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Eldv fruuhfwlrq lq wkh g|qdplf sdqho gdwd prgho
zlwk d qrqvfdodu glvwxuedqfh fryduldqfh pdwul{

Pdxulfh M1J1 Exq�

Xqlyhuvlw| ri Dpvwhugdp

< Mdqxdu| 5334

MHO0frgh= F46> F56> H74

Nh|zrugv= dv|pswrwlf h{sdqvlrqv/ eldv fruuhfwlrq/ errwvwuds/
g|qdplf sdqho gdwd prgho/ khwhurvfhgdvwlflw|/ prqh| ghpdqg

Devwudfw

Dssur{lpdwlrq irupxodh duh ghyhorshg iru wkh eldv ri ruglqdu| dqg jhq0
hudol}hg Ohdvw Vtxduhv Gxpp| Yduldeoh +OVGY, hvwlpdwruv lq g|qdplf
sdqho gdwd prghov1 Uhvxowv iurp Nlylhw +4<<8/ 4<<<, duh h{whqghg wr kljkhu0
rughu g|qdplf sdqho gdwd prghov zlwk jhqhudo fryduldqfh vwuxfwxuh1 Wkh
irfxv lv rq hvwlpdwlrq ri erwk vkruw0 dqg orqj0uxq frh!flhqwv1 Wkh uhvxowv
vkrz wkdw surshu prghoolqj ri wkh glvwxuedqfh fryduldqfh vwuxfwxuh lv lqglv0
shqvdeoh1 Wkh eldv dssur{lpdwlrqv duh xvhg wr frqvwuxfw eldv fruuhfwhg hv0
wlpdwruv zklfk duh wkhq dssolhg wr txduwhuo| gdwd iurp 47 Hxurshdq Xqlrq
frxqwulhv1 Prqh| ghpdqg ixqfwlrqv iru P4> P5 dqg P6 duh hvwlpdwhg iru
wkh HX duhd dv d zkroh iru wkh shulrg 4<<4=L04<<8=LY1 Vljql�fdqw vslooryhuv
ehwzhhq frxqwulhv duh irxqg uh hfwlqj wkh ghshqghqfh ri grphvwlf prqh|
ghpdqg rq iruhljq ghyhorsphqwv1 Wkh hpslulfdo uhvxowv vkrz wkdw lq jhq0
hudo sodxvleoh orqj0uxq h�hfwv duh rewdlqhg e| wkh eldv fruuhfwhg hvwlpdwruv1
Pruhryhu/ eldv fruuhfwlrq fdq eh vxevwdqwldo xqghuolqlqj wkh lpsruwdqfh ri
pruh uh�qhg hvwlpdwlrq whfkqltxhv1 Dovr wkh h!flhqf| jdlqv e| h{sorlwlqj
wkh khwhurvfhgdvwlflw| dqg furvv0fruuhodwlrq sdwwhuqv ehwzhhq frxqwulhv duh
vrphwlphv frqvlghudeoh1

� Wlqehujhq Lqvwlwxwh ) Idfxow| ri Hfrqrplfv dqg Hfrqrphwulfv/ Xqlyhuvlw| ri Dpvwhugdp/
Urhwhuvvwuddw 44/ 434; ZE Dpvwhugdp/ Wkh Qhwkhuodqgv +PEXQCIHH1XyD1QO,1 L zdqw wr
wkdqn P1P1J1 Idvh dqg F1F1D1 Zlqghu iru nlqgo| pdnlqj dydlodeoh wkh gdwd xvhg lq wklv sdshu1
L dp lqghewhg wr Mdq Nlylhw iru klv frqvwuxfwlyh frpphqwv1 Wklv sdshu kdv ehhq suhvhqwhg dw
wkh Qlqwk Lqwhuqdwlrqdo Frqihuhqfh rq Sdqho Gdwd lq Jhqhyd +Mxqh 5333, dqg dw wkh Zruog
Frqjuhvv ri wkh Hfrqrphwulf Vrflhw| lq Vhdwwoh +Dxjxvw 5333,1



41 Lqwurgxfwlrq

Lq wklv vwxg| zh dqdo|vh ydulrxv ohdvw vtxduhv edvhg hvwlpdwlrq surfhgxuhv iru wkh
g|qdplf sdqho gdwd prgho zlwk �{hg lqglylgxdo h�hfwv dqg d qrqvfdodu frydul0
dqfh pdwul{1 Erwk wkh ruglqdu| dqg jhqhudol}hg Ohdvw Vtxduhv Gxpp| Yduldeohv
+OVGY, hvwlpdwruv duh frqvlghuhg1 Wkh fkrlfh ri wkh prgho dqg hvwlpdwruv lv
edvhg pdlqo| rq wkh w|slfdo hpslulfdo vwxg| dw kdqg/ l1h1 hvwlpdwlrq ri prqh|
ghpdqg ixqfwlrqv lq wkh duhd ri wkh Hxurshdq Xqlrq +HX,1 Wkh gdwd duh d furvv0
vhfwlrq ri wlphv vhulhv iru 47 HX frxqwulhv dqg wkh qxpehu ri furvv0vhfwlrq xqlwv
� lq wkh gdwdvhw lv uhodwlyho| vpdoo frpsduhg zlwk wkh wlph glphqvlrq A 1 Lq
dq hduolhu vlpxodwlrq vwxg| +Exq dqg Nlylhw/ 4<<<,/ zh irxqg wkdw lq wkh �uvw0
rughu g|qdplf sdqho gdwd prgho zlwk d vfdodu fryduldqfh pdwul{ wkh eldv ri ohdvw
vtxduhv edvhg whfkqltxhv lv uhodwlyho| vpdoo frpsduhg wr lqvwuxphqwdo yduldeohv
edvhg phwkrgv zkhq A lv odujhu wkdq � 1 Edvhg rq d phdq vtxduhg huuru fulwhulrq/
ohdvw vtxduhv phwkrgv duh wr eh suhihuuhg lq wklv fdvh1

Qrwzlwkvwdqglqj wkh vxshulru shuirupdqfh ri ohdvw vtxduhv phwkrgv/ wkh| duh
vwloo eldvhg lq g|qdplf prghov gxh wr wkh lqfoxvlrq ri odjjhg ghshqghqw yduldeoh
uhjuhvvruv dqg uhtxluh A odujh iru frqvlvwhqf|1 Hduolhu vlpxodwlrq vwxglhv +Exq dqg
Nlylhw/ 4<<<> Mxgvrq dqg Rzhq/ 4<<<, vkrz wkdw wkhvh eldvhv fdq eh vxevwdqwldo
hvshfldoo| iru shuvlvwhqw prghov/ l1h1 vwdeoh g|qdplf prghov zkhuh wkh frh!flhqw
ri wkh odjjhg ghshqghqw yduldeoh lv forvh wr xqlw|1 Dv wkhvh prghov duh frpprqo|
hqfrxqwhuhg lq pdfur0hfrqrplf dssolfdwlrqv olnh wkh hpslulfdo vwxg| rq prqh|
ghpdqg/ lw lv lpsruwdqw wr ghyhors pruh dffxudwh hvwlpdwlrq surfhgxuhv1

Lq wklv vwxg|/ zh zloo ghyhors dowhuqdwlyh frh!flhqw hvwlpdwruv e| dsso|lqj
eldv fruuhfwlrqv rq ruljlqdo hvwlpdwruv1 Xvlqj dv|pswrwlf h{sdqvlrq whfkqltxhv/
Nlylhw +4<<8/ 4<<<, ghulyhv dq dssur{lpdwlrq irupxod iru wkh eldv ri wkh rugl0
qdu| OVGY hvwlpdwru lq wkh �uvw0rughu vwdeoh g|qdplf sdqho gdwd prgho zlwk
qrupdo glvwxuedqfhv dqg d vfdodu fryduldqfh pdwul{1 Zh xvh wkhvh dqg rwkhu uh0
vxowv rq eldv dssur{lpdwlrq lq kljkhu0rughu g|qdplf uhjuhvvlrq prghov +Nlylhw
dqg Skloolsv/ 4<<7, wr ghyhors eldv h{suhvvlrqv iru wkh ruglqdu| dqg jhqhudol}hg
OVGY hvwlpdwruv lq kljkhu0rughu g|qdplf sdqho gdwd prghov zlwk jhqhudo frydul0
dqfh vwuxfwxuh1 Erwk h{whqvlrqv duh qhfhvvdu| wr dsso| eldv fruuhfwhg hvwlpdwruv
lq hpslulfdo zrun1 Lq wkh hpslulfdo vwxg| rq HX zlgh prqh| ghpdqg/ iru h{0
dpsoh/ lw wxuqv rxw wkdw wkh �uvw0rughu g|qdplf prgho lv qrw jhqhudo hqrxjk wr
fdswxuh doo wkh g|qdplf ihdwxuhv lq wkh gdwd1 Uhjduglqj wkh glvwxuedqfh frydul0
dqfh vwuxfwxuh/ zkhq dqdo|vlqj wlph vhulhv iru d jurxs ri frxqwulhv erwk furvv0
vhfwlrqdo khwhurvfhgdvwlflw| dqg lqwhughshqghqflhv ehwzhhq frxqwulhv duh olnho| wr
eh suhvhqw1 Khqfh/ glvwxuedqfh yhfwruv ri gl�huhqw furvv0vhfwlrq xqlwv kdyh gl�hu0
hqw yduldqfhv dqg pd| eh fruuhodwhg1 Wr wkh h{whqw wkdw wkh fryduldqfh pdwul{ ri
wkh glvwxuedqfhv lv qrqvfdodu/ rqh vkrxog h{solflwo| wdnh wklv lqwr dffrxqw lq dq|
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lqihuhqfh surfhgxuh h{sorlwlqj wkh sdqho qdwxuh ri wkh gdwd1
Dsduw iurp ghyhorslqj pruh dffxudwh hvwlpdwlrq surfhgxuhv iru wkh vr0fdoohg

vkruw0uxq sdudphwhuv/ hvwlpdwlrq ri rwkhu prgho sdudphwhuv lv frqvlghuhg dovr1
Iluvw/ lq wkh fdvh ri wkh prqh| ghpdqg uhodwlrqvkls wkh orqj0uxq h�hfwv duh lp0
sruwdqw iru srolf|pdnhuv1 Khqfh/ d fohdu glvwlqfwlrq lv pdgh ehwzhhq hvwlpdwlrq
ri vkruw0 dqg orqj0uxq sdudphwhu yhfwruv1 Wkh gluhfw eldv fruuhfwlrq rq orqj0uxq
frh!flhqwv/ sursrvhg e| Shvdudq dqg ]kdr +4<<<, lq wkh frqwh{w ri wkh g|qdplf
udqgrp frh!flhqwv prgho/ lv dssolfdeoh khuh dovr1 Vhfrqg/ lq sudfwlfh riwhq sdu0
wlfxodu olqhdu uhvwulfwlrqv duh lpsrvhg rq wkh sdudphwhuv ehiruh hvwlpdwlrq1 Iru
h{dpsoh/ lq hpslulfdo vwxglhv ri prqh| ghpdqg riwhq orqj0uxq sulfh ru lqfrph
krprjhqhlw| lv lpsrvhg1 Khqfh/ zh dovr ghyhors eldv dssur{lpdwlrq irupxodh iru
uhvwulfwhg hvwlpdwruv dorqj wkh olqhv ri Nlylhw dqg Skloolsv +4<<7,1 Wklug/ lq wkh
w|sh ri prgho dqdo|vhg lq wklv vwxg|/ hvwlpdwlrq ri wkh yduldqfhv ri frh!flhqw
hvwlpdwruv e| frqyhqwlrqdo dv|pswrwlf h{suhvvlrqv fdq eh gudpdwlfdoo| lqdffx0
udwh +Iuhhgpdq dqg Shwhuv/ 4<;7> Ehfn dqg Ndw}/ 4<<8,1 Khqfh/ zh pdnh xvh ri
errwvwuds surfhgxuhv wr hvwlpdwh vwdqgdug huuruv1

