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7KLV SDSHU FRPSDUHV WKH EHKDYLRXU RI D ELDV�FRUUHFWHG HVWLPDWRU DVVXPLQJ VWURQJO\ H[RJHQRXV UHJUHV�

VRUV WR WKH EHKDYLRXU RI D ELDV�FRUUHFWHG HVWLPDWRU DVVXPLQJ ZHDNO\ H[RJHQRXV UHJUHVVRUV� ZKHQ LQ IDFW WKH

PDUJLQDO PRGHO FRQWDLQV D IHHGEDFN PHFKDQLVP� 7R WKLV HQG� WKH HIIHFWV RI D IHHGEDFN PHFKDQLVP RQ WKH

¿UVW�RUGHU OHDVW�VTXDUHV FRHI¿FLHQW HVWLPDWLRQ ELDV LV H[DPLQHG WKURXJK ODUJH�VDPSOH DV\PSWRWLFV LQ D VWD�

EOH ¿UVW�RUGHU DXWRUHJUHVVLYH GLVWULEXWHG�ODJ PRGHO ZLWK ZHDNO\ H[RJHQRXV UHJUHVVRUV� 7KH GHULYHG IRUPXODH

VKRZ H[SOLFLWO\ KRZ WKH ELDV RI WKH FRHI¿FLHQW HVWLPDWRUV RI WKH FRQGLWLRQDO PRGHO GHSHQGV RQ WKH SDUDPH�

WHUV WKDW EHORQJ WR WKH PDUJLQDO PRGHO� ,Q DGGLWLRQ� DQ H[SOLFLW DSSUR[LPDWLRQ LQ DOO WKH V\VWHP SDUDPHWHUV

LV GHULYHG IRU WKH ¿UVW�RUGHU ELDV IRUPXOD EDVHG RQ VWURQJO\ H[RJHQRXV UHJUHVVRUV� ,W LV IRXQG WKDW WKH WZR

ELDV DSSUR[LPDWLRQV FDQ OHDG WR TXLWH GLIIHUHQW QXPHULFDO YDOXHV� 7KURXJK D VPDOO VLPXODWLRQ VWXG\� WKH ELDV

DQG HI¿FLHQF\ RI WKH WZR ELDV�FRUUHFWHG HVWLPDWRUV LV LQYHVWLJDWHG� ,W DSSHDUV WKDW WKH YDOLG ELDV�FRUUHFWHG

HVWLPDWRU EDVHG RQ WKH ZKROH V\VWHP LV VRPHZKDW OHVV ELDVHG WKDQ WKH LQYDOLG ELDV�FRUUHFWHG HVWLPDWRU� )RU D

IHZ SDUWLFXODU SDUDPHWHU YDOXHV FRQVLGHUHG� KRZHYHU� ERWK ELDV�FRUUHFWHG HVWLPDWRUV DUH LQHI¿FLHQW UHODWLYH WR

WKH XQFRUUHFWHG HVWLPDWRU LQ WHUPV RI PHDQ VTXDUHG HUURU� 6RPHZKDW VXUSULVLQJO\� WKH LQYDOLG ELDV�FRUUHFWHG

HVWLPDWRU EDVHG RQ RQO\ WKH FRQGLWLRQDO PRGHO LV RQ DYHUDJH MXVW DV HI¿FLHQW DV WKH YDOLG ELDV�FRUUHFWHG HVWL�

PDWRU EDVHG RQ WKH ZKROH V\VWHP�

.H\ZRUGV� DXWRUHJUHVVLYH GLVWULEXWHG�ODJ PRGHOV� HVWLPDWLRQ ELDV� ODUJH VDPSOH DV\PSWRWLFV� 1DJDU H[SDQ�

VLRQV

-(/ FODVVL¿FDWLRQ� &��� &���

`1RXG YDQ *LHUVEHUJHQ ������ JUDGXDWHG IURP WKH (UDVPXV 8QLYHUVLW\ 5RWWHUGDP LQ ���� ZLWK D GHJUHH LQ HFRQRPHWULFV� +H WKHQ

EHFDPH D 3K' VWXGHQW DW WKH 7LQEHUJHQ ,QVWLWXWH DQG D UHVHDUFK DVVLVWDQW DW WKH IRUPHU 'HSDUWPHQW RI $FWXDULDO 6FLHQFH DQG (FRQRPHWULFV

DW WKH 8QLYHUVLWHLW YDQ $PVWHUGDP� +LV UHVHDUFK FXPXODWHG LQ D 3K'�WKHVLV HQWLWOHG ¶%RRWVWUDSSLQJ '\QDPLF (FRQRPHWULF 0RGHOV¶� ZKLFK
ZDV SXEOLVKHG DV ERRN QR� ��� RI WKH 7LQEHUJHQ ,QVWLWXWH 5HVHDUFK 6HULHV�

+LV VXSHUYLVRU ZDV SURI� GU� -�)� .LYLHW �MIN#IHH�XYD�QO�� ZKR LV FXUUHQWO\ KHDG RI WKH 'HSDUWPHQW RI 4XDQWLWDWLYH (FRQRPLFV DW

WKH 8QLYHUVLWHLW YDQ $PVWHUGDP DQG D VHQLRU 5HVHDUFK )HOORZ RI WKH 7LQEHUJHQ ,QVWLWXWH� +HOSIXO FRPPHQWV IURP KLP DUH JUDWHIXOO\

DFNQRZOHGJHG�
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7KH XVH RI DV\PSWRWLF H[SDQVLRQV LQ DSSUR[LPDWLQJ WKH HVWLPDWLRQ ELDV LQ VWDEOH DXWRUHJUHVVLYH �$5� PRGHOV

