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4 Lqwurgxfwlrq

Dxwr Uhjuhvvlyh Prylqj Dyhudjh +DUPD, prghov duh d fruqhuvwrqh ri wlph vhulhv dqdo|vlv/ vhh/
h1j1/ Er{ hw1 do1 +4<<7, dqg Kduyh| +4<;4,/ dqg duh frpprqo| xvhg lq dssolhg zrun1 Wkh| gr/
krzhyhu/ srvvhvv vrph zhoo0nqrzq sureohpv1 Pd|eh wkh ehvw nqrzq sureohp lv wkh sureohp ri
urrw fdqfhoodwlrq/ l1h1 wkh dxwruhjuhvvlyh sro|qrpldo dqg wkh prylqj dyhudjh sro|qrpldo kdyh
rqh ru pruh urrwv lq frpprq1 Li urrw fdqfhoodwlrq rffxuv/ vrph DU dqg PD sdudphwhuv duh
uhgxqgdqw dv wkh| gr qrw d�hfw wkh prgho dqg wkxv dovr qrw wkh olnholkrrg1 Wkhvh sdudphwhuv
duh wkhq vdlg wr eh orfdoo| qrq0lghqwl�hg1 Wkh sureohp ri orfdo qrq0lghqwl�fdwlrq lv frpprq
wr pdq| prghov lq vwdwlvwlfv dqg hfrqrphwulfv/ vhh/ iru h{dpsoh/ wkh Vlpxowdqhrxv Htxdwlrq
Prgho zklfk lv glvfxvvhg lq/ h1j1/ Skloolsv +4<;<,1

Wkh Ed|hvldq dqdo|vlv ri DUPD prghov grfxphqwhg lq wkh olwhudwxuh/ vhh h1j1/ Prqdkdq
+4<;6,/ Pduulrw dqg Vplwk +4<<5,/ Fkle dqgJuhhqehuj +4<<7,/ Pduulrw hw1 do1 +4<<8, dqg ]hoo0
qhu +4<:4,/ vshfl�hv vwdqgdug sulruv/ olnh/ iru h{dpsoh/ d qrupdo sulru/ rq wkh sdudphwhuv ri wkh
DUPD prgho1 Wkhvh dqdo|}hv wkxv gr qrw h{solflwo| dffrxqw iru wkh orfdo qrq0lghqwl�fdwlrq1
Zh frqgxfw d gl�huhqw nlqg ri dqdo|vlv wkhq wkh rqh sxuvxhg wudglwlrqdoo|1 Zh irfxv rq wkh
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surshuw| ri wkh/ wurxeohvrph/ DUPD prgho wkdw lw lv qhvwhg zlwklq d/ uhodwlyho| hdv|/ hqfrp0
sdvvlqj DU prgho1 Wkh uhvwulfwlrq wkdw/ zkhq lpsrvhg rq wkh sdudphwhuv ri wkh hqfrpsdvvlqj
DU prgho/ ohdgv wr wkh qhvwhg DUPD prgho vdwlv�hv wkh vx!flhqw frqglwlrqv iru d xqltxh
h{suhvvlrq ri wkh frqglwlrqdo ghqvlw|/ vhh Nohlehujhq +5333,1 Khqfh/ wkh sulru dqg srvwhulru ri
wkh sdudphwhuv ri wkh DUPD prgho duh frqglwlrqdo ghqvlwlhv ri d sulru dqg srvwhulru ri wkh
sdudphwhuv ri wkh hqfrpsdvvlqj DU prgho1 Zh fdq wkhuhiruh vshfli| d sulru rq wkh sdudp0
hwhuv ri wkh hqfrpsdvvlqj DU prgho dqg wkh sulru rq wkh sdudphwhuv ri wkh qhvwhg DUPD
prgho wkhq uhvxowv dv d +xqltxh, frqglwlrqdo ghqvlw|1 Lq wklv uhvshfw rxu dssurdfk gl�huv iurp
wkh hduolhu Ed|hvldq dqdo|}hv ri DUPD prghov vlqfh wkhvh dqdo|}hv gluhfwo| lpsrvh d sulru rq
wkh sdudphwhuv ri wkh DUPD prgho1 Dv lghqwl�fdwlrq lq DU prghov lv vwudljkwiruzdug/ wkh
orfdo qrq0lghqwl�fdwlrq lv qrw sureohpdwlf lq rxu dssurdfk zkloh wkh srvwhulruv hdvlo| ohdg wr
d idyru iru orfdo qrq0lghqwl�fdwlrq lq wkh hduolhu dqdo|}hv1

Wkh sdshu lv rujdql}hg dv iroorzv1 Lq vhfwlrq 5/ wkh frqvhtxhqfhv ri wkh orfdo qrq0
lghqwl�fdwlrq ri DUPD sdudphwhuv lq Ed|hvldq dqdo|}hv xvlqj gl�xvh dqg qrupdo sulruv lv
glvfxvvhg1 Zh vkrz wkdw wkhvh dqdo|}hv riwhq uhvxow lq srvwhulruv wkdw kdyh d idyru iru orfdo
qrq0lghqwl�fdwlrq1 Lq vhfwlrq 6/ zh vkrz wkdw wkh sulru dqg srvwhulru ri wkh sdudphwhuv ri dq
DUPD prgho duh wkh xqltxh frqglwlrqdo ghqvlwlhv ri d sulru dqg srvwhulru ri wkh sdudphwhuv
ri dq hqfrpsdvvlqj DU prgho jlyhq wkdw wkh sdudphwhuv/ zklfk xqdpeljxrxvo| uhsuhvhqw wkh
gl�huhqfh ehwzhhq wkh hqfrpsdvvlqj DU dqg qhvwhg DUPD/ duh htxdo wr }hur1 Lq vhfwlrq
7/ zh glvfxvv Ed|hv idfwruv iru frpsdulqj DUPD prghov1 Zh frqvwuxfw d Ed|hv idfwru iru
frpsdulqj DUPD prghov zlwk htxdo vxpphg DU dqg PD odj ohqjwkv zkhuh wkh sulruv rq
wkh sdudphwhuv ri wkh frpsduhg prghov uhvxow iurp wkh vdph sulru rq wkh sdudphwhuv ri wkh
hqfrpsdvvlqj DU prgho1 E| ohwwlqj wkh sulru yduldqfh frqyhujh wr lq�qlw|/ zh rewdlq d Ed|hv
idfwru iru wklv fdvh wkdw fdq eh frqvlghuhg wr lqfrusrudwh qr sulru lqirupdwlrq1 Lq vhfwlrq
8 zh frqvwuxfw dq Lpsruwdqfh Vdpsohu srvwhulru vlpxodwru wr frpsxwh sulru dqg srvwhulru
prphqwv dqg Ed|hv idfwruv1 Qh{w wr wklv vlpxodwru/ zh dovr frqvwuxfw d Phwursrolv0Kdvwlqj
vlpxodwru1 Vhfwlrq 9 frqwdlqv dq dssolfdwlrq wr wkh h{whqghg Qhovrq0Sorvvhu gdwd1 Iru doprvw
83( ri wkh vhulhv xqghu frqvlghudwlrq dq DUPD prgho lv idyruhg deryh d sxuh DU prgho1
Lq sduwlfxodu iru sulfh dqg lqwhuhvw udwh vhulhv/ wkhuh lv vwurqj hylghqfh lq idyru ri wkh DUPD
prgho1 Ilqdoo|/ vhfwlrq : vxppdul}hv dqg frqfoxghv1

