/ uhfdoo iurp Vhfwlrq 516 wkdw iru dqhwzrun j 5 J/ sod|hu l 5 Q dqg olqn +l> l�,/ D��� +j, lv wkh vhw ri sod|huv wkdwl revhuyhv lq j dqg wkdw l zrxog qrw revhuyh li l ghohwhv klv olqn wr l�> wkdwD.��� +j, lv wkh vxevhw ri sod|huv lq D��� +j, wkdw ehorqj wr hqwluho| h{whuqdoo|frqqhfwhg jurxs frqwdlqlqj dqrwkhu sod|hu lq wkh vdph jurxs zkr lv qrw lqD��� +j,> dqg wkdw G.��� +j, lv wkh vhw ri sod|huv lq hqwluho| h{whuqdoo| frqqhfwhgjurxsv vxfk wkdw rwkhu sod|huv ri wkdw jurxs duh revhuyhg e| l yld +l> l�, exwwkh| wkhpvhoyhv duh qrw1Wkhruhp ;1 Ohw [ � J eh dq PFV1 Wkhq hdfk qhwzrun j 5 [ vdwlv�hvwkh iroorzlqj surshuw|=I1 Ohw +l> l�, > +m> m�, 5 j eh wzr olqnv/ l 5 Q� dqg l� 5 Q�� zlwk c 9@ c�/ m 5 Q&dqg m� 5 Q&� zlwk n 9@ n�/ vxfk wkdw l 5 D��� +j, dqg m 5 D��� +j,1 Wkhq= lim� 5 D.��� +j, wkhq l� @5 D.��� +j,1
Surri Vxssrvh I lv ylrodwhg1 Wkhq lw lv hdv| wr vhh wkdw e| ohwwlqj l dqg mxsgdwh vlpxowdqhrxvo| zh fdq jhw wkh iroorzlqj qhwzrunj� @ �j q ��l> l�� > �m> m���� ^ ��l> l��� > �m> m����zlwk l�� 5 G.��� +j, _ Q�� dqg m�� 5 G.��� +j, _ Q&�1 Reylrxvo| j� lv qrw frq0qhfwhg/ zklfk lpsolhv e| surshuw| D wkdw j� @5 [ zklfk frqwudglfwv wkdw [lv PFV1
Surshuw| I vd|v wkdw plvfrruglqdwlrq fdq qrw rffxu zkhq wzr sod|huvxsgdwh vlpxowdqhrxvo| wkhlu vwudwhj| lq d qhwzrun j wkdw ehorqjv wr dq PFV[1 Iru dq h{dpsoh ylrodwlqj wklv surshuw|/ vhh Iljxuh 441 Iru wklv judskzh kdyh wkdw D2cD+j, @ i7> = = = > 47> 49> 4:> 4;j/ D�.c�e+j, @ i4> 5> 6> 8> = = = > 48jzlwk D.2cD+j, @ i46> 47j/ D.�.c�e+j, @ i8> 9j dqg G.2cD+j, @ i48j/ G.�.c�e+j, @i7j/ vr wkdw surshuw| I lv ylrodwhg1 Qrz/ sod|huv 5 dqg 4: plvfrruglqdwhzkhq 5 uhsodfhv klv olqn wr 8 e| d olqn wr 7 dqg zkhq 4: uhsodfhv klv olqn wr47 e| d olqn wr 48/ uhvxowlqj lq d xqfrqqhfwhg qhwzrun1 Surshuw| I suhyhqwviurp vxfk d plvfrruglqdwlrq1Wr vwdwh wkh qh{w wkhruhp/ zh gh�qh iru dq PFV [ dqg iru hdfk olqn+l> l�,/ l dqg l� lq gl�huhqw jurxsv/ frqwdlqhg lq dw ohdvw rqh j 5 [ wkh vhwD4�?��� +[, @ _t}Mf�E�c���M}� D��� +j,dv wkh vhw ri sod|huv wkdw l revhuyhv h{foxvlyho| wkurxjk klv olqn wr l� lq hdfkqhwzrun lq [ frqwdlqlqj wklv olqn dqg wkh vhwD4@ ��� +[, @ ^t}Mf�E�c���M}� D��� +j,dv wkh vhw ri sod|huv wkdw l revhuyhv h{foxvlyho| wkurxjk klv olqn wr l� lq dwohdvw rqh qhwzrun frqwdlqlqj wklv olqn1 Lq Dsshqgl{ E zh suryh wkh qh{w
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Iljxuh 441 Plvfrruglqdwlrq srvvleoh ehwzhhq sod|huv 5 dqg 4:1
ohppd/ lq zklfk zh gh�qh D4�?��� +[, @ D4@ ��� +[, @ > li wkhuh grhv qrw h{lvwd qhwzrun j 5 [ frqwdlqlqj wkh olqn +l> l�,1Ohppd 491 Ohw [ � J eh dq PFV1 Wkhq iru dq| sdlu ri sod|huv l dqg l�lq gl�huhqw jurxsv wkhuh h{lvw qhwzrunv j4�? dqg j4@ lq [ vxfk wkdwD4�?��� +[, @ D��� �j4�?�dqg D4@ ��� +[, @ D��� +j4@ , =Dffruglqj wr wklv ohppd wkhuh h{lvw qhwzrunv vxfk wkdw wkh vhw ri sod|huvh{foxvlyho| revhuyhg e| l wkurxjk klv olqn wr dq l� lq vrph rwkhu jurxs lvsuhflvho| htxdo wr wkh vhw ri sod|huv wkdw kh revhuyhv h{foxvlyho| wkurxjkwklv olqn lq hdfk qhwzrun wkdw frqwdlqv wkh olqn/ uhvshfwlyho| lq dw ohdvw rqhqhwzrun wkdw frqwdlqv wkh olqn1 Wklv lpsolhv wkh qh{w fruroodu|1Fruroodu| 61 Ohw [ � J eh dq PFV dqg l dqg l� wzr sod|huv lq gl�huhqwjurxsv1 Wkhq iru dq| j 5 [ vxfk wkdw +l> l�, 5 j lw krogv wkdwD��� �j4�?� � D��� +j, � D��� +j4@ , =Zh duh qrz uhdg| wr vwdwh wkh qh{w wkhruhp1Wkhruhp <1 Ohw [ � J eh dq PFV1 Wkhq iru hdfk qhwzrun j 5 [ dqgolqn +l> l�, lq j zlwk l 5 Q� dqg l� 5 Q��/ c 9@ c�/ lw krogv wkdw=J141 ��D4�?��� +[,�� � i +mc� � cm,1
J151 iru doo c�� 9@ c� vxfk wkdw mc�� � cm � mc� � cm/ wkhuh grhv qrw h{lvwm�� 5 D4@ ��� +[, _Q���1J161 D4@ ��� +[, _Q�� @ D4�?��� +[, _Q�� 1Surri Vxssrvh wkdw J14 lv ylrodwhg/ l1h1 ��D4�?��� +[,�� ? i +mc� � cm, +vhh iruh{dpsoh vhh Iljxuh 45,1 E| Ohppd 49 wkhuh h{lvwv d qhwzrun j4�? 5 [ vxfkwkdw D��� �j4�?� @ D4�?��� +[,1 Krzhyhu/ wklv frqwudglfwv wkdw j4�? lv d Qdvkhtxloleulxp1
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Iljxuh 451 Qdvk qhwzrun iru i +5, � 71 Lw ehorqjv wr dqPFV rqo| li i +5, � 4=
Qh{w/ vxssrvh wkdw J15 lv ylrodwhg1 Djdlq/ e| Ohppd 49 wkhuh lv d qhwzrunj4@ 5 [ vxfk wkdw D��� +j4@ , @ D4@ ��� +[,1 Li wkhuh h{lvw Q��� 9@ Q�� dqgm�� 5 D4@ ��� +[, _Q��� vxfk wkdw mc�� � cm � mc� � cm/ surshuw| G lv ylrodwhg1Ilqdoo|/ vxssrvh wkdw J161 lv ylrodwhg1 Qrwh wkdw lq dq| qhwzrun j� 5 [>sod|hu l lv lqgl�huhqw ehwzhhq dq| sdlu ri sod|huv lq D��� +j�,_Q�� 1 Krzhyhu/kh lv qrw lqgl�huhqw ehwzhhq vxfk d sod|hu dqg d sod|hu lq Q��qD4@ ��� +[,1Wkhuhiruh D4@ ��� +[, _ Q�� 9@ D4�?��� +[, _ Q�� lpsolhv E �j4�?� 9@ E +j4@ ,1Wklv frqvwlwxwhv d frqwudglfwlrq zlwk j 5 [1
Wkh wkuhh surshuwlhv ri J ghdo zlwk wkh vhw ri sod|huv wkdw d vsrqvru rid olqn revhuyhv wkurxjk wkdw olqn1 Fohduo| wklv lv uhohydqw iru wkh vhw ri ehvwuhsolhv ri wkh vsrqvru1 Dqg wkh vhw ri sod|huv revhuyhg wkurxjk wkdw olqnpd| ghshqg rq wkh vwudwhjlhv ri rwkhu sod|huv/ hyhq zlwklq dq PFV1 Rqh riwkh wklqjv wkdw pd| kdsshq lv wkdw wkh vl}h ri wklv vhw ehfrphv vpdoohu1 Lilw ehfrphv wrr vpdoo/ wkh vsrqvru/ zkr suhylrxvo| suhihuuhg wr vsrqvru wklvolqn/ qrz suhihuv wr ghohwh lw1 Orrn iru lqvwdqfh dw wkh qhwzrun lq �jxuh 451Lw lv d Qdvk qhwzrun li i +5, � 7= Krzhyhu/ xqohvv i +5, � 4> wkh qhwzrun lvqrw sduw ri dq PFV ehfdxvh sod|hu 5 pljkw uhsodfh klv olqn wr 9 e| d olqn wr81 J141 vd|v wkdw wklv fdqqrw rffxu zlwklq dq PFV1Vlploduo|/ wkh vhw ri sod|huv revhuyhg wkurxjk d olqn e| lwv vsrqvru pd|jurz1 Lw pd| eh wkh fdvh wkdw d sod|hu hqwhuv wklv vhw wkdw lv qrw ixuwkhuiurp wkh vsrqvru wkdq wkh fxuuhqw uhflslhqw ri wkh olqn1 Iru h{dpsoh frqvlghuIljxuh 44 exw zlwk +4:> 47, uhsodfhg e| +47> 4:,,/ Lq wklv qhwzrun/ sod|hu 7lv wkh forvhvw sod|hu wr 49 lq wkh vhw D�Sce +j, = Krzhyhu/ li sod|hu 5 uhsodfhv+5> 8, e| +5> 7, > wkhq sod|hu 49 zloo dovr revhuyh sod|hu 48 wkurxjk klv olqn+49> 7, > dqg sod|hu 49 zloo qrz kdyh d ehvw uhso| lq zklfk kh vsrqvruv dolqn wr 48= Pruh jhqhudoo|= wkh vhw ri sod|huv revhuyhg wkurxjk d olqn e| lwvvsrqvru wkdw duh forvhvw wr wkh vsrqvru lv qrw doorzhg wr fkdqjh zlwklq dqPFV1 Wklv lv hqvxuhg e| J151 dqg J161Deryh zh kdyh vkrzq wkdw dq| qhwzrun lq dq PFV vdwlv�hv wkh surshuwlhvD0J/ l1h1 wkh surshuwlhv D0J duh qhfhvvdulo| vdwlv�hg e| dq| qhwzrun lq dq



68PFV1 Wkh qh{w wkhruhp vd|v wkdw wkhvh surshuwlhv duh dovr vx!flhqw wr ehd qhwzrun lq dq PFV1
Wkhruhp 431 Li d qhwzrun j vdwlv�hv surshuwlhv D0H dqg J�D/ dqg dooqhwzrunv j� 5 E +j, vdwlvi| surshuw| I/ wkhq wkhuh lv dq PFV [ frqwdlqlqjj1
Surri Wkh wkhruhp krogv zkhq +l, j lv d Qdvk qhwzrun/ +ll, wkhuh lv qrvhtxhqfh ri ehvw uhsolhv srvvleoh vxfk wkdw wkh vhw ri ehvw uhsolhv iru dq|sod|hu/ vd| l/ lv fkdqjhg/ dqg +lll, hdfk qhwzrun wkdw lv wkh uhvxow ri wkhxqlrq ri ehvw uhsolhv ri wkh sod|huv djdlqvw wkh fxuuhqw qhwzrun j fdq ehuhdfkhg e| d vhulhv ri ehvw uhsolhv1Wkh �uvw frqglwlrq iroorzv ehfdxvh ri surshuw|D1 Dovr wkh wklug frqglwlrqiroorzv lpphgldwho|1 Mxvw/ ohw hyhu| sod|hu xsgdwh dw wkh vdph wlph dqg ohwwkhp vhohfw wkh fruuhvsrqglqj ehvw uhso|1 Lw uhpdlqv wr frqvlghu wkh wkhvhfrqg frqglwlrq1Vxssrvh wkdw j vdwlv�hv wkh surshuwlhv D0J exw lv qrw hohphqw ri dqPFV1 Wkhq wkhuh duh wkuhh zd|v lq zklfk d vhulhv ri ehvw uhsolhv fdq ohdgwr d fkdqjh lq wkh vhw ri ehvw uhsolhv ri vrph sod|hu1 Wkh �uvw zd| lv wkdwwkh vhw ri sod|huv revhuyhg wkurxjk d olqn ehfrphv wrr vpdoo iru wkh vsrq0vru frpsduhg wr wkh frvw ri wkdw olqn1 Wklv lv lpsrvvleoh zlwkrxw ylrodwlqjJ141 Wkh vhfrqg srvvlelolw| lv wkdw wkh vhw ri sod|huv revhuyhg wkurxjk dolqn h{sdqgv lq vxfk d zd| wkdw d *qhz* sod|hu lq wkdw vhw lv dw ohdvw dv forvhwr wkh vsrqvru dv wkh uhflslhqw ri wkh olqn1 Wklv zrxog ylrodwh hlwkhu J151ru J161 Dowhuqdwlyho| d sod|hu lq wklv vhw wkdw lv rqh ri wkh sod|huv wkdw duhforvhvw wr wkh vsrqvru ri wkh olqn pd| ohdyh wkh vhw1 Lq wkdw fdvh wkh vsrqvruzrxog kdyh rqh dowhuqdwlyh ohvv iru klv olqn1 Wklv krzhyhu zrxog ylrodwh J161Wkh wklug zd| lv wkdw wzr ru pruh sod|huv xsgdwh vlpxowdqhrxvo| vr wkdwrqh ru pruh f|fohv duh fuhdwhg1 Wklv zrxog ylrodwh I1 Wr vhh zk|/ frqvlghud plqlpdo vxevhw ri wkhvh sod|huv ghqrwhg e| QS+S,e @ il�> ===> l&j vxfk wkdwrqh f|foh lv fuhdwhg1 Ghqrwh wkh vwudwhjlhv iru zklfk wklv f|foh lv fuhdwhg e|e�� iru sod|hu l� > m 5 i4> ===> nj1 Ohw sod|huv l� wr l& xsgdwh vlpxowdqhrxvo|zlwk vwudwhjlhv e�� wr e�& uhvshfwlyho|1 Fdoo wkh uhvxowlqj qhwzrun j�1 Qhwzrunj� lv plqlpdo e| frqvwuxfwlrq +plqlpdolw| ri QS+S,e, dqg frqqhfwhg/ ehfdxvhj zdv d Qdvk qhwzrun +wkhuhiruh wkh qxpehu ri olqnv kdv qrw ghfuhdvhg,1 E|frqvwuxfwlrq/ li l� dqg l2 qrz vhohfw e�� uhvshfwlyho| e�2 > wkhq plvfrruglqdwlrqrffxuv1 Wkhuhiruh wkhuh h{lvw vrph h{whuqdo olqnv +l�> m�, > +l2> m2, 5 j�> vxfkwkdw l� 5 D.�2�2 dqg l2 5 D.���� = Wklv lv d frqwudglfwlrq ehfdxvh j� 5 E +j,dqg j� grhv qrw vdwlvi| surshuw| I1 Khqfh E +j�, @ E +j, iru doo j� 5 E +j,/dqg wkxv j lv sduw ri dq VWFV1