Wkh eldv h{suhvvlrqv ghyhorshg lq wklv vwxg| zloo eh xvhg wr frqvwuxfw eldv
fruuhfwhg hvwlpdwruv dqg wkh| zloo eh dssolhg lq wkh hpslulfdo vwxg| rq prqh|
ghpdqg1 Ydulrxv dxwkruv kdyh hvwlpdwhg d prqh| ghpdqg ixqfwlrq edvhg rq
djjuhjdwhg wlph vhulhv iru wkh zkroh HX duhd dqg whvwhg wkh vwdelolw| ri wklv
ixqfwlrq wkurxjk wlph +Nuhphuv dqg Odqh/ 4<<3> Prqwlfhool dqg Sdsl/ 4<<9> Idvh
dqg Zlqghu/ 4<<;,1 Doo wkrvh vwxglhv xvh wlph vhulhv whfkqltxhv/ exw frqvlghulqj
wkh HX frxqwulhv dv d furvv0vhfwlrq rqh fdq srvvleo| xvh sdqho gdwd whfkqltxhv1
Zh zloo h{dplqh wr zkdw h{whqw sdqho gdwd whfkqltxhv duh d ydolg dowhuqdwlyh iru
hvwlpdwlqj HX zlgh prqh| ghpdqg ixqfwlrqv1 Xvlqj djjuhjdwhg wlph vhulhv lw kdv
ehhq irxqg wkdw HX zlgh prqh| ghpdqg lv pruh vwdeoh wkdq prqh| ghpdqg lq
wkh lqglylgxdo phpehu frxqwulhv1 Dq h{sodqdwlrq iru wklv idfw lv wkdw zkhq xvlqj
djjuhjdwhg gdwd vslooryhu h�hfwv ehwzhhq frxqwulhv duh lqwhuqdol}hg1 Dv prqh|
ghpdqg vshfl�fdwlrqv iru lqglylgxdo frxqwulhv w|slfdoo| gr qrw frqwdlq yduldeohv
phdvxulqj iruhljq ghyhorsphqwv/ vshfl�fdwlrq eldv pd| fdxvh wkhp wr eh ohvv
vwdeoh wkdq djjuhjdwhg prqh| ghpdqg1 H{sorlwlqj wkh sdqho qdwxuh ri wkh gdwd
zh wu| wr lghqwli| vslooryhuv ehwzhhq frxqwulhv e| vshfli|lqj d jhqhudo glvwxuedqfh
fryduldqfh vwuxfwxuh dqg lqfoxglqj iruhljq yduldeohv lq wkh hpslulfdo vshfl�fdwlrq1

Vhfwlrq 5 jlyhv dq rxwolqh ri wkh prgho1 Lq hydoxdwlqj wkh eldv whupv ri wkh
hvwlpdwruv/ d ghwdlohg nqrzohgjh ri wkh vwrfkdvwlf vwuxfwxuh ri wkh prgho lv qhhghg
dqg wklv lv ghvfulehg lq wklv vhfwlrq1 Lq vhfwlrq 6 eldv h{suhvvlrqv iru ruglqdu|
dqg jhqhudol}hg OVGY hvwlpdwruv zloo eh ghyhorshg1 Lq vhfwlrq 7 zh frqvlghu
hvwlpdwlrq xqghu olqhdu uhvwulfwlrqv/ zkloh hvwlpdwruv ri orqj0uxq sdudphwhuv zloo
eh dqdo|vhg lq vhfwlrq 81 Lq vhfwlrq 9 hvwlpdwlrq ri dv|pswrwlf vwdqgdug huuruv e|
xvlqj hlwkhu dqdo|wlfdo h{suhvvlrqv ru errwvwuds surfhgxuhv zloo eh glvfxvvhg1 Lq
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vhfwlrq : wkh hvwlpdwlrq whfkqltxhv zloo eh dssolhg wr hvwlpdwh HX zlgh prqh|
ghpdqg ixqfwlrqv iru P4/ P5 dqg P61 Wkh hpskdvlv lv rq wkh sodxvlelolw| ri
frh!flhqw hvwlpdwhv dqg h�hfwlyhqhvv ri eldv dssur{lpdwlrqv1 Vhfwlrq ; frqfoxghv1

51 Prgho

Zh frqvlghu wkh kljkhu0rughu g|qdplf sdqho gdwd prgho

+�| '
�[
R'�

�R+�c|3R n q�%�| n #� n 0�|c � ' �c ���c � ( | ' �c ���c A� +514,

Lq wklv prgho wkh ghshqghqw yduldeoh +�| lv uhjuhvvhg rq d g � � yhfwru ri h{0
sodqdwru| yduldeohv %�| zlwk sdudphwhu yhfwru qc � odjjhg ydoxhv ri wkh ghshqghqw
yduldeoh dqg dq lqglylgxdo vshfl�f frqvwdqw #�1 Wkh h{sodqdwru| yduldeohv lq %�|
duh dvvxphg wr eh vwulfwo| h{rjhqrxv/ l1h1

. d%�|0�ro ' fc ;�c �c |c rc

dqg wkh lqglylgxdo h�hfwv #� duh dvvxphg �{hg/ exw xqnqrzq1 Qrwh wkdw erwk
wkh xqlyduldwh surfhvvhv iru +�| dqg wkh hohphqwv ri %�| pd| frqwdlq xqlw urrwv1
Krzhyhu/ wkh uhodwlrqvkls +514, ehwzhhq +�| dqg %�| lv dvvxphg wr eh vwdeoh1 Iru
R ' � wklv lpsolhv m��m 	 �/ exw lq kljkhu0rughu prghov pruh frpsolfdwhg uhvwulf0
wlrqv rq wkh dxwruhjuhvvlyh frh!flhqwv duh uhtxluhg iru vwdelolw|1 Uhjduglqj wkh
glvwxuedqfhv 0�| lw zloo eh dvvxphg wkurxjkrxw wkdw wkh| duh qrupdoo| glvwulexwhg1
Pruhryhu/ wkh| duh xqfruuhodwhg wkurxjk wlph/ exw zh doorz iru khwhurvfhgdvwlflw|
dfurvv furvv0vhfwlrq xqlwv dqg qrq0}hur frqwhpsrudqhrxv furvv0fruuhodwlrqv/ l1h1

. d0�|o ' fc ;�c |c
. d0�|0�|o ' j��c ;�c �c |c
. d0�|0�ro ' fc ;�c �c | 9' r�

Vwdfnlqj wkh revhuydwlrqv ryhu wlph zh jrw

+� '
�[
R'�

�R+�c3R nf�q n #�
A n 0� +515,

' `�B n #�
A n 0�c

zkhuh +�c3R ' E+�c�3Rc ���c +�cA3R�
�c f� ' E%��c ���c %�A �

�/ 
A ' E�c ���c ��� d A � � yhfwru

ri rqhv/ B ' E��c q��
�

c � ' E��c ���c �� �
� dqg `� ' d+�c3�

111���
111+�c3�

111f�o�
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Olnh Nlylhw +4<<<, zh ghfrpsrvh + lqwr d uhohydqw udqgrp frpsrqhqw/ ghqrwhg
e| d wlogh/ dqg luuhohydqw udqgrp soxv ghwhuplqlvwlf frpsrqhqwv/ ghqrwhg e| d
edu1 Wkh uhohydqw udqgrp frpsrqhqw lv lq vrph zd| uhodwhg wr wkh glvwxuedqfh
whup 0�|c zkloh wkh luuhohydqw frpsrqhqw lv qrw/ l1h1

�+� '
�[
R'�

�R�+�c3R n 0�c +516,

7+� '
�[
R'�

�R7+�c3R nf�q n #�
A c

zkhuh zh xvh wkh dvvxpswlrq wkdw zh kdyh �{hg lqglylgxdo h�hfwv dqg rqo| vwulfw
h{rjhqrxv h{sodqdwru| yduldeohv/ l1h1 �f� ' � dqg �#� ' f1 Iru wkh lqlwldo ydoxhv
zh dvvxph

�+�c�3R ' fc R ' �c ���c �c +517,

7+�c�3R ' +�c�3Rc

vr zh frqglwlrq rq R �{hg vwduwlqj ydoxhv1 Lqwurgxflqj d A � A pdwul{ uA zlwk
rqhv rq wkh �uvw vxegldjrqdo dqg }hurv hovhzkhuh dqg gh�qlqj

KA '

3
CUA � �[

R'�

�Ru
R
A

4
D
3�

c +518,

zh zulwh iru wkh uhohydqw udqgrp frpsrqhqwv lq +516,

�+� ' KA 0�c � ' �c ���c �� +519,

Wr dqdo|vh wkh hvwlpdwruv lq wkh qh{w vhfwlrq zh qhhg d ghfrpsrvlwlrq ri wkh
pdwul{ �A`� zlwk �A ' EUA � �

A

A 


�

A �� Zh zulwh

�A
�̀
� ' �A d�+�c3�

111���
111�+�c3�

111 �f�o

'
�[
R'�

�Au
R
AKA 0�e

�

Rc +51:,

ehfdxvh �f� ' � dqg �A �+�c3R ' �Au
R
A �+� dqg zkhuh eR lv E� ng�� � xqlw yhfwru

zlwk lwv Rwk hohphqw htxdo wr rqh1
Vwdfnlqj wkh revhuydwlrqv dovr dfurvv lqglylgxdov rqh jhwv