5 Orfdo Qrq0Lghqwl�fdwlrq lq DUPD Prghov

Wkh sureohp ri urrw fdqfhoodwlrq +ru frpprq idfwruv, lv zhoo0nqrzq lq wkh dqdo|vlv ri DUPD
prghov/ vhh/ h1j1/ Kduyh| +4<;4,1 Urrw fdqfhoodwlrq ohdgv wr vlpsol�fdwlrq ri wkh DUPD prgho
dqg wr orfdo qrq0lghqwl�fdwlrq ri uhgxqgdqw DU dqg PD sdudphwhuv1

514 DUPD+4/4,

Wr vkrz wkh orfdo qrq0lghqwl�fdwlrq/ frqvlghu wkh �vlpsohvw� DUPD prgho/ wkh DUPD+�c �,
prgho/

E�� 4u�+ � ' E�� ku�0 � c +4,

zkhuh u lv wkh odj0rshudwru/ u
�
+ � ' +� � � dqg 0� lv lqghshqghqwo| dqg lghqwlfdoo| glvwulexwhg

dffruglqj wr d Qrupdo glvwulexwlrq zlwk phdq }hur dqg yduldqfh j
�
/ 0 � l1l1g1 �Efc j

	
�c | '
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�c � � � cA 1 E| frqvlghulqj wkh lpsolflw DU+4, dqg PD+4, uhsuhvhqwdwlrqv ri wklv prgho/

DUE4� G +� '

� � �
[

� � �
k

� � �
E4� k�+ � � � n 0	 / E�� ku�E+ 
 � 0 
 � ' w+� �  +5,

PDE4� G +� '

� � 
[

� � 
4

� � 
E4� k�+ � � � n 0 � / E�� 4u�E+ � � 0 � � ' w0� c +6,

zkhuh w ' 4 � k/ orfdo qrq0lghqwl�fdwlrq fdq hdvlo| eh uhfrjql}hg1 Lq sduwlfxodu/ ghshqglqj
rq wkh vshfl�fdwlrq xvhg/ 4 ru k duh qrq0lghqwl�hg zkhq w ' f/ dv lq wklv fdvh wkh prgho
uhgxfhv wr +� ' 0 � lqghshqghqwo| ri wkh ydoxh ri hlwkhu 4 ru k1 Dv d uhvxow/ wkh olnholkrrg
ixqfwlrq lv  dw dqg qrq0}hur lq wkh gluhfwlrq ri 4 ru k iru }hur ydoxhv ri w1 Xvh ri d  dw
ru gl�xvh sulru lq d Ed|hvldq dqdo|vlv ri wkh DUPD+�c �, prgho/ vxfk wkdw wkh srvwhulru lv
sursruwlrqdo wr wkh olnholkrrg/ wkhq uhvxowv lq d  dw dqg qrq0}hur frqglwlrqdo srvwhulru ri 4 +ru
k, dw w ' f1 Frqvhtxhqwo|/ wkh lqwhjudo ryhu wklv frqglwlrqdo srvwhulru/ dqg wkhuhiruh dovr wkh
pdujlqdo srvwhulru ri w/ lv lq�qlwh dw w ' f1 Vr/ wkh xvh ri  dw sulruv ohdgv wr dq d srvwhulrul

idyru iru wkh ydoxhv ri wkh DUPD sdudphwhuv dw zklfk wkh orfdo qrq0lghqwl�fdwlrq sureohp
rffxuv1 Wklv lv qhlwkhu d uhvxow ri lqirupdwlrq iurp wkh sulru ru iurp wkh gdwd exw ri d prgho
surshuw|/ ��e� wkh orfdo qrq0lghqwl�fdwlrq1

Lq fdvh ri d surshu qrupdo sulru/ dv xvhg iru h{dpsoh e| Fkle dqg Juhhqehuj +4<<7,
dqg Prqdkdq +4<;6,/ wkh frqglwlrqdo srvwhulru ri 4 +ru k, jlyhq w ' f lv surshu exw dovr
sursruwlrqdo wr wkh frqglwlrqdo sulru ri 4 +ru k, jlyhq w ' f1 Vr/ dw w ' fc wkh frqglwlrqdo
srvwhulru jlyhq w lv sursruwlrqdo wr wkh frqglwlrqdo sulru zkloh dw wkh rwkhu ydoxhv ri w lw dovr
ghshqgv rq wkh olnholkrrg1 Wkh lpsruwdqfh ri wkh sulru iru wkh srvwhulru wkxv ghshqgv rq wkh
ydoxh ri wkh sdudphwhuv1 Zh zrxog olnh wr kdyh sulruv wkdw duh vxfk wkdw wkh lpsruwdqfh ri
wkh lqirupdwlrq lq wkh sulru iru wkh lqirupdwlrq lq wkh srvwhulru lq dq hyhqo| zd| ghshqgv rq
wkh ydoxh ri wkh sdudphwhuv1 Wklv lv rqh ri wkh prwlydwlrqv iru wklv sdshu1 Lq rwkhu prghov
zkhuh orfdo qrq0lghqwl�fdwlrq rffxuv/ olnh frlqwhjudwlrq dqg vlpxowdqhrxv htxdwlrqv prghov/
wkh srvwhulruv ehkdyh dffruglqjo|/ vhh Nohlehujhq dqg ydq Glmn +4<<7e/4<<;,/ exw sulruv zlwk
wkh ghvluhg ihdwxuhv fdq eh frqvwuxfwhg dqg wkhq ohdg wr srvwhulruv zlwk frqyhqlhqw surshuwlhv/
vhh Nohlehujhq dqg Sdds +4<<;, dqg Nohlehujhq dqg ]lyrw +4<<<,1

51414 Srvwhulru DUPD+4/4, xvlqj Gl�xvh Sulru

Wr looxvwudwh wkh frqvhtxhqfhv ri wkh orfdo qrq0lghqwl�fdwlrq iru wkh srvwhulru ri wkh sdudphwhuv
ri wkh DUPD+4/4, prgho/ zh dqdo|}h wkh pdujlqdo srvwhulruv ri wkh DUPD sdudphwhuv iru dq
duwl�fldo wlph vhulhv1 Wklv vhulhv lv jhqhudwhg iurp dq DUPD+�c �, prgho/ vhh +4,/ zlwk sdudp0
hwhuv 4 ' f�Sc k ' f�ec j