�DZlwk lq surshuw| J ����3 Ef� gh�qhg wr eh htxdo wr ����3 E}�/ � M t4�?c4@ � +vhhdsshqgl{ E iru wkh gh�qlwlrq ri ����3 E}�,1



69 91 W|shv ri qhwzrunv lq dq PFVLq wkh suhylrxv vhfwlrq zh kdyh ixoo| fkdudfwhul}hg wkh qhwzrunv wkdw pd|dulvh lq dq PFV ri wkh pxowlsoh jurxs qhwzrun irupdwlrq jdph1 D qhwzrunj lv lq dq PFV li dqg rqo| li j vdwlv�hv wkh surshuwlhv D0J1 Pruhryhu/ zhdovr kdyh wkdw dq| PFV lv dq VWFV1 Vr/ lq sduwlfxodu zh kdyh wkdw dq| jlq dq PFV [ lv d Qdvk qhwzrun dqg wkdw E+j, @ [ iru dq| j 5 [1 Lq wklvvhfwlrq zh zdqw wr frqvlghu vhyhudo w|shv ri qhwzrunv wkdw pd| dulvh lq dqPFV1Zkhq i+n, � 4 iru doo n> wkhq dq| qhwzrun j lv zklfk rqh ri wkh sod|huvvsrqvruv d olqn wr hdfk rwkhu sod|hu lv d vwulfw Qdvk htxloleulxp1 Khqfh/zkhq wkh frvwv duh vpdoo hqrxjk/ zh rewdlq djdlq wkh uhvxow ri Edod dqgJr|do +5333,= dq| FVV lv d vwulfw Qdvk qhwzrun dqg wkhuhiruh dovr dq PFVzlwk wklv FVV dv lwv vlqjoh hohphqw1 Fohduo|/ lq wkh prgho zlwk pxowlsohjurxsv d FVV lv qrw Qdvk dq|pruh zkhq i+4, A 41 Lq wkh vhtxho zh dvvxphdjdlq wkdw i+3, � 4/ i+4, � pd{� mQ�m/ wkdw i lv vwulfwo| lqfuhdvlqj1 Zhfrqvlghu zklfk w|shv ri qhwzrunv pd| dulvh xqghu wkhvh dvvxpswlrq1 Irufoduli|lqj uhdvrqv/ zh pdlqo| uhvwulfw rxuvhoyhv wr wkh fdvh p @ 61 Iru wklvfdvh zh glvwlqjxlvk wkuhh w|shv ri PFV0qhwzrunv1Zlwk wkh ghvfulswlrq ri hdfk w|sh/ d �jxuh lv ghslfwhg zlwk vfkhpdwlfgudzlqjv ri wkh gl�huhqw srvvleoh PFVv zlwklq wkdw w|sh1 Wkhvh vfkhpdwlflooxvwudwlrqv devwudfw iurp wkh sod|huv1 Wkhuhiruh/ lqwhuqdo olqnv duh qrw uhs0uhvhqwhg1 Lqvwhdg dq hqwluho| lqwhuqdoo| frqqhfwhg jurxs lv uhsuhvhqwhg e|dq *L* dqg dq hqwluho| h{whuqdoo| frqqhfwhg jurxs lv uhsuhvhqwhg e| dq *H*1Dq duurz ehwzhhq wzr jurxsv/ phdqv wkdw wkhuh lv dw ohdvw rqh olqn ehwzhhqwkh sod|huv lq wkhvh jurxsv1 Wkh duurz zloo eh gdvkhg li wkh uhflslhqw jurxslv sduwlwlrqhg lqwr pruh wkdq rqh frpsrqhqw zkhq dq| ri wkhvh olqnv duhghohwhg1
W|sh L qhwzrunv= wkhvh duh qhwzrunv j lq zklfk dq| jurxs lv hqwluho|lqwhuqdoo| frqqhfwhg/ l1h1 mQ U+j,m @ p @ 61 Dffruglqj wr surshuw| F/ dq|hqwluho| lqwhuqdoo| frqqhfwhg jurxs lv d FVV1 Vr/ lq d w|sh L qhwzrun dq|jurxs lv rujdql}hg lq d FVV dqg wkhuh duh mxvw wzr h{whuqdo olqnv/ hlwkhu erwkri ohqjwk 4 ru rqh olqn ri ohqjwk 4 dqg rqh olqn ri ohqjwk 51 Wkhuhiruh zh zloofdoo qhwzrunv ri wklv w|sh frqqhfwhg FVV qhwzrunv1 Li erwk h{whuqdo olqnv duhri ohqjwk 4 lw iroorzv wkdw wkhuh lv d olqn ehwzhhq jurxs 4 dqg jurxs 5 dqg dolqn ehwzhhq jurxs 5 dqg jurxs 61 Li i+4, lv vpdoo hqrxjk/ hdfk ri wkhvh wzrolqnv pd| jr lq hlwkhu gluhfwlrq/ l1h1 iurp jurxs 4 +uhvshfwlyho| 6, wr jurxs5 ru iurp jurxs 5 wr jurxs 4 +6,1 Vr/ wklv jlyhv wkuhh srvvleoh vwuxfwxuhv/qdpho| +l, erwk olqnv jr wr jurxs 5/ +ll, erwk olqnv jr iurp jurxs 5 wr wkhwzr rwkhu jurxsv dqg +lll, rqh olqn jrhv iurp jurxs 4 +ru 6, wr jurxs 5 dqgwkh rwkhu iurp jurxs 5 wr 6 +uhvshfwlyho| 4,1 Iru kljk ydoxhv ri i+4,/ vrphri wkhvh fdvhv fdq qrw rffxu1 Iru lqvwdqfh/ zkhq i+4, A mQ�m/ wkhq wkh olqnehwzhhq jurxs 4 dqg 5 pxvw jr iurp 4 wr 5 dqg zkhq i+4, A mQ�m . mQ2m/wkhq dovr wkh olqn ehwzhhq jurxsv 5 dqg 6 pxvw jr iurp 5 wr 61 Ixuwkhu/
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Iljxuh 461 W|sh L qhwzrunv
ohw l� eh wkh fhqwudo sod|hu lq jurxs c/ c @ 4> 5> 6/ dqg ohw l> m eh wkh wzrsod|huv vsrqvrulqj wkh h{whuqdo olqnv/ l1h1 l 5 Q� dqg m 5 Q�� vsrqvru olqnvwr jurxs n 9@ c/ uhvshfwlyho| n� 9@ c� +ri frxuvh l @ m dqg c @ c� ru n @ n� lvsrvvleoh,1 Wkhq wkh xqltxh PFV [ frqwdlqlqj wklv qhwzrun lv jlyhq e| wkhvhw ri frqqhfwhg FVVv lq zklfk l� lv wkh fhqwudo sod|hu lq jurxs c/ c @ 4> 5> 6/l vsrqvruv d olqn wr d sod|hu lq Q& dqg m vsrqvruv d olqn wr d sod|hu lq Q&�1Lq fdvh ri d frqqhfwhg FVV zlwk rqh h{whuqdo olqn ri ohqjwk 4 dqg rqhh{whuqdo olqn ri ohqjwk 5/ z1o1r1j1 zh pd| dvvxph wkdw wkh olqnv duh ehwzhhqjurxs 4 dqg 5 dqg ehwzhhq jurxs 4 dqg 61 Wkhq wkh olqn ri ohqjwk 4 jrhviurp jurxs 4 wr jurxs 51 Rwkhuzlvh/ wkh sod|hu lq jurxs 5 vsrqvrulqj wkholqn lv lqgl�huhqw ehwzhhq vsrqvrulqj d olqn wr jurxs 4 ru wr jurxs 6/ frq0wudglfwlqj surshuw| G1 Ixuwkhu/ wkh olqn ri ohqjwk 5 jrhv iurp jurxs 4 wrjurxs 61 Rwkhuzlvh/ wkh vsrqvru lq jurxs 6 zrxog vwulfwo| suhihu wr uhsodfhklv olqn wr jurxs 4 e| d olqn wr jurxs 5/ zklfk frqwudglfwv wkdw wkh qhwzrunlv Qdvk +surshuw| D,1 Vr/ lq wklv fdvh erwk olqnv duh vsrqvruhg e| sod|huvl� dqg l2 +zlwk srvvleo| l� @ l2, lq jurxs 4/ vr wkdw wklv fdvh frqwdlqv rqo|rqh vwuxfwxuh1 Ixuwkhu/ ohw l� eh wkh fhqwudo sod|hu lq jurxs c/ c @ 4> 5> 6/dqg ohw m� dqg m2 eh wkh wzr sod|huv lq Q� vsrqvrulqj wkh h{whuqdo olqnv riohqjwk 4/ uhvshfwlyho| ohqjwk 5 +m� @ m2 lv srvvleoh,1 Wkhq wkh xqltxh PFV[ frqwdlqlqj wklv qhwzrun lv jlyhq e| wkh vhw ri frqqhfwhg FVVv lq zklfk l�lv wkh fhqwudo sod|hu lq jurxs c/ c @ 4> 5> 6 dqg m� +m2, vsrqvruv d olqn wr dsod|hu lq Q2 +Q�,1
Vxpplqj xs zh kdyh wkdw lq fdvh d qhwzrun lv ri w|sh L/ wkhuh duh irxusrvvlelolwlhv/ wkuhh lq zklfk erwk olqnv kdyh ohqjwk 4 dqg rqh zlwk rqh olqnri ohqjwk 4 dqg wkh rwkhu ri ohqjwk 51 Ri frxuvh/ lw iroorzv wkdw wklv odwwhuvxefdvh fdq rqo| rffxu zkhq i+4, � mQ2m dqg i+5, � mQ�m1 Ixuwkhu/ dq|rwkhu qhwzrun lq wkh vdph PFV kdv wkh vdph vwuxfwxuh dqg hdfk sod|huvsrqvruv wkh vdph qxpehu ri olqnv wr hdfk jurxs1 Ilqdoo| revhuyh wkdw dfrqqhfwhg FVV qhwzrun zlwk wzr olqnv ri ohqjwk 4 lv h!flhqw1 Lq Iljxuh46 h{dpsohv ri wkhvh irxu qhwzrunv duh jlyhq1 Hyhu| duurz uhsuhvhqwlqj wkhh{whuqdo olqnv lv vrolg/ ehfdxvh qrqh ri wkh jurxsv uhfhlylqj dq h{whuqdo olqnehfrphv lv sduwlwlrqhg lqwr pruh wkdq rqh frpsrqhqw li wkdw olqn lv uhpryhg1