+ '`B n 7# n 0c +51;,
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zkhuh + dqg 0 duh �A � � yhfwruv/ # ' E#�c ���c #��
� lv d � � � yhfwru dqg ` '

d` �

�

111���
111` �

� o
� dqg 7 ' EU�

A � duh�A�Egn� � dqg�A�� pdwulfhv uhvshfwlyho|1

Wkh dvvxpswlrqv derxw 0 fdq eh zulwwhq dv

0 � Q Efcl�c +51<,

zkhuh l ' P � UA zlwk P d � � � pdwul{ zlwk w|slfdo hohphqw j��� Iru wkh
uhohydqw vwrfkdvwlf frpsrqhqwv lq �` zh �qg iurp +51:,

� �̀ '
�[
R'�

�uRK0e�R

'
�[
R'�

�R0e
�

Rc +5143,

zkhuh � ' U� 
 �A / u ' U� 
 uA c K ' U� 
 KA dqg �R ' �uRK1
Prgho +51;, zlwk +51<, lv d jhqhudol}hg qrupdo uhjuhvvlrq prgho dqg lq wkh qh{w

vhfwlrqv hvwlpdwlrq ri erwk vkruw0 dqg orqj0uxq frh!flhqwv zloo eh frqvlghuhg1
Wkh hohphqwv ri wkh sdudphwhu yhfwru B duh fdoohg vkruw0uxq frh!flhqwv dqg w '
q*E��S�

R'� �R� lv wkh yhfwru ri orqj0uxq h�hfwv1

61 Vkruw0uxq frh!flhqw hvwlpdwruv

6141 OVGY hvwlpdwru

Wkh ruglqdu| ohdvw vtxduhv hvwlpdwru iru B lq +51;, lv wkh idploldu Ohdvw Vtxduhv
Gxpp| Yduldeohv +OVGY, ru �{hg h�hfw hvwlpdwru1 Xvlqj sduwlwlrqhg uhjuhvvlrq
uhvxowv lw fdq eh h{suhvvhg dv

	Bu7(T ' E` ��7` �3�` ��7+

' E` ��` �3�` ��+c +614,

zkhuh �7 ' U�A � 7E7�7�3�7� ' �1 Qrwh wkdw � ' U� 
 �A lv wkh zhoo0nqrzq
zlwklq wudqvirupdwlrq zklfk zlshv rxw wkh lqglylgxdo h�hfwv #1

Wkh OVGY hvwlpdwlrq huuru lv

	Bu7(T � B ' E` ��` �3�` ��0c +615,

zklfk ghshqgv lq d qrq0olqhdu zd| rq wkh vwrfkdvwlf whup 01 Gh�qlqj ' '
. d` ��` o dqg xvlqj d vlplodu dssurdfk dv lq Nlylhw +4<<8/ 4<<<,/ exw qrz iru
�{hg �c wkh �uvw idfwru lq +615, pd| eh h{sdqghg dv

E` ��` �3� ' '3� �'3�E` ��` �'�'3� n�REA
32�c +616,
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Khqfh/ iru wkh eldv ri wkh OVGY hvwlpdwru zh �qg

.
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l
' 2'3�. d` ��0o�'3�.

k
` ��`'3�` ��0

l
n JEA3��� +617,

Lq Dsshqgl{ D lw lv vkrzq wkdw wkh dssur{lpdwlrq iru wkh eldv lq wkh OVGY
hvwlpdwru htxdov

.
k
	Bu7(T � B

l
' �u7(T EA

3�� n JEA3��c +618,

zkhuh
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[
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^or ' e�o'
3�er�

Xvlqj wklv uhvxow dq rshudwlrqdo eldv fruuhfwhg hvwlpdwru/ ghqrwhg e| OVGYf/
fdq eh frqvwuxfwhg dv

	Bu7(T S ' 	Bu7(T � 	�u7(T EA
3��c +61:,

xvlqj dq| frqvlvwhqw suholplqdu| hvwlpdwruv iru B dqg l lq 	�EA3��/ h1j edvhg
rq OVGY uhvlgxdov1 Wkh fruuhfwhg OVGY hvwlpdwru zloo eh xqeldvhg xswr rughu
�EA3��/ l1h1

.
k
	Bu7(T S � B

l
' JEA3��� +61;,

6151 +Ihdvleoh, Jhqhudol}hg OVGY hvwlpdwru

Wkh ruglqdu| OVGY hvwlpdwru lq +614, grhv qrw wdnh wkh fryduldqfh vwuxfwxuh ri
0 lqwr dffrxqw1 Khqfh/ zh dqdo|vh dovr wkh jhqhudol}hg OVGY hvwlpdwru ri Bc
ghqrwhg e| 	BCu7(T � Wkh JOVGY hvwlpdwru ri B lv

	BCu7(T ' E` ��l3��` �3�` ��l3��+c +61<,

:



dqg lwv hvwlpdwlrq huuru lv

	BCu7(T � B ' E` ��l3��` �3�` ��l3��0� +6143,

Gh�qlqj �W ' �l3�� dqg 'W ' . d` ��W` o wkh iroorzlqj h{sdqvlrq lv ydolg
xqghu wkh dvvxpswlrqv pdgh lq vhfwlrq 5/ l1h1

E` ��W` �3� ' 'W3� �'W3�E` ��W` �'W�'W3� n�REA
32�c +6144,

Khqfh/ iru wkh eldv ri wkh JOVGY hvwlpdwru zh �qg

.
k
	BCu7(T � B

l
' 2'W3�. d` ��W0o�'W3�.

k
` ��W`'W3�` ��W0

l
n JEA3���

+6145,
Lq Dsshqgl{ D wkh iroorzlqj dssur{lpdwlrq lv ghulyhg iru wkh eldv lq wkh JOVGY
hvwlpdwru/ l1h1

.
k
	BCu7(T � B

l
' �Cu7(T EA

3�� n JEA3��c +6146,

zkhuh

�Cu7(T EA
3�� '
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^Wor ' e�o'
W3�er�

Lq sudfwlfh wkh JOVGY hvwlpdwru fdqqrw eh fdofxodwhg ehfdxvh l lv xqnqrzq1
Zh wkhuhiruh dqdo|vh dovr wkh wzr0vwhs ihdvleoh JOVGY hvwlpdwru

	B8Cu7(T ' E` ��	l3��` �3�` ��	l3��+c +6148,

zkhuh wkh fryduldqfh pdwul{ l lv frqvlvwhqwo| hvwlpdwhg xvlqj wkh OVGY uhvlgxdov/
l1h1

	l ' 	P
 UA c

	j�� '
E+� �`�

	Bu7(T �
��A E+� �`�

	Bu7(T �

A
� +6149,

;



Wkh hvwlpdwlrq huuru ri wkh IJOVGY hvwlpdwru lv

	B8Cu7(T � B ' E` ��	l3��` �3�` ��	l3��0c +614:,

Lq Dsshqgl{ E lw lv vkrzq wkdw dv orqj dv d frqvlvwhqw hvwlpdwru lv xvhg iru l wkh
eldv lq wkh IJOVGY hvwlpdwru lv

.
k
	B8Cu7(T � B

l
' �8Cu7(T EA

3�� n JEA3��c +614;,

zlwk
�8Cu7(T EA

3�� ' �Cu7(T EA
3�� n JEA3��� +614<,

Lq rwkhu zrugv/ wkh eldv dssur{lpdwlrq wr rughu �EA3�� lv htxdo iru wkh IJOVGY
dqg JOVGY hvwlpdwruv1 Khqfh/ zh fdq frqvwuxfw dq rshudwlrqdo eldv fruuhfwhg
hvwlpdwru/ ghqrwhg e| IJOVGYf/ dv

	B8Cu7(T S ' 	B8Cu7(T � 	�8Cu7(T EA
3��c +6153,

xvlqj dq| frqvlvwhqw suholplqdu| hvwlpdwruv iru B dqg l lq 	�8Cu7(T EA
3��1 Wkh

fruuhfwhg IJOVGY hvwlpdwru zloo eh xqeldvhg xswr rughu �EA3��/ l1h1

.
k
	B8Cu7(T S � B

l
' JEA3��� +6154,

71 Hvwlpdwlrq xqghu olqhdu uhvwulfwlrqv

Lq sudfwlfh/ prgho +51;, lv riwhq hvwlpdwhg lq d uhvwulfwhg yhuvlrq iru vhyhudo uhd0
vrqv1 Iluvw/ hfrqrplf wkhru| pd| d sulrul lpsrvh fhuwdlq ydoxhv iru vrph ri wkh
prgho sdudphwhuv1 Iru h{dpsoh/ lq prqh| ghpdqg vwxglhv riwhq dq lqfrph ru
sulfh hodvwlflw| ri xqlw| lv lpsrvhg1 Vhfrqg/ hfrqrphwulf prghoolqj pd| ohdg/ iru
h{dpsoh/ wr wkh h{foxvlrq ri yduldeohv iurp wkh prvw jhqhudo prgho wr duulyh dw d
pruh sduvlprqhrxv vshfl�fdwlrq1 Lq wklv vhfwlrq zh zloo ghyhors eldv h{suhvvlrqv
iru wkh uhvwulfwhg OVGY/ JOVGY dqg IJOVGY vkruw0uxq frh!flhqw hvwlpdwruv
dorqj wkh olqhv ri Nlylhw dqg Skloolsv +4<<7,1 Frqvlghu d vhw ri a jhqhudo olqhdu
uhvwulfwlrqv rq B/ l1h1

-B ' oc +714,

zkhuh - lv a � Eg n � � dqg o ' a � �1 Qrwh wkdw qr uhvwulfwlrqv uhjduglqj wkh
lqglylgxdo frqvwdqwv zloo eh frqvlghuhg dv wkh| duh w|slfdoo| �owhuhg rxw ehiruh
hvwlpdwlrq1

<



7141 uhvwulfwhg OVGY hvwlpdwru

Wkh OVGY hvwlpdwru ri B xqghu wkh uhvwulfwlrqv +714, lv

	Bu7(Tc- ' 	Bu7(T � E` ��` �3�-�
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Ehorz zh vkdoo ghulyh d eldv h{suhvvlrq xswr rughu �EA3�� iru wkh hvwlpdwru lq
+715,1 Wkh uhodwlrq ehwzhhq wkh xquhvwulfwhg dqg uhvwulfwhg OVGY hvwlpdwruv fdq
eh zulwwhq dv

	Bu7(Tc- � B ' 8E` �E	Bu7(T � B�c +716,

zkhuh 8E` � ' U � E` ��` �3�-� d-E` ��` �3�-�o
3�
-� Khqfh/ wkh eldv lq wkh uh0
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Wkh hydoxdwlrq ri wkh uljkw kdqg vlgh ri +718, lv qrw vwudljkwiruzdug ehfdxvh wkh
hohphqwv ri 8E` � duh dovr vwrfkdvwlf1 Krzhyhu/ dsso|lqj d vlplodu uhdvrqlqj dv lq
wkh surri ri Wkhruhp 5 lq Nlylhw dqg Skloolsv +4<<7, lw fdq eh vkrzq wkdw
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7151 uhvwulfwhg +Ihdvleoh, Jhqhudol}hg OVGY hvwlpdwru