�
' �c A ' 2ff1 Wkh lghqwli|lqj sdudphwhu w ' 4�k wkxv htxdov f�21

Zh frpsxwhg wkh srvwhulruv ri wkh sdudphwhuv ri dq DUPD+4/4, prgho xvlqj d gl�xvh sulru
rq +4c k,/ RE4c k� 2 j �

�
1 Wkh srvwhulruv duh fdofxodwhg xvlqj wkh dqdo|wlfdo h{suhvvlrq ri wkh

elyduldwh srvwhulru ri +4c k,/ zklfk lv sursruwlrqdo wr wkh frqfhqwudwhg frqglwlrqdo olnholkrrg
dqg zkhuh zh kdyh vhw + � �

� � � � � � � ' 0 � � � ' fc � ' �c � � � c4 ER ' �c ^ ' ���
Iljxuh 4 vkrzv wkh elyduldwh pdujlqdo srvwhulru ri wkh sdudphwhuv Ekc w� ri dq DUPD+4/4,

prgho iru wkh duwl�fldoo| jhqhudwhg wlph vhulhv zkloh �jxuh 5 vkrzv wkh frqwrxu0olqhv ri wklv
elyduldwh pdujlqdo srvwhulru1 Wdeoh 4 frqwdlqv wkh srvwhulru phdqv dqg pd{lpxp olnholkrrg
hvwlpdwhv ri wkh gl�huhqw sdudphwhuv1 Dovr wkh vwdqgdug ghyldwlrqv duh jlyhq1 Vlqfh wkh
elyduldwh srvwhulru lv sursruwlrqdo wr wkh frqfhqwudwhg olnholkrrg/ wkh orfdwlrq ri wkh srvwhulru
prgh dqg wkh pd{lpxp olnholkrrg hvwlpdwh frlqflgh zklfk lv frq�uphg e| wkh frqwrxuolqhv
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sulru q sdudphwhu 4 k w

gl�xvh rq +4c k, f��2� � � � f��b� � � � f��2� � � � 	

PO hvwlpdwh f�SD
 � � � f�D�
 � �  f��2� � � � �

Wdeoh 4= Srvwhulru prphqwv dqg PO hvwlpdwh DUPD+4/4, sdudphwhuv duwl�fldo wlph0vhulhv

lq �jxuh 51 Ehfdxvh ri wkh orfdo qrq0lghqwl�fdwlrq/ wkh h{lvwhqfh ri wkh srvwhulru prphqwv
+dqg hyhq ri wkh srvwhulru glvwulexwlrq, ri k dqg 4 lv grxewixo zklfk sduwo| h{sodlqv wkh odujh
gl�huhqfh ehwzhhq wkh srvwhulru phdqv dqg wkh pd{lpxp olnholkrrg hvwlpdwh1

Wkh elyduldwh srvwhulru lq �jxuh 4 uhyhdov wkh orfdo qrq0lghqwl�fdwlrq ri k zkhq w ' f dv lw
lv qrq0}hur dqg frqvwdqw lq wkh gluhfwlrq ri k dw w ' f� Wkh frqwrxu0olqhv ixuwkhu hpskdvl}h wkh
orfdo qrq0lghqwl�fdwlrq ri k dw w ' f� Wkh pdujlqdo srvwhulru ri w lv rewdlqhg e| lqwhjudwlqj
wkh elyduldwh srvwhulru ri Ekc w�c vkrzq lq �jxuh 4/ ryhu k� Dw w ' fc wkh elyduldwh srvwhulru
ri Ekc w� lv frqvwdqw lq wkh gluhfwlrq ri k� Frqvhtxhqwo|/ wkh pdujlqdo srvwhulru ri w dw w ' f
lv sursruwlrqdo wr wkh vl}h ri wkh sdudphwhu uhjlrq ri k dv wkh lqwhjudo ri d frqvwdqw ixqfwlrq
lv sursruwlrqdo wr wkh vl}h ri wkh sdudphwhu uhjlrq1 Dq lq�qlwh sdudphwhu uhjlrq iru k zrxog
wkhuhiruh lpso| dq lq�qlwh ydoxh ri wkh pdujlqdo srvwhulru ri w dw w ' f� Zh kdyh fkrvhq d
�qlwh sdudphwhu uhjlrq iru kc E����c ����c vxfk wkdw wkh pdujlqdo srvwhulru lv �qlwh dw w ' f�
Iljxuh 6 frqwdlqv wkh pdujlqdo srvwhulru ri w dqg vkrzv wkdw lw lqghhg kdv d vhfrqgdu| +orfdo,
prgh dw w ' f zklfk vroho| uhvxowv iurp wkh orfdo qrq0lghqwl�fdwlrq ri k� Wkh srvwhulru kdv
wkhuhiruh pruh suredelolw| pdvv dw w ' f dqg wkxv kdv d idyru iru w ' f wkdw vroho| uhvxowv
iurp wkh orfdo qrq0lghqwl�fdwlrq ri k dw w ' f�

Iljxuh 4= Elyduldwh srvwhulru +kc w,/ duwl�fldo wlph vhulhv/ gl�xvh sulru rq +kc 4�
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Iljxuh 5= Frqwrxuolqhv elyduldwh srvwhulru +kc w,/ duwl�fldo wlph vhulhv/ gl�xvh sulru rq +kc 4�

Iljxuh 6= Pdujlqdo srvwhulru w/ duwl�fldo wlph vhulhv/ gl�xvh sulru rq +kc 4��

51415 Pdunry Fkdlq Prqwh Fduor Srvwhulru Vlpxodwruv

Dv phqwlrqhg suhylrxvo|/ 4 ru k lv orfdoo| qrq0lghqwl�hg zkhq w ' f1 Wkh sdudphwhu w lv/
krzhyhu/ lghqwl�hg iru doo srvvleoh ydoxhv ri hlwkhu 4 ru k1 Dv d frqvhtxhqfh/ 4 ru k vkrxog
eh dqdo|}hg frqglwlrqdo rq w dqg qrw ylfh yhuvd1 Zh hpskdvl}h wklv srlqw dv lw lv lpsru0
wdqw lq wkh frqvwuxfwlrq ri Pdunry Fkdlq Prqwh Fduor +PF