W|sh LL qhwzrunv= wkhvh duh qhwzrunv j lq zklfk rqo| rqh jurxs lv hq0wluho| lqwhuqdoo| frqqhfwhg/ l1h1 mQ U+j,m @ 41 Dffruglqj wr surshuw| F/
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Iljxuh 471 W|sh LL qhwzrunv
djdlq wklv xqltxh hqwluho| lqwhuqdoo| frqqhfwhg jurxs lv d FVV1 D sod|hu lqdq hqwluho| h{whuqdoo| frqqhfwhg jurxs fdq qrw vsrqvru d olqn wr wkh hqwluho|lqwhuqdoo| frqqhfwhg jurxs/ vlqfh wkhq kh zrxog vwulfwo| suhihu wr uhsodfhwklv olqn e| dq lqwhuqdo olqn/ vhh dovr Ohppd 71 Vr/ dq| olqn ehwzhhq wkhlqwhuqdoo| frqqhfwhg jurxs dqg dq h{whuqdoo| frqqhfwhg jurxs lv vsrqvruhge| wkh sod|hu lq wkh lqwhuqdoo| frqqhfwhg jurxs1 Qrz/ zh frqvlghu wzr vxe0w|shv/ qdpho| hlwkhu jurxs 5 lq wkh plggoh lv wkh xqltxh hqwluho| lqwhuqdoo|frqqhfwhg jurxs/ ru jurxs 4 ru 6 lv1 Lq fdvh lw lv jurxs 5/ wkhq lw iroorzv wkdwwkhuh fdq qrw eh d olqn ehwzhhq d sod|hu lq jurxs 4 dqg d sod|hu lq jurxs 6/ehfdxvh wkhq wkh sod|hu vsrqvrulqj wkh olqn zrxog vwulfwo| suhihu wr uhsodfhwklv olqn wr d sod|hu lq klv rzq jurxs1 Vr/ doo h{whuqdo olqnv duh ri ohqjwk 4dqg duh vsrqvruhg e| sod|huv lq jurxs 51 Khqfh lq wklv fdvh wkhuh duh olqnviurp jurxs 5 wr dq| vlqjoh sod|hu lq wkh jurxsv 4 dqg 61 Revhuyh wkdw dq|sod|hu lq jurxs 5 fdq vsrqvru olqnv wr rqh ru pruh sod|huv lq wkh rwkhu wzrjurxsv1Lq fdvh jurxs 4 ru 6 lv hqwluho| lqwhuqdoo| frqqhfwhg/ z1o1r1j1 zh pd|dvvxph wkdw lw lv jurxs 41 Qrz/ wkhuh duh wkuhh srvvlelolwlhv/ qdpho| +l, dooolqnv duh vsrqvruhg e| sod|huv lq Q�/ +ll, doo olqnv wr wkh sod|huv lq jurxs 5duh vsrqvruhg e| sod|huv lq Q� dqg doo olqnv wr wkh sod|huv lq jurxs 6 duhvsrqvruhg e| sod|huv lq Q2 dqg +lll, lqwhuphgldwh fdvhv lq zklfk doo olqnv wrwkh sod|huv lq jurxs 5 duh vsrqvruhg e| sod|huv lq Q�/ zkloh erwk sod|huv lqQ� dqg lq Q2 vsrqvru olqnv wr jurxs 61 Fohduo|/ wkh odvw wzr fdvhv fdq qrwrffxu zkhq i+5, A 41Revhuyh wkdw lq doo wkh irxu srvvlelolwlhv ri d qhwzrun ri w|sh LL/ vhh Iljxuh47/ wkhuh lv rqh fhqwudo sod|hu/ dv gh�qhg lq wkh lqwurgxfwlrq/ l1h1 d sod|hul zlwk wkh surshuw| wkdw li zh pryh dorqj d sdwk zlwk vxevhtxhqwo| wkhsod|huv l�> l2> ===> l& zlwk l� @ l/ wkhq wkh olqn iurp l� wr l�n� lv vsrqvruhge| l�/ m @ 4> = = = > n � 41 Vr/ dv dovr vwdwhg lq wkh lqwurgxfwlrq/ dq| qhwzrunri wklv w|sh lv d jhqhudol}hg FVV = iurp wkh fhqwudo sod|hu wkhuh lv d gluhfwhgsdwk wr dq| rwkhu sod|hu lq wkh qhwzrun1 Hdfk sdwk frqwdlqv dw prvw rqhsod|hu ri hdfk jurxs/ qrw frxqwlqj wkh fhqwudo sod|hu klpvhoi1 Fohduo|/ vxfkd qhwzrun lv wkh vlqjoh hohphqw ri dq PFV1 Ri frxuvh/ d FVV fdq rqo| dulvh lii+4, � 41 Fohduo|/ zkhq i+4, A i+3, +dqg2ru i+5, A i+3, lq fdvh i+5, � 4,/wkhq d FVV lv qrw h!flhqw1 Vlqfh wkh uhflslhqw jurxs ri hdfk h{whuqdo olqnehfrphv sduwlwlrqhg lqwr pruh wkdq rqh frpsrqhqw li wkdw olqn lv uhpryhg/doo duurzv duh gdvkhg1



6<W|sh LLL qhwzrunv= Wkhvh qhwzrunv j duh d k|eulg ri w|sh 4 dqg w|sh 5qhwzrunv zlwk 4 ? mQ U+j,m ? p/ l1h1 zlwk p @ 6 zh kdyh wkdw mQ U+j,m @ 5iru dq| w|sh LLL qhwzrun1 Dffruglqj wr surshuw| F/ djdlq wkh wzr hqwluho|lqwhuqdoo| frqqhfwhg jurxsv duh FVVv1 Fohduo| sod|huv lq wkh hqwluho| h{0whuqdoo| frqqhfwhg jurxs fdq qrw vsrqvru olqnv wr wkh hqwluho| lqwhuqdoo|frqqhfwhg jurxs frqwdlqlqj sod|huv rq wkhvh sdwkv/ ehfdxvh wkhq wkhvh sod|0huv vwulfwo| suhihu wr uhsodfh vxfk h{whuqdo olqnv e| lqwhuqdo olqnv1 Djdlq/ zhfrqvlghu wzr vxew|shv/ qdpho| hlwkhu jurxs 5 lq wkh plggoh lv wkh xqltxhhqwluho| h{whuqdoo| frqqhfwhg jurxs/ ru jurxs 4 ru 6 lv1 Lq fdvh lw lv jurxs 5/wkhq doo sod|huv rq dq| sdwk ehwzhhq wzr sod|huv lq jurxs 5 hlwkhu ehorqjwr jurxs 4 ru wr jurxs 61 Vxssrvh qrw/ wkhq lw iroorzv iurp surshuw| Hwkdq wkhuh lv d sod|hu lq jurxs 5/ vd| l/ wkdw revhuyhv doo rwkhuv lq jurxs5 e| d olqn vsrqvruhg e| vrph sod|hu lq jurxs 4/ dqg d sod|hu lq jurxs 5wkdw revhuyhv doo rwkhuv lq jurxs 5 e| d olqn vsrqvruhg e| vrph sod|hu lqjurxs 61 Krzhyhu/ wklv lpsolhv wkdw wkhuh lv d olqn ehwzhhq jurxs 4 dqg 61Z1o1r1j1 zh vxssrvh wkdw wklv lv d sod|hu lq jurxs 6/ vd| sod|hu n1 Krzhyhu/wkhq sod|hu n zrxog vwulfwo| suhihu wr uhsodfh klv olqn wr jurxs 4 e| d olqn wrsod|hu l lq jurxs 5/ frqwudglfwlqj wkdw wkh qhwzrun lv Qdvk1 Z1o1rj1 vxssrvhwkdw doo sod|huv rq dq| sdwk ehwzhhq wzr sod|huv lq jurxs 5 duh lq jurxs 4/vr wkhuh lv d olqn wr dq| sod|hu lq jurxs 5 vsrqvruhg e| vrph sod|hu lq jurxs41 Vlqfh Q� 5 Q U+j,/ lw iroorzv wkdw e| wkhvh olqnv doo sod|huv lq jurxs 4dqg 5 duh frqqhfwhg wr hdfk rwkhu1 Vlqfh dovr jurxs 6 lv hqwluho| lqwhuqdoo|frqqhfwhg/ wkhuh zloo eh suhflvho| rqh olqn ehwzhhq wkh sod|huv lq Q� ^ Q2dqg wkh sod|huv lq Q�1 Iru wklv olqn wkhuh duh wkuhh srvvlelolwlhv/ qdpho| +l,wkh olqn lv vsrqvruhg e| sod|hu ri jurxs 4 +dqg wkxv ri ohqjwk 5,/ +ll,/ wkholqn lv vsrqvruhg e| d sod|hu lq jurxs 5 dqg +lll, wkh olqn lv vsrqvruhg e| dsod|hu lq jurxs 6 wr d sod|hu lq jurxs 51Ilqdoo|/ li jurxs 5 lv qrw hqwluho| h{whuqdoo| frqqhfwhg/ z1o1r1j1 zh pd|dvvxph wkdw jurxs 6 lv wkh hqwluho| h{whuqdoo| frqqhfwhg jurxs1 Qrz/ wkhuhduh irxu srvvlelolwlhv/ qdpho| +l, doo olqnv wr wkh sod|huv lq jurxs 6 duh vsrq0vruhg e| sod|huv lq jurxs 5 dqg wkhuh lv rqh olqn iurp jurxs 4 wr jurxs 5/+ll, doo olqnv wr wkh sod|huv lq jurxs 6 duh vsrqvruhg e| sod|huv lq jurxs 5dqg wkhuh lv rqh olqn iurp jurxs 5 wr jurxs 4/ +lll, doo olqnv wr wkh sod|huv lqjurxs 6 duh vsrqvruhg e| sod|huv lq jurxs 4 dqg wkhuh lv rqh olqn iurp jurxs4 wr jurxs 5/ dqg +ly, vrph olqnv wr wkh sod|huv lq jurxs 6 duh vsrqvruhge| sod|huv lq jurxs 4 dqg vrph e| sod|huv lq jurxs 4/ zkloh wkhuh lv d olqniurp jurxs 4 wr jurxs 51 Revhuyh wkdw lq wkh odvw wzr fdvhv wkh olqn ehwzhhqjurxs 4 dqg jurxs 5 fdq qrw jr iurp jurxs 5 wr jurxs 4/ ehfdxvh wkhq wklvsod|hu lq jurxs 5 lv lqgl�huhqw wr wklv olqn wr jurxs 4 dqg d olqn wr d sod|hu lqjurxs 6 uhfhlylqj d olqn iurp d sod|hu lq jurxs 4/ zklfk frqwudglfwv surshuw|G1Lq doo wkhvh vhyhq srvvlelolwlhv ri w|sh LLL qhwzrunv/ ghslfwhg lq Iljxuh48/ erwk hqwluho| lqwhuqdoo| frqqhfwhg jurxsv frqwdlq d sod|hu/ vd| m� dqgm2 wkdw vsrqvruv doo olqnv lq klv rzq jurxs1 Wkh wzr hqwluho| lqwhuqdoo| frq0qhfwhg jurxsv duh FVVv frqqhfwhg wr hdfk rwkhu/ dqg iurp m� ru m2 wkhuh lv
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Iljxuh 481 W|sh LLL qhwzrunv
d gluhfwhg sdwk wr l iru dq| sod|hu l lq wkh h{whuqdoo| frqqhfwhg jurxs1 Zhfdoo vxfk d qhwzrun d k|eulg FVV qhwzrun1 Vr/ dq| qhwzrun ri w|sh LLL lvd k|eulg FVV qhwzrun1 Djdlq zh kdyh wkdw dq| rwkhu qhwzrun lq wkh vdphPFV kdv wkh vdph vwuxfwxuh dqg hdfk sod|hu vsrqvruv wkh vdph qxpehu riolqnv wr hdfk jurxs1
Wkh w|srorj| jlyhq deryh iru p @ 6 dovr krogv zkhq wkh qxpehu ri jurxsvlv eljjhu wkdq wkuhh1 W|sh L qhwzrunv duh frqqhfwhg FVVv lq zklfk dq| jurxslv rujdql}hg dv d fhqwudo vsrqvruhg vwdu/ l1h1 mQ U+j,m @ p1 Vxfk d qhwzrun lvh!flhqw li doo h{whuqdo olqnv duh ri ohqjwk 41 Krzhyhu/ iru orz frvwv ri orqjhuolqnv/ dovr h{whuqdo olqnv ri ohqjwk wzr ru pruh pd| dsshdu1 Iru lqvwdqfh/zkhq i+n � 4, ? mQ&m iru n @ 5> = = = >p/ wkhq wkhuh lv dq PFV frqwdlqlqjw|sh L qhwzrunv zlwk d olqn iurp jurxs 4 wr dq| rwkhu jurxs n/ n @ 5> = = = >p1Revhuyh wkdw lq vxfk d qhwzrun doo h{whuqdo olqnv duh vsrqvruhg e| d sod|huiurp jurxs 41Iru orz hqrxjk ydoxhv ri wkh h{whuqdo olqnv dovr qhwzrunv ri w|sh LL pd|dsshdu/ iru h{dpsoh iru p @ 7 vhh Iljxuh : zlwk i +4, ? 41 Lq vxfk djhqhudol}hg FVV zh kdyh wkdw mQ U+j,m @ 4 dqg wkhuh lv rqh fhqwudo sod|hulq wkh xqltxh hqwluho| lqwhuqdoo| frqqhfwhg jurxs1 Iurp wklv fhqwudo sod|huwkhuh lv d +xqltxh, gluhfwhg sdwk wr dq| rwkhu sod|hu1 D jhqhudol}hg FVV lvwkh xqltxh hohphqw ri dq PFV1 D jhqhudol}hg FVV lv qhyhu h!flhqw lq wkhPJ0prgho1Lq fdvh wkdw 4 ? mQ U+j,m ? p zh kdyh d k|eulg qhwzrun ri w|sh LLL/iru h{dpsoh lq fdvh p @ 9 vhh Iljxuh 44 zlwk +5> 48, uhsodfhg e| +44> 48,dqg i +7, � 4/ zklfk frqwdlqv irxu hqwluho| lqwhuqdoo| frqqhfwhg jurxsv1 Irup @ 9/ wzr h{dpsohv zlwk mQ U+j,m @ p�4 duh jlyhq lq Iljxuh 49 dqg Iljxuh4:1 Iljxuh 49 looxvwudwhv wkdw d qhwzrun wkdw lv d Qdvk htxloleulxp fdq ehfrqqhfwhg hyhq li i +4, A 41 Iljxuh 4: vkrzv wkdw olqnv lq rssrvlwh gluhfwlrqvfdq *sdvv* hdfk rwkhu= khuh iru lqvwdqfh +46> 4, dqg wkh olqnv +44> 46, dqg+;> 44,1 Krzhyhu/ li +;> 8, zhuh wr eh uhsodfhg e| +8> ;,/ wkhq wklv qhwzrunzrxog qrw kdyh ehhq lq dq PFV/ ehfdxvh wkhq 8 zrxog kdyh ehhq lqgl�huhqwehwzhhq d olqn wr jurxs 4 dqg wr jurxs 61 Li lqghhg +;> 8, lv uhsodfhg e|
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Iljxuh 491 Qhwzrun lq dq VWFV iru 4 ? i +4, ? i +5, �6 � i +6, � 9=
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Iljxuh 4:1 Qhwzrun lq dq VWFV iru i +7, � 6=
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Iljxuh 4;1 H{dpsoh ri qhwzrun lq VWFV iru i +4, � 4=
+8> ;,/ wkhq lw lv hdv| wr frqvwuxfw d sdwk ri xsgdwhv ohdglqj wr wkh qhwzrunlq Iljxuh 4;1 Iljxuh 4; lv/ e| wkh zd|/ sduw ri dq PFV li i +4, � 41

:1 FrqfoxvlrqvLq wklv sdshu zh surylghg d ixoo fkdudfwhul}dwlrq ri wkh PJ prgho lqwur0gxfhg lq JJN +wkh| fdoo lw wkh LR prgho,1 Wklv prgho lv d rqh0vlghg frvwv/v|pphwulf  rz ri lqirupdwlrq prgho ri qhwzrun irupdwlrq zlwk d khwhurjh0qhrxv frvw ixqfwlrqv1 Zh frqwlqxhg wkh dqdo|vlv lq JJN iru d pruh jhqhudo