Wkh JOVGY hvwlpdwru ri B xqghu wkh uhvwulfwlrqv +714, lv
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zklfk fdq eh uhduudqjhg dv

	BCu7(Tc- � B ' 8E`l�E	BCu7(T � B�c +71<,
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Wkh uhvwulfwhg JOVGY hvwlpdwru lv qrw dssolfdeoh ehfdxvh lw ghshqgv rq wkh
xqnqrzq fryduldqfh pdwul{ l1 Khqfh/ zh frqvlghu wkh ihdvleoh JOVGY hvwlpdwru
xqghu uhvwulfwlrqv/ l1h1

	B8Cu7(Tc- ' 	B8Cu7(T�E` ��	l3�` �3�-�
k
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Lq Dsshqgl{ F lw lv vkrzq lv vkrzq wkdw
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�8Cu7(Tc-EA
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l1h1 wkh eldv dssur{lpdwlrq wr rughu�EA3�� lv wkh vdph iru wkh uhvwulfwhg IJOVGY
dqg JOVGY hvwlpdwruv1 Khqfh/ d eldv fruuhfwhg uhvwulfwhg IJOVGY hvwlpdwru
fdq eh frqvwuxfwhg zlwk wkh h{suhvvlrq lq +7146,/ zklfk lv xqeldvhg xswr rughu
A3�1
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81 Orqj0uxq frh!flhqwv

Wkh vkruw0uxq hvwlpdwruv lq wkh suhylrxv vhfwlrqv fdq eh xvhg wr frqvwuxfw hvwl0
pdwruv iru wkh orqj0uxq h�hfwv wc zklfk duh gh�qhg e|

	w ' 	q*E�� 
�� 	��c +814,

zkhuh 	q dqg 	� duh dq| ri wkh hvwlpdwruv frqvlghuhg ehiruh dqg 
� lv d ��� yhfwru ri
rqhv1 Li eldv fruuhfwhg vkruw0uxq hvwlpdwruv olnh +61:, ru +6153, duh xvhg wr fruuhfw
iru eldv lq +814, wkh uhvxowlqj orqj0uxq hvwlpdwru lv fdoohg �qdlyh� e| Shvdudq dqg
]kdr +4<<<,/ zklfk dqdo|vh vhyhudo hvwlpdwruv ri wkh orqj0uxq frh!flhqwv lq wkh
frqwh{w ri wkh g|qdplf udqgrp frh!flhqw prgho1 Wkh �qdlyh� ru lqgluhfw zd| ri
eldv fruuhfwlrq lq +814, grhv qrw ohdg wr dq hvwlpdwru xqeldvhg wr rughu �EA3��1
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zklfk lv �EA3�� ehfdxvh doo h{solflw whupv lq +816, duh lq jhqhudo qrq0}hur dqg ri
rughu �EA3��1

Shvdudq dqg ]kdr +4<<<, sursrvh d gluhfw zd| ri eldv fruuhfwlrq1 Xvlqj dq|
ruljlqdo xqfruuhfwhg hvwlpdwru/ l1h1 +614,/ +6148,/ +715, ru +7147, dqg uhduudqjlqj
+816, zh �qg iru wkh eldv lq wkh orqj0uxq frh!flhqwyhfwru w

.
k
	w � w

l
' �wEA

3�� n JEA3��c +817,

45



zkhuh

�wEA
3�� '

�

E�� 
����
2

k
E�� 
���� E�q n w
����� n �J�E	qc 
�� 	�� n wT @oE
�� 	��

l
c

+818,
zlwk �q ' .E	q� q� dqg �� ' .E	�� ��� Wklv fdq eh xvhg wr frqvwuxfw fruuhfwhg
hvwlpdwruv ri wkh orqj0uxq frh!flhqwv/ zklfk duh xqeldvhg xswr rughu �EA3��1

91 Hvwlpdwlrq ri dv|pswrwlf vwdqgdug huuruv

Vwdqgdug huuruv ri frh!flhqw hvwlpdwruv fdq eh hvwlpdwhg e| hlwkhu xvlqj dv|ps0
wrwlf yduldqfh h{suhvvlrqv iroorzlqj iurp olplwlqj glvwulexwlrqv ru dsso|lqj errw0
vwuds surfhgxuhv1 Wr vdyh vsdfh zh zloo glvfxvv erwk dssurdfkhv iru wkh OVGY dqg
IJOVGY hvwlpdwruv rqo|/ exw vlplodu uhvxowv fdq eh ghulyhg iru eldv fruuhfwhg/
uhvwulfwhg ru orqj0uxq hvwlpdwruv1 Ohw xv gh�qh
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Uhjduglqj uhvwulfwhg hvwlpdwruv ru orqj0uxq hvwlpdwruv dqdorjrxv olplwlqj uhvxowv
fdq eh ghulyhg1 Qrwh wkdw eldv fruuhfwhg hvwlpdwruv kdyh wkh vdph olplwlqj eh0
kdylru dv wkhlu xqfruuhfwhg frxqwhusduwv1

46



Wkh olplwlqj glvwulexwlrqv deryh fdq eh xvhg wr dssur{lpdwh wkh dv|pswrwlf
glvwulexwlrqv ri wkh OVGY dqg IJOVGY hvwlpdwruv/ l1h1

	Bu7(T
@�

A<"
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Khqfh/ xvlqj d frqvlvwhqw hvwlpdwru iru l wkh dv|pswrwlf yduldqfh pdwul{ ri wkh
OVGY ru IJOVGY hvwlpdwru fdq eh hvwlpdwhg frqvlvwhqwo| zlwk wkh h{suhvvlrqv
lq +919,1

Ydulrxv dxwkruv +Iuhhgpdq dqg Shwhuv/ 4<;7> Ehfn dqg Ndw}/ 4<<8, qrwh wkdw
iru wkh IJOVGY hvwlpdwru wkh h{suhvvlrq lq +919, lv yhu| lqdffxudwh lq �qlwh
vdpsohv/ l1h1 wuxh vwdqgdug ghyldwlrqv duh xqghuhvwlpdwhg gudpdwlfdoo| xvlqj frq0
yhqwlrqdo �uvw0rughu dv|pswrwlf dssur{lpdwlrqv1 Dq dowhuqdwlyh dssurdfk lv xvlqj
errwvwuds surfhgxuhv wr hvwlpdwh vwdqgdug huuruv1 Zh sursrvh wkh iroorzlqj sdud0
phwulf uhvdpsolqj vfkhph/ l1h1

� Rewdlq wkh hvwlpdwruv 	B dqg 	P +OVGY/ IJOVGY,
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k
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Uhpdun wkdw gxh wr wkh suhvhqfh ri odjjhg ydoxhv ri + lq wkh uhjuhvvru pdwul{
` d uhfxuvlyh vdpsolqj vfkhph lv xvhg1 Ehfdxvh wkh qrupdolw| dvvxpswlrq lv xvhg
lq wkh ghulydwlrq ri wkh eldv h{suhvvlrqv zh hpsor| wklv dvvxpswlrq khuh dqg xvh
d sdudphwulf errwvwuds surfhgxuh frqwudu| wr Iuhhgpdq dqg Shwhuv +4<;7,1

Frqvlghulqj wkh errwvwuds OVGY dqg IJOVGY hvwlpdwruv/ lw fdq eh vkrzq
wkdw wkh iroorzlqj olplwlqj uhvxowv krog/ l1h1
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Khqfh/ zh fdq xvh wkh errwvwuds hvwlpdwru ri wkh dv|pswrwlf yduldqfh pdwul{
lqvwhdg ri wkh h{suhvvlrqv lq +919,1 Uhshdwlqj wkh vwhsv deryh � wlphv/ � uhdolvd0
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duh wkh errwvwuds hvwlpdwruv ri wkh dv|pswrwlf yduldqfh pdwulfhv ri 	Bu7(T dqg
	B8Cu7(T 1 Wkh uhvxowv lq Iuhhgpdq dqg Shwhuv +4<;7, vkrz wkdw iru wkh IJOVGY
hvwlpdwru wkh errwvwuds yduldqfh hvwlpdwru lq +91<, xqghuhvwlpdwhv wkh wuxh frydul0
dqfh pdwul{ pxfk ohvv wkdq wkh frqyhqwlrqdo h{suhvvlrq lq +919,1 Uhjduglqj eldv
fruuhfwhg/ uhvwulfwhg ru orqj0uxq hvwlpdwruv vlplodu uhvdpsolqj vfkhphv/ exw qrz
frqglwlrqdo rq wkrvh hvwlpdwruv/ fdq eh h{sorlwhg wr fdofxodwh errwvwuds vwdqgdug
huuruv1

:1 Wkh ghpdqg iru prqh| lq wkh Hxurshdq Xqlrq

Lq wklv vhfwlrq wkh shuirupdqfh ri wkh ydulrxv hvwlpdwruv zloo eh looxvwudwhg zlwk
dq hpslulfdo dssolfdwlrq1 Prqh| ghpdqg lq wkh Hxurshdq Xqlrq lv dqdo|vhg
e| sdqho gdwd whfkqltxhv1 Hduolhu hpslulfdo vwxglhv +Nuhphuv dqg Odqh/ 4<<3>
Prqwlfhool dqg Sdsl/ 4<<9> Idvh dqg Zlqghu/ 4<<;, xvh djjuhjdwhg wlph vhulhv wr
hvwlpdwh HX zlgh prqh| ghpdqg ixqfwlrqv/ exw frqvlghulqj wkh HX frxqwulhv dv
d furvv0vhfwlrq rqh fdq srvvleo| xvh sdqho gdwd whfkqltxhv1

Dv frpsduhg zlwk wkh djjuhjdwh wlph vhulhv dssurdfk wkh xvh ri sdqho gdwd
whfkqltxhv lv gl�huhqw dw ohdvw lq wkuhh uhvshfwv1 Iluvw ri doo/ lw lv qrw qhfhvvdu|
wr frqyhuw prqh| vwrfn dqg lqfrph phdvxuhv iru wkh gl�huhqw frxqwulhv lqwr rqh
frpprq fxuuhqf| dv lv wkh fdvh iru wkh djjuhjdwhg wlph vhulhv dssurdfk1 Dv orqj
dv d vxlwdeoh frqyhuvlrq phdvxuh dqg ixqfwlrqdo irup duh fkrvhq/ wkh lqglylgxdo
frqvwdqwv lq wkh sdqho gdwd prgho zloo devrue wkh h�hfwv ri wklv frqyhuvlrq1