KDV D UHODWLYHO\ ORQJ KLVWRU\� 7KH HDUO\ ZRUN IRFXVHG RQ WKH OHDVW�VTXDUHV HVWLPDWRU RI WKH VHULDO FRUUHODWLRQ

FRHI¿FLHQW LQ WKH ¿UVW�RUGHU DXWRUHJUHVVLYH ±$5���± PRGHO ZLWK *DXVVLDQ GLVWXUEDQFHV� ,Q WKLV PRGHO� %DUOHWW

������ DQG +XUZLF] ������ REWDLQHG D ¿UVW�RUGHU DSSUR[LPDWLRQ RI WKH HVWLPDWLRQ ELDV� ZKLOH :KLWH ������

IRXQG KLJKHU�RUGHU DSSUR[LPDWLRQV LQ WHUPV RI SRZHUV RI 7��� ZKHUH 7 LV WKH VDPSOH VL]H� )RU WKH $5���

PRGHO LQFOXGLQJ DQ LQWHUFHSW� .HQGDOO ������ DQG 0DUULRW DQG 3RSH ������ JDYH DQ DSSUR[LPDWLRQ WR WKH ELDV

RI WKH OHDVW�VTXDUHV HVWLPDWRU RI WKH ODJJHG�GHSHQGHQW YDULDEOH FRHI¿FLHQW WR WKH RUGHU RI 7��� ,Q WKH VWDEOH

$5��� PRGHO ZLWKRXW D FRQVWDQW� WKH ELDV RI WKH $5����FRHI¿FLHQW HVWLPDWRU WR WKH RUGHU 2�7��� LV JLYHQ E\

H> D� D@ � ��D�7 � ZKHUH D GHQRWHV WKH $5����FRHI¿FLHQW� :KHQ D FRQVWDQW LV LQFOXGHG� WKH ¿UVW�RUGHU ELDV

DSSUR[LPDWLRQ HTXDOV ���� �D��7 �

0RUH UHFHQWO\� *UXEE DQG 6\PRQV ������ GHULYHG WKH ELDV WR WKH RUGHU 7�� IRU WKH ODJJHG�GHSHQGHQW

YDULDEOH FRHI¿FLHQW HVWLPDWRU LQ D VWDEOH ¿UVW�RUGHU G\QDPLF UHJUHVVLRQ PRGHO ZLWK H[RJHQRXV UHJUHVVRUV� ZKLOH

.LYLHW DQG 3KLOOLSV ������ JDYH WKH 7�� DSSUR[LPDWLRQ RI WKH IXOO FRHI¿FLHQW YHFWRU� %RWK SDSHUV DVVXPH

VWURQJO\ H[RJHQRXV UHJUHVVRUV� OLNH D FRQVWDQW RU �KLJKHU�RUGHU� WUHQG�V�� ZKLFK GRHV QRW DOORZ IRU DQ\ IHHGEDFN

HIIHFWV EHWZHHQ HQGRJHQRXV DQG H[SODQDWRU\ YDULDEOHV� ,Q SUDFWLFH� KRZHYHU� LW LV XQOLNHO\ WKDW UHJUHVVRUV

UHODWHG WR HFRQRPLF YDULDEOHV GR QRW LQYROYH IHHGEDFN PHFKDQLVPV IURP SDVW HFRQRPLF RXWFRPHV RQWR FXUUHQW

GHFLVLRQV� +HQFH� RQH ZRXOG OLNH WR DOORZ IRU ZHDNO\ H[RJHQRXV UHJUHVVRUV� ZKLFK PD\ GHSHQG RQ ODJJHG

YDOXHV RI WKH GHSHQGHQW YDULDEOH� VHH (QJOH HW DO� ������ IRU WKH YDULRXV FRQFHSWV RI H[RJHQHLW\� 2I FRXUVH� LW LV

SRVVLEOH WR LJQRUH VXFK IHHGEDFN HIIHFWV DQG SURFHHG E\ DVVXPLQJ WKDW WKH UHJUHVVRUV DUH VWURQJO\ H[RJHQRXV�

,Q GRLQJ VR� KRZHYHU� D PLVVSHFL¿FDWLRQ HUURU LV PDGH ZKLFK PD\ RU PD\ QRW EH VHULRXV� 7KH DLP RI WKLV SDSHU

LV WR DVVHVV WKH VHULRXVQHVV RI WKLV PLVVSHFL¿FDWLRQ HUURU LQ DXWRUHJUHVVLYH GLVWULEXWHG�ODJ �$'� PRGHOV E\

FRPSDULQJ WKH ELDV IRUPXOD WKDW UHVXOWV IURP LJQRULQJ IHHGEDFN HIIHFWV WR WKH ELDV WKDW GRHV WDNH VXFK IHHGEDFN

HIIHFWV LQWR DFFRXQW�

0RUH VSHFL¿FDOO\� ZH FRQVLGHU WKH ELDV RI WKH RUGLQDU\ OHDVW�VTXDUHV �2/6� FRHI¿FLHQW HVWLPDWRUV LQ WKH

VWDEOH $'����� PRGHO JLYHQ E\

\W � D\W�� � ;�[W � ;�[W�� � A � �W � W � �� ���� 7� ���

ZKHUH �W r 1��� J �
��� [W LV VWDWLRQDU\ DQG �D� � �� $OWKRXJK WKH $'����� PRGHO VHHPV TXLWH VSHFL¿F� YLUWXDOO\

HYHU\ W\SH RI VLQJOH�HTXDWLRQ PRGHO LQ HPSLULFDO WLPH�VHULHV HFRQRPHWULFV LV D VSHFLDO FDVH RI LW� VHH IRU LQVWDQFH

+HQGU\ HW DO� ������� 7KH PDUJLQDO PRGHO IRU [W LV DVVXPHG WR EH

[W � H \W�� � < [W�� � @W � ���

ZKHUH @W r 1��� J �
@�� 6LQFH 
@W � LV DVVXPHG WR EH LQGHSHQGHQW RI 
�W �� [W LV ZHDNO\ H[RJHQRXV IRU REWDLQLQJ

LQIHUHQFH RQ WKH SDUDPHWHUV LQ WKH FRQGLWLRQDO PRGHO ���� 0RUHRYHU� [W LV VWURQJO\ H[RJHQRXV ZKHQ H � ��

:HDN H[RJHQHLW\ RI WKH UHJUHVVRUV LPSOLHV WKDW DV\PSWRWLFDOO\ HI¿FLHQW LQIHUHQFH RQ WKH PRGHO FRHI¿FLHQWV LQ

��� FDQ EH REWDLQHG IURP DQDO\VLV RI WKH FRQGLWLRQDO PRGHO ��� LQ LVRODWLRQ� ,Q GHULYLQJ WKH H[SUHVVLRQV RI WKH

�



HVWLPDWRUV� RQH RSHUDWHV DV LI [W ZHUH VWURQJO\ H[RJHQRXV� +RZHYHU� WKH ¿QLWH�VDPSOH ELDV ZLOO FHUWDLQO\ EH

DIIHFWHG E\ WKH MRLQW VWRFKDVWLF EHKDYLRXU RI \W DQG [W � VLQFH LW GHSHQGV RQ WKH YDOXH RI WKH IHHGEDFN SDUDPHWHU

H � 7R GDWH� KRZHYHU� QR ELDV H[SDQVLRQV KDYH EHHQ GHULYHG LQ WKH $'����� PRGHO ZKHQ [W LV ZHDNO\ EXW QRW

VWURQJO\ H[RJHQRXV �H /� ��� 6LQFH WKH ELDV H[SUHVVLRQV GHSHQG RQ WKH SDUDPHWHUV RI WKH PDUJLQDO PRGHO� D

ELDV�FRUUHFWHG LQIHUHQFH SURFHGXUH ZRXOG DOVR UHTXLUH WKH DQDO\VLV RI WKLV PRGHO� GHVSLWH WKH ZHDN H[RJHQHLW\

RI [W � +HQFH� WKH SURV DQG FRQV RI HDFK SURFHGXUH VKRXOG EH ZHLJKWHG DQG LW VHHPV LQWHUHVWLQJ WR FRPSDUH

WKH SHUIRUPDQFH RI WKH ELDV�FRUUHFWHG FRHI¿FLHQW HVWLPDWRU EDVHG RQ WKH ZKROH V\VWHP WR WKH ELDV�FRUUHFWHG

HVWLPDWRU REWDLQHG LQ WKH FRQGLWLRQDO PRGHO ��� RQO\� ZKLFK GRHV QRW QHHG WR IXOO\ VSHFLI\ DQG DQDO\VH WKH

PDUJLQDO PRGHO ����

7KH SDSHU LV RUJDQLVHG DV IROORZV� 6HFWLRQ � LQWURGXFHV VRPH QRWDWLRQ DQG GHFRPSRVHV WKH UHJUHVVRUV LQWR D

GHWHUPLQLVWLF DQG VWRFKDVWLF SDUW� )XUWKHUPRUH� LW FRQWDLQV WKH 1DJDU�W\SH HTXDWLRQ� ZKLFK LV XVHG IRU GHULYLQJ

WKH ELDV� ,Q 6HFWLRQ �� WKH DFWXDO ¿UVW�RUGHU ELDV IRUPXODH IRU WKH $'����� PRGHO ZLWK RU ZLWKRXW DQ LQWHUFHSW

DUH SUHVHQWHG� 7KH UHVXOWV DUH VSHFLDOLVHG WR WKH $'����� PRGHO LQ 6HFWLRQ �� 7KH ¿IWK VHFWLRQ DQDO\VHV WKH ELDV

IRUPXOD IRU WKH HVWLPDWRU RI D LQ WKH $'����� PRGHO EDVHG RQ VWURQJO\ H[RJHQRXV UHJUHVVRUV ZKHQ LQ IDFW WKH

PDUJLQDO PRGHO FRQWDLQV D IHHGEDFN PHFKDQLVP� 6HFWLRQ � FRQWDLQV VRPH JUDSKLFDO LOOXVWUDWLRQV DQG SUHVHQWV

VRPH VLPXODWLRQ UHVXOWV� )LQDOO\� WKH PDLQ FRQFOXVLRQV DUH VXPPDULVHG LQ WKH ODVW VHFWLRQ�
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7KH IRFXV RI LQWHUHVW LV WKH ELDV RI WKH 2/6 HVWLPDWRU RI WKH UHJUHVVLRQ FRHI¿FLHQWV LQ WKH $'������PRGHO