75yhuvlrq ri wkh PJ prgho iru rqh looxvwudwlyh udqjh ri frvw ixqfwlrqv1 Zhirxqg wkdw li sod|huv dfw dv li wkh| duh p|rslfdoo| udwlrqdo/ lq wkh orqj0uxqlw lv olnho| wkdw wkh v|vwhp zloo f|foh dprqj d uhodwlyho| vpdoo vhw ri vlploduqhwzrunv= d uhfxuuhqw fodvv1 Zh suryhg wkdw wkh vwdwlf vroxwlrq frqfhsw riplqlpdo fxue vhwv fruuhvsrqgv wr wkh g|qdplf vroxwlrq frqfhsw ri wkh uh0fxuuhqw fodvv1 Wklv uhvxow zdv rewdlqhg e| surylqj wkdw hdfk uhfxuuhqw fodvvfrqwdlqv d vxshu wljkw fxue vhw +VWFV,1 Iru wkhvh uhvxowv zh irfxvhg rq dqlooxvwudwlyh udqjh ri lqfuhdvlqj srvlwlyh frvw ixqfwlrqv1 Krzhyhu/ wkh dqdo|vlvfdq eh h{whqghg wr doo frvw ixqfwlrqv/ dqg wkhruhp 8 zloo frqwlqxh wr krog1Wkh surri iru wklv lv qrw lqfoxghg lq wkh sdshu/ ehfdxvh lw lv fxpehuvrphdqg odujh/ zkloh lw dggv olwwoh dgglwlrqdo lqvljkw1Zh irxqg wkdw zlwklq d VWFV wkh dufklwhfwxuh ri wkh qhwzrunv lv txdo0lwdwlyho| lghqwlfdo/ dowkrxjk wkh dufklwhfwxuhv ri gl�huhqw VWFVv fdq ehtxlwh gl�huhqw1 Qrqhwkhohvv/ dovr wkh wrwdo yduldwlrq ri dufklwhfwxuhv ryhudoo VWFVv lv uhodwlyho| vpdoo/ ehfdxvh qhwzrunv doo vdwlvi| txlwh vrph vwulfwfrqglwlrqv rq wkhlu dufklwhfwxuh li wkh| duh sduw ri dq VWFV1 Zkdw doo VWFVvkdyh lq frpprq/ lv wkdw wkh ehvw uhso| g|qdplfv fdq jr iurp dq| rqh qhw0zrun lq wkdw vhw wr dq| rwkhu qhwzrun lq wkdw vhw zlwklq rqh shulrg1 Wkhvhw ri ehvw uhvsrqvhv ri sod|huv duh lqyduldqw wr wkh fkrvhq vwudwhjlhv rirwkhu sod|huv zlwklq wkdw vhw1 Pruhryhu/ wkh w|slfdo uhvxowv ri fhqwudolw|dqg fhqwhu0vsrqvruvkls wkdw lv riwhq irxqg lq qhwzrun irupdwlrq jdphv zlwkkrprjhqhrxv frvw dqg ydoxh ixqfwlrqv krogv wr vrph h{whqw zlwklq wkhvhqhwzrunv1 Wkhuh duh jhqhudoo| dv pdq| *fhqwhuv* dv wkhuh duh jurxsv wkdw duhhqwluho| lqwhuqdoo| frqqhfwhg1 Iru lqvwdqfh= lq d vlwxdwlrq zlwk 433 jurxsvzkhuh kdoi ri wkh jurxsv duh hqwluho| lqwhuqdoo| frqqhfwhg/ wkhuh duh rqo| 83fhqwhuv/ zkloh wkh qxpehu ri sod|huv fdq eh duelwudulo| odujh1 Rq d orfdoohyho zh riwhq vhh wkh jhqhudol}hg fhqwhu0vsrqvruhg vwdu ri JJN +fhqwhu0vsrqvruvkls, zklfk lv d jhqhudol}dwlrq iru frvw0khwhurjhqhrxv prghov ri wkhfhqwhu0vsrqvruhg vwdu ri Edod dqg Jr|do +5333,1 Lq idfw/ doo qhwzrunv wkdwvxuylyh lq wkh orqj uxq duh frpelqdwlrqv ri jhqhudol}hg fhqwhu0vsrqvruhgvwduv dqg frqqhfwhg fhqwhu0vsrqvruhg vwduv1 Krzhyhu qrw hyhu| Qdvk qhw0zrun wkdw lv d frpelqdwlrq ri jhqhudol}hg fhqwhu0vsrqvruhg vwduv fdq vxuylyhlq wkh orqj uxq/ ehfdxvh qrw doo vxfk qhwzrunv vdwlvi| surshuwlhv G/ I dqgJ1 Lq whupv ri vrfldo zhoiduh/ wkh w|slfdo VWFV qhwzrun lv qrw h!flhqw/ do0wkrxjk jhqhudoo| qhwzrunv iurp qrq0vlqjohwrq VWFVv duh pruh h!flhqw wkdwvwulfw Qdvk qhwzrunv1 Wkh pruh fhqwhuv d qhwzrun kdv/ wkh kljkhu lwv ohyhori h!flhqf|1Zh ixuwkhu revhuyhg wkdw irfxvvlqj wkh dqdo|vlv wr vwulfw Qdvk qhwzrunvlv wrr uhvwulfwlyh iurp d g|qdplf shuvshfwlyh/ zkloh vwxg|lqj doo Qdvk qhw0zrunv grhvq*w h{foxgh vrph xqolnho| qhwzrunv1 Iru prghov zlwk rqo| ihzjurxsv/ wkh �jxuhv lq wklv sdshu vkrz vrph ri wkh ulfkqhvv ri dufklwhfwxuhvwkdw fdq vxuylyh lq wkh orqj uxq1 Wkh h{dpsohv jlyh vrph lqvljkw lq zklfkdufklwhfwxuhv pd| dqg pd| qrw vxuylyh xqghu zkdw flufxpvwdqfhv1Lq whupv ri rxu dqdo|vlv/ zh zhuh juhdwo| khoshg e| wkh uhvxow ri JJNlq wkh wzr0jurxs PJ prgho/ qdpho| wkdw doo PFVv duh lq idfw VWFVv1 E|



76surylqj wkdw wklv uhvxow dovr krogv iru wkh jhqhudo fdvh wkh fkdudfwhul}dwlrqri doo PFVv lq wkh p0jurxs PJ prgho ehfdph pxfk pruh ihdvleoh1
Uhihuhqfhv^4` Y1 Edod dqg V1 Jr|do +5333,/ D Vwudwhjlf Dqdo|vlv ri Qhwzrun Uholdelolw|/ Uhylhz riHfrqrplf Ghvljq/ 8/ 538055;1^5` Y1 Edod dqg V1 Jr|do +5333,/ D Qrq0frrshudwlyh Prgho ri Qhwzrun Irupdwlrq/ Hfrqr0phwulfd/ 9;/ 44;40455<1^6` D0O1 Edudeävl +5335,/ Olqnhg= Wkh Qhz Vflhqfh ri Qhwzrunv/ Shuvhxv Suhvv/ Fdp0eulgjh PD1^7` N1 Edvx dqg M1 Zhlexoo +4<<4,/ Vwudwhj| Vxevhwv Forvhg xqghu Udwlrqdo Ehkdylru/Hfrqrplfv Ohwwhuv/ 69/ 47404791^8` U1 Exuw +4<<5,/ Vwuxfwxudo Krohv= Wkh vrfldo vwuxfwxuh ri frpshwlwlrq/ Kduydug Xql0yhuvlw| Suhvv/ Fdpeulgjh/ PD1^9` M1 Frohpdq +4<99,/ Phglfdo Lqqrydwlrq= D gl�xvlrq vwxg|/ Ereev0Phuuloo/ Qhz \run1^:` E1 Gxwwd dqg P1 Mdfnvrq +5333,/ Wkh vwdelolw| dqg h!flhqf| ri gluhfwhg frppxql0fdwlrq qhwzrunv/ Uhylhz ri Hfrqrplf Ghvljq/ 8/ 58405:51^;` D1 Idon dqg P1 Nrvihog +5336,/ Lw*v doo derxw frqqhfwlrqv= Hylghqfh rq qhwzrunirupdwlrq/ plphr/ Xqlyhuvlw| ri ]xulfk1^<` D1 Jdohrwwl/ V1 Jr|do dqg M1 Ndpskruvw +5336,/ Qhwzrun Irupdwlrq zlwk Khwhurjh0qhrxv Sod|huv/ Hfrqrplfv Glvfxvvlrq Sdshuv/ Xqlyhuvlw| ri Hvvh{1^43` V1 Jr|do +4<<6,/ Vxvwdlqdeoh Frppxqlfdwlrq Qhwzrunv/ Wlqehujhq Lqvwlwxwh Glvfxv0vlrq Sdshu/ <605831^44` P1 Judqryhwwhu +4<:7,/ Jhwwlqj d mre= D vwxg| ri frqwdfwv dqg fduhhuv1 Xqlyhuvlw| riFklfdjr Suhvv/ Fklfdjr1^45` K1 Kdoohu dqg V1 Vdudqjl +5334,/ Qdvk qhwzrunv zlwk khwhurjhqhrxv sod|huv/ plphr/YSL1^46` P1 Mdfnvrq dqg D1 Zrolqvn| +4<<9,/ D Vwudwhjlf Prgho ri Vrfldo dqg HfrqrplfQhwzrunv/ Mrxuqdo ri Hfrqrplf Wkhru|/ :4 / 770:71^47` P1 Mdfnvrq +5336,/ D Vxuyh| ri Prghov ri Qhwzrun Irupdwlrq= Vwdelolw| dqg H!0flhqf|/ Plphr/ Fdoliruqld Lqvwlwxwh ri Whfkqrorj|/ Sdvdghqd1^48` F1 Mrkqvrq dqg U1S1 Jloohv +5333,/ Vsdwldo Vrfldo Qhwzrunv/ Uhylhz ri HfrqrplfGhvljq/ 8/ 6/ 5:606341^49` P1 PfEulgh +5335,/ Srvlwlrq0vshfl�f Lqirupdwlrq lq Vrfldo Qhwzrunv/ Xqlyhuvlw| riFdoliruqld1^4:` M1 Prqwjrphu| +4<<4,/ Vrfldo qhwzrunv dqg oderu pdunhw rxwfrphv= wrzdug dq hfr0qrplf dqdo|vlv/ Dphulfdq Hfrqrplf Uhylhz/ ;4/ 8/ 473;0474;1^4;` D1 Zdwwv +5334,/ D G|qdplf Prgho ri Qhwzrun Irupdwlrq/ Jdphv dqg HfrqrplfEhkdylru/ 67/ 66406741^4<` D1 Zdwwv +5335,/ Qrq0P|rslf Irupdwlrq ri Flufoh Qhwzrunv/ Hfrqrplfv Ohwwhuv/ :7/5:505;51^53` G1 Zdwwv +5336,/ Vl{ Ghjuhhv= Wkh Vflhqfh ri d Frqqhfwhg Djh/ Z1Z1 Qruwrq )Frpsdq|/ Qhz \run1

Dsshqgl{ D1 Uhpdlqlqj surriv ri ohppdv ri Vhfwlrq 7Surri Ohppd 61 Iluvw zh suryh wkdw hyhu| jurxs lv frqqhfwhg/ wkxv�� +j, @ 4 iru hdfk Q� 5 Q +vhh Vhfwlrq 516 iru qrwdwlrq,1 Vxssrvh qrw=wkhq wkhuh h{lvwv d qhwzrun j 5 [4�?63� dqg c 5 i4> = = = >pj vxfk wkdw �� +j, A41 Ohw vrph sod|hu l 5 Q� xsgdwh klv vwudwhj|1 E| plqlpdolw| ri j dqg



77i +3, � 4/ sod|hu l kdv d ehvw uhso| lq zklfk kh dggv dw ohdvw rqh lqwhuqdo olqnwrzdugv d sod|hu wkdw lv zlwklq dqrwkhu frpsrqhqw1 Zkhq rqo| wklv sod|huxsgdwhv qr f|fohv zloo eh fuhdwhg1 Wkxv wkhuh h{lvwv d qhwzrun j� 5 [4�?vxfk wkdw �f +j�, A �f +j,/ zklfk frqwudglfwv wkdw j 5 [4�?f 1Vhfrqg zh suryh wkdw hyhu| jurxs lv hlwkhu hqwluho| lqwhuqdoo| ru hqwluho|h{whuqdoo| frqqhfwhg/ wkxv iru dq| c wkh qxpehu �� +j, ri lqwhuqdo olqnv zlwklqjurxs Q� lv hlwkhu }hur ru mQ�m � 41 Vxssrvh qrw/ wkhq wkhuh h{lvwv vrph czlwk �� +j, 5 i4> ===> +mQ�m � 5,j1 Wkxv wkhuh h{lvw l> l�> l�� 5 Q�/ vxfk wkdwil> l�j 5 �j +uhfdoo iurp Vhfwlrq 516 wkdw �j lv wkh froohfwlrq ri +xqgluhfwhg,sdluv ri sod|huv frqqhfwhg e| d olqn, dqg d sdwk ri dw ohdvw wzr olqnv ehwzhhql dqg l�� vxfk wkdw rq wkh sdwk doo sod|huv ehwzhhq l dqg l�� gr qrw ehorqjwr Q�/ l1h1 wkhuh lv d sdwk ri xqgluhfwhg sdluv il> m�j > ===> im�> l��j lq �j zlwkk � 4 dqg m& @5 Q� iru doo n @ 4> ===> k1 Li +l> m�, 5 j wkhq sod|hu l vwulfwo|suhihuv wr uhsodfh wkh olqn wr m� e| d olqn wr l��1 Ohw e�+j, eh d ehvw uhvsrqvhri l wr j lq zklfk kh lqghhg uhsodfhv wklv olqn1 Vlqfh j 5 [4�?/ lw iroorzvwkdw j� @ j3� ^ e�+j, 5 [4�?1 Ixuwkhu/ lw iroorzv wkdw �f +j�, A �f +j,/ zklfkfrqwudglfwv wkdw [ 5 [4�?63�1 Dqdorjrxvo| zh jhw dq frqwudglfwlrq zkhq+l��> m�, 5 j1Lw uhpdlqv wr frqvlghu wkh fdvh wkdw erwk +m�> l, dqg +m�> l��, duh lq j1 Khuhzh qhhg wr glvwlqjxlvk wzr fdvhv1 Iluvw/ vxssrvh wkdw m� kdv d ehvw uhso|e�� +j, wr j frqwdlqlqj +m�> l,1 Fohduo|/ m� lv lqgl�huhqw ehwzhhq d olqn wr l ruwr l� dqg wkxv wkhuh dovr h{lvwv d ehvw uhso| e��� +j, vxfk wkdw +m�> l�, 5 e��� +j,/Ehfdxvh ri wklv lqgl�huhqfh/ z1o1r1j1 zh pd| dvvxph wkdw +l�> l, 5 j1 Krz0hyhu/ l� lv lqgl�huhqw ehwzhhq d olqn wr l dqg d olqn wr l��1 Qrz/ vxssrvhwkdw m� vzlwfkhv klv olqn iurp l wr l�/ zkloh vlpxowdqhrxvo| l� vzlwfkhv klvolqn iurp l wr l��1 Wkh uhvxowlqj qhwzrun/ vd| j�/ lv qrw plqlpdo/ vdwlv�hvQ U +j, � Q U �j�� dqg �� �j�� A 4 vlqfh lq j� sod|hu l ehorqjv wr dqrwkhufrpsrqhqw wkdq l� dqg l��1 Vxssrvh wkdw vxevhtxhqwo| sod|hu l xsgdwhv1 Wkhql vwulfwo| suhihuv wr fuhdwh dq lqwhuqdo olqn wr vrph sod|hu lq wkh frpsrqhqwfrqwdlqlqj l� dqg l��1 Ohwwlqj sod|hu l xsgdwh/ lq wkh uhvxowlqj qhwzrun1 vd|j2/ zh kdyh wkdw �f �j2� A �f +j,1 Ixuwkhu/ lq dq| ehvw uhso| ri sod|hu m�/kh suhihuv wr ghohwh dq h{whuqdo olqn wkdw kh vsrqvruv lq wkh f|foh lqyroylqjl� dqg l��1 Ohw klp gr vr1 Wkhq wkh uhvxowlqj qhwzrun/ vd| j� 5 [4�? dqg�f �j�� @ �f �j2� A �f +j,/ zklfk frqwudglfwv wkdw j 5 [4�?63�1 Ilqdoo|/ zhfrqvlghu wkh fdvh wkdw m� grhv qrw kdyh d ehvw uhso| wr j frqwdlqlqj +m�> l,1Wkhq/ iru dq| ehvw uhso| e��+j,/ frqvlghu wkh qhwzrun j� @ j3� ^ e�� +j,1 E|plqlpdolw| ri j dqg wkh xsgdwlqj ri rqh vlqjoh sod|hu/ dovr j� lv plqlpdo dqgm� zloo vsrqvru dw ohdvw dv pdq| lqwhuqdo olqnv lq j� dv kh glg lq j1 Wkhq wkhuhduh wzr srvvlelolwlhv1 Iluvw/ lq j� sod|hu m� ehorqjv wr d gl�huhqw frpsrqhqwwkdq l1 Wkhq �� +j�, A 4/ dqg wkxv wkhuh h{lvwv d qhwzrun jW 5 [4�? vxfk wkdw�f +jW, A �f +j�, @ �f +j,/ zklfk djdlq frqwudglfwv wkdw j 5 [4�?63�1 Vhfrqg/ m�lv frqqhfwhg wr l wkurxjk vrph sod|hu m� @5 Q� zlwk il> m�j 5 �j�1 E| dujxphqwvdouhdg| xvhg deryh lw wkhq pxvw krog wkdw m� vsrqvruv wkh olqn wr l1 Pruhryhuqrwlfh wkdw Qo+l> j�, @ ik 5 Q m+k> l, 5 j�j @ Qo+l> j,qim�j1 Qrz/ uhshdw doodujxphqwv deryh zlwk m� lqvwhdg ri m�1 Wkhq wkh rqo| fdvh wkdw glg qrw ohdg