Vhfrqg/ dv lq g|qdplf sdqho gdwd prghov wkh lqglylgxdo h�hfwv duh w|slfdoo|
�owhuhg rxw ehiruh hvwlpdwlrq/ wkh furvv0vhfwlrq glphqvlrq lq wkh sdqho lpsolhv
h{wud gdwd wr hvwlpdwh wkh vdph qxpehu ri xqnqrzq sdudphwhuv1 Khqfh/ lw vhhpv
srvvleoh wr xvh ihzhu wlph revhuydwlrqv dv lq wkh djjuhjdwh wlph vhulhv dssurdfk1
Wr wkh h{whqw wkdw rqh lv sulpdulo| lqwhuhvwhg lq d ghvfulswlrq ri wkh yhu| qhdu
sdvw wklv lv frqyhqlhqw/ ehfdxvh hvshfldoo| wkh vkruw0uxq sdudphwhuv ri wkh prqh|
ghpdqg uhodwlrqvkls pd| qrw kdyh ehhq frqvwdqw ryhu wkh odvw ihz ghfdghv1

Wklug/ dq lpsruwdqw vshfl�fdwlrq lvvxh lq prgholqj prqh| ghpdqg iru d
jurxs ri frxqwulhv lv lqwhughshqghqfh ehwzhhq lqglylgxdo frxqwulhv prqh| gh0
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pdqg1 Vslooryhu h�hfwv ehwzhhq frxqwulhv dulvh dv d uhvxow ri lqwhuqdwlrqdo lq0
whjudwlrq1 Dovr �qdqfldo lqwhjudwlrq lqfuhdvhv wkh hodvwlflw| ri qdwlrqdo prqh|
ghpdqg zlwk uhvshfw wr wkh uhwxuq rq iruhljq dvvhwv uhvxowlqj lq lqfuhdvhg fxu0
uhqf| vxevwlwxwlrq1 Khqfh/ dsduw iurp grphvwlf yduldeohv qdwlrqdo prqh| ghpdqg
lv olnho| wr ghshqg rq iruhljq yduldeohv1 Wkh djjuhjdwhg wlph vhulhv dssurdfk pd|
ryhufrph wkhvh vshfl�fdwlrq sureohpv ehfdxvh lw lqwhuqdol}hv lqwhughshqghqflhv
ehwzhhq lqglylgxdo frxqwulhv1 Krzhyhu/ lw lv fohduo| qrw fdsdeoh ri dguhvvlqj wkh
suhvhqfh dqg lpsruwdqfh ri dq| vslooryhu h�hfwv1 Lq frqwudvw/ sdqho gdwd prghov
doorzlqj iru lqwhughshqghqflhv ehwzhhq frxqwu| vshfl�f glvwxuedqfh whupv duh ehw0
whu vxlwhg iru wklv sxusrvh1 Dovr/ iruhljq yduldeohv fdq eh h{solflwo| lqfrusrudwhg
dv h{sodqdwru| yduldeohv1

Zh vkdoo h{dplqh wkh srvvlelolw| wr hvwlpdwh vwdqgdug prqh| ghpdqg ixqfwlrqv
iru wkh Hxurshdq Xqlrq xvlqj sdqho gdwd whfkqltxhv1 Pruh lq sduwlfxodu/ wkh
h�hfwlyhqhvv ri eldv fruuhfwhg hvwlpdwruv zloo eh h{dplqhg1 Qh{w/ zh zloo irfxv
rq vslooryhuv ehwzhhq frxqwulhv1

:141 vwdqgdug prqh| ghpdqg ixqfwlrqv

Wkh gdwdvhw xvhg lv iurp Idvh dqg Zlqghu +4<<;, dqg frqwdlqv wlph vhulhv rq
vhyhudo yduldeohv iru Ehojlxp +EH,/ Ghqpdun +GN,/ Jhupdq| +JH,/ Xqlwhg Nlqj0
grp +XN,/ Ilqodqg +ILQ,/ Iudqfh +IU,/ Juhhfh +JU,/ Luhodqg +LH,/ Lwdo| +LW,/
Wkh Qhwkhuodqgv +QO,/ Dxvwuld +DW,/ Sruwxjdo +SW,/ Vsdlq +VS, dqg Vzhghq
+VZH,1 Wrjhwkhu zlwk Ox{hperxuj/ zklfk lv qrw lqfoxghg lq wkh gdwdvhw/ wkhvh
frxqwulhv fxuuhqwo| irup wkh Hxurshdq Xqlrq1 Wkh wlph vhulhv ri wkh yduldeohv
kdyh txduwhuo| iuhtxhqf|/ duh qrw vhdvrqdoo| dgmxvwhg dqg duh froohfwhg ryhu wkh
shulrg 4<:304<<81 Wkh yduldeohv lq wkh gdwdvhw duh P4/ P5/ P6/ uhdo JQS/ JQS
gh dwru/ vkruw0 dqg orqj0whup lqwhuhvw udwhv1

Iru hdfk ri wkh gh�qlwlrqv ri prqh| vwrfn vshfl�fdwlrq +514, lv hvwlpdwhg xvlqj

%�| ' E*? }?R�|c *? }?R�c|3�c or�|c or�c|3�c o,�|c o,�c|3�c �o�|c �o�c|3�c r�c|c r2c|c r�c|�
� +:14,

dqg zkhuh wkh ghshqghqw yduldeoh +�| lv wkh orjdulwkp ri uhdo prqh| vwrfn/ l1h1
*?E��*� ��|c *?E�2*� ��| ru *?E��*� ��|� Wkh h{sodqdwru| yduldeohv duh frqwhp0
srudqhrxv dqg rqh0shulrg odjjhg ydoxhv ri uhdo lqfrph +}?R�/ vkruw0 +or� dqg
orqj0whup +o,� lqwhuhvw udwhv dqg wkh lq dwlrq udwh E�o�� Wr dffrxqw iru vhdvrqdo
sdwwhuqv d vhw ri vhdvrqdo gxpp| yduldeohv +r�c r2 dqg r�� lv lqfoxghg1 Ixuwkhu0
pruh/ odjjhg ydoxhv ri wkh ghshqghqw yduldeoh duh lqfrusrudwhg wr prgho dxwruh0
juhvvlyh g|qdplf dgmxvwphqwv1 Vhsdudwh uhjuhvvlrqv iru wkh lqglylgxdo frxqwulhv/
zklfk duh qrw uhsruwhg khuh/ vxjjhvw wr lqfoxgh rqh odjjhg ydoxh iru wkh�� vshf0
l�fdwlrq dqg wr xvh wzr odjjhg ydoxhv iru wkh �2 dqg �� vshfl�fdwlrqv1 Khqfh/
wkh glphqvlrq ri wkh sdudphwhu yhfwru B lv g n � iru wkh �� vshfl�fdwlrq dqg
g n 2 iru �2 dqg �� zlwk g ' ���

49



Lq rughu wr pdnh ydolg lqihuhqfh zlwk sdqho gdwd whfkqltxhv erwk sdudphwhu
frqvwdqf| wkurxjk wlph dqg ryhu frxqwulhv pxvw krog wr vrph h{whqw1 Wr dyrlg
sdudphwhu yduldelolw| wkurxjk wlph/ zh kdyh fkrvhq wr dqdo|vh d uhodwlyho| vkruw
wlph vsdq/ l1h1 rqo| wkh |hduv diwhu wkh Jhupdq uhxql�fdwlrq lq 4<<3 duh frqvlghuhg
dqg wkh vdpsoh shulrg lv 4<<4=L04<<8=LY1 Dv idu dv sdudphwhu frqvwdqf| ryhu
frxqwulhv lv frqfhuqhg/ lw lv uhdvrqdeoh wr dvvxph wkdw e| wdnlqj d uhfhqw shulrg wkh
sureohp ri sdudphwhu khwhurjhqhlw| dfurvv frxqwulhv lv plwljdwhg1 Zh duh wkhuhiruh
frq�ghqw wr lpsrvh frpprq vorsh yhfwruv/ exw doorz iru lqglylgxdo vshfl�f h�hfwv1

Wkh qxpehu ri frxqwulhv dqdo|vhg lv � ' �e1 Iru �� rqh shulrg lv orvw lq
frqvwuxfwlqj wkh odjjhg ydoxh ri wkh ghshqghqw yduldeoh/ vr iru wklv vshfl�fdwlrq
wkh �uvw hvwlpdwlrq shulrg lv 4<<4=LL dqg A ' �b� Wkh hvwlpdwlrq shulrg iru
�2 dqg �� lv 4<<4=LLL04<<8=LY ehfdxvh rqh h{wud shulrg lv orvw lq frqvwuxfwlqj
wkh wzr0shulrg odjjhg ydoxh ri wkh ghshqghqw yduldeoh dqg A ' �H� Lq doo wdeohv
rqo| wkh errwvwuds vwdqgdug huuruv duh jlyhq/ ehfdxvh/ dv dujxhg ehiruh/ vwdqgdug
dqdo|wlfdo yduldqfh h{suhvvlrqv pd| eh lqdffxudwh khuh1 Wkh qxpehu ri errwvwuds
uhsolfdwlrqv xvhg lv 4331

Iru�� wkh hvwlpdwlrq uhvxowv ri wkh vkruw0uxq frh!flhqwv duh lq Wdeoh 4/ zkloh
Wdeoh 5 jlyhv wkh hvwlpdwhv iru wkh orqj0uxq frh!flhqwv1 Uhjduglqj wkh vkruw0uxq
frh!flhqwv wkh eldv fruuhfwhg OVGY dqg IJOVGY hvwlpdwruv surgxfh lq jhqhudo
d kljkhu dxwruhjuhvvlyh frh!flhqw wkdq wkh ruljlqdo hvwlpdwruv/ zkloh wkh eldv
fruuhfwlrq lq wkh rwkhu frh!flhqwv vhhpv wr eh vpdoo1 Frqvlghulqj wkh yduldqfh
hvwlpdwruv wkh ghfuhdvh lq yduldqfh lv dssdudqw zkhq xvlqj wkh IJOVGY hvwlpdwru
frpsduhg zlwk wkh OVGY hvwlpdwru1 Wkh wdeoh zlwk orqj0uxq frh!flhqwv uhdvvhuwv
wkhvh h!flhqf| jdlqv1