\ � D\�� � ;�[ � ;�[�� � A � �� ���

ZKHUH \ � �\�� ���� \7 �
) LV D 7 � � YHFWRU RI REVHUYDWLRQV RQ D GHSHQGHQW YDULDEOH� \�� � �\�� ���� \7���

) LV

WKH YHFWRU \ ODJJHG RQH SHULRG� [ LV D 7 � � YHFWRU RI REVHUYDWLRQV RQ D ZHDNO\ EXW QRW QHFHVVDULO\ VWURQJO\

H[RJHQRXV UHJUHVVRU DQG � r 1��� J �
� ,7 � LV D 7 � � *DXVVLDQ YHFWRU� 7KH PDUJLQDO PRGHO IRU [ LQ YHFWRU

QRWDWLRQ LV JLYHQ E\

[ � H \�� � < [�� � @� ���

ZKHUH @ r 1��� J �
@ ,7 � LV D 7 � � *DXVVLDQ YHFWRU LQGHSHQGHQW RI �� 7KH YDOXH RI H GHWHUPLQHV ZKHWKHU [ LV

VWURQJO\ RU RQO\ ZHDNO\ H[RJHQRXV� 7R IDFLOLWDWH QRWDWLRQ� ZH VKDOO ZULWH PRGHO ��� DV

\ � =: � �� = � �\�� � [ � [�� � B7 �� ���

ZKHUH B7 D 7 � � YHFWRU RI RQHV DQG : � �D� ;�� ;�� A�
)� 7KH 2/6 HVWLPDWRU RI : LV

: � �= )=���= )\ � : � �= )=���= )�� ���

VR WKDW WKH ELDV RI : LV JLYHQ E\

%: � H>� : � :�@ � H>�= )=���= )�@� ���

�



)LUVW� ZH VKDOO GHULYH WKH FRQGLWLRQV IRU ZKLFK WKH ZKROH V\VWHP LV VWDEOH� 8VLQJ WKH ODJ�RSHUDWRU /� WKH

GDWD JHQHUDWLRQ SURFHVV �'*3� FDQ EH ZULWWHQ DV

��� D/�\W � �;� � ;�/�[W � A � �W � ��D�

��� < /�[W � H/\W � @W � ��E�

0XOWLSOLFDWLRQ RI ��D� E\ ��� < /� DQG VXEVWLWXWLRQ RI ��E� LQ ��D� JLYHV

��� M/ �O/��\W � ��� < /�A � ��� < /��W � �;� � ;�/�@W � ���

ZKHUH

M k H;� � < � D DQG O k H;� � <D� ����

7R HFRQRPL]H RQ QRWDWLRQ� WKH SDUDPHWHUV M DQG O DUH XVHG DV PXFK DV SRVVLEOH WKURXJKRXW WKH SDSHU� )RU [W �

LW FDQ EH IRXQG WKDW

��� M/ �O/��[W � HA � H/�W � ��� D/�@W � ����

)URP IRUPXODH ��� DQG ����� LW IROORZV WKDW WKH WLPH�VHULHV 
\W� DQG 
[W� FDQ EH FKDUDFWHULVHG E\ DQ $50$�����

SURFHVV FRQWDPLQDWHG ZLWK DQ LQGHSHQGHQW 0$��� SURFHVV� 7KH YDULDEOHV \W DQG [W DUH VWDWLRQDU\ LI WKH FKDUDF�

WHULVWLF SRO\QRPLDO DVVRFLDWHG ZLWK ��� DQG ����� JLYHQ E\

�� M] �O]� � �� ����

KDV DOO LWV URRW RXWVLGH WKH XQLW FLUFOH� 7KLV OHDGV WR WKUHH LQHTXDOLWLHV� VHH IRU LQVWDQFH +DUYH\ ������� )RU D

SDUWLFXODU VHW RI YDOXHV RI WKH SDUDPHWHUV LQ WKH FRQGLWLRQDO PRGHO� WKHVH LQHTXDOLWLHV DUH JLYHQ E\

O � �� M !" H;� � <D � �� H;� � < � D� ���D�

O � �� M !" H;� � <D � �� H;� � < � D� ���E�

O  �� !" H;� � <D  ��� ���F�

,Q RUGHU WR GHULYH WKH ODUJH 7 �ELDV DSSUR[LPDWLRQ� WKH UHJUHVVRUV DUH GHFRPSRVHG LQWR VHYHUDO �LQGHSHQGHQW�

VWRFKDVWLF DQG GHWHUPLQLVWLF FRPSRQHQWV� 7R GR VR� GH¿QH WKH 7 � 7 PDWULFHV
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/HW 8 GHQRWH WKH LQYHUVH RI �� ZKLFK IRU 7 � � LV HTXDO WR

8 �

�
����������

� � � � �

M � � �

M� �O M � � �

M� � �MO M� �O M � �

M� � �M�O �O� M� � �MO M� �O M �

�
����������
� ����

1RWH WKDW WKH QRQ�]HUR HOHPHQWV RI WKH L WK URZ RI WKLV PDWUL[ FRQWDLQ WKH FRHI¿FLHQWV 	L��� ���� 	�� ZKHUH �	��

	�/ � 	�/
� � ���� � ��� M/ � O/���� ZLWK 	� � �� +HQFH� WKH PDWUL[ 8 FDQ EH LQWHUSUHWHG DV WKH PDWUL[

DQDORJXH RI WKH VFDODU ODJ�SRO\QRPLDO �� � M/ � O/����� $Q H[SOLFLW H[SUHVVLRQ IRU WKH HOHPHQWV RI 8 LV

JLYHQ E\

8L M �

��
� �����L� M�O�L� M���

r
D
�L� M���
�

� D
�L� M���
�

s
�
S
M� � �O L o M�

� RWKHUZLVH�
����

ZLWK

D� �
�M �

S
M� � �O

�O
DQG D� �

�M �
S
M� � �O

�O
� ����

7KH VFDODUV D� DQG D� DUH WKH URRWV RI WKH SRO\QRPLDO JLYHQ E\ ����� ,Q DGGLWLRQ� GH¿QH WKH PDWULFHV

9 � 8 /7 DQG + � ;�8 � ;�9�

: � 9 /7 DQG & � + /7 � ;�9 � ;�:�

* � 8 � < 9 DQG - � 8 � D9�

3 � * /7 � 9 � <: DQG 6 � - /7 � 9 � D:�

����

7KH PDWUL[ * FRUUHVSRQGV WR WKH PDWUL[ DQDORJXH RI WKH VFDODU ODJ�SRO\QRPLDO �� � M/ � O/������ � < /��

ZKLOH + HTXDOV WKH PDWUL[ DQDORJXH RI ��� M/ � O/�����;� � ;�/�� HW FHWHUD� 6LPLODUO\ WR ���� WKH YHFWRU

\�� PD\ EH ZULWWHQ DV

\�� � A3 B7 � 3� � &@� *H�\� � �< ;� � ;��9H�[�� ����

ZKHUH H� � ��� �� ���� ��) GHQRWHV D 7 � � XQLW YHFWRU� $OWKRXJK WKH VHFRQG�RUGHU ELDV LV OLNHO\ WR LQYROYH

WKH VWDUWLQJ YDOXHV \� DQG [�� VHH IRU LQVWDQFH .LYLHW DQG 3KLOOLSV ������ IRU WKH $5;��� PRGHO ZLWK ¿[HG

UHJUHVVRUV� WKH ¿UVW�RUGHU ELDV GRHV QRW GHSHQG RQ WKH VWDUWLQJ YDOXHV �SURYLGHG WKDW WKH LQLWLDO YDOXHV DUH ¿QLWH��

+HQFH� ZH VKDOO LJQRUH WKHP LQ WKH UHPDLQGHU RI WKH DQDO\VLV� $SDUW IURP WKH VWDUWLQJ YDOXHV� WKH RWKHU WZR

UHJUHVVRUV FDQ EH ZULWWHQ DV

[ � AH9 B7 � H9 � � -@ DQG [�� � AH: B7 � H:� � 6@� ����

,Q RUGHU WR GLVWLQJXLVK WKH GHWHUPLQLVWLF DQG VWRFKDVWLF SDUW RI WKH PDWUL[ RI UHJUHVVRUV = � GHFRPSRVH = �

�= � �= � ZKHUH �= LV GH¿QHG DV WKH PDWKHPDWLFDO H[SHFWDWLRQ RI = � VR WKDW

= � H>=@� �= � H>=@�

� �= � �= � ����
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)URP HTXDWLRQV ���� DQG ����� LW IROORZV WKDW WKH QRQ�VWRFKDVWLF PDWUL[ �= DQG VWRFKDVWLF PDWUL[ �= DUH JLYHQ E\