�

, surfhgxuhv iru frpsxwlqj wkh
pdujlqdo srvwhulruv1 Iru h{dpsoh/ wkh PF

�

dssurdfk ghyhorshg lq Fkle dqg Juhhqehuj +4<<7,
vx�huv iurp wkh orfdo qrq0lghqwl�fdwlrq sureohp1 Lq wklv dojrulwkp/ wkh frqglwlrqdo srvwhulruv
REkm4c � � � � dqg RE4mkc � � � � duh xvhg lq d Jleev vdpsolqj iudphzrun1 Dv qrwhg lq wkh frq0
foxglqj uhpdunv ri Fkle dqg Juhhqehuj +4<<7,/ frqyhujhqfh ri vdpsoh ydoxhv idlov li frpprq
idfwruv duh +dssur{lpdwho|, suhvhqw1 Dv glvfxvvhg deryh/ wkh qdwxudo zd| ri frqglwlrqlqj lq
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dq DUPD+�c �, prgho lv wr dqdo|}h 4 ru k frqglwlrqdo rq w1 Frqvhtxhqwo|/ wkh Jleev vdpsohu
xvlqj wkh frqglwlrqdo srvwhulruv REkm4c � � � � dqg RE4mkc � � � � fdq ohdg wr d uhgxfleoh Pdunry
Fkdlq dv wkh srlqwv ri orfdo qrq0lghqwl�fdwlrq/ k ' 4/ fdq irup dq devruelqj vwdwh lq wkh
Pdunry Fkdlq1 Uhgxflelolw| ri wkh Pdunry Fkdlq lq Fkle dqg Juhhqehuj +4<<7, lv dyrlghg e|
wkh xvh ri lqghshqghqw lqirupdwlyh +Qrupdo, sulruv iru wkh DUPD sdudphwhuv1 Dovr d sulrul

uhvwulfwlqj wkh sdudphwhu vsdfh/ iru h{dpsoh wr hqvxuh vwdwlrqdulw| dqg lqyhuwlelolw|/ dyrlgv
uhgxflelolw| ri wkh Pdunry Fkdlq1 Krzhyhu/ lq erwk fdvhv frqyhujhqfh lv vwloo d�hfwhg e| wkh
orfdo qrq0lghqwl�fdwlrq1 Ixuwkhupruh/ wkh xvh ri lqghshqghqw sulruv iru wkh gl�huhqw sdudph0
whuv grhv qrw fruuhvsrqg zlwk wkh vwurqj ghshqghqfh ri wkh sdudphwhuv zlwklq wkh olnholkrrg1
Iljxuh 6 dovr ghprqvwudwhv wkdw hvwlpdwlrq ri wkh Ed|hv Idfwru lq idyru ri wkh frpprq idf0
wru uhvwulfwlrq xvlqj wkh Vdydjh0Glfnh| Ghqvlw| Udwlr/ vhh Glfnh| +4<:4, dqg Yhuglqhool dqg
Zdvvhupdq +4<<8,/ lv sureohpdwlf1 Wklv udwlr/ zklfk htxdov wkh udwlr ri wkh pdujlqdo srvwhulru
dqg sulru ri w hydoxdwhg lq w ' f/ ghshqgv rq wkh khljkw ri wkh slnh dw w ' f/ zklfk lwvhoi
ghshqgv rq wkh sulru dqg qrw rq wkh gdwd1 Lq sduwlfxodu/ ehfdxvh wkh olnholkrrg ixqfwlrq lv
frqvwdqw zkhq w ' f/ xvlqj lqghshqghqw qrupdo sulruv uhvxowv lq sursruwlrqdolw| ri wkh sulru
dqg srvwhulru/ vhh Nohlehujhq +5333,1

515 DUPD+s/t,

Wr vkrz wkh orfdo qrq0lghqwl�fdwlrq sureohp lq wkh jhqhudo DUPD+Rc ^, prgho/

4Eu�+ � ' kEu�0 � / +7,

E�� 4 � u� � � �� 4� u�
�+ � ' E�� k � � � � �� k � u �

�0� c

zh djdlq frqvlghu wkh DU+4, uhsuhvhqwdwlrq ri wklv prgho

+ � '

� � � � �
[

� � �
S � +� 	 � n 0 � � +8,

Wkh frh!flhqwv ri wkh DU+4, uhsuhvhqwdwlrq duh jlyhq e| wkh iroorzlqj vhw ri uhodwlrqv

S 
 ' � +9,

S � ' 4 � � k � +:,

S � '

 � � � � � � �
[

� � �
k � S � � � n 4 � c & : �c +;,

zkhuh 4 � ' fc & : R dqg k � ' fc & : ^/ vhh/ h1j1/ Ixoohu +4<:9,1 Li wkhuh lv qr PD frpsrqhqw/
k � ' fc ;�/ vxfk wkdw S � ' 4 � c & � R dqg S � ' fc & : R1 Dv d frqvhtxhqfh/ zh fdq xvh wkh
frh!flhqwv S � c & : R lq rughu wr shuirup lqihuhqfh rq wkh PD sdudphwhuv1 Lq sduwlfxodu/ lw
iroorzv iurp +;, wkdw wkh sdudphwhuv S � c & : Rn^ duh ixqfwlrqv ri wkh S � *vc zlwk � � Rn^ rqo|/
vxfk wkdw lqihuhqfh rq wkh Rn ^ sdudphwhuv 4 � c � � � c 4 c k � c � � � c k ! fdq eh edvhg rq S � c � � � c S " !
vroho|1 Wkh uhodwlrq ehwzhhq wkhvh sdudphwhuv lv jlyhq e| wkh iroorzlqj pdwul{ htxdwlrq/ zklfk
iroorzv iurp wkh vhw ri htxdwlrqv lq +:, dqg +;,/

�i ' Sc +<,

zkhuh i ' E4 # c � � � c 4$ c k # c � � � c k % � & c S ' ES ' c � � � c S( ) * � & /

� '

�

U+ � , -
f . / 0 � 1 1

�

+43,
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zlwk U� wkh lghqwlw| pdwul{ ri glphqvlrq R/
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dqg
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c +45,

zkhuh S � ' � dqg S � ' fc & 	 f1 Iurp wklv uhodwlrq lw iroorzv
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+46,

dqg
3
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� +47,

Li � � � grhv qrw kdyh d ixoo udqn ydoxh kc dqg frqvhtxhqwo| 4c fdq qrw eh ghwhuplqhg xqltxho|1
Wklv lv d jhqhudol}dwlrq ri wkh orfdo qrq0lghqwl�fdwlrq sureohp lq wkh DUPD+�c �, prgho1 Lq
rughu wr whvw udqn uhgxfwlrq ri � � � / Jdoeudlwk dqg ]lqgh0Zdovk +4<<8, sursrvh d Zdog whvw
wr whvw wkh k|srwkhvlv M � G m� � � m ' f1 Lq rxu Ed|hvldq dssurdfk/ zh h{dplqh wkh udqn ri
� � � xvlqj wkh iroorzlqj OX ghfrpsrvlwlrq/ vhh Jroxe dqg ydq Ordq +4<;<, +vhh dovr Jloo dqg
Ohzeho +4<<5,/ Fudjj dqg Grqdog +4<<9, dqg Nohlehujhq dqg ydq Glmn +4<<7d/e,/ iru rwkhu
dssolfdwlrqv ri wkh OX ghfrpsrvlwlrq lq hfrqrphwulf dqg wlph vhulhv prghov,/
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� +48,