Wkh uhvxowv iru�2 duh lq Wdeohv 6 dqg 71 Dv qrwhg ehiruh/ d wzr0shulrg odjjhg
ydoxh ri wkh ghshqghqw yduldeoh lv lqfoxghg dovr/ vr wkh eldv fruuhfwlrqv dffruglqj
wr +619, dqg +6147, kdyh ehhq dssolhg iru � ' 2� Wkh vxp ri wkh dxwruhjuhvvlyh
frh!flhqwv lv frqvlghudeo| kljkhu wkdq wkh vdph sdudphwhu iru�� lpso|lqj pruh
shuvlvwhqfh lq wkh ghpdqg iru �2 dv frpsduhg zlwk ��� Djdlq wkh gl�huhqfh lq
dffxudf| ri ruglqdu| dqg jhqhudol}hg OVGY lv dssduhqw/ l1h1 hvwlpdwhg vwdqgdug
ghyldwlrqv duh orzhu iru wkh IJOVGY hvwlpdwru1 Wkh orqj0uxq frh!flhqwv lq Wdeoh
7 duh djdlq sodxvleoh1

Wdeohv 8 dqg 9 frqwdlq wkh hvwlpdwlrq uhvxowv iru ��1 Wkh vdph uhpdunv rq
wkh vshfl�fdwlrq ri �2 fdq eh pdgh iru �� wrr1 Iru �� wkh orqj0uxq h�hfw
ri lq dwlrq kdv wkh d sulrul h{shfwhg qhjdwlyh vljq dowkrxjk lw lv vwloo srruo|
ghwhuplqhg1 Dovr wkh frh!flhqw ri wkh wzr0shulrg odjjhg ghshqghqw yduldeoh lv
vpdoo dqg qrw vljql�fdqw ghvslwh lwv vljql�fdqfh lq vrph ri wkh lqglylgxdo frxqwu|
uhjuhvvlrqv1

Zh frpsduh wkh jhqhudo sdwwhuq ri wkh orqj0whup hvwlpdwhv zlwk wkh +vhpl,
hodvwlflwlhv irxqg lq hduolhu uhvhdufk edvhg rq wkh djjuhjdwhg wlph vhulhv dssurdfk1
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Ryhuylhzv ri wkhvh uhvxowv fdq eh irxqg lq Idvh dqg Zlqghu +4<<6, dqg Prqwlfhool
dqg Sdsl +4<<9,1 Li qrw uhvwulfwhg wr rqh/ wkh lqfrph hodvwlflw| lv riwhq irxqg forvh
wr xqlw| iru�� dqg odujhu wkdq rqh iru erwk�2 dqg��1 Lq wklv vwxg|/ wkh orqj0
uxq hvwlpdwhv ri wkh ydulrxv fruuhfwhg hvwlpdwruv uh hfw wklv sdwwhuq lq jhqhudo1
Dv idu dv wkh lqwhuhvw udwh vhpl0hodvwlflwlhv duh frqfhuqhg/ lq jhqhudo wkh| duh forvh
wr wkh hvwlpdwhv irxqg lq hduolhu vwxglhv1 Wkh rqo| h{fhswlrq lv wkh orqj0whup
lqwhuhvw udwh h�hfw iru �2c zklfk lv irxqg wr eh sduwlfxoduo| vwurqj dv frpsduhg
zlwk rwkhu vwxglhv1 Frqvlghulqj wkh lq dwlrq udwh qr vljql�fdqw orqj0uxq h�hfwv
kdyh ehhq irxqg frqwudu| wr hduolhu vwxglhv1

Wr looxvwudwh wkh hpslulfdo shuirupdqfh ri wkh uhvwulfwhg eldv fruuhfwhg hvwl0
pdwruv zh lpsrvh wkh uhvwulfwlrqv wkdw wkh orqj0uxq lqfrph hodvwlflw| lv xqlw|1
Wkh hvwlpdwlrq uhvxowv iru wkh orqj0uxq sdudphwhuv lq Wdeoh 5/ 7 dqg 9 vkrz wkdw
wklv uhvwulfwlrq lv qrw uhmhfwhg iru doo wkuhh prqhwdu| djjuhjdwhv1 Lq Wdeoh : wkh
hvwlpdwlrq uhvxowv iru wkh orqj0uxq sdudphwhuv duh vkrzq iru ��1 Wkh hvwlpdwlrq
uhvxowv vkrz kdugo| dq| gl�huhqfhv zlwk wkh sdwwhuq ri wkh xquhvwulfwhg hvwlpd0
wruv1 Vlplodu uhvxowv duh irxqg iru vkruw0uxq hvwlpdwruv dqg dowhuqdwlyh prqhwdu|
djjuhjdwhv1

:151 vslooryhu h�hfwv

Zh zloo dqdo|vh srvvleoh vslooryhu h�hfwv ehwzhhq frxqwulhv lq wzr zd|v1 Iluvw/
iroorzlqj Odqh dqg Sror} +4<<5, dqg Dqjhorql hw do1 +4<<7, wkh fryduldqfh pdwul{
ri wkh glvwxuedqfhv lv dqdo|vhg pruh wkrurxjko| wr ghwhfw dq| lqwhughshqghqflhv
ehwzhhq frxqwulhv1 Vhfrqg/ zh zloo irfxv rq wkh lpsruwdqfh ri fxuuhqf| vxevwlwx0
wlrq dqg lqfoxgh iruhljq lqwhuhvw udwhv lqwr wkh qdwlrqdo prqh| ghpdqg htxdwlrqv
+Odqh dqg Sror}/ 4<<5,1

Wkh olnholkrrg udwlr +u-, whvw iru wkh qxoo k|srwkhvlv ri }hur furvv0fruuhodwlrqv/
l1h1 P lv d gldjrqdo pdwul{ P_/ lv

u- ' A
�
*? m�P_m � *? m	Pm

�
c +:15,

zkhuh P_ lv hvwlpdwhg xqghu wkh uhvwulfwlrqv1 Xqghu wkh qxoo k|srwkhvlv wkh vwdwlv0
wlf u- lv �2 glvwulexwhg zlwk �

2
�E� � �� ghjuhhv ri iuhhgrp1 Wkh ydoxhv ri u-

iru wkh prqh| ghpdqg htxdwlrqv hvwlpdwhg lq wkh suhylrxv vxevhfwlrq duh 65:168/
5::17: dqg 5:7159 iru ��c �2 dqg �� uhvshfwlyho|/ fohduo| uhmhfwlqj wkh qxoo
k|srwkhvlv1 Khqfh/ zh frqfoxgh wkdw lqwhughshqghqflhv ehwzhhq frxqwulhv duh
lpsruwdqw1

Qh{w/ zh lqfoxgh iruhljq lqwhuhvw udwhv lq wkh vshfl�fdwlrqv wr txdqwli| wkh
h�hfwv ri sruwirolr glyhuvl�fdwlrq rq grphvwlf prqh| ghpdqg1 Zh lqfoxgh d
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zhljkwhg dyhudjh ri iruhljq vkruw0whup lqwhuhvw udwhv ri rwkhu HX frxqwulhv/ l1h1

ors�| '
�[
�'�

��|or�| � ��|or�|c +:16,

o,s�| '
�[
�'�

��|o,�| � ��|o,�|c

��| '
S�}?R�|S�
�'� S�}?R�|

zkhuh wkh frqvwdqw S� lv wkh qrplqdo h{fkdqjh udwh ri frxqwu| � djdlqvw wkh GPdun
lq 4<;81 Wkh zhljkwv duh ghshqglqj rq qdwlrqdo lqfrphv ri wkh lqglylgxdo frxqwulhv
ghqrwhg lq d vlqjoh fxuuhqf|1 Iru hdfk ri wkh gh�qlwlrqv ri prqh| vwrfn vlplodu
vshfl�fdwlrqv dv ehiruh duh hvwlpdwhg xvlqj

�� G *? }?Rc orc Eors � or�c r�c r2c r�c +:17,

G *? }?Rc o,c Eo,s � o,�c r�c r2c r�c

�2c�� G *? }?Rc orc o,c Eors � or�c Eo,s � or�c r�c r2c r�c

dv h{sodqdwru| yduldeohv1
Wkh hvwlpdwlrq uhvxowv duh lq Wdeoh ;1 Wr vdyh vsdfh rqo| wkh lpsolhg orqj0uxq

h�hfwv ri wkh fruuhfwhg 8Cu7(T hvwlpdwru duh jlyhq/ wkh sdwwhuq ri wkh vkruw0uxq
hvwlpdwhv dqg wkh gl�huhqfhv ehwzhhq hvwlpdwruv duh vlplodu dv wkh uhvxowv lq wkh
suhylrxv vxevhfwlrq1 Wkh hvwlpdwlrq uhvxowv vkrz wkdw hvshfldoo| iruhljq orqj0whup
lqwhuhvw udwhv gr lq xhqfh grphvwlf prqh| ghpdqg1 Li iruhljq orqj0whup lqwhuhvw
udwhv lqfuhdvh uhodwlyh wr orfdo udwhv grphvwlf prqh| ghpdqg gursv1 Wkhvh uhvxowv
duh urexvw wr wkh prqhwdu| djjuhjdwh xvhg1 Uhjduglqj vkruw0whup lqwhuhvw udwhv
qr vljql�fdqw orqj0uxq h�hfwv duh irxqg1

;1 Frqfoxglqj Uhpdunv

Lq wklv vwxg| zh dqdo|vh ydulrxv ohdvw vtxduhv edvhg hvwlpdwlrq surfhgxuhv iru wkh
g|qdplf sdqho gdwd prgho zlwk �{hg lqglylgxdo h�hfwv dqg d qrqvfdodu frydul0
dqfh pdwul{1 Ehfdxvh ri wkh w|slfdo glphqvlrqv ri wkh sdqho dw kdqg/ zklfk lv
grplqdwhg e| lwv wlph glphqvlrq/ ohdvw vtxduhg edvhg phwkrgv duh xvhg lqvwhdg
ri lqvwuxphqwdo yduldeohv whfkqltxhv1 Wkh odwwhu duh frpprqo| xvhg lq wkh w|slfdo
vpdoo A / odujh � sdqho1

Ghvslwh lwv vxshulru shuirupdqfh lq wklv w|sh ri sdqho/ ohdvw vtxduhv hvwlpdwruv
duh eldvhg lq g|qdplf prghov dqg wkh eldv pd| eh vxevwdqwldo lq �qlwh vdpsohv1
Khqfh/ dssur{lpdwlrq irupxodh iru wkh eldv ri wkh ydulrxv hvwlpdwruv duh ghyhorshg
xswr rughu �EA3�� xvlqj uhvxowv ri Nlylhw +4<<8/ 4<<<, dqg uhodwhg zrun rq eldv
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dssur{lpdwlrq1 Wkh uhvxowlqj eldv h{suhvvlrq duh wkhq xvhg wr frqvwuxfw eldv
fruuhfwhg hvwlpdwruv1 Iurp wkh eldv dssur{lpdwlrqv lw lv vhhq wkdw idovho| dvvxplqj
d vfdodu fryduldqfh pdwul{ zloo ohdg wr fruuhfwhg hvwlpdwruv/ zklfk vwloo frqwdlq d
eldv whup ri rughu �EA3��1 Wklv uhvxow xqghuolqhv wkh lpsruwdqfh ri wdnlqj lqwr
dffrxqw wkh wuxh fryduldqfh vwuxfwxuh ri wkh glvwxuedqfhv1