�= � �A3 B7 � AH9 B7 � AH: B7 � B7 � ����

DQG

�= � �3� � &@ � H9 � � -@ � H:� � 6@ � ��� ����
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GHFUHDVLQJ RUGHU LQ SUREDELOLW\� 7KH WZR WKHRUHPV VWDWHG LQ WKLV SDSHU DUH EDVHG RQ WKH QH[W OHPPD� ZKLFK LV

SURYHG LQ� H�J�� .LYLHW DQG 3KLOOLSV ������ $SSHQGL[ %��
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7KH VWDUWLQJ SRLQW IRU RXU DQDO\VLV FDQ EH VXPPDULVHG DV IROORZV�

$VVXPSWLRQ � ,Q WKH V\VWHP FRQVLVWLQJ RI WKH FRQGLWLRQDO PRGHO ��� DQG PDUJLQDO PRGHO ���� ZH KDYH
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7KH DVVXPSWLRQV �L� DQG �LL� HQVXUH WKH VWDELOLW\ RI WKH FRQGLWLRQDO PRGHO� ZKLOH DVVXPSWLRQ �Y� IRUPDOO\

VWDWHV WKH ZHDN H[RJHQHLW\ DVVXPSWLRQ� ,W WXUQV RXW WKDW WKH ELDV %:�7
��� FDQ EH GHFRPSRVHG LQWR D ELDV

FRPSRQHQW GXH WR WKH LQFOXVLRQ RI D FRQVWDQW �F�� GHQRWHG E\ %F
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DQG WKH ELDV RI : WR 2�7��� LQ WKH HVWLPDWLRQ PRGHO ZLWKRXW LQWHUFHSW LV JLYHQ E\ WKH ELDV FRPSRQHQW %U
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RQO\� 8VLQJ /HPPD � DQG WHGLRXV EXW VWUDLJKWIRUZDUG DOJHEUD �GRQH E\ 0DWKHPDWLFD ����� WKH IROORZLQJ UHVXOW

LV GHULYHG LQ $SSHQGL[ %�

7KHRUHP � 8QGHU $VVXPSWLRQ �� WKH ELDV %: RI WKH 2/6 HVWLPDWRU : LQ PRGHO ��� FDQ EH DSSUR[LPDWHG WR

¿UVW RUGHU DV
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7R IDFLOLWDWH WKH UHDGLQJ RI WKH IRUPXODH� WKH ELDV H[SUHVVLRQV �H[FHSW IRU WKH FRQVWDQW� DUH GHFRPSRVHG LQ

H[SUHVVLRQV QRW LQYROYLQJ WKH IHHGEDFN SDUDPHWHU H �¿UVW OLQH� DQG H[SUHVVLRQV WKDW GR LQYROYH WKH IHHGEDFN

SDUDPHWHU H �RWKHU WKDQ ¿UVW OLQH�� 6R� LQ WKH DEVHQFH RI D IHHGEDFN HIIHFW �H � ��� WKH ¿UVW�RUGHU ELDV FDQ EH

GLUHFWO\ UHDG RII IURP WKH ¿UVW OLQH RI WKH DSSUR[LPDWLRQV� 1RWH WKDW WKH HOHPHQWDU\ ELDV IRUPXODH JLYHQ LQ WKH

LQWURGXFWLRQ DUH UHFRYHUHG LI WKH DSSURSULDWH VXEVWLWXWLRQV DUH PDGH� L�H� %U
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��� � ���� �D��7 � R�7��� IRU ;� � ;� � H � < � �� )XUWKHUPRUH� LW WXUQV RXW WKDW WKH H[SUHVVLRQV

IRU WKH ELDV RI WKH VWRFKDVWLF UHJUHVVRUV GR QRW GHSHQG RQ WKH YDOXH RI WKH LQWHUFHSW� +HQFH� WKH\ DUH LQYDULDQW

ZLWK UHVSHFW WR SDUDPHWHU A � )LQDOO\� LW DSSHDUV WKDW WKH 2/6 HVWLPDWRU ;� LV XQELDVHG WR ¿UVW RUGHU� ZKLFK LV LQ

FRQWUDVW WR WKH RWKHU WKUHH FRHI¿FLHQW HVWLPDWRUV�
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,Q WKLV VHFWLRQ� ZH VKDOO FRQVLGHU WKH VOLJKWO\ PRUH VSHFL¿F $'����� PRGHO� L�H� ZLWKRXW WKH ODJJHG H[RJHQRXV

YDULDEOH� 7R GLVWLQJXLVK WKH $'����� PRGHO IURP WKH $'����� PRGHO� WKH FRHI¿FLHQW ;� LV UHSODFHG E\ ;� VR

WKDW WKH HVWLPDWLRQ PRGHO EHFRPHV
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ZKLOH WKH PDUJLQDO PRGHO UHPDLQV XQFKDQJHG� ,Q PDWUL[ QRWLRQ� ZH REWDLQ
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ZKHUH : � �D� ;� A�)� $OWKRXJK WKH $'����� PRGHO HQFRPSDVVHV WKH $'����� PRGHO� WKH UHVXOWV IRU WKH ELDV

GR QRW UHVXOW GLUHFWO\ IURP 7KHRUHP � IRU �;�� ;�� � �;� ��� VLQFH WKH PDWULFHV �=
)=� DQG 4 IRU WKH $'�����

PRGHO DUH QRW VXEPDWULFHV RI WKHLU FRXQWHUSDUWV LQ WKH $'����� PRGHO�

8VLQJ WKH UHVXOWV LQ /HPPD � DQG VWUDLJKWIRUZDUG DOJHEUD� WKH IROORZLQJ UHVXOW FDQ EH GHULYHG �VHH $SSHQGL[

& IRU VRPH DGGLWLRQDO UHPDUNV��

7KHRUHP � 8QGHU $VVXPSWLRQ � IRU �;�� ;�� � �;� ��� WKH ELDV %: RI WKH 2/6 HVWLPDWRU : LQ PRGHO ���� FDQ

EH DSSUR[LPDWHG WR ¿UVW RUGHU DV
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7KH ELDV H[SUHVVLRQV LQ 7KHRUHP � DUH FRQVLGHUDEO\ PRUH VLPSOH WKDQ LQ 7KHRUHP �� 0RUHRYHU� WKH ;

FRHI¿FLHQW HVWLPDWRU LV ELDVHG� 6LQFH WKH UHVXOWV RI 7KHRUHP � FRQWLQXH WR KROG ZKHQ WKH UHJUHVVRU [W�� LV

UHGXQGDQW� L�H� ;� � �� ZH FRQFOXGH WKDW ; FDQ EH HVWLPDWHG XQELDVHGO\ XS WR ¿UVW RUGHU E\ HVWLPDWLQJ WKH

RYHUSDUDPHWHULVHG $'����� PRGHO� 6R� LQ WKLV SDUWLFXODU PRGHO� WKH ¿QLWH�VDPSOH SUREOHPV ZLWK UHVSHFW WR WKH

HVWLPDWLRQ ELDV RI ; FDQ EH UHGXFHG E\ LQFOXGLQJ D UHGXQGDQW UHJUHVVRU� YL]� [W���

*UXEE DQG 6\PRQV ������ VWXGLHG WKH ELDV RI WKH $5��� SDUDPHWHU LQ PRGHO ���� ZLWKRXW LQWHUFHSW ZKHQ

WKHUH LV QR IHHGEDFN HIIHFW �H � ��� )RU H � �� IRUPXOD ���� UHGXFHV WR
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,Q WKLV VHFWLRQ� ZH VKDOO LQYHVWLJDWH WKH EHKDYLRXU RI WKH ELDV�FRUUHFWLRQ IRUPXOD ���� DVVXPLQJ VWURQJO\ H[�

RJHQRXV UHJUHVVRUV� L�H� QR IHHGEDFN PHFKDQLVP LV DVVXPHG� ZKHQ LQ IDFW WKH UHJUHVVRUV DUH RQO\ ZHDNO\ EXW

QRW VWURQJO\ H[RJHQRXV� L�H� WKHUH GRHV H[LVW D IHHGEDFN PHFKDQLVP� 7R WKLV HQG� WKH ELDV IRUPXOD LJQRULQJ

IHHGEDFN PHFKDQLVPV� ZKLFK ZDV ¿UVW GHULYHG E\ *UXEE DQG 6\PRQV ������� LV VWXGLHG XQGHU D '*3 WKDW GRHV

LQYROYH D IHHGEDFN PHFKDQLVP�

&RQVLGHU WKH G\QDPLF UHJUHVVLRQ PRGHO
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ZKHUH ; LV D 7 � N PDWUL[ RI ¿[HG UHJUHVVRUV� ; GHQRWHV KHUH D YHFWRU RI XQNQRZQ SDUDPHWHUV DQG �D� � �� ,Q

PRGHO ����� RQO\ \�� LV D VWRFKDVWLF UHJUHVVRU� ZKLFK FDQ EH GHFRPSRVHG LQWR
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ZKHUH ) GHQRWHV D 7 � � YHFWRU HTXDO WR WKH ¿UVW FROXPQ RI PDWUL[ 8 JLYHQ LQ ���� IRU �M�O� � �D� �� DQG &

GHQRWHV D 7 � 7 PDWUL[ HTXDO WR WKH PDWUL[ 9 � 8 /7 IRU �M�O� � �D� ��� .LYLHW DQG 3KLOOLSV ������ VKRZ

WKDW WKH ELDV RI WKH YHFWRU :) � �D� ;)� XQGHU WKH DVVXPSWLRQ WKDW WKH UHJUHVVRUV DUH VWURQJO\ H[RJHQRXV FDQ EH

DSSUR[LPDWHG E\
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6LQFH H[SOLFLW H[SUHVVLRQV EHFRPH TXLFNO\ UDWKHU OHQJWK\� ZH VKDOO IRFXV RQ WKH HVWLPDWLRQ ELDV LQ WKH

$'����� PRGHO ZLWKRXW LQWHUFHSW
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ZKHUH ; LV QRZ D VFDODU DQG �D� � �� 'H¿QH WKH VFDODUV *P � 7��
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ZKHUH [W GHQRWHV WKH W�WK HOHPHQW RI [ � *� LV WKH VDPSOH YDULDQFH 7
���[ )[� RI WKH H[RJHQRXV YDULDEOH� ZKLOH

*P �P /� �� FRQVLVW RI WKH P�WK RUGHU VDPSOH DXWRFRYDULDQFH RI [ � ,Q DGGLWLRQ� OHW � �
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(TXDWLRQ ���� GLIIHUV VOLJKWO\ IURP HTXDWLRQ ���� RI *UXEE DQG 6\PRQV ������� VLQFH WKH\ RPLW WKH HIIHFW RI J �
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DQG WKH VHFRQG SDUW RI WKHLU IRUPXOD DSSHDUV WR KDYH D ZURQJ VLJQ�

6XSSRVH WKDW� FRQWUDU\ WR WKH FRQGLWLRQ WKDW [ LV D ¿[HG UHJUHVVRU� WKH PDUJLQDO PRGHO IRU [ LV JLYHQ E\

HTXDWLRQ ���� VR WKDW WKH PRGHO IRU [ FRQWDLQV D IHHGEDFN PHFKDQLVP� +HQFH� IRUPXOD ���� LV LQ HUURU VLQFH

LW ZDV GHULYHG XQGHU WKH DVVXPSWLRQ RI QR IHHGEDFN HIIHFW� +RZHYHU� LW VHHPV LQWHUHVWLQJ WR FRPSDUH WKH

EHKDYLRXU RI WKH HUURQHRXV ELDV IRUPXOD� L�H� %*6
D �7���� ZLWK WKDW RI WKH FRUUHFW ELDV IRUPXOD JLYHQ LQ 7KHRUHP

�� L�H� %U
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���� 7KH DSSUR[LPDWLRQV IRU *�� � DQG A� DUH GHULYHG LQ $SSHQGL[ '� 6XEVWLWXWLRQ RI WKHVH H[SUHVVLRQV LQ
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ZKHUH C k �� � D�M � DO� � �� � D�H; � < � D � <D��� $OWKRXJK LW LV SRVVLEOH WR JLYH D FORVHG�IRUP

DSSUR[LPDWLRQ WR WKH ELDV IRUPXOD %*6
D �7��� LQ WKH XQGHUO\LQJ SDUDPHWHUV� WKH IRUPXOD LV QRW VKRZQ KHUH VLQFH

LW LV UDWKHU OHQJWK\� 2I FRXUVH� WKLV LV D UHVXOW IURP WKH IDFW WKDW WKH ELDV IRUPXOD %*6
D �7��� LV HYDOXDWHG XQGHU D

SUREDELOLW\ PRGHO WKDW GLIIHUV IURP UHJUHVVLRQ HTXDWLRQ ���� LQ ZKLFK LW ZDV GHULYHG� :KHQ WKHUH LV QR IHHGEDFN

HIIHFW� L�H� H � �� WKH ELDV IRUPXOD %U
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��� VKRZQ LQ 7KHRUHP � UHGXFHV WR %*6
D �7���� ,Q JHQHUDO� KRZHYHU�

WKH WZR ELDV IRUPXODH DUH GLIIHUHQW� 7KH QXPHULFDO GLVFUHSDQF\ EHWZHHQ WKH WZR IRUPXODH IRU SDUWLFXODU YDOXHV

RI WKH XQGHUO\LQJ SDUDPHWHUV LV LOOXVWUDWHG LQ WKH QH[W VHFWLRQ� ZKLFK UHSRUWV VRPH QXPHULFDO DQG VLPXODWLRQ

UHVXOWV�
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,Q WKLV VHFWLRQ� WKH YDULRXV ELDV DSSUR[LPDWLRQV GHULYHG LQ WKLV SDSHU DUH LOOXVWUDWHG DQG FRPSDUHG IRU VHYHUDO