78wr d frqwudglfwlrq xqwlo qrz lv wkdw wkhuh h{lvwv d qhwzrun j�� @ j�3�� ^e�� +j�,zlwk +m�> l, @5 e�� +j�, dqg vxfk wkdw m� lv frqqhfwhg wr l wkurxjk vrph sod|hum�� lq vrph rwkhu jurxs wkdq m� lwvhoi/ iurp zklfk zh fdq vwduw doo dujxphqwvdjdlq1 Krzhyhu/ vlqfh Qo+l> j��, @ Qo+l> j�, q im�j @ Qo+l> j, q im�> m�j dqgQo+l> j, lv ri �qlwh vl}h/ wkh srwhqwldo qxpehu ri lwhudwlrqv lv �qlwh/ zklfkohdgv djdlq wr d frqwudglfwlrq1
Surri Ohppd 71 Vxssrvh wkh ohppd lv qrw wuxh1 Wkhq +m> l, 5 j dqg mvwulfwo| suhihuv wr uhsodfh wklv h{whuqdo olqn e| dq lqwhuqdo olqn/ zklfk frq0wudglfwv wkdw j 5 [4�?63�1Surri Ohppd 81 Vxssrvh qrw1 Wkhq dq| jurxs lv hqwluho| h{whuqdoo| frq0qhfwhg dqg wkxv wkhuh duh qr lqwhuqdo olqnv zlwklq wkh qhwzrun1 Qrz/ ohw Feh vrph frpsrqhqw ri qhwzrun j1 Vlqfh dq| jurxs lv frqqhfwhg/ F frqvlvwvri d qxpehu ri jurxsv/ vd| F @ ^�M7Q� zlwk V � i4> = = = >pj1 Vlqfh dq|jurxs lv hqwluho| h{whuqdoo| frqqhfwhg/ iru hdfk jurxs c 5 V dqg hdfk sod|hul 5 F _ Q�/ wkhuh pxvw h{lvw d sod|hu m 5 F q Q� vxfk wkdw im> lj 5 �j1 Li+l> m, 5 j wkhq l suhihuv wr vzlwfk wklv olqn wr dqrwkhu sod|hu l� 5 Q�/ zklfkfuhdwhv dq lqwhuqdo olqn dqg frqwudglfwv wkdw j 5 [4�?63�1 Khqfh +m> l, 5 j1Wkdw phdqv wkdw wkh qxpehu ri olqnv zlwklq F lv dw ohdvw htxdo wr mFm/ zklfkfrqwudglfwv wkh plqlpdolw| ri j1
Surri Ohppd 91 Vxssrvh qrw1 Wkhq wkhuh h{lvwv d ehvw uhso| e� +j, vxfkwkdw �� +j�, A 4 lq j� @ j3�^e� +j,1 Qrwlfh wkdw l zloo qrw ghohwh dq| lqwhuqdoolqn1 Ohwwlqj m 5 Q� xsgdwh qh{w/ zh jhw d plqlpdo qhwzrun j�� @ j�3�^e� +j�,iru vrph ehvw uhso| e� +j�, ri m wr j�1 Fohduo|/ �f +j��, A �f +j�, @ �f +j,/ eh0fdxvh m zloo fuhdwh d olqn wrzdugv d sod|hu m�� 5 Q� q imj zkr lq j� ehorqjvwr dqrwkhu frpsrqhqw1 Wklv frqwudglfwv wkdw j 5 [4�?63�1Surri Ohppd :1 Djdlq zh vkrz wkh ohppd e| frqwudglfwlrq1 Vxssrvhwkdw j 5 [4�?63� lv qrw frqqhfwhg1 Vlqfh zh nqrz douhdg| iurp Ohppd 6wkdw hdfk jurxs lv frqqhfwhg dqg wkxv hdfk frpsrqhqw frqvlvwv ri d qxpehuri jurxsv/ wkhuh h{lvwv d frpsrqhqw/ vd| F/ vxfk wkdw mFm � pd{��M� mQ�m1Vlqfh j lv qrw frqqhfwhg wkhuh dovr h{lvwv qxpehuv c dqg n 5 ic� 4> c . 4jvxfk wkdw Q� � Q q F dqg Q& � F1 Wkhq hdfk sod|hu l 5 Q� kdv dw ohdvwrqh ehvw uhso| wr j lq zklfk kh vsrqvruv d olqn wr d sod|hu lq jurxs Q&/ehfdxvh e| dvvxpswlrq i +4, � pd{��M� mQ�m � mFm1 Ohw rqh ri wkhvh sod|0huv xsgdwh e| sod|lqj wklv ehvw uhso| dqg ohw j� eh wkh uhvxowlqj qhwzrun1Fohduo|/ l zloo qrw ghohwh dq| lqwhuqdo olqn zkhq xsgdwlqj klv vwudwhj|1 Vr/li l grhv qrw ghohwh d olqn ri ohqjwk rqh lq klv ehvw uhso|/ wkhq zh kdyh wkdw�� +j�, A �� +j, dqg �f +j�, @ �f +j,/ frqwudglfwlqj wkdw j 5 [4�?63�1 Li l ghohwhvd olqn ri ohqjwk rqh lq klv ehvw uhso| wr j/ wkhq wklv ghohwhg olqn pxvw ehwr wkh rwkhu qhljkerulqj jurxs lq ic� 4> c. 4j qrw htxdo wr n1 Ghqrwh wkhuhvxowlqj qhwzrun j� dqg qrwlfh wkdw j� 5 [ dqg vdwlv�hv �� �j�� @ �� +j,dqg �f �j�� @ �f +j,1 Pruhryhu/ j� lv qrw frqqhfwhg1 Rq wkh rwkhu kdqg



79jurxs Q& lv qrz frqqhfwhg zlwk Q�1 Qrz uhshdw wkh surfhgxuh zlwk F wkhfrpsrqhqw ri j� frqwdlqlqj wkhuh wzr jurxsv1 Wklv ohdgv hlwkhu wr d frqwud0glfwlrq dv deryh zkhq wkh xsgdwlqj sod|hu grhv qrw ghohwh d olqn ri ohqjwk 4/ru wr d qh{w qhwzrun j2 zlwk �� �j2� @ �� �j�� dqg �f �j2� @ �f �j�� dqg lqzklfk wkh qh{w jurxs lv frqqhfwhg wr wkh frpsrqhqw1 Vlqfh wkhuh duh rqo|d �qlwh qxpehu ri jurxsv wr dq| vlgh ri jurxs c/ zlwklq d �qlwh qxpehu rivwhsv wklv lwhudwlyh surfhgxuh zloo uhdfk d qhwzrun lq zklfk wkh xsgdwlqjsod|hu zloo qrw ghohwh d olqn ri ohqjwk 4/ zklfk ohdgv wr d frqwudglfwlrq dvderyh1 Khqfh j pxvw eh frqqhfwhg1
Surri Ohppd ;1 Vxssrvh qrw1 Ohw dq| rqh vsrqvru ri vxfk olqn xsgdwh/dqg fdoo wkh uhvxowlqj judsk j�1 Wkhq wkhuh duh wzr fdvhv1 Hlwkhu j� lv glvfrq0qhfwhg/ lq zklfk fdvh e| hduolhu dujxphqwv d olqn ri ohqjwk 4 fdq eh fuhdwhgvxfk wkdw wkh uhvxowlqj qhwzrun j�� kdv �� +j��, A �� +j, dqg �f +j��, @ �f +j,1Ru j� lv frqqhfwhg/ exw wkhq wkh rqo| fkdqjh lv wkdw d orqjhu olqn lv uhsodfhge| d vkruwhu olqn1 Erwk srvvlelolwlhv frqwudglfw wkdw j 5 [4�?63�1Surri Ohppd 431 Wkh surri iroorzv iurp dq lwhudwlyh surfhgxuh yhu|vlplodu wr wkdw ri Ohppd :1 Frqvlghu dq| qhwzrun j 5 [4�?63� q e[4�?63�/ wkxvj frqwdlqv dw ohdvw rqh xqvwdeoh olqn ri ohqjwk 4 dqg ohw N eh wkh qxpehuri wkhvh xqvwdeoh olqnv1 Vr/ wkhuh h{lvwv d olqn +l> m, dqg qxpehuv c dqgn 5 ic � 4> c. 4j vxfk wkdw l 5 Q� dqg m 5 Q&/ vxfk wkdw +l> m, @5 e� +j, irudq| ehvw uhso| e�+j, 5 E� +j,1 Qrz/ vxssrvh sod|hu l vsrqvruv wzr ru pruholqnv wr jurxs n1 Wkhq Q& pxvw eh hqwluho| h{whuqdoo| frqqhfwhg/ rwkhuzlvhwkhuh lv d f|foh zklfk frqwudglfwv wkh plqlpdolw| ri j1 Vlqfh dq| jurxsehorqjv wr wkh vdph frpsrqhqw/ lw iroorzv wkdw wkh sod|huv lq Q& wr zklfkl vsrqvruv olqnv duh frqqhfwhg yld wkrvh olqnv1 Wkhq lw iroorzv iurp Ohppd9 wkdw doo wkhvh olqnv pxvw eh vwdeoh1 Vr/ li +l> m, lv xqvwdeoh/ wkhq m lv wkhxqltxh sod|hu lq Q& wr zklfk l vsrqvruv d olqn1 Khqfh/ sod|hu l 5 Q� fdqvsrqvru dw prvw wzr xqvwdeoh olqnv/ rqh wr jurxs c�4 dqg rqh wr c.41 Iluvwfrqvlghu wkh fdvh wkdw l vsrqvruv rqo| rqh xqvwdeoh olqn1 Z1o1r1j1 zh dvvxphwkdw c A 4 dqg n @ c�41 Ohw sod|hu l xsgdwh dqg fdoo wkh uhvxowlqj judsk j�1Vlqfh j lv frqqhfwhg dqg +l> m, lv xqvwdeoh/ zh pxvw kdyh wkdw i+4, lv odujhuwkdq wkh frpsrqhqw ri j� qrw frqwdlqlqj l/ dqg wkxv e| wkh dvvxpswlrqwkdw i+4, � pd{��M� mQ�m/ lw pxvw krog wkdw i+4, lv dw prvw htxdo wr wkhfrpsrqhqw lq j� frqwdlqlqj sod|hu l1 Khqfh/ hdfk sod|hu lq jurxs c�4 kdv dqlqfhqwlyh wr fuhdwh d olqn wr l1 Ohw l� 5 Q�3� gr vr dqg ohw j� eh wkh uhvxowlqjqhwzrun1 Wkhq hlwkhu j� 5 [4�?63� dqg kdv rqh xqvwdeoh olqn ohvv wkdq j/ ru l�kdv ghohwhg dq xqvwdeoh olqn wr d sod|hu lq jurxs Q�321 Lq wkh �uvw fdvh zhkdyh wkdw wkh qxpehu ri xqvwdeoh olqnv lq j� lv N�41 Rwkhuzlvh/ dq| sod|hulq Q�32 kdv dq lqfhqwlyh wr fuhdwh d olqn wr l�1 Ohw vrph sod|hu l2 5 Q�32gr vr dqg ohw j2 eh wkh uhvxowlqj qhwzrun1 Wkhq djdlq/ hlwkhu j2 5 [4�?63�dqg kdv rqh xqvwdeoh olqn ohvv wkdq j/ ru l2 kdv ghohwhg dq xqvwdeoh olqn wrd sod|hu lq jurxs Q�3�1 Vlqfh c lv �qlwh/ frqwlqxlqj wklv lwhudwlyh surfhgxuh