Wkh udqn ri � � � lv qrz jlyhq e| wkh qxpehu ri qrq0}hur gldjrqdo hohphqwv w ! ! c � ' �c � � � c ^1
Qrwh wkdw wkh qxpehu ri }hur w ! ! *v rqo| jlyhv dq lqglfdwlrq ri wkh qxpehu ri frpprq urrwv/
dqg qrw ri wkh uhtxluhg odj ohqjwk ri wkh lqglylgxdo DU ru PD frpsrqhqw1 Iru h{dpsoh/ li dq
DUPD+�c �, lv xvhg wr hvwlpdwh dq DU+�, prgho/ w � � ' 4 9' f/ dowkrxjk wkh PD frpsrqhqw
lv uhgxqgdqw1

:



Lq d Ed|hvldq dqdo|vlv ri wkh DUPD+Rc ^, prgho/ wkh xvh ri gl�xvh sulruv djdlq uhvxowv
lq d srvwhulrul idyru iru sdudphwhu ydoxhv dw zklfk wkh orfdo qrq0lghqwl�fdwlrq rffxuv1 Dv
wkh dxwrfruuhodwlrq ri d vshfl�f rughu lv d ixqfwlrq ri wkh sdudphwhuv ri wkh DUPD prgho/
vhh/ h1j1/ Er{ hw1 do1 +4<<7, dqg Kduyh| +4<;4,/ dovr dq d srvwhulrul idyru iru vshfl�f ydoxhv
ri wkh dxwrfruuhodwlrqv uhvxowv zklfk lv vroho| d frqvhtxhqfh ri wkh orfdo qrq0lghqwl�fdwlrq1
Zkhq xvlqj gl�xvh ru qrupdo sulruv/ wkh srvwhulruv ri wkh sdudphwhuv ri DU prghov ohdg wr
srvwhulruv ri wkh dxwrfruuhodwlrqv wkdw gr qrw frqwdlq vxfk dq d srvwhulrul idyru dv DU prghov
gr qrw frqwdlq sdudphwhuv wkdw duh orfdoo| qrq0lghqwl�hg1 Vr/ zkhq zh xvh gl�xvh ru qrupdo
sulruv/ wkh srvwhulruv ri wkh dxwrfruuhodwlrqv ri DU dqg DUPD prghov duh txlwh gl�huhqw dqg
vwurqjo| ghshqg rq wkh prgho zkhuh wkh| uhvxow iurp1 Wklv lv txlwh shfxoldu dv wkh DUPD
prgho fdq eh frqvlghuhg dv dq DU+4� prgho1 Lq wkh qh{w vhfwlrq zh wkhuhiruh h{solflwo|
dqdo|}h krz dq DUPD prgho lv rewdlqhg iurp dq DU+4� prgho dqg vkrz zkdw wklv lpsolhv
iru wkh sulru dqg srvwhulru ri lwv sdudphwhuv1

Ilqdoo|/ qrwh wkdw wkh dxwrfruuhodwlrqv ri qrq0lqyhuwleoh PD prghov/ l1h1 prghov zlwk rqh
ru pruh urrwv ri wkh PD sro|qrpldo zklfk olh zlwklq wkh xqlw flufoh/ fdq qrw eh glvwlqjxlvkhg
iurp wkh dxwrfruuhodwlrqv ri lqyhuwleoh PD prghov1 Frqvhtxhqwo|/ PD sdudphwhuv kdyh wr
eh uhvwulfwhg wr clqyhuwleoh* sdudphwhu ydoxhv/ wr eh lghqwl�deoh iurp wkh dxwrfruuhodwlrqv1
Lqyhuwleoh dqg qrq0lqyhuwleoh PD sro|qrpldov zlwk lghqwlfdo dxwrfruuhodwlrqv/ krzhyhu/ ohdg
wr gl�huhqw ydoxhv ri wkh frqglwlrqdo olnholkrrg ixqfwlrq +jlyhq wkh �uvw R n ^ revhuydwlrqv,1
Dv d uhvxow/ wkh| fdq eh lghqwl�hg iurp wkh olnholkrrg1 Dv zh gh�qh lghqwl�fdwlrq iurp d
olnholkrrg shuvshfwlyh/ vhh h1j1 Ndgdqh +4<<6,/ zh doorz iru qrq0lqyhuwleoh PD sdudphwhuv
vxfk wkdw/ lq sulqflsoh/ wkh PD dqg DU sdudphwhuv udqjh iurp �4 wr 41

6 DU+PD, dv uhvwulfwlrq rq DU+4,

Wkh lpsolhg DU+4� vshfl�fdwlrq ri dq DUPD prgho/ +5, dqg +8,0+;,/ vkrzv wkdw wkh DUPD
prgho fdq eh frqvlghuhg dv dq DU+4� prgho zlwk uhvwulfwlrqv rq lwv sdudphwhuv1 Dovr d �qlwh
rughu DU prgho fdq eh frqvlghuhg dv dq DU+4�prgho zlwk uhvwulfwlrqv rq lwv sdudphwhuv1 Zh
frxog frqvlghu erwk wkh sulru dqg srvwhulru ri wkh sdudphwhuv ri wkh DUPD dqg DU prgho
wr eh sursruwlrqdo wr wkh frqglwlrqdo sulru dqg srvwhulru ri wkh sdudphwhuv ri wkh DU+4�
prgho jlyhq wkdw wkh sdudphwhuv ri wkh DU+4� prgho vdwlvi| wkh uhvwulfwlrqv ri hlwkhu wkh
DUPD ru DU prgho1 Lq rughu iru vxfk dq dssurdfk wr eh ihdvleoh/ xqltxh h{suhvvlrqv iru
wkh sulruv dqg srvwhulruv ri wkh sdudphwhuv ri wkh DUPD dqg DU prgho vkrxog uhvxow1 Lq
Nohlehujhq +5333, vx!flhqw frqglwlrqv iru wkh h{lvwhqfh ri vxfk xqltxh frqglwlrqdo ghqvlwlhv
duh jlyhq1 Zh eulh | glvfxvv wkhvh nlqg ri frqglwlrqdo ghqvlwlhv dqg dsso| wkhp wr frqvwuxfw
sulruv dqg srvwhulruv ri wkh sdudphwhuv ri �qlwh rughu DU dqg DUPD prghov1 Zh vkrz wkdw
wkh sulruv wkdw duh w|slfdoo| xvhg iru wkh sdudphwhuv ri DU prghov uhvxow dv d frqglwlrqdo
ghqvlw| ri vwdqgdug sulruv rq wkh sdudphwhuv ri wkh DU+4�� Wkh sulruv wkdw duh w|slfdoo| xvhg
iru wkh sdudphwhuv ri DUPD prghov/ krzhyhu/ uhvxow dv d frqglwlrqdo ghqvlw| ri sulruv rq wkh
sdudphwhuv ri wkh DU+4� prgho wkdw idyru urrw fdqfhoodwlrq1 Wklv h{sodlqv wkh d srvwhulrul

idyru iru urrw fdqfhoodwlrq2orfdo qrq0lghqwl�fdwlrq wkdw uhvxowv iurp wkh xvh ri vwdqgdug sulruv
rq wkh sdudphwhuv ri wkh DUPD prgho1 Wkh sulruv rq wkh sdudphwhuv ri wkh DUPD prgho
wkdw uhvxow dv d frqglwlrqdo ghqvlw| ri d vwdqgdug sulru rq wkh sdudphwhuv ri wkh DU+4� prgho
ohdg wr srvwhulruv wkdw ehkdyh lq d frqyhqlhqw zd| dqg/ iru h{dpsoh/ ohdg wr srvwhulruv ri wkh
dxwrfruuhodwlrqv wkdw duh vlplodu wr wkrvh wkdw uhvxow iurp DU prghov1