YDOXHV RI WKH SRSXODWLRQ SDUDPHWHUV� 7KH IRFXV LV RQ WKH GHSHQGHQFH RI WKH ELDV IRUPXODH RQ WKH SDUDPHWHUV

�H� < �� ZKLFK DSSHDU LQ WKH PDUJLQDO PRGHO� ,Q DGGLWLRQ� WKH ¿QLWH�VDPSOH SHUIRUPDQFH RI WZR GLIIHUHQW ELDV�

FRUUHFWHG HVWLPDWRUV LV H[DPLQHG WKURXJK 0RQWH &DUOR H[SHULPHQWV� 6HFWLRQ ��� FRQVLGHUV WKH $'����� PRGHO�

ZKLOH 6HFWLRQ ��� FRQVLGHUV WKH PRUH JHQHUDO $'����� PRGHO� ,Q ERWK VHFWLRQV� ZH FKRVH WR IRFXV RQ MXVW D

IHZ SDUWLFXODU EXW HPSLULFDOO\ UHOHYDQW QXPEHU RI SDUDPHWULVDWLRQV WR NHHS WKH QXPEHU RI ¿JXUHV DQG WDEOHV

PDQDJHDEOH�

&(� )�� ����� � �����

7KH SDUDPHWHUV RI WKH $'����� PRGHO \ � D\�� � ;[ � � DUH FKRVHQ DV

�D� ;� � ����� ����� ����

VR WKDW WKH ORQJ�UXQ PXOWLSOLHU RI [ ZLWK UHVSHFW WR \ LV HTXDO WR �� )RU WKLV SDUWLFXODU VHW RI YDOXHV� WKH WKUHH

LQHTXDOLWLHV JLYHQ LQ ���D�����F� OHDG WR WKH WULDQJXODU DGPLVVLEOH UHJLRQ RI �H� < � JLYHQ E\

< � �� H� ���D�

<  ��� ���H� ���E�

< � ���� ���F�

:LWKRXW ORVV RI JHQHUDOLW\� WKH YDULDQFH RI WKH PDUJLQDO PRGHO J �
@ LV QRUPDOL]HG WR �� 7R PDNH WKH RXWFRPHV

PRUH FRPSDUDEOH ZKHQ YDU\LQJ H DQG < � ZH VKDOO FRQWURO IRU WKH VLJQDO�WR�QRLVH UDWLR� 7KH SRSXODWLRQ 5� RI

WKH FRQGLWLRQDO PRGHO IRU \W � L�H�

5� � ��
J �
�

9DU�\W�
� ����

LV VHW WR ���� ,Q DGGLWLRQ� J �
� LV VHW WR ��� VLQFH WKH ELDV DJJUDYDWHV DV J

�
� LQFUHDVHV� $OO WKHVH UHVWULFWLRQV OHDG WR

WKH IROORZLQJ UHODWLRQVKLS EHWZHHQ H DQG <

�� �<

������ �< � �< � � �< ��� ����� < � �< ��H � ���� �< �H��
� ���� ����

7KH JUDSK LQ )LJXUH � LOOXVWUDWHV WKLV LPSOLFLW UHODWLRQVKLS DV H LV YDULHG RYHU WKH LQWHUYDO ������� ����� %HORZ�

ZH VKDOO H[DPLQH WKH YDULRXV ELDV IRUPXODH DORQJ /LQH � DQG /LQH �� WKHVH WZR OLQHV DUH VKRZQ LQ )LJXUH ��

,QVHUW )LJXUH � DERXW KHUH�

)LJXUH � VKRZV WKH ¿UVW�RUGHU ELDV ZKLFK ZDV GHULYHG XQGHU WKH DVVXPSWLRQ RI VWURQJ H[RJHQHLW\� L�H�

�7 %*6
D �7��� EDVHG RQ WKH DSSUR[LPDWLRQV VKRZQ LQ ���D�����F�� DQG WKH ELDV ZKLFK ZDV GHULYHG XQGHU WKH

DVVXPSWLRQ RI RQO\ ZHDN H[RJHQHLW\� L�H� �7 %U
D�7

��� EDVHG RQ WKH DSSUR[LPDWLRQ VKRZQ LQ 7KHRUHP � �

��



DORQJ /LQH �� )URP WKLV ¿JXUH� ZH REVHUYH WKDW�7 %U
D�7

��� YDULHV PRUH ZLGHO\ WKDQ�7 %*6
D �7���� )XUWKHU�

PRUH� WKH WZR IXQFWLRQV LQWHUVHFW DW VHYHUDO SRLQWV� RQH RI WKHP EHLQJ RI FRXUVH H � �� 0RUHRYHU� LQ WKH DUHD

H + ������������� D LV XSZDUG ELDVHG DOWKRXJK D LV SRVLWLYH� 7KLV LV LQ FRQWUDVW WR WKH VLPSOH $5��� PRGHO

ZKHUH WKH 2/6 HVWLPDWRU LV GRZQZDUG ELDVHG ZKHQ D LV SRVLWLYH� )LJXUH � VKRZV WKH WZR ELDV IRUPXODH DORQJ

/LQH �� $JDLQ WKH GLVFUHSDQF\ EHWZHHQ WKH WZR IRUPXODH FDQ EH VXEVWDQWLDO� )RU H � ����� WKH LQFRUUHFW ELDV

IRUPXOD �7 %*6
D �7��� LV VPDOOHU WKDQ WKH FRUUHFW IRUPXOD �7 %U

D�7
���� +HQFH� WKH ELDV IRUPXOD LJQRULQJ D

SRVVLEOH IHHGEDFN HIIHFW LV H[SHFWHG WR XQGHUFRUUHFW IRU WKH HVWLPDWLRQ ELDV ZKHQ H LV VXI¿FLHQWO\ QHJDWLYH�

,QVHUW )LJXUHV � DQG � DERXW KHUH�

1H[W� ZH VKDOO H[DPLQH WKH ELDV DQG HI¿FLHQF\ RI WZR ELDV�FRUUHFWHG HVWLPDWRUV IRU WKH $5��� FRHI¿FLHQW

HVWLPDWRU D� 6LQFH WKHVH HVWLPDWRUV DUH REWDLQHG E\ UHSODFLQJ SRSXODWLRQ SDUDPHWHUV E\ WKHLU HVWLPDWRUV� WKH

DQDO\VLV LV EDVHG RQ 0RQWH &DUOR H[SHULPHQWV� 7KHRUHP � FDQ EH XVHG WR GH¿QH D ELDV�FRUUHFWHG �%&� OHDVW�

VTXDUHV HVWLPDWRU IRU : � �D� ;�) LQ WKH $'����� PRGHO DV IROORZV�

@:�7��� � : � %:�7
���� ����

ZKHUH %:�7
��� LV %:�7

��� ZLWK SRSXODWLRQ YDOXHV UHSODFHG E\ 2/6 HVWLPDWRUV� +HQFH� WKH SRSXODWLRQ SDUDP�

HWHUV RI WKH FRQGLWLRQDO PRGHO �D� ;� J �
�� DUH UHSODFHG E\ WKH 2/6 HVWLPDWRUV � D� ;� V

�
� �� WKH SDUDPHWHUV RI WKH

PDUJLQDO PRGHO �H� < � J �
@� DUH UHSODFHG E\ WKH 2/6 HVWLPDWRUV � H� < � V

�
@� DQG WKH DSSUR[LPDWLRQ WHUP R�7���

LV VHW WR ]HUR� 1RWH WKDW WKH %& HVWLPDWRU EDVHG RQ 7KHRUHP � UHTXLUHV WKH DQDO\VLV RI WKH IXOO V\VWHP UDWKHU

WKDQ WKH SDUWLDO FRQGLWLRQDO PRGHO DORQH� 7KH QHHG WR DQDO\VH WKH IXOO V\VWHP LV D VHULRXV GUDZEDFN RI WKLV ELDV�

FRUUHFWLRQ SURFHGXUH EHFDXVH WKLV PDNHV LV PRUH YXOQHUDEOH WR VSHFL¿FDWLRQ HUURUV ZLWK UHVSHFW WR WKH PDUJLQDO

PRGHO� ,I RQH RQO\ FRQVLGHUV WKH FRQGLWLRQDO PRGHO DQG LV ZLOOLQJ WR LJQRUH WKH PDUJLQDO PRGHO� D %& HVWLPDWRU

FDQ DOVR EH REWDLQHG E\ WKH ELDV DSSUR[LPDWLRQ %. 3K
: �7��� GHULYHG E\ .LYLHW DQG 3KLOOLSV ������� ZKLFK LV

UHSURGXFHG LQ HTXDWLRQ ����� 7KLV ODWWHU SURFHGXUH LV LQFRUUHFW ZKHQ WKH V\VWHP GRHV FRQWDLQ D IHHGEDFN PHFK�

DQLVP� L�H� H /� �� 6LQFH ERWK ELDV IRUPXODH DUH GHULYHG XQGHU WKH DVVXPSWLRQ �D� � �� LW VHHPV VHQVLEOH WR

WUXQFDWH D WR ���� ZKHQ WKH HYHQW D  ���� RFFXUV LQ D SDUWLFXODU VDPSOH�

7KH ELDV DQG PHDQ VTXDUHG HUURU RI WKH 2/6 DQG %& HVWLPDWRUV : DQG @: DUH FRPSDUHG E\ 0RQWH &DUOR

H[SHULPHQWV� ,Q WKH VLPXODWLRQV� ZH FKRVH H � 
������� ���� �� DQG < VXFK WKDW 5� � ��� DQG J �
� � ���� L�H�

RQ WKH WZR OLQHV VKRZQ LQ )LJXUH �� 7KH VLPXODWLRQ UHVXOWV DUH EDVHG RQ ������ �� 1� UHSOLFDWLRQV� 6LQFH WKH

¿UVW�RUGHU ELDV GRHV QRW GHSHQG XSRQ WKH VWDUWLQJ YDOXHV� ZH FKRRVH �\�� [�� � ��� ��� ,Q HDFK UHSOLFDWLRQ� :