7:zkhq odwwhu fdvh rffxuv/ zh rewdlq zlwklq d �qlwh qxpehu ri vwhsv d qhwzrunlq [4�?63� dqg kdylqj dw prvw N � 4 xqvwdeoh olqnv1Ilqdoo| zh frqvlghu wkh fdvh wkdw l vsrqvruv wzr xqvwdeoh olqnv/ l1h1 rqhwr jurxs c � 4 dqg rqh wr jurxs c . 4/ vd| wr sod|hu m� 5 Q�3� dqg wrm2 5 Q�n�1 Ohw sod|hu l xsgdwh dqg fdoo wkh uhvxowlqj judsk j�1 Vlqfh j lvfrqqhfwhg dqg erwk +l> m�, dqg +l> m2, duh xqvwdeoh/ zh pxvw kdyh wkdw i+4, lvodujhu wkdq wkh frpsrqhqw ri j� qrw frqwdlqlqj l/ dqg wkxv e| wkh dvvxpswlrqwkdw i+4, � pd{��M� mQ�m/ lw pxvw krog wkdw i+4, lv dw prvw htxdo wr wkhfrpsrqhqw lq j� frqwdlqlqj sod|hu l1 Khqfh/ hdfk sod|hu lq jurxs c�4 kdv dqlqfhqwlyh wr fuhdwh d olqn wr l dqg hdfk sod|hu lq jurxs c.4 kdv dq lqfhqwlyhwr fuhdwh d olqn wr sod|hu l1 Pruhryhu/ vlqfh i +{, A i +4, iru doo { � 5/ qrsod|hu lq dq| jurxs c� | +c. |, zloo vsrqvru d olqn wr dq| sod|hu lq jurxsc.4 +uhvshfwlyho| c�4/ iru doo | A 31 Wkhuhiruh zh fdq dsso| wkh surfhgxuhiru wkh fdvh ri rqh xqvwdeoh olqn wr erwk vlghv ri jurxs Q� lq fdvh ri wzrxqvwdeoh olqnv/ zklfk zloo ohdg lq d �qlwh qxpehu ri vwhsv wr d qhwzrun lq[4�?63� zlwk N � 5 xqvwdeoh olqnv1Frqvhtxhqwo|/ iru dq| qhwzrun lq [4�?63� q e[4�?63� wkh surfhgxuh ohdgv wr dqhwzrun lq [4�?63�zlwk d vpdoohu qxpehu ri xqvwdeoh olqnv1 Vlqfh wkh qxp0ehu ri xqvwdeoh olqnv lv �qlwh/ vwduwlqj zlwk vrph qhwzrun lq [4�?63� q e[4�?63�/lwhudwlrq ri wkh surfhgxuh zloo ohdg zlwklq d �qlwh qxpehu ri lwhudwlrqv wr dqhwzrun zlwkrxw dq| xqvwdeoh olqn ri ohqjwk rqh1
Surri Ohppd 441 Vlqfh dq| qhwzrun j 5 e[4�?63� lv d Qdvk qhwzrun/ lwiroorzv iurp Ohppd 4 wkdw dq| sod|hu l vsrqvruv suhflvho| rqh olqn wr dq|frpsrqhqw ri wkh qhwzrun j3� lq doo klv ehvw uhsolhv wr j1 Pruhryhu/ zkhqn lv wkh qxpehu ri frpsrqhqwv/ wkh olqn wr d frpsrqhqw F�/ k @ 4> = = = > n/ri j� lv wr rqh ri wkh sod|huv lq G�/ wkh vhw ri sod|huv lq F� wkdw duh forvhvwwr l1 Vr/ zkhq lq j/ sod|hu l vsrqvruv dq lqwhuqdo olqn wr d sod|hu lq vrphfrpsrqhqw F� ri j3�/ kh zloo vsrqvru suhflvho| rqh lqwhuqdo olqn wr F� lq dq|ehvw uhso| wr j1 Khqfh lq dq| ehvw uhso| sod|hu l vsrqvruv wkh vdph qxpehuri lqwhuqdo olqnv1Zh qrz frqvlghu wkh qxpehu ri olqnv wkdw vrph sod|hu l lq vrph jurxsQ� vsrqvruv d olqn +l> m, wr vrph jurxs Q��/ c� 9@ c1 Z1o1r1j1 zh dvvxphwkdw k ? c1 Vxssrvh wkdw wkh ohppd grhv qrw krog1 Vlqfh wkh qhwzrun jlv Qdvk/ lw iroorzv djdlq iurp Ohppd 4 wkdw iru dq| frpsrqhqw F� sod|hul vsrqvruv suhflvho| rqh olqn wr wkh vxevhw ri sod|huv G� ri F� lq dq| ehvwuhso| ri l wr j3�1 Ohw e�+j, eh d ehvw uhso| ri l1 Vlqfh dq| sod|hu lq G� lv rqhtxdo glvwdqfh ri l/ lw pxvw krog wkdw zkhq +l> m, lv qrw lq e�+j,/ wkhq hlwkhu+l> m, lv uhsodfhg e| hlwkhu d olqn wr dqrwkhu sod|hu lq jurxs c�/ ru e| d olqnwr d sod|hu lq jurxs c�� @ 5c � c� A c1 Lq wkh �uvw fdvh wkh qxpehu ri olqnvvsrqvruhg e| l wr jurxs c lv htxdo dv lq j1Lw uhpdlqv wr frqvlghu wkh vhfrqg fdvh1 Ohw m� eh wkh sod|hu lq Q��� wrzklfk l vsrqvruv d olqn lq e�+j, lqvwhdg ri klv olqn +l> m, lq j1 Vlqfh m dqgm� duh erwk lq wkh vdph frpsrqhqw F� ri j3�/ wkhuh lv d sdwk ehwzhhq m



7;dqg m� lq j3�1 Pruhryhu/ wklv sdwk grhv qrw frqwdlq sod|huv forvhu wr l1 Vr/wklv sdwk frqwdlqv d olqn +m�> m2, zlwk m� 5 Qo iru vrph u � c� dqg m2 5 Qriru vrph v � c��1 Qrz/ vxssrvh l xsgdwhv klv vwudwhj| dqg uhsodfhv klv olqn+l> m, e| +l> m�,1 Qh{w/ ohw m� xsgdwh klv vwudwhj|1 Fohduo|/ wklv sod|hu qrzvwulfwo| suhihuv wr uhsodfh klv olqn wr m2 e| wkh vkruwhu olqn wr l1 Krzhyhu/wklv frqwudglfwv wkdw j 5 [4�?63�1Surri Ohppd 451 Vxssrvh wkh ohppd lv qrw wuxh1 Wkhq wkhuh pxvw h{lvwwkuhh glvwlqfw sod|huv m> m�> m�� 5 Q�/ Q� 5 Q. +j,/ dqg wzr gl�huhqw sod|huv ldqg l� qrw lqQ�/ vxfk wkdw m revhuyhv m� wkurxjk wkh olqn +l> m, dqg m�� wkurxjk+l�> m,1 Vlqfh j 5 e[4�?63�/ sod|hu l kdv d ehvw uhso| wr j frqwdlqlqj +l> m,1 Vlqfhm dqg m�� duh lq wkh vdph frpsrqhqw ri j3� dqg kdyh htxdo glvwdqfh wr l/ lw iro0orzv iurp Ohppd 4 wkdw wkhuh lv dovr d ehvw uhso| e�+j, ri l frqwdlqlqj +l> m��,/wkxv +l> m��, 5 e�� +j, �S1 Olnhzlvh sod|hu l� kdv d ehvw uhso| e�� +j, vxfk wkdw+l�> m�, 5 e�� +j,1 Qrz frqvlghu wkh qhwzrun j� @ +j q +j� ^ j��,,^e� +j,^e�� +j,1Wkhq j� lv qrw plqlpdo/ vlqfh l dqg l� duh frqqhfwhg yld h{dfwo| wzr sdwkvdqg m lv lvrodwhg1 Qrz ohw m� xsgdwh1 Wkhq m� fuhdwhv rqh lqwhuqdo olqn wr m lqwkh uhvxowlqj qhwzrun j��1 Frqvhtxhqwo|/ sod|hu l kdv d ehvw uhso| e� +j��, wrj�� vxfk wkdw e� +j��, @ j��� q i+l> m��,j1 Zkhq l xsgdwhv dffruglqj wr wklv ehvwuhso|/ wkh uhvxowlqj judsk lv plqlpdo/ frqqhfwhg dqg frqwdlqv pruh lqwhuqdoolqnv wkdq j/ zklfk frqwudglfwv wkdw j 5 [4�?63�1Surri Ohppd 461 Frqvlghu j 5 e[4�?63�1 Ohw j3�� eh wkh qhwzrun j plqxvdoo wkh lqwhuqdo olqnv ri jurxs c1 Qrwlfh wkdw vlqfh j lv d Qdvk qhwzrun/ iru dooj� 5 J vxfk wkdw j�3�� @ j3�� / qr sod|hu l 5 Q� zloo vwulfwo| suhihu wr fkdqjhklv vwudwhj| zlwk uhvshfw wr dq| sod|hu rxwvlgh jurxs c1 Wkdw lv= kh grhv qrwvwulfwo| suhihu wr dgg/ ghohwh ru uhsodfh d olqn wr dq| sod|hu exw sod|huv lqjurxs c lwvhoi1 Wkhuhiruh lq wklv surri zh pd| dqg gr dvvxph wkdw/ dv orqj dvj3�� uhpdlqv xqfkdqjhg/ qrqh ri wkh sod|huv lq Q� zloo fkdqjh klv vwudwhj|zlwk uhvshfw wr dq| sod|hu rxwvlgh jurxs c1 Vlploduo|/ jlyhq dq| plqlpdofrqqhfwhg qhwzrun j� vxfk wkdw j�3�� @ j3�� / wkhq wkh vhwv ri ehvw uhsolhvri dq| sod|hu l @5 Q� vwd|v xqfkdqjhg/ ehfdxvh Q� lv lqwhuqdoo| frqqhfwhg lqj�1 Qrz frqvlghu dq| rqh jurxs Q� 5 Q U +j, wkdw lv qrw d FVV1 Ohw rqo|sod|huv lqvlgh jurxs c xsgdwh1 Wkhq/ e| Edod dqg Jr|do +5333, wkhuh h{lvwd vhtxhqfh ri ehvw uhsolhv wkdw ohdgv wr Q� ehlqj d FVV1 Qdph wkh uhvxow0lqj judsk j�1 Vlqfh j3�� uhpdlqhg xqfkdqjhg/ dqg ehfdxvh Q� 5 Q U �j��/j� 5 e[4�?63�1 E| lwhudwlrq wkhuh h{lvwv j�� 5 h[4�?63�/ dqg wkxv h[4�?63� 9@ >=
Surri Ohppd 471 Ohw jW eh d qhwzrun lq h[4�?63�1 Qrz/ vxssrvh wkhohppd lv qrw wuxh1 Wkhq wkhuh pxvw eh d qhwzrun j 5 E+jW,/ vxfk wkdwE+j, 9@ E+jW,1 Vr/ ohw \ � E +jW, eh wkh qrqhpsw| vxevhw ri qhwzrunv

�SQrwh wkdw E�c �� *M K�� E}�/ vlqfh vsrqvrulqj erwk E�c �� dqg E�c ���� zrxog fuhdwh d f|fohjlyhq }3�1



7<jlyhq e|= \ @ ij 5 E +jW, mE +j, 9@ E +jW,j =E| gh�qlwlrq/ lq dq| qhwzrun j 5 \ wkhuh lv dw ohdvw rqh sod|hu l wkdw sod|vdq rwkhu vwudwhj| wkdq lq jW/ rwkhuzlvh j @ jW dqg vr E+j, @ E+jW,1 Iruj 5 \ / ghqrwh wkh qxpehu ri sod|huv wkdw sod| d gl�huhqw vwudwhj| lq qhwzrunj wkdq lq jW e| ! +j, @ mil 5 Q mj� 9@ jW� jm =dqg gh�qh \ W � \ dv wkh vxevhw ri qhwzrunv lq \ vxfk wkdw wkh qxpehu risod|huv wkdw sod| d vwudwhj| gl�huhqw iurp wkhlu vwudwhj| lq jW lv plqlpdo/l1h1 \ W @ ij 5 \ m !+j, @ plq}�Mt !+j�,j=
Fohduo| !+j, � 4 iru dq| j 5 \ W1 Ohw j� eh vrph qhwzrun lq \ W/ l d sod|huvxfk wkdw j�� 9@ jW� dqg gh�qh jf @ j�3� ^ jW� 1 Zh qrz surfhhg lq wzr vwhsv1Iluvw zh vkrz wkdw j� 5 [4�?63� dqg jf 5 e[4�?63�1 Qh{w/ zh vkrz wkdw wkhvhsurshuwlhv frqwudglfw wkdw E+j�, 9@ E+jW,1Wr vkrz wkh �uvw vwhs/ uhfdoo wkdw jW 5 h[4�?63� dqg wkxv jW lv Qdvk1 KhqfhjW� 5 E�+jW,1 Pruhryhu/ j� 5 \ � E+jW, dqg wkxv j�� 5 E�+jW, iru doo m 9@ l1Khqfh/ jf� 5 E�+jW, iru doo m dqg wkxv jf 5 E +jW,1 Vlqfh jf� @ jW� dqg l sod|vgl�huhqw iurp jW� lq j�/ e| frqvwuxfwlrq lw krogv wkdw !+jf, @ !+j�, � 41Krzhyhu/ vlqfh j� 5 \ W wklv lpsolhv wkdw jf 95 \ dqg wkxv E+jf, @ E+jW,1Vr/ jf 5 E+jW, @ E+jf, dqg wkxv jf lv d Qdvk qhwzrun1 Ixuwkhu/ vlqfhjW 5 h[4�?63� � e[4�?63� � [4�?/ e| gh�qlwlrq ri [4�? zh kdyh wkdw jW lvplqlpdo frqqhfwhg1 Vlqfh erwk jf> j� 5 E+jW,/ lw iroorzv iurp Ohppd44/ wkdw hdfk sod|hu vsrqvruv lq erwk jf dqg j� wkh vdph qxpehu ri olqnvdv lq jW wr hdfk jurxs1 Khqfh/ wkh wrwdo qxpehu ri olqnv lv wkh vdph lqhdfk ri wkh wkuhh qhwzrunv1 Khqfh jf lv plqlpdo frqqhfwhg/ vlqfh rwkhuzlvhwkhuh lv dw ohdvw rqfh f|foh zklfk frqwudglfwv wkdw jf lv Qdvk1 Wr vkrzwkdw dovr j� lv plqlpdo frqqhfwhg/ vxssrvh qrw1 Wkhq j� frqwdlqv dw ohdvwrqh f|foh1 Khqfh/ wkhuh lv dw ohdvw rqh sod|hu/ vd| sod|hu m/ wkdw vsrqvrud olqn zlwklq d f|foh1 Iru wklv sod|hu m/ ohw j� eh wkh qhwzrun jlyhq e|j� @ j�3� ^ jW� 1 Wkhq/ dqdorjrxv wr wkh uhdvrqlqj iru jf/ lw iroorzv wkdwE+j�, @ E+jW, dqg wkxv j�� 5 E�+jW, @ E�+j�,1 Vr/ j�� lv d ehvw uhso| wr j�/zklfk frqwudglfwv wkdw m vsrqvruv d olqn lq d f|foh1 Khqfh/ dovr jf dqg j� duhplqlpdo frqqhfwhg dqg wkxv ehorqj wr [4�?1 Djdlq/ lw iroorzv iurp Ohppd44 wkdw �&+j�, @ �&+jf, @ �&+jW, iru doo n dqg wkxv erwk jf> j� 5 [4�?63�1Vlqfh jf lv Qdvk/ zh dovr kdyh wkdw jf 5 e[4�?63�/ zklfk frpsohwhv wkh �uvwvwhs1Wr vkrz wkh vhfrqg vwhs/ frqvlghu jf @ j�3� ^ jW� dqg ohw sod|hu l xsgdwhwr j�� 5 E�+jW,1 Fohduo|/ E�+j�, @ E�+jf, @ E�+jW,1 Vlqfh E+j�, 9@ E+jW, @E+jf,/ wkhuh pxvw eh d sod|hu m 9@ l vxfk wkdw E�+j�, 9@ E�+jf,1 Qrz/ohw F�+jf,> = = = > F&+jf, eh wkh frpsrqhqwv ri jf� qrw frqwdlqlqj sod|hu m dqg