;



614 Xqltxh Frqglwlrqdo Ghqvlwlhv

Lq Nohlehujhq +5333,/ lw lv vkrzq wkdw zkhq zh fdq xqltxho| ghwhuplqh wkh udqgrp yduldeoh
rq zklfk zh zdqw wr lpsrvh d uhvwulfwlrq/ wkh +frqglwlrqdo, ghqvlw| ri wkh uhvwulfwhg udqgrp
yduldeoh lv xqltxh dqg fdq eh rewdlqhg e| xvlqj wzr vx!flhqw frqglwlrqv iru d xqltxh h{suhvvlrq
ri wkh frqglwlrqdo ghqvlw|/ zklfk duh vwdwhg ehorz1 Wkh frqglwlrqdo ghqvlw| wkdw uhvxowv iurp
wkhvh vx!flhqw frqglwlrqv lv wkh rqo| ghqvlw| wkdw mxvw frqglwlrqv rq wkh ghvluhg uhvwulfwlrq
dqg lw lv lqyduldqw zlwk uhvshfw wr wkh vshfl�fdwlrq ri wkh uhvwulfwlrq1 Khqfh/ wkhvh frqglwlrqdo
ghqvlwlhv dyrlg wkh Eruho0Nroprjrury sdudgr{/ vhh e�}�c Nroprjrury +4<83, dqg Eloolqjvoh|
+4<;9,1 Wkh vx!flhqw frqglwlrqv uhdg1

Vx!flhqw frqglwlrqv iru wkh h{lvwhqfh ri d xqltxh frqglwlrqdo ghqvlw| iru wkh frqwlqxrxv

udqgrp yduldeoh ) G & � �( zkrvh vsdfh/ rq zklfk lw lv gh�qhg/ lv xquhvwulfwhg/ l1h1 wkh ?
�
c

dqg kdv d frqwlqxrxv dqg frqwlqxrxv gl�huhqwldeoh sgi RE)� zklfk lv vxfk wkdw ) lv lghqwl�hg

hyhu|zkhuh( wkdw rqo| frqglwlrqv rq wkh uhvwulfwlrq ) ' }EB� dqg qrwklqj hovh( zkhuh }EB� G
&� �c B G 6� �c 6 	 &c dqg }EB� lv frqwlqxrxv gl�huhqwldeoh dqg lv gh�qhg rq wkh zkroh vsdfh

ri Bc ��e� wkh ? �
( duh=

Frqglwlrq 41 Dq lqyhuwleoh uhodwlrqvkls ehwzhhq ) dqg EBcb� h{lvwv> zkhuh b G E& �6� � �
dqg ) ' sEBc b� lv frqwlqxrxv gl�huhqwldeoh> zklfk lv vxfk wkdw wkh vhw ri ydoxhv ri B

iru zklfk ) ' }EB� lv xqltxho| gh�qhg lv htxlydohqw wr wkh vhw ri ydoxhv ri B iru zklfk

) ' sEBc b� lv xqltxho| gh�qhg dqg wkh odwwhu vhw grhv qrw ghshqg rq wkh ydoxh ri b�

Frqglwlrq 51 Wkh uhvwulfwlrq ) ' }EB� lv htxlydohqw zlwk EBc b� ' EBc f� dqg lpsrvhv qr

uhvwulfwlrqv rq B�

Wkh xqltxh h{suhvvlrq ri wkh frqglwlrqdo ghqvlw| ri ) jlyhq wkdw ) ' }EB� lv wkhq fkdudf0
whul}hg e| wkh ghqvlw| ri Bc vhh Nohlehujhq +5333,/

R � EB� 2 REBc b�m � � � +49,

2 RE)EBc b��m � � � maE)c EBc b��m � � � mc

zkhuh o vwdqgv iru uhvwulfwhg/ m 	 
 � vwdqgv iru hydoxdwhg lq b ' f dqg aE)c EBc b�� lv wkh mdfreldq
ri wkh wudqvirupdwlrq iurp ) wr EBc b�� Wkh frqglwlrqdo ghqvlw| +49, lv lqyduldqw zlwk uhvshfw
wr wkh vshfl�fdwlrq ri EBc b� zkhq EBc b� vdwlv�hv wkh vx!flhqw frqglwlrqv1 Iru pruh ghwdlov rq
wkh xqltxh frqglwlrqdo ghqvlwlhv zh uhihu wr Nohlehujhq +5333,1

D qhvwhg prgho fdq eh frqvlghuhg dv d uhvwulfwlrq rq wkh sdudphwhuv ri dq hqfrpsdvvlqj
prgho1 Vlqfh wkh sdudphwhuv duh/ uhdol}dwlrqv ri/ udqgrp yduldeohv lq Ed|hvldq dqdo|vlv/ wkh
sulru dqg srvwhulru ri wkh sdudphwhuv ri d qhvwhg prgho duh wkhuhiruh xqltxh frqglwlrqdo ghq0
vlwlhv ri d sulru dqg srvwhulru ri wkh sdudphwhuv ri wkh hqfrpsdvvlqj prgho1 Zh fdq xvh wkhvh
xqltxh frqglwlrqdo ghqvlwlhv wr frqvwuxfw wkh sulruv dqg srvwhulruv ri wkh sdudphwhuv ri orz
rughu DU dqg DUPD prghov iurp sulruv dqg srvwhulruv ri wkh sdudphwhuv ri dq hqfrpsdvvlqj
kljk rughu DU prgho1

615 Srvwhulru Kljk Rughu DU

Zh vshfli| wkh sulru dqg srvwhulru ri wkh sdudphwhuv ri d kljk rughu DU prgho dqg xvh lw wr
frqvwuxfw frqglwlrqdo ghqvlwlhv jlyhq vshfl�f uhvwulfwlrqv wkdw uhvxow lq wkh sulru dqg srvwhulru