DQG @: DUH HVWLPDWHG RQ D VDPSOH RI VL]H 7 � ��� $ 0RQWH &DUOR HVWLPDWRU RI WKH ELDV IRU : LV JLYHQ E\

%LDV� :� � 1��
13
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ZKHUH :L GHQRWHV WKH 2/6 HVWLPDWHV REWDLQHG LQ WKH L�WK 0RQWH &DUOR UHSOLFDWLRQ� $ 0RQWH &DUOR HVWLPDWRU RI

WKH PHDQ VTXDUHG HUURU �06(� IRU : LV JLYHQ E\

06(� :� � 1��'LDJ
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ZKHUH WKH IXQFWLRQ 'LDJ��� VHOHFWV WKH GLDJRQDO HOHPHQWV� 7KH ELDV DQG 06( IRU @: DUH GH¿QHG DQDORJRXVO\�

$OO VLPXODWLRQV ZHUH FDUULHG RXW RQ D SHUVRQDO FRPSXWHU XVLQJ *DXVV ����

,QVHUW 7DEOHV � DQG � DERXW KHUH�

7DEOH � VKRZV WKH VLPXODWLRQ UHVXOWV ZLWK UHVSHFW WR D LQ WKH $'����� PRGHO ZLWKRXW LQWHUFHSW� 6LQFH @D

EDVHG RQ WKH FRUUHFW ELDV DSSUR[LPDWLRQ LV YLUWXDOO\ XQELDVHG� LW VHHPV WKDW� RQ DYHUDJH� WKH ELDV DSSUR[LPDWLRQ

GHULYHG LQ 7KHRUHP � DQG VKRZQ LQ )LJXUH � FORVHO\ FRUUHVSRQGV WR WKH DFWXDO ELDV� $V REVHUYHG EHIRUH� WKHUH LV

D UHJLRQ IRU ZKLFK WKH ELDV LV SRVLWLYH� VHH WKH UHVXOWV IRU �H� < � � ����� ������ DQG �H� < � � ������������

,Q WKLV UHJLRQ� WKH ELDV FRUUHFWLRQ LJQRULQJ DQ\ IHHGEDFN HIIHFWV GRHV QRW VHHP WR SLFN XS WKH ELDV FRUUHFWO\ EXW

LQVWHDG DJJUDYDWHV LW� )RU DOPRVW HYHU\ FRPELQDWLRQ RI �H� < �� WKH %& HVWLPDWRU EDVHG RQ WKH ZKROH V\VWHP LV

PRUH XQELDVHG WKDQ WKH %& HVWLPDWRU EDVHG RQ WKH FRQGLWLRQDO PRGHO RQO\� -XGJH E\ WKH HI¿FLHQF\ FULWHULRQ�

KRZHYHU� QR FOHDU�FXW SLFWXUH HPHUJHV IURP WKH UHSRUWHG UHVXOWV� 6RPHWLPHV WKH %& HVWLPDWRU EDVHG RQ WKH

ZKROH V\VWHP LV PRUH HI¿FLHQW WKDQ WKH %& HVWLPDWRU EDVHG RQ WKH SDUWLDO FRQGLWLRQDO PRGHO� DOWKRXJK QRW

DOZD\V� 0RUH LPSRUWDQWO\� LQ MXVW WZR LQVWDQFHV� WKH %& HVWLPDWRU EDVHG RQ 7KHRUHP � LV PRUH HI¿FLHQW WKDQ

WKH XQFRUUHFWHG HVWLPDWRU� 6XUSULVLQJO\� WKH %& HVWLPDWRU EDVHG RQ RQO\ WKH FRQGLWLRQDO PRGHO VHHPV WR EH

PRUH HI¿FLHQW IRU D ODUJHU UDQJH RI �H� < ��YDOXHV�

7DEOH � VKRZV WKH VLPXODWLRQ UHVXOWV ZKHQ D UHGXQGDQW LQWHUFHSW LV DGGHG WR WKH HVWLPDWLRQ PRGHO �A � ���

&RPSDULQJ WKHVH QXPEHUV ZLWK WKH UHVXOWV VKRZQ LQ 7DEOH �� ZH FRQFOXGH WKDW WKH ELDV KDV HQODUJHG� :LWK

UHVSHFW WR WKH �UHPDLQLQJ� ELDV RI ERWK %& HVWLPDWRUV� WKH UHVXOWV DUH TXDOLWDWLYHO\ WKH VDPH� $V EHIRUH� WKH

UHGXFWLRQ LQ ELDV FDQ EH YHU\ VXEVWDQWLDO HVSHFLDOO\ IRU WKH %& HVWLPDWRU EDVHG RQ WKH ZKROH V\VWHP� DOWKRXJK

WKH ELDV UHGXFWLRQ LV OHVV VXFFHVVIXO WKDQ LQ WKH PRGHO ZLWKRXW LQWHUFHSW� :LWK UHVSHFW WR WKH HI¿FLHQF\� ZH

QRZ REVHUYH WKDW WKHUH LV D ODUJHU UDQJH IRU ZKLFK WKH %& HVWLPDWRUV DUH PRUH HI¿FLHQW WKDQ WKH XQFRUUHFWHG

HVWLPDWRU� $JDLQ� WKHUH LV QR JOREDO ZLQQHU VLQFH WKHUH DUH FRPELQDWLRQV RI �H� < � ZKHUH WKH %& HVWLPDWRU

EDVHG RQ WKH ZKROH V\VWHP LV PRUH HI¿FLHQW WKDQ WKH %& EDVHG RQ WKH FRQGLWLRQDO PRGHO DQG YLFH YHUVD�

2YHUDOO� ZH FRQFOXGH WKDW WKH %& HVWLPDWRU EDVHG RQ WKH ZKROH V\VWHP H[KLELWV WKH OHDVW ELDV� 6RPHZKDW

XQH[SHFWHGO\� WKH LQFRUUHFW %& HVWLPDWRU LJQRULQJ DQ\ IHHGEDFN HIIHFWV LV FRPSDUDEOH WR WKH FRUUHFW %& HVWL�

PDWRU WDNLQJ IHHGEDFN HIIHFWV LQWR DFFRXQW LQ WHUPV RI HI¿FLHQF\� 7KHVH WZR ¿QGLQJV OHDG XV WR FRQFOXGH WKDW

WKH HIIHFWLYHQHVV RI WKH KLJKO\ QRQ�OLQHDU ELDV IRUPXOD DVVXPLQJ ZHDNO\ H[RJHQRXV UHJUHVVRUV LV OLPLWHG ZKHQ

WKH SRSXODWLRQ SDUDPHWHUV DUH UHSODFHG E\ WKHLU HVWLPDWHV� )XUWKHUPRUH� WKH UHJLRQ LQ ZKLFK DQ HI¿FLHQF\ JDLQ

LV DFKLHYHG VHHPV WR EH OLPLWHG�

&(� )�� ������� �����

1H[W� ZH FRQVLGHU WKH $'����� PRGHO LQFOXGLQJ DQ LQWHUFHSW ZLWK SDUDPHWHUV WKDW DUH FKRVHQ WR FRUUHVSRQG

FORVHO\ WR SDUWLFXODU HVWLPDWHV REWDLQHG LQ SUDFWLFH� ,Q DFFRUGDQFH ZLWK DQ DQQXDO FRQVXPSWLRQ IXQFWLRQ� FI�

+HQGU\ ������� ZH FKRVH

�D� ;�� ;�� � ����� ���������� ����

��



7KH SDUDPHWULVDWLRQ LQ ���� JLYHV ULVH WR D WRWDO PXOWLSOLHU RI [ ZLWK UHVSHFW WR \ RI � � �;� � ;����� � D�

DQG DQ LPPHGLDWH LPSDFW PXOWLSOLHU RI ��� � ;�� )RU WKH PDUJLQDO PRGHO� ZH WRRN J
�
@ � � ZLWKRXW ORVV RI

JHQHUDOLW\� 6LQFH WKH ELDV RI WKH 2/6 HVWLPDWRUV D� ;� DQG ;� DUH LQYDULDQW WR A �VHH 7KHRUHP ��� ZH WRRN A���

7KH SDUDPHWHU J �
� LV FKRVHQ LQ VXFK D ZD\ WKDW WKH SRSXODWLRQ 5� RI WKH FRQGLWLRQDO PRGHO IRU \W JLYHQ LQ ���

HTXDOV ���� FI� +HQGU\ ������ HT� ���� %\ WKH GHFRPSRVLWLRQ JLYHQ LQ ����� LW IROORZV WKDW WKH PXOWLSOLHUV RI WKH

YDULDQFH RI \W ZLWK UHVSHFW WR J
�
� DQG J

�
@ DUH HTXDO WR WKH OHDGLQJ WHUPV RI UHVSHFWLYHO\ 7U�3

)3� DQG 7U�& )&��

VR WKDW

9DU�\W� �
��� < � � �<M �O � < �O
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6XEVWLWXWLRQ RI ���� LQWR 5� � �� J �
��9DU�\W �� HYDOXDWHG DQG VLPSOL¿HG DW �D� ;�� ;�� A� 5