Zlwk sdqho gdwd whfkqltxhv prqh| ghpdqg ixqfwlrqv iru ��c �2 dqg ��
duh hvwlpdwhg iru wkh HX duhd dv d zkroh1 Dv idu dv zh nqrz/ xqwlo qrz rqo|
djjuhjdwh wlph vhulhv vwxglhv kdyh ehhq xqghuwdnhq lq wklv duhd1 Dv lv vkrzq
e| wkh hvwlpdwlrq uhvxowv wkh eldv whupv fdq eh vxevwdqwldo lq wklv w|sh ri gdwd
uhdvvhuwlqj wkh lpsruwdqfh ri pruh uh�qhg hvwlpdwlrq whfkqltxhv1 Wkh h!flhqf|
jdlqv ri h{sorlwlqj wkh khwhurvfhgdvwlflw| dqg furvv0fruuhodwlrq sdwwhuqv ehwzhhq
frxqwulhv duh vrphwlphv frqvlghudeoh1

Wkh hpslulfdo uhvxowv vkrz wkdw sdqho gdwd hvwlpdwruv surgxfh sodxvleoh orqj0
uxq h�hfwv frpprqo| irxqg lq rwkhu hpslulfdo vwxglhv rq prqh| ghpdqg1 Dv
vxfk/ wkh sdqho gdwd dssurdfk lv d ydoxdeoh dowhuqdwlyh wr wkh djjuhjdwh wlph vhulhv
dssurdfk1 Pruhryhu/ h{sorlwlqj wkh furvv0vhfwlrqdo yduldwlrq lq wkh sdqho zh duh
deoh wr lghqwli| dqg hvwlpdwh dq| lqwhughshqghqflhv ehwzhhq frxqwulhv1 Vljql�fdqw
vslooryhu h�hfwv ehwzhhq HX frxqwulhv duh irxqg dv wkh furvv0fruuhodwlrqv lq wkh
glvwxuedqfh fryduldqfh pdwul{ duh vljql�fdqwo| gl�huhqw iurp }hur1 Dovr iruhljq
orqj0whup lqwhuhvw udwhv wxuq rxw wr kdyh h{sodqdwru| srzhu iru grphvwlf prqh|
ghpdqg1

Uhihuhqfhv

^4` Dqjhorql/ L1/ Frwwduhool/ F1/ dqg D1 Ohy| +4<<7,/ Furvv0erughu ghsrvlwv/ dj0
juhjdwlrq/ dqg prqh| ghpdqg lq wkh wudqvlwlrq wr HPX/ Mrxuqdo ri Srolf|
Prgholqj 49/ 5:0871

^5` Ehfn/ Q1M1/ dqg M1 Ndw} +4<<8,/ Zkdw wr gr +dqg qrw wr gr, zlwk wlph0vhulhv0
furvv0vhfwlrq gdwd lq frpsdudwlyh srolwlfv/ Dphulfdq Srolwlfdo Vflhqfh Uhylhz
;</ 967097:1

^6` Exq/ P1M1J1/ dqg M1I1 Nlylhw +4<<<,/ Rq wkh vpdoo vdpsoh dffxudf| ri ydulrxv
lqihuhqfh surfhgxuhv lq g|qdplf sdqho gdwd prghov/ plphr1

^7` Idvh/ P1P1J1 dqg F1F1D1 Zlqghu +4<<6,/ Wkh ghpdqg iru prqh| lq Wkh
Qhwkhuodqgv dqg wkh rwkhu HF frxqwulhv/ Gh Hfrqrplvw 474/ 7:407<81

^8` Idvh/ P1P1J1 dqg F1F1D1 Zlqghu +4<<;,/ Zhdowk dqg wkh ghpdqg iru prqh|
lq wkh Hxurshdq Xqlrq/ Hpslulfdo Hfrqrplfv 56/ 83:08571
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^9` Iuhhgpdq/ G1D1/ dqg V1F1 Shwhuv +4<;7,/ Errwvwudsslqj d uhjuhvvlrq htxdwlrq=
vrph hpslulfdo uhvxowv/ Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq :</
<:04391

^:` Mxgvrq/ U1D1 dqg D1O1 Rzhq +4<<<,/ Hvwlpdwlqj g|qdplf sdqho gdwd prghov=
d jxlgh iru pdfurhfrqrplvwv/ Hfrqrplfv Ohwwhuv 98/ <0481

^;` Nlylhw/ M1I1 +4<<8,/ Rq eldv/ lqfrqvlvwhqf|/ dqg h!flhqf| ri ydulrxv hvwlpd0
wruv lq g|qdplf sdqho gdwd prghov/ Mrxuqdo ri Hfrqrphwulfv 9;/ 860:;1

^<` Nlylhw/ M1I1 +4<<<,/ H{shfwdwlrqv ri h{sdqvlrqv iru hvwlpdwruv lq d g|qdplf
sdqho gdwd prgho> vrph uhvxowv iru zhdno| h{rjhqrxv uhjuhvvruv/ lq F1 Kvldr/
N1 Odklul/ O0I Ohh dqg P1K1 Shvdudq +hgv1,/ Dqdo|vlv ri Sdqhov dqg Olplwhg
Ghshqghqw Yduldeohv/ Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh1

^43` Nlylhw/ M1I1 dqg J1G1D1 Skloolsv +4<<7,/ Eldv dvvhvphqw dqg uhgxfwlrq lq
olqhdu huuru0fruuhfwlrq prghov/ Mrxuqdo ri Hfrqrphwulfv 96/ 54805761

^44` Nlylhw/ M1I1/ Skloolsv J1G1D1/ dqg E1 Vfklss +4<<8,/ Wkh eldv ri ROV/ JOV
dqg ]HI hvwlpdwruv lq g|qdplf vhhplqjo| xquhodwhg uhjuhvvlrq prghov/ Mrxu0
qdo ri Hfrqrphwulfv 9;/ 57405991

^45` Nuhphuv/ M1M1P1 dqg W1G1 Odqh +4<<5,/ Hfrqrplf dqg prqhwdu| lqwhjudwlrq
dqg wkh djjuhjdwh ghpdqg iru prqh| lq wkh HPV/ LPI vwd� sdshuv yro6:/
:::0;381

^46` Odqh/ W1G1/ dqg V1V1 Sror} +4<<5,/ Fxuuhqf| vxevwlwxwlrq dqg furvv0erughu
prqhwdu| djjuhjdwlrq= hylghqfh iurp wkh J0:/ LPI zrunlqj sdshuv <52;41

^47` Prqwlfhool/ F1 dqg O1 Sdsl +4<<9,/ Hxurshdq lqwhjudwlrq/ prqhwdu| fr0
ruglqdwlrq/ dqg wkh ghpdqg iru prqh|/ Wkh Foduhqgrq Suhvv/ R{irug1

^48` Shvdudq/ P1K1/ dqg ]1 ]kdr +4<<<,/ Eldv uhgxfwlrq lq hvwlpdwlqj orqj0uxq
uhodwlrqvklsv iurp g|qdplf khwhurjhqrxv sdqhov/ lq F1 Kvldr/ N1 Odklul/ O0
I Ohh dqg P1K1 Shvdudq +hgv1,/ Dqdo|vlv ri Sdqhov dqg Olplwhg Ghshqghqw
Yduldeohv/ Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh1
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D1 Eldv lq wkh ruglqdu| dqg jhqhudol}hg OVGY hvwlpdwruv

Lq wklv dsshqgl{ wkh h{suhvvlrqv +619, dqg +6147, duh ghulyhg1 Xvlqj wkh ghfrp0
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E1 Eldv lq wkh ihdvleoh jhqhudol}hg OVGY hvwlpdwru

Zh jlyh lq wklv dsshqgl{ d surri ri +614<,/ l1h1 wkh eldv dssur{lpdwlrqv ri wkh
JOVGY dqg IJOVGY hvwlpdwruv duh wkh vdph xswr rughu�EA3��� Wkh hvwlpdwlrq
huuru ri wkh IJOVGY hvwlpdwru +614:, frqvlvwv ri wzr idfwruv1 Wkh �uvw idfwru lq
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suhpxowlsolhg e| 'W3� wkhlu frqwulexwlrq lv JEA3��1 Lq wkh iroorzlqj doo vxppd0
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��A
7̀
�'

W3�eR n�EA3��� +E153,

Xvlqj wklv uhvxow dqg iroorz wkh vdph vwhsv edfn lw iroorzv wkdw . d�e'
W3��.o lv

ri rughu �EA3��� Lq wkh vdph idvklrq wkh h{shfwdwlrqv ri wkh uhpdlqlqj wzr whupv
�D'

W3��S dqg �D'
W3��. fdq eh vkrzq wr eh ri rughu �EA3�� wrr1

Kdylqj ghulyhg wkh rughu ri pdjqlwxgh ri wkh h{shfwdwlrqv ri wkh vhyhudo whupv
rq wkh uljkw kdqg vlgh ri +E145, dqg qrwlqj wkdw 'W3� lv ri rughu �EA3��c lw lv
vwudljkwiruzdug wr vhh wkdw

.
k
	B8Cu7(T � B

l
�.

k
	BCu7(T � B

l
' JEA3��c +E154,

Khqfh/ wkh uhvxow lq +614<, uhdglo| iroorzv ru/ lq rwkhu zrugv/ wkh pdjqlwxgh ri wkh
eldv xswr rughu �EA3�� lv wkh vdph iru wkh JOVGY dqg IJOVGY hvwlpdwruv1

F1 Eldv lq wkh uhvwulfwhg ihdvleoh jhqhudol}hg OVGY hvwlpd0
wru

Lq wklv dsshqgl{ d surri ri +7149, lv jlyhq/ l1h1 wkh eldv dssur{lpdwlrqv ri wkh
uhvwulfwhg JOVGY dqg IJOVGY hvwlpdwruv duh wkh vdph xswr rughu �EA3��� Zh
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fdq zulwh iru wkh uhvwulfwhg IJOVGY hvwlpdwru lq +7147, wkh iroorzlqj

	B8Cu7(Tc- � B ' 8E` 	l�E
	B8Cu7(T � B�c +F14,

zkhuh 8E` 	l� ' U � E` ��	l3�` �3�-�
k
-E` ��	l3�` �3�-�

l
3�
-� Gh�qlqj � '