<



ri wkh sdudphwhuv ri orzhu rughu DU dqg DUPD prghov1 Wkh kljk rughu DU prgho uhdgv/
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b o t b o 	)�� Zh xvh wkh sulru +4<, dqg srvwhulru +53, wr frqvwuxfw frqglwlrqdo ghqvlwlhv
jlyhq vshfl�f uhvwulfwlrqv1

61514 Srvwhulru Orz Rughu DU@Frqglwlrqdo Srvwhulru jlyhq Olqhdu Uhvwulfwlrq

Wkh sulru dqg srvwhulru ri d orzhu rughu DU prgho duh sursruwlrqdo wr d frqglwlrqdo sulru dqg
srvwhulru ri wkh sdudphwhuv ri wkh kljk rughu DU jlyhq wkdw wkh sdudphwhuv ri wkh kljk rughu
DU htxdo wkh sdudphwhuv ri wkh orz rughu DU1 Zh vkrz wklv e| xvlqj wkh DU+R� prgho/

+ p '
q
[

r s t 4
r + p u r n 0p c +54,

zkhuh 0p l1l1g1 �Efc j v �c | ' �c � � � c Ac 4 ' E4 t � � � 4q � w dqg zh dvvxph wkdw R 	 R x y z �
Zh fdq vshfli| wkh sdudphwhu ) lq +4;,0+53, dv ) ' EB w b w � w c zkhuh B G R � � dqg b G

ER x y z � R�� �� Wkh DU+R� prgho +54, lv lghqwlfdo wr wkh DU+R x y z � prgho hydoxdwhg dw ) ' EB w
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f � � � f�
�
c zlwk B ' 4� Wkh uhvwulfwlrq wkdw lv lpsrvhg e| wkh DU+R� prgho rq wkh sdudphwhuv

ri wkh DU+R � � � � prgho lv wkhuhiruh ) ' EB
�
f � � � f�

�
� Zh dqdo|}h zkhwkhu wkh vshfl�fdwlrq

EBc b� vdwlv�hv wkh vx!flhqw frqglwlrqv iru d xqltxh ghqvlw| ri ) jlyhq wkdw ) ' EB
�
f � � � f�

�
�

Wkh uhvwulfwlrq ) ' EB
�
f � � � f�

�
lv vxfk wkdw ) lv xqltxho| ghwhuplqhg e| B iru doo ydoxhv ri B�

Wkh vshfl�fdwlrq ) ' EB
�
b

�
�

�
lv vxfk wkdw ) lv xqltxho| ghwhuplqhg e| EBc b� iru doo ydoxhv ri

EBc b�� Khqfh wkh �uvw vx!flhqw frqglwlrq lv vdwlv�hg1 Wkh vhfrqg vx!flhqw frqglwlrq lv dovr
vdwlv�hg dv ) ' EB

�
f � � � f�

� / EB
�
b

�
� ' EB

�
f � � � f�� Wkh vshfl�fdwlrq EBc b� wkxv vdwlv�hv wkh

vx!flhqw frqglwlrqv iru wkh h{lvwhqfh ri d xqltxh frqglwlrqdo ghqvlw|1 Wkh sulru dqg srvwhulru
ri wkh sdudphwhuv ri +54, duh wkhq d frqglwlrqdo sulru dqg srvwhulru ri EBc j

�
� lq +4:, jlyhq wkdw

b ' f� Wr ixuwkhu looxvwudwh wklv/ zh frqvwuxfw wkh uhvxowlqj frqglwlrqdo sulru dqg srvwhulru1
Dv wkh mrlqw ghqvlw| ri EBc b� lv qrupdo/ wkh frqglwlrqdo sulru ri EBc j

�
� jlyhq b uhvxowv iurp

wkh zhoo0nqrzq uhvxow wkdw wkh frqglwlrqdo ghqvlwlhv ri qrupdo glvwulexwhg udqgrp yduldeohv
duh dovr qrupdo1 Wklv frqglwlrqdo sulru wkhq uhdgv
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Zkhq zh rqo| dqdo|}h wkh qhvwhg DU+R� prgho +54,/ wkh sulru phdq ri b htxdov }hur/ b � ' f�
Wkh frqglwlrqdo sulru ri EBc j
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dqg zklfk vkrzv wkdw wkh sulru iru E4c j
�
� lq +54, lv d frqglwlrqdo sulru iru EBc j
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DU+R� +54,/ wkh sulru phdq ri bc b � c lv djdlq htxdo wr }hur vxfk wkdw wkh srvwhulru ri E4c j
�
�

xvlqj wkh sulru +57, htxdov wkh frqglwlrqdo srvwhulru ri EBc j
�
� jlyhq b ' f zkhq xvlqj wkh

sulru +4<,/

R � � � � � E4c j
�
m+� ' R � � � � � � 	 � 
 � EBE4�c j

�
m+� +59,

' R � � � � � � 	 � EBE4�c j
�
mb ' fc +�

2 R � � � � � � 	 � EBE4�c bc j
�
m+�m �  � �

Wklv vkrzv wkdw/ dv wkh olnholkrrg lv frqwlqxrxv lq wkh sdudphwhuv/ wkh uhodwlrqvkls +57, iru
wkh sulru h{whqgv wr wkh srvwhulru1

Lw lv frpprq sudfwlfh wr vshfli| sulruv gluhfwo| rq wkh sdudphwhuv ri wkh dqdo|}hg prgho dqg
qrw wr ghulyh wkhp dv wkh frqglwlrqdo sulru ri wkh sdudphwhuv ri dq hqfrpsdvvlqj prgho1 Wkh
deryh uhvxowv vkrz wkdw lw grhv qrw pdwwhu iru wkh sulru dqg srvwhulru ri wkh sdudphwhuv ri wkh
DU+R� +54, zkhwkhu zh gluhfwo| lpsrvh d qrupdo sulru rq lwv sdudphwhuv ru frqvwuxfw wkh sulru
dv wkh frqglwlrqdo sulru wkdw uhvxowv iurp d qrupdo sulru rq wkh sdudphwhuv ri dq hqfrpsdvvlqj
DU prgho1 Wklv uhvxowv dv wkh uhvwulfwlrq lpsrvhg e| wkh DU+R� +54, rq wkh DU+R � � � � +4:,
lv olqhdu dqg olqhdu frpelqdwlrqv ri qrupdo udqgrp yduldeohv dqg wkh frqglwlrqdo ghqvlwlhv ri
qrupdo udqgrp yduldeohv duh qrupdo1 Wklv grhv/ krzhyhu/ qrw h{whqg wr qrq0olqhdu uhvwulfwlrqv
wkdw vdwlvi| vx!flhqw frqglwlrqv 4 dqg 51 Iru wkh qhvwhg prghov wkdw uhvxow iurp wkhvh nlqg
ri uhvwulfwlrqv rq wkh sdudphwhuv ri dq hqfrpsdvvlqj olqhdu prgho/ qrupdo sulruv wkdw duh
vshfl�hg gluhfwo| rq wkh sdudphwhuv ri wkh qhvwhg prgho gr qrw frlqflgh zlwk wkh frqglwlrqdo
sulru wkdw uhvxowv iurp d qrupdo sulru rq wkh sdudphwhuv ri dq hqfrpsdvvlqj olqhdu prgho1 Dq
h{dpsoh ri wklv lv wkh DUPD+4/4, prgho zklfk zh revhuyh qh{w1