�� J �
@� � ����� ����

����� ���� ���� �� JLYHV

J �

� �
��� ��H � �<

����H� � H����< � ���� �H����� ��< � ��< ��� ���� �< � �< � � �< ���
� ����

)RU RXU SDUWLFXODU FKRLFH RI �D� ;�� ;��� WKH V\VWHP LV VWDEOH ZKHQ

< � �� H� ���D�

<  ��� �

�
H� ���E�

< � �

�
� �

�
H� ���F�

7KLV WULDQJXODU UHJLRQ LV VKRZQ LQ )LJXUH ��

,QVHUW )LJXUH � DERXW KHUH�

)LJXUH � VKRZV �7 WLPHV WKH ¿UVW�RUGHU ELDV IRU WKH $5��� FRHI¿FLHQW DV IXQFWLRQ RI WKH SDUDPHWHUV RI WKH

PDUJLQDO PRGHO XQGHU WKH DGGLWLRQDO UHVWULFWLRQ WKDW �H � � � DQG �< � � �� )URP WKLV ¿JXUH ZH REVHUYH WKDW

WKHUH DUH LQGHHG UHJLRQV ZKHUH WKH ELDV RI WKH $5����FRHI¿FLHQW HVWLPDWRU GHSHQGV KHDYLO\ RQ WKH YDOXHV RI

WKH SDUDPHWHUV LQ WKH PDUJLQDO PRGHO� L�H� �H� < �� 7KH ELDV VHHPV WR EH PRVW VHYHUH ZKHQ H DQG < DUH ERWK

SRVLWLYH�

,QVHUW )LJXUH � DERXW KHUH�

,Q WKH $'����� PRGHO� 7KHRUHP � FDQ EH XWLOLVHG WR REWDLQ D %& HVWLPDWRU IRU :) � �D� ;�� ;�� A� ZKLFK LV

YDOLG LQ FDVH WKH UHJUHVVRUV DUH ZHDNO\ H[RJHQRXV� $ ¿UVW�RUGHU %& HVWLPDWRU IRU : EDVHG RQ VWURQJO\ H[RJHQRXV

UHJUHVVRUV FDQ EH REWDLQHG E\ XWLOLVLQJ WKH IRUPXOD %. 3K
: �7��� DV VKRZQ LQ ����� $V LQ WKH SUHYLRXV VXEVHFWLRQ�

WKH 0RQWH &DUOR UHVXOWV DUH EDVHG RQ ������ �� 1� UHSOLFDWLRQV� 7R H[DPLQH WKH HIIHFW RI WKH QXPEHU RI

REVHUYDWLRQV� WZR VDPSOH VL]HV 7 � �� DQG 7 � �� DUH FRQVLGHUHG�

,QVHUW 7DEOHV ��� DERXW KHUH�

��



7DEOHV �±� VKRZ WKH VLPXODWLRQ UHVXOWV REWDLQHG LQ WKH 0RQWH &DUOR H[SHULPHQWV� WKH ¿UVW WZR WDEOHV UHIHU

WR D� ZKLOH WKH ODVW WZR WDEOHV UHIHU WR ;�� 6LQFH WKH ¿UVW�RUGHU ELDV RI ;� LV ]HUR� ZH KDYH WKDW WKH %& HVWLPDWRU

HTXDOV WKH XQFRUUHFWHG HVWLPDWRU� L�H� @;� � ;�� +HQFH� WKH UHVXOWV ZLWK UHVSHFW WR WKH FRHI¿FLHQW ;� DUH QRW

UHSRUWHG� )URP 7DEOHV �±�� ZH REVHUYH WKDW D LV QHJDWLYHO\ ELDVHG� ZKLOH ;� LV SRVLWLYHO\ ELDVHG� 7KH ELDV RI

D VHHPV WR EH WZLFH DV ODUJH LQ PDJQLWXGH WKDQ WKH ELDV RI ;�� 7KH ELDV RI D IRU 7 � �� OLHV LQ WKH UDQJH

�±������±������� ZKLOH IRU 7 � �� LW OLHV LQ WKH UDQJH �±������ ±������� 2Q DYHUDJH� WKH %& HVWLPDWRU EDVHG

RQ WKH ZKROH V\VWHP LV VOLJKWO\ OHVV ELDVHG WKDQ WKH %& HVWLPDWRU EDVHG RQ WKH FRQGLWLRQDO PRGHO RQO\� ,Q

FRQWUDVW WR WKH $'����� PRGHO� ERWK %& HVWLPDWRUV DUH XQLIRUPO\ PRUH HI¿FLHQW WKDQ WKH XQFRUUHFWHG HVWLPDWRU

D� &RPSDULQJ WKLV WR WKH UHVXOWV REWDLQHG LQ 6HFWLRQ ���� WKH HI¿FLHQF\ JDLQ VHHPV WR EH D FRQVHTXHQFH RI

WKH SDUWLFXODU PRGHO DQG SDUDPHWHU YDOXHV ZH FRQVLGHU� 6XUSULVLQJO\ DJDLQ� WKH WZR %& SURFHGXUHV SHUIRUP

HTXDOO\ ZHOO LQ WHUPV RI HI¿FLHQF\� DOWKRXJK LQ � RXW RI �� YDOXHV IRU �H� < � WKH %& HVWLPDWRU EDVHG RQ WKH

ZKROH V\VWHP DFKLHYHV D VOLJKWO\ ORZHU 06( WKDQ WKH %& HVWLPDWRU EDVHG RQ WKH FRQGLWLRQDO PRGHO RQO\� 2Q

DYHUDJH� WKH UHGXFWLRQ LQ WKH 06( IRU ERWK %& HVWLPDWRUV VHHPV WR EH DSSUR[LPDWHO\ ���� ZKLFK LV TXLWH KLJK�

:KHQ WKH VDPSOH VL]H LV GRXEOHG� WKH HI¿FLHQF\ JDLQ LV RQO\ VOLJKWO\ OHVV� 7KH ELDV RI ;� IRU 7 � �� OLHV LQ

WKH UDQJH ������� ������� ZKLOH IRU 7 � �� LW OLHV LQ WKH UDQJH ������� ������� $V EHIRUH� WKH %& HVWLPDWRUV DUH

PRUH HI¿FLHQW WKDQ WKH 2/6 HVWLPDWRU IRU DOO WKH YDOXHV RI �H� < � FRQVLGHUHG LQ WKH 0RQWH &DUOR H[SHULPHQWV�

7KH DYHUDJH UHGXFWLRQ LQ WKH 06( DFKLHYHG E\ WKH %& HVWLPDWRUV HTXDOV DSSUR[LPDWHO\ ���� ZKLFK LV OHVV

WKDQ WKH UHGXFWLRQ LQ 06( DFKLHYHG E\ @D� ,Q WKH PDMRULW\ RI WKH FRQVLGHUHG �H� < � YDOXHV� WKH %& WDNLQJ

WKH IHHGEDFN PHFKDQLVP LQWR DFFRXQW H[KLELWV OHVV ELDV WKDQ WKH %& HVWLPDWRU LJQRULQJ DQ\ IHHGEDFN HIIHFWV�

2YHUDOO� WKH ¿UVW�RUGHU %& HVWLPDWRUV VXEVWDQWLDOO\ UHGXFH WKH ELDV DQG DUH PRUH HI¿FLHQW WKDQ 2/6� DW OHDVW LQ

WKH SDUDPHWULVDWLRQV ZH H[DPLQHG�

* +��	���
���
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