83F�+j�,> = = = > F6+j�, wkh frpsrqhqwv ri j�� qrw frqwdlqlqj sod|hu m1 Vlqfh erwkjf dqg j� duh plqlpdoo| frqqhfwhg dqg jf� @ j�� lw iroorzv wkdw n @ p @mi+m> m�,m+m> m�, 5 jf� jm dqg wkdw iru dq| k @ 4> = = = > n wkhuh h{lvwv suhflvho| rqhsod|hu m� 5 F�+jf, _ F�+j�, vxfk wkdw +m> m�, 5 jf� @ j�� 1 Uhihuulqj wr wkhqrwdwlrq ri Ohppd 4 zh kdyh wkdw m� 5 G�+jf, iru dq| k @ 4> = = = > n dqgwkdw E�+jf, @ �6�'�G�+jf,=Qrz/ ohw G�+j�, eh wkh vhwv dv gh�qhg lq Ohppd 4 zlwk uhvshfw wr j�1 Jlyhqwkh lqghshqghqf| ri zkhwkhu ru qrw lw lv d ehvw uhso| wr vsrqvru d olqn wrdq| ri wkh frpsrqhqwv ri F�+j�,/ lw vx!fhv wr frqvlghu dq| frpsrqhqwvhsdudwho|1 Vlqfh E�+j�, 9@ E�+jf,/ wkhuh lv dw ohdvw rqh k zlwk G�+jf, 9@G�+j�,1 Wkhq/ iru vxfk dq lqgh{ k/ wkhuh duh wkuhh srvvlelolwlhv141 G�+j�, @ >151 G�+j�, 9@ > dqg m� 95 G�+j�,161 G�+j�, 9@ > dqg m� 5 G�+j�,1Zh �uvw frqvlghu Fdvh 41 Lq wklv fdvh sod|hu m grhv qrw zdqw wr vsrqvru dolqn wr F�+j�,1 Vlqfh jf lv d Qdvk qhwzrun/ lw wkhq pxvw eh wkdw m revhuyhvohvv sod|huv yld wkh olqn +m> m�, lq j� wkdq lq jf1 Vlqfh j� lv rewdlqhg iurp jfehfdxvh sod|hu l uhylvhg klv vwudwhj|/ lw pxvw eh wkdw sod|hu l kdv uhpryhgklpvhoi iurp wkh vhw ri sod|huv wkdw m revhuyhv yld m� e| uhsodflqj vrph olqn/vd| +l> l�, e| dqrwkhu olqn +l> l��,1 Wklv fdq rqo| eh wkh fdvh zkhq l� dqg l��ehorqj wr dq hqwluho| h{whuqdoo| frqqhfwhg jurxs/ dqg wkh sdwk iurp l� wrl�� frqwdlqv +m> m�,1 Frqvlghu j� dqg ohw sod|hu m xsgdwh1 Lq wkh uhvxowlqjqhwzrun j2 sod|hu l� grhv qrw revhuyh l��1 Vr/ zkhq l� jhwv wkh rssruwxqlw|wr xsgdwh/ kh fuhdwhv dq lqwhuqdo olqn vr wkdw kh revhuyhv l�� djdlq1 Wkhuhvxowlqj qhwzrun lv plqlpdo/ dqg kdv pruh lqwhuqdo olqnv wkdq jW 5 [4�?63�=d frqwudglfwlrq1 Vr/ zh frqfoxgh wkdw G� 9@ > iru dq| frpsrqhqw k dqgwkhuhiruh lw krogv wkdw iru dq| ehvw uhso| ri m wr j�/ wkh uhvxowlqj qhwzrun lvplqlpdo1Lq fdvh 5 lw pxvw krog wkdw dq| sod|hu lq G�+j�, lv forvhu wr sod|hu m wkdqm�1 Qrz/ zkhq sod|hu m sod|v d ehvw uhso| wr j�/ kh uhsodfhv klv olqn wr m�e| d vkruwhu olqn1 Vr/ iru dq| ehvw wkh uhvxowlqj qhwzrun lv plqlpdo dqg kdvdw ohdvw rqh olqn vkruwhu wkdq j�1 Wklv frqwudglfwv wkdw j� 5 [4�?63�1Fdvh 6 frqwdlqv 5 vxefdvhv/ qdpho|6d1 G�+j�, qG�+jf, 9@ >16e1 G�+j�, � G�+jf,1Lq Fdvh 6d/ ohw m� 5 G�+j�, q G�+jf, eh d qhz dowhuqdwlyh iru wkh olqn risod|hu m wr m�1 Ohw c dqg c� eh wkh jurxsv ri wkh sod|huv m/ uhvshfwlyho| m�1Zlwkrxw orvv ri jhqhudolw| zh dvvxph wkdw c� ? c1 Vlqfh m� 5 G�+j�, dqgdq| sod|hu lq G�+j�, kdv wkh vdph glvwdqfh wr m/ lw iroorzv wkdw m� 5 Q��zlwk hlwkhu c� @ c� ru c� � c @ c � c� A 31 Zh �uvw frqvlghu wkh odwwhufdvh +wkxv c� A c A c�,1 Vlqfh m� dqg m� duh erwk lq F�+j�,/ wkhuh h{lvwvd sdwk lq j� ehwzhhq m� dqg m� wkdw grhv qrw lqfoxgh wkh olqn +m> m�,1 Wklv



84sdwk lqfoxghv d olqn ehwzhhq wzr sod|huv n 5 Q�& dqg n� 5 Q�&� zlwk c& � cdqg c&� A c1 Qrz djdlq wkhuh duh wzr vxefdvhv1 +d, c& @ c1 Lq wklv fdvh msuhihuv dq lqwhuqdo olqn wr n deryh dq h{whuqdo olqn wr m� ru m�/ frqwudglfwlqjwkdw m�> m� 5 G�+j�,1 +e, c& ? c1 Vlqfh c& ? c dqg c&� A c/ zh kdyh wkdwc&� � c& � 51 Qrz/ hlwkhu +n> n�, 5 j� ru +n�> n, 5 j�1 Vlqfh lq j� sod|hu nlv frqqhfwhg wr m yld m� dqg wkxv n dqg m ehorqj wr wkh vdph frpsrqhqw lqj�3&� wkh olqn +n�> n, fdq qrw eh lq j�/ ehfdxvh wkh sod|hu n� zrxog vwulfwo|suhihu wr uhsodfh wklv olqn n� e| wkh vkruwhu olqn wr m/ frqwudglfwlqj wkdwj� 5 [4�?63�1 Wr dsso| wkh vdph uhdvrqlqj wr h{foxgh +n> n�,/ ohw j� eh wkhqhwzrun rewdlqhg e| uhsodflqj wkh olqn iurp m wr m� e| d olqn wr m�1 Fohduo|/lq j� sod|hu n vwulfwo| suhihuv wr uhsodfh klv olqn wr n� wr wkh vkruwhu olqn wrm1 Zh qrz frqvlghu Fdvh 6d zlwk c� @ c�1 Li Q�� 5 Q U+jf,/ wkhq lw iroorzvwkdw Q�� � G�+jf,/ zklfk h{foxghv wkdw m� 5 G�+j�, q G�+jf,1 Wkh vdphkrogv zkhq Q�� 5 Q.+jf, dqg m� grhv qrw revhuyh klv jurxs phpehuv yldm +vhh Ohppd 45,1 Vr/ lw uhpdlqv wr frqvlghu wkh srvvlelolw| wkdw Q�� 5Q.+jf, dqg m� revhuyhv lq jf doo rwkhu sod|huv lq Q�� yld m1 Vr/ lq jf sod|hum kdv qr dowhuqdwlyhv iru klv olqn wr m�1 Frqvlghu j� dqg ohw wkh sod|huv ldqg m xsgdwh vlpxowdqhrxvo| wr uhvshfwlyho| klv ehvw uhso| jf� @ jW� wr j�dqg sod|hu m wr d ehvw uhso| lq zklfk kh vzlwfkhv klv olqn iurp m� wr m�1 Lqwkh uhvxowlqj qhwzrun/ vd| j2/ wkhuh lv d f|foh frqwdlqlqj sod|hu m/ zkloh m�dqg m� gr qrw revhuyh hdfk rwkhu1 Qrz/ ohw m� xsgdwh1 Wkhq kh fuhdwhv dqlqwhuqdo olqn wr revhuyh m�1 Ilqdoo| zkhq m xsgdwhv kh zloo ghohwh d olqn lqwkh f|foh ri wkh qhwzrun1 Wkh uhvxowlqj qhwzrun/ vd| j�/ lv wkhuhiruh plqlpdodqg lw kdv pruh lqwhuqdo olqnv wkdq jW/ frqwudglfwlrq wkdw jW 5 [4�?63�1 Wklvfrqfoxghv Fdvh 6d1Ilqdoo|/ zh frqvlghu Fdvh 6e/ zkhuh vrph ri wkh dowhuqdwlyhv lq G�+jf, grqrw ehorqj wr G�+j�,1 Dujxphqwv khuh duh vlplodu wr Fdvh 6d1 Iluvw qrwlfhwkdw lq jf> sod|hu m fdqqrw eh lqgl�huhqw ehwzhhq wzr sod|huv lq gl�huhqwjurxsv1 Khqfh/ lq jf/ sod|hu m lv lqgl�huhqw ehwzhhq d olqn wr m� dqg d olqnwr dq| rwkhu n 5 Q�� 1 Ohw n 5 Q��qG� �j�� = Lq j�/ m lv qrw lqgl�huhqw1 E|Ohppd 9 wkhuh lv vwloo d sdwk ehwzhhq m� dqg n1 Vlqfh lq j� sod|hu m vwulfwo|suhihuv qrw wr uhsodfh klv olqn wr m� e| d olqn wr n wkh olqn +m> m�, pxvw ehsduw ri wkh sdwk ehwzhhq m� dqg n lq j�= Frqvlghu jf> dqg ohw erwk l dqg mxsgdwh1 Ohw l fkrrvh j�� dqg ohw m uhsodfh +m> m�, e| +m> n,1 Lq wkh uhvxowlqjqhwzrun/ vd| kf/ d f|foh lv fuhdwhg/ dqg dv d uhvxow m� dqg n gr qrw revhuyhhdfk rwkhu1 Ohw n xsgdwh/ kh zloo vsrqvru dq dgglwlrqdo lqwhuqdo olqn vr wkdwkh zloo revhuyh m� djdlq1 Ilqdoo| ohw m xsgdwh= kh zloo uhpryh d olqn iurp wkhf|foh1 Wkh uhvxowlqj qhwzrun/ vd| k�> lv plqlpdo/ dqg frqwdlqv pruh lqwhuqdoolqnv wkdw jW= d frqwudglfwlrq zlwk jW 5 [4�?63�1
Dsshqgl{ E1 Surri Ohppd 49Lq wklv dsshqgl{ zh zloo vkrz Ohppd 49 e| surylqj wzr dgglwlrqdo ohp0pdv/ iurp zklfk lw iroorzv lpphgldwho|1 Iluvw/ uhfdoo iurp Vhfwlrq 516 wkdw