E` ��l3�` �
3�

zh kdyh

` ��	l3�` ' ` ��l3�` n` ��E	l3� � l3��`k
U n` ��E	l3� � l3��`�

l
�3�c +F15,

zkhuh � dqg ` ��E	l3��l3��` duh ri rughu �REA
3�� dqg �REA

�*2� uhvshfwlyho|1
Khqfh/ zh pd| h{sdqg�

` ��	l3�`
�
3�

' �
k
U �` ��E	l3� � l3��`�

l
n�REA

32�� +F16,

Dv d uhvxow ri wklv/ zh kdyh

-
�
` ��	l3�`

�
3�
-� ' -�-� � -�` ��E	l3� � l3��`�-�

n�REA
32�c +F17,

dqg�
-
�
` ��	l3�`

�
3�
-�
�
3�

' d-�-�o
3�

n d-�-�o
3�
-�` ��E	l3� � l3��`�-� d-�-�o

3�

n�RE��� +F18,

Xvlqj wkh h{sdqvlrqv lq +F16, dqg +F18, zh fdq zulwh iru 8` �l wkh iroorzlqj

8E` 	l� ' U �
k
� � �` ��E	l3� � l3��`� n�REA

32�
l

-�
k
E-�-��

3�
n E-�-��

3�
-�` ��E	l3� � l3��`�-� E-�-��

3�
n�RE��

l
-

' 8`l n 8`l�`
��E	l3� � l3��`�-� E-�-��

3�
-n�REA

3��� +F19,

Iru wkh vhfrqg idfwru lq wkh hvwlpdwlrq huuru +F14, zh fdq zulwh

	B8Cu7(T � B ' �` ��l3�0n�REA
3�� +F1:,

vr zh kdyh iru wkh hvwlpdwlrq huuru lq +F14, wkh iroorzlqj

8E` 	l�E
	B8Cu7(T � B� ' 8`lE	BCu7(T � B�

n8`l�`
��E	l3� � l3��`�-� E-�-��

3�
-

�` ��l3�0n JREA
3�� +F1;,
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vr zh fdq zulwh iru wkh eldv lq wkh uhvwulfwhg IJOVGY hvwlpdwru

.
k
	B8Cu7(Tc- � B

l
' .

k
	BCu7(Tc- � B

l
n.d8`l�`

��E	l3� � l3��`�-� E-�-��
3�
-

�` ��l3�0o n JEA3��� +F1<,

Zh zloo qrz vkrz wkdw wkh vhfrqg whup lq +F1<, lv dfwxdoo| JEA3��/ zklfk hvwde0
olvkhv wkh uhvxow ri +7149,1

AIurp Dsshqgl{ E zh kdyh

� ' 'W3� n�REA
3�*2�c

` ��E	l3� � l3��` ' �e n�D n�RE��c

` ��l3�0 ' �S n�. n�RE��c

vr
d-�-�o

3�
'
k
-'W3�-�

l
3�

n�REA
�*2�c +F143,

dqg
8`l ' U �'W3�-�

k
-'W3�-�

l
3�
-n�REA

3�*2�� +F144,

Khqfh/ zh fdq zulwh

8`l�`
��E	l3� � l3��`�-� E-�-��

3�
-�` ��l3�0

'
�
U �'W3�-�

k
-'W3�-�

l
3�
-
�
'W3�E�e n�D�'

W3�

-�
�
-'W3�-�

�
3�
-'W3�E�S n�.� n JREA

3��

' 8'W'W3�E�e n�D�EU n 8'W�'W3�E�S n�.� n JREA
3��c +F145,

zlwk 8'W ' U�'W3�-� d-'W3�-�o
3�
-1 Xvlqj vlplodu ghulydwlrqv dv iru. d�e'

W3��So
lq Dsshqgl{ E lw fdq eh ghulyhg wkdw

.
k
�eEU n 8'W�'W3��S

l
' �EA3��

.
k
�eEU n 8'W�'W3��.

l
' �EA3��

.
k
�DEU n 8'W�'W3��S

l
' �EA3��

.
k
�DEU n 8'W�'W3��.

l
' �EA3��c

Qrwlqj wkdw 8'W'W3� lv �EA3�� wkh vhfrqg whup lq +F1<, lv JEA3�� dqg zh kdyh

.
k
	B8Cu7(Tc- � B

l
' .

k
	BCu7(Tc- � B

l
n JEA3��c +F146,

zklfk hvwdeolvkhv wkh uhvxow lq +7149,1
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Wdeoh 4= Hvwlpdwlrq uhvxowv ri wkh vkruw0uxq frh!flhqwv iru P4-

OVGY OVGY f IJOVGY IJOVGY f

oq+P4@S ,l>w�4 3196 31:6 3197 319;

+313;, +313;, +3139, +3139,

oq jqslw 315; 3158 315; 315:

+3137, +3137, +3136, +3136,

oq jqsl>w�4 3135 03133 3135 3134

+3138, +3137, +3136, +3136,

uvlw 03197 03189 0317: 03176

+3156, +3154, +314<, +314;,

uvl>w�4 3154 3158 313: 313:

+3156, +3154, +314;, +314:,

uolw 03188 0317< 03173 0316;

+3165, +315;, +3159, +3158,

uol>w�4 3168 3165 3146 3147

+3169, +3165, +3163, +315<,

lulw 03163 0315; 03158 03157

+3157, +3155, +314;, +314;,

lul>w�4 3163 315; 3159 3158

+3154, +314<, +3148, +3148,

- Q@47/ W@4</ S.N@45

- Iljxuhv lq sduhqwkhvhv duh errwvwuds vwdqgdug huuruv

Wdeoh 5= Orqj0uxq hvwlpdwhv iru P4-

OVGY OVGY f IJOVGY IJOVGY f

jqs 31;4 31;: 31;6 31;:

+3147, +3149, +3145, +3145,

uv 04149 04147 04145 04147

+3176, +3178, +3168, +3168,

uo 03187 03194 031:8 031:8

+3188, +318<, +3179, +3179,

lu 03135 03136 3136 3134

+317;, +3184, +316<, +316<,

- Iljxuhv lq sduhqwkhvhv duh errwvwuds vwdqgdug huuruv
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Wdeoh 6= Hvwlpdwlrq uhvxowv ri wkh vkruw0uxq frh!flhqwv iru P5-

OVGY OVGY f IJOVGY IJOVGY f

oq+P5@S ,l>w�4 31<4 31<< 31<4 31<8

+3144, +3144, +313<, +313<,

oq+P5@S ,l>w�5 0313< 0313; 03144 03144

+3143, +3143, +313;, +313;,

oq jqslw 3154 314; 3153 314<

+3137, +3137, +3136, +3136,

oq jqsl>w�4 03137 03139 03137 03138

+3137, +3137, +3137, +3137,

uvlw 03138 03136 03136 03135

+3149, +3148, +3146, +3146,

uvl>w�4 3169 3165 3168 3166

+3149, +3148, +3146, +3146,

uolw 03187 03184 03177 03176

+314<, +314:, +3149, +3149,

uol>w�4 03136 3138 03147 03143

+3157, +3155, +314<, +314<,

lulw 315; 315< 315; 315;

+3153, +314;, +314:, +314:,

lul>w�4 03149 0314: 03159 03158

+3149, +3148, +3146, +3146,

- Q@47/ W@4;/ S.N@46

- Iljxuhv lq sduhqwkhvhv duh errwvwuds vwdqgdug huuruv

Wdeoh 7= Orqj0uxq hvwlpdwhv iru P5-

OVGY OVGY f IJOVGY IJOVGY f

jqs 31<8 4144 31:; 31;9

+3153, +3157, +314;, +314;,

uv 41:6 5167 4196 41;7

+3184, +318<, +3176, +3176,

uo 06154 07133 051<9 0614:

+31:4, +31;8, +3193, +3195,

lu 3199 31;< 3143 314:

+318<, +3199, +317<, +3184,

- Iljxuhv lq sduhqwkhvhv duh errwvwuds vwdqgdug huuruv
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Wdeoh 8= Hvwlpdwlrq uhvxowv ri wkh vkruw0uxq frh!flhqwv iru P6-

OVGY OVGY f IJOVGY IJOVGY f

oq+P6@S ,l>w�4 31;7 31<6 31;5 31;6

+3145, +3145, +3143, +3143,

oq+P6@S ,l>w�5 3135 3135 3136 3136

+3144, +3144, +313<, +313<,

oq jqslw 3153 314: 3153 3153

+3137, +3137, +3136, +3136,

oq jqsl>w�4 0313: 0313< 03139 03139

+3137, +3137, +3136, +3136,

uvlw 03138 03135 0313; 0313:

+3148, +3147, +3146, +3146,

uvl>w�4 3154 3153 315< 315<

+3147, +3146, +3145, +3144,

uolw 03177 03173 03164 03164

+314<, +314:, +3149, +3149,

uol>w�4 314; 3153 3136 3136

+3157, +3155, +3153, +3153,

lulw 0314; 03147 0314; 0314;

+3149, +3148, +3147, +3146,

lul>w�4 3149 3147 3147 3146

+3147, +3146, +3144, +3144,

- Q@47/ W@4;/ S.N@46

- Iljxuhv lq sduhqwkhvhv duh errwvwuds vwdqgdug huuruv

Wdeoh 9= Orqj0uxq hvwlpdwhv iru P6-

OVGY OVGY f IJOVGY IJOVGY f

jqs 31<6 4147 31<: 4135

+3159, +3166, +3156, +3156,

uv 4148 41;7 4176 4185

+319:, +31;6, +318:, +318:,

uo 041;6 05178 041<4 041<;

+31<5, +4148, +31:;, +31;3,

lu 03145 03143 03163 03165

+3197, +31::, +3187, +3188,

- Iljxuhv lq sduhqwkhvhv duh errwvwuds vwdqgdug huuruv

65



Wdeoh := Uhvwulfwhg orqj0uxq hvwlpdwhv iru P6-

OVGY OVGY f IJOVGY IJOVGY f

jqs 4133 4133 4133 4133

+0, +0, +0, +0,

uv 4159 4196 417; 417<

+3186, +3193, +3187, +3188,

uo 041<7 05159 041<6 041<9

+31;:, +4135, +31;;, +31<3,

lu 03144 03144 03164 03164

+319;, +31::, +318;, +318<,

- Iljxuhv lq sduhqwkhvhv duh errwvwuds vwdqgdug huuruv

- Xqlw orqj0uxq lqfrph hodvwlflw| lv lpsrvhg

Wdeoh ;= Orqj0uxq IJOVGY f hvwlpdwhv iru vshfl�fdwlrqv lq +:17,

jqs uv uo uvi � uv uoi � uo

P4 31;: 04146 3186

+3145, +3153, +3189,

P4 4133 051<5 04175

+3144, +3169, +31;8,

P5 31<9 5158 0718< 4134 061<9

+314<, +3179, +318:, +31<8, +413:,

P6 31<6 4163 061;: 315: 061:<

+314<, +317;, +319;, +31<3, +414<,

- Iljxuhv lq sduhqwkhvhv duh errwvwuds vwdqgdug huuruv
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