85iru l 5 Q�/ Q- +l> j, lv wkh vhw ri sod|huv wkdw vsrqvru d olqn wr sod|hu l/vdwlvi|lqj wkdw dq| rwkhu sod|hu l� 5 Q� revhuyhg e| l zloo dovr eh revhuyhge| l zkhq dq| sod|hu m 5 Q- +l> j, fdqfhov klv olqn wr l/ l1h1 wkh olqnv riwkh sod|huv lq Q- +l> j, duh qrw hvvhqwldo iru sod|hu l wr eh zkhwkhu ru qrwfrqqhfwhg wr wkh rwkhu sod|huv lq klv jurxs1 Qrwlfh wkdw wklv lpsolhv wkdwlq d plqlpdo qhwzrun wkh vhw Q- +l> j, fdq qrw frqwdlq dq| sod|hu ri wkh vhwQ� lwvhoi1 Ixuwkhu/ ohw Q- +Q�> j, @ ^�M�� Q- +l> j,1 Wkhq wkh qh{w ohppdvwdwhv wkdw zkhq j 5 h[4�?63� dqg Q� lv hqwluho| h{whuqdoo| frqqhfwhg/ wklv vhwfrqwdlqv dw prvw rqh sod|hu1 Zh �uvw jlyh dq h{dpsoh/ vkrzlqj wkdw wkhdvvxpswlrq wkdw j 5 h[4�?63� lv ylrodwhg zkhq Q- +Q�> j, frqwdlqv pxowlsohsod|huv1H{dpsoh 431 Frqvlghu Iljxuh ; exw zlwk olqn +8> 4, uhsodfhg e| olqn +4> :,dqg vxssrvh wkdw wklv prgl�hg qhwzrun j 5 [ iru vrph PFV [1 Revhuyhwkdw dq| hqwluho| lqwhuqdoo| frqqhfwhg vhw lv d FVV/ zklfk lv qhhghg iru wkhqhwzrun wr eh lq h[4�?63�/ dqg wkdw Q- +Q�> j, @ i4> 8j dqg wkxv frqwdlqv wzrsod|huv1 Krzhyhu/ lq wklv qhwzrun sod|hu 4/ zkr lv ixuwkhu dzd| iurp jurxs6 wkdq sod|hu 8/ suhihuv wr uhsodfh klv olqn wr jurxs 6 e| d olqn wr sod|hu 81Vr/ wkh olqn +4> :, ri ohqjwk wzr lv xqvwdeoh dqg khqfh e| Ohppd ; j lv qrwlq [4�?63� dqg wkxv dovr qrw lq h[4�?63�1 Wklv lv d frqwudglfwlrq1Ohppd 4:1 Ohw j 5 h[4�?63� dqg Q� 5 Q. 1 Wkhq ��Q- +Q,> j,�� � 41
Surri1 Vxssrvh wkdw ��Q- +Q,> j,�� A 41 Wkhq wkhuh h{lvw wzr glvwlqfw sod|huvl> l� @5 Q� dqg wzr sod|huv m> m� 5 Q�/ vxfk wkdw l 5 Q- +m> j,/ dqg l� 5Q- +m�> j,1 Qrwlfh wkdw hlwkhu m @ m� ru m 9@ m�1Zh �uvw frqvlghu wkh odwwhu fdvh1 Wkhq m dqg m� duh frqqhfwhg yld d xqltxhsdwk wkdw grhv qhlwkhu lqfoxgh +l> m,/ qru +l�> m�,1 Wkxv wkhuh h{lvw sod|huvl�> l2 @5 Q�/ l� @5 Q- +m> j, dqg l2 @5 Q- +m�> j, vxfk wkdw +l�> m, > +l2> m�, 5 jdqg il> l�j _ il�> l2j @ >1 Ohw l 5 Q&/ l� 5 Q&�/ l� 5 Q&� dqg l2 5 Q&2 1Z1o1r1j zh dvvxph wkdw n� A c1 Vxssrvh n2 ? c1 Vlqfh wkh sdwk frqqhfwlqjm dqg m� frqwdlqv erwk l� dqg l2/ lw wkhq pxvw dovr frqwdlq d olqn im�> m2j 5 �jzlwk m� 5 Q�� dqg m2 5 Q�2 iru vrph c2 ? c � c�/ vxfk wkdw m� revhuyhvm� yld m21 Qrwlfh wkdw c2 9@ c/ rwkhuzlvh Ohppd 45 lv ylrodwhg1 Krzhyhu/wkhq j lv qrw Qdvk/ ehfdxvh li +m�> m2, 5 j +uhvshfwlyho| +m2> m�, 5 j/ wkhq m�+m2, zrxog vwulfwo| suhihu wr uhsodfh klv olqn wr m2 +m�, e| d olqn wr m� +m,1Khqfh n2 A c li n� A c1 Qh{w vxssrvh wkdw n � c1 Li n @ c/ wkhq ��+j, A 3/zklfk frqwudglfwv wkdw Q� lv hqwluho| h{whuqdoo| frqqhfwhg1 Ixuwkhu/ zkhqc ? n � n� +uhvshfwlyho| c ? n� ? n/ wkhq j lv qrw d Qdvk qhwzrun/ vlqfhl� +l, zrxog wkhq eh vwulfwo| ehwwhu ri e| vzlwfklqj klv olqn iurp m wr l+l�,1 Khqfh/ lw iroorzv wkdw n ? c pxvw krog1 Dqdorjrxvo|/ n� ? c/ vlqfhn2 A c1 Vr/ lw iroorzv erwk n dqg n� duh vpdoohu wkdq c1 Krzhyhu/ zkhqn � n� ? c +uhvshfwlyho| n� ? n ? c,/ wkhq l +l�, zrxog eh ehwwhu ri e|vzlwfklqj klv olqn iurp m wr l� +l,/ frqwudglfwlqj wkdw j lv d Qdvk qhwzrun1Khqfh/ ��Q- +Q,> j,�� A 4 frqwudglfwv wkdw j lv d Qdvk qhwzrun1



86Vlploduo| wkh fdvh m @ m� ohdgv wr d frqwudglfwlrq1
Wr vwdwh wkh vhfrqg ohppd ri wklv dsshqgl{/ zh lqwurgxfh vrph ixuwkhuqrwdwlrq1 Iru m 5 Q�,/ Q� 5 Q. / zh gh�qh �� +j, @ ��� +j, @ m�/ zkhuh m�lv wkh xqltxh sod|hu lq Q- +Q�> j, li wklv vhw lv qrw hpsw|1 Iru dq| sod|hul 5 Q / zh gh�qh wkh vhw ri olqnv i+�� > l,j wr eh hpsw| li Q- +Q�> j, @ >1Iru h{dpsoh/ frqvlghu Iljxuh ;1 Lq wkdw qhwzrun sod|hu 8 @ �� @ �b @��� @ ��� / krzhyhu ��2 / ��e dqg �� iru doo l 5 Q q i4> <j duh qrw gh�qhg1Wkxv i+��> 7,j @ i+8> 7,j/ exw i+�2> 7,j @ >1 E| Ohppd 44/ frqqhfwhgqhvvri j dqg wkh idfw wkdw doo olqnv lq j duh vwdeoh/ zh nqrz wkdw ��� vsrqvruvsuhflvho| rqh olqn wr Q� lq doo klv ehvw uhsolhv wr j1Qrz/ iru vrph olqn +l> l�, 5 j zlwk l 5 Q� dqg l� 5 Q��/ c� 9@ c/ ohw m ehd sod|hu lq D.��� +j,/ l1h1 m lv d sod|hu lq vrph hqwluho| h{whuqdoo| frqqhfwhgjurxs Q& wkdw lv revhuyhg e| l yld klv olqn wr l� dqg wkhuh lv dw ohdvw rqhrwkhu sod|hu lq Q& qrw revhuyhg yld wklv olqn1 Zkhq �� h{lvwv/ ohw �� xsgdwhklv vwudwhj| e| uhsodflqj klv olqn wr m e| d olqn wr d sod|hu m� lq Q&_G.��� +j,/wkxv wr d sod|hu lq Q& qrw revhuyhg e| l wkurxjk klv olqn wr l�1 Fohduo|/ ��sod|v d ehvw uhso|/ vr dovr wkh qhz qhwzrun ehorqjv wr [1 Krzhyhu/ D��� kdveh ghfuhdvhg/ vlqfh doo sod|huv wkdw m dqg wkxv dovr l revhuyhg yld wkh olqn+�� > m, duh qrw revhuyhg e| l wkrxjk +l> l�, lq wkh qhz qhwzrun1 Qrz/ vhwjf @ j dqg gh�qh lwhudwlyho| iru k @ 4> 5> = = = >j� @ �j�3� q �^�M�.���E}�3�� i+�� > m,j�� ^ �^�M�.���E}�3��i+��> m�,j� >zkhuh iru hdfk m 5 D.��� +j, lw krogv wkdw m� lv dq duelwudulo| fkrvhq sod|hulq Q& _ G.��� +j, li m 5 Q&1 Zlwklq d �qlwh qxpehu ri vwhsv wklv lwhudwlyhsurfhgxuh ohdgv wr d qhwzrun j�/ vd| jW/ vxfk wkdwD.���+jW, @ > ruQ-+m> jW, @> iru dq| m 5 D.���+jW,/ vr wkdw j�� @ jW @ j� iru doo k� A k1 GhqrwlqjD4�?��� +j, @ D���+jW,/ e| frqvwuxfwlrq zh kdyh wkdwD4�?��� +j, � D���+j�,> iru doo k=Dqdorjrxvo|/ iru vrph olqn +l> l�, 5 j zlwk l 5 Q� dqg l� 5 Q�� / hoo� 9@ c/ohw m eh d sod|hu lq G.��� +j,/ l1h1 m lv d sod|hu lq vrph hqwluho| h{whuqdoo|frqqhfwhg jurxs Q& wkdw lv qrw revhuyhg e| l yld klv olqn wr l� dqg wkhuhlv dw ohdvw rqh rwkhu sod|hu lq Q& wkdw lv revhuyhg yld wklv olqn1 Zkhq ��h{lvwv/ ohw �� xsgdwh klv vwudwhj| e| uhsodflqj klv olqn wr m e| d olqn wr dsod|hu m� lq Q& _ D.��� +j,/ wkxv wr d sod|hu lq Q& revhuyhg e| l wkurxjk klvolqn wr l�1 Djdlq �� sod|v d ehvw uhso| dqg wklv dovr wkh qhz qhwzrun ehorqjvwr [1 Krzhyhu/ qrz D��� lqfuhdvhv zlwk doo sod|huv wkdw m� qrz revhuyhvyld wkh olqn +�� > m�,1 Vhwwlqj jf @ j dqg surfhhglqj lwhudwlyho| zh rewdlqk @ 4> 5> = = = wkh vhtxhqfh ri qhwzrunvj� @ �j�3� q �^�M(.���E}�3�i+��> m,j�� ^ �^�M(.��� E}�3��i+��> m�,j� >zkhuh iru hdfk m 5 G.��� +j, lw krogv wkdw m� lv dq duelwudulo| fkrvhq sod|hulq Q& _ D.��� +j, li m 5 Q&1 Djdlq/ zlwklq d �qlwh qxpehu ri vwhsv wklv



87lwhudwlyh surfhgxuh ohdgv wr d qhwzrun j�/ vd| jW/ vxfk wkdw G.���+jW, @ > ruQ-+m> jW, @ > iru dq| m 5 G.���+jW,/ vr wkdw j�� @ jW @ j� iru doo k� A k1Ghqrwlqj D4@ ��� +j, @ D���+jW,/ e| frqvwuxfwlrq zh kdyh wkdwD���+j�, � D4@ ��� +jW,> iru doo k=Zh qrz kdyh wkh iroorzlqj ohppd1Ohppd 4;1 Ohw [ � J eh dq PFV dqg ohw l dqg l� eh wzr sod|huv lqgl�huhqw jurxsv Q� dqg Q��1 Wkhq iru dq| wzr qhwzrunv j dqg i lq [frqwdlqlqj wkh olqn +l> l�, lw krogv wkdw D4�?��� +j,, @ D4�?��� +i, dqg D4@ ��� +j,, @D4@ ��� +i,1Surri1 Ohw xv vxssrvh iru vdnh ri frqwudglfwlrq wkdw D4�?��� +j, 9@ D4�?��� +i,/zkhuh +l> l�, 5 j _ i 1 Wklv lpsolhv wkdw wkhuh lv d sod|hu/ vd| m/ wkdw lv dphpehu ri rqh ri wkhvh wzr vhwv/ exw qrw ri erwk1 Z1o1r1j1 zh vxssrvhwkdw m 5 D��� +j�, @ D4�?��� +j, dqg m @5 D��� +i �, @ D4�?��� +i,1 Wkxv wkhuhpxvw h{lvw d vhtxhqfh ri ehvw uhsolhv vwduwlqj iurp j� vxfk wkdw d sod|huohdyhv wkh vhw D4�?��� 1 Krzhyhu/ e| wkh frqvwuxfwlrq ri D4�?��� +j,/ doo sod|huvwkdw m zdqwv wr olqn wr duh zlwklq wkh vhw D4�?��� +j,1 Khqfh/ sod|hu m fdq0qrw ohdyh wkh vhw xqohvv dqrwkhu sod|hu/ vd| m� 5 D4�?��� +j, > ohdyhv wklv vhw�uvw1 Wklv lv wuxh iru doo m 5 D4�?��� +j,1 Wkxv dq| duelwudu| m 5 D4�?��� +j,fdq rqo| ohdyh wkh vhw D4�?��� +j, li dqrwkhu sod|hu ohdyhv lw �uvw ru vlpxowd0qhrxvo|1 Fohduo|/ wkh iruphu lv lpsrvvleoh/ zkhuhdv ohdylqj vlpxowdqhrxvo|uhtxluhv wkdw wkh ohdylqj sod|huv irup d f|foh/ iru wkh| doo vsrqvru d olqnwr rqh ri wkh rwkhu ohdylqj sod|huv1 Wkhuhiruh wkh uhvxowlqj qhwzrun lv qrwplqlpdo dqg/ e| surshuw| D/ qrw sduw ri dq PFV1 Wkhuhiruh wklv dovr irupvd frqwudglfwlrq1 Khqfh/ li m 5 D4�?��� +j, wkhq m 5 D4�?��� +i, ;m 5 D4�?��� +j, dqg;j> i 5 iaj 5 [m +l> l�, 5 ajj/ zklfk frqwudglfwv D4�?��� +j, 9@ D4�?��� +i,1 D vlplodudujxphqw vkrzv wkdw D4@ ��� +j, @ D4@ ��� +i,1 Rwkhuzlvh/ z1o1r1j1 wkhuh zrxogh{lvw m @5 D4@ ��� +j,/ m 5 D4@ ��� +i,1 Exw qr sod|hu fdq hqwhu D4@ ��� +j, zlwkrxwdqrwkhu sod|hu hqwhulqj wkdw vhw �uvw1 Wkhuhiruh lw pxvw eh wkh fdvh wkdwD���� +j, @ D���� +j�, iru doo j> i 5 iaj 5 [m +l> l�, 5 ajj/ zkhuh k 5 iplq>pd{j1
Wkh surri ri Ohppd 49 iroorzv qrz lpphgldwho|1Surri Ohppd 491 Vlqfh e| frqvwuxfwlrq D���+jW, � D���+j�, iru dook @ 4> 5> = = = > dqg D���+jW, @ D���+iW, iru dq| i> j 5 [ frqwdlqlqj +l> l�,/ lwiroorzv wkdw iru dq| j 5 [ zlwk +l> l�, 5 j krogv wkdwD���+jW, @ ^t}�Mf�E�c���M}�� D���+j�,Khqfh iru dq| j frqwdlqlqj +l> l�, lw krogv wkdwD4�?��� +[, @ D���+jW,=Dqdorjrxvo| zh kdyh iru dq| j 5 [ frqwdlqlqj +l> l�, wkdwD4@ ��� +[, @ D���+jW,=
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