61515 Srvwhulru DUPD+4/4,@Frqglwlrqdo Srvwhulru jlyhq H{srqhqwldo Uhvwulf0
wlrq

Zkhq wkh rughu R � � � ri wkh DU+R � � � � prgho +4:, lv odujh/ wkh DUPD+4/4, prgho +4, fdq eh
frqvlghuhg wr uhvxow iurp d vhw ri h{srqhqwldo uhvwulfwlrqv rq wkh sdudphwhuv ri wkh DU+R � � � �
prgho +4:,1 Wkhvh uhvwulfwlrqv fdq eh vshfl�hg dv/ vhh Nohlehujhq +5333,/
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zkhuh w ' 4� k� Zh lqwurgxfh d vhw ri dgglwlrqdo sdudphwhuv b ' Eb � � � �b� � � � � � � � G ER � � � �
2�� �c wr vsdq wkhvh uhvwulfwlrqv/
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c +5<,

Wkh vshfl�fdwlrq ri wkh uhvwulfwlrqv/ lpsrvhg e| wkh DUPD+4/4, prgho rq wkh DU+R � � � �c +5;,0
+5<, vdwlv�hv wkh vx!flhqw frqglwlrqv iru wkh h{lvwhqfh ri d xqltxh frqglwlrqdo ghqvlw| ri )
jlyhq +5:,1 Frqglwlrq 4 lv vdwlv�hg dv zh fdq xqltxho| vroyh iru ) iurp Ekc wc b� zkhq w 9' f iru
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doo ydoxhv ri b� Vlploduo|/ +5:, dovr vkrzv wkdw wkh ydoxh ri S � lv xqltxho| ghwhuplqhg e| Ekc w�
zkhq w 9' f� Ehfdxvh wkh uhvwulfwlrq lv qrw lpsrvhg rq wc frqglwlrq 4 lv wkxv vdwlv�hg1 Frqglwlrq
5 lv vdwlv�hg ehfdxvh +5<, lv htxlydohqw zlwk +5:, zkhq b ' f lq +5<,1 Wr ixuwkhu yhuli| wkhvh
frqglwlrqv zh fkhfn wkh lqyduldqfh surshuw| wkdw wkh frqglwlrqdo ghqvlw| lv lqyduldqw wr wkh
vshfl�fdwlrq ri wkh sdudphwhuv wkdw uhvxow iurp wkh vx!flhqw frqglwlrqv1 Wr dqdo|}h wklv
lqyduldqfh surshuw|/ lw lv lpsruwdqw wr qrwh wkdw dowkrxjk k lv suhvhqw lq doo wkh hohphqwv ri
) lq +5<,/ lw fdq rqo| eh rewdlqhg dv wkh udwlr ri

� � � �
� � c � ' �c � � � c R � � 	 � �c vlqfh vtxduh urrwv

ri qhjdwlyh ydoxhv duh qrw surshuo| gh�qhg1 Dqrwkhu vshfl�fdwlrq ri ) lq whupv ri sdudphwhuv
uhsuhvhqwlqj uhvwulfwlrq +5:, lv wkhq/ iru h{dpsoh/
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!
G ER � �  � 2�� �c dqg zkhq > ' fc +63,

lv htxlydohqw wr +5:,1 Wkh mdfreldq ri wkh wudqvirupdwlrq iurp ) wr Ewc kc b�c maE)c Ewc kc b��m/
lv htxdo wr mwm� Wkh mdfreldq ri wkh wudqvirupdwlrq iurp ) wr E�c �c >�c maE)c E�c �c >��mc lv
htxdo wr m�m� Xqghu wkh uhvwulfwlrq +5:,/ b ' > ' fc vxfk wkdw w ' �

� �
� dqg k ' �� Wkh

mdfreldq ri wkh wudqvirupdwlrq iurp E�c �� wr Ewc k� lv wkhq/ xqghu wkh uhvwulfwlrq/ htxdo wr
maEE�c ��c Ewc k��m ' m� � � m ' mk � � m� Frpelqlqj wkhvh mdfreldqv zh rewdlq wkdw

maE)c Ewc kc b��m " # $ m ' maE)c E�c �c >��m % & ' mmaEE�c ��c Ewc k��m ' m�mm� ( ) m ' mk)
wmmk ( ) m ' mwmc

+64,

zklfk lv wkh surshuw| wkdw lv qhhghg wr kdyh d frqglwlrqdo ghqvlw| wkdw lv lqyduldqw zlwk uhvshfw
wr wkh vshfl�fdwlrq ri wkh sdudphwhuv wkdw uhvxow iurp wkh vx!flhqw frqglwlrqv1

Dv wkh uhvwulfwlrqv +5:,0+5<,/ wkdw ohdg iurp wkh DU+R * + , �prgho wr wkh DUPD+4/4, prgho/
vdwlvi| wkh vx!flhqw frqglwlrqv iru wkh h{lvwhqfh ri d xqltxh frqglwlrqdo ghqvlw|/ wkh sulru dqg
srvwhulru ri wkh sdudphwhuv ri wkh DUPD+4/4, prgho duh d frqglwlrqdo sulru dqg srvwhulru ri
wkh sdudphwhuv ri wkh DU+R * + , �prgho jlyhq wkdw wkhvh uhvwulfwlrqv krog1 Khqfh/ zh fdq vshfli|
d qrupdo sulru rq wkh sdudphwhuv ri wkh DU+R * + , � olnh +4<,/ zklfk lv d qdwxudo frqmxjdwh sulru
iru wkdw prgho dv wkh sulru kdv wkh vdph vshfl�fdwlrq dv wkh olnholkrrg/ vhh Srlulhu +4<<8,/ dqg
frqvwuxfw wkh +frqglwlrqdo, sulru wkdw lw lpsolhv rq wkh sdudphwhuv ri wkh DUPD+4/4, prgho1
Wr looxvwudwh wklv/ zh frqvwuxfw vxfk d sulru dqg wkh uhvxowlqj srvwhulru1

Qrupdo Sulru rq DU+R * + , , sdudphwhuv Wkh sulru rq Ekc wc bc j
-
� lpsolhg e| +4<, uhdgv/
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zkhuh )Ekc wc b� uhvxowv iurp +5<,1 Wkh surshu sulru iru wkh sdudphwhuv ri wkh DUPD+4/4,
prgho wkdw uhvxowv iurp +4<, lv htxdo wr wkh frqglwlrqdo sulru wkdw uhvxowv iurp +65, jlyhq wkdw
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zklfk lv d surshu sulru zlwk d qrupdol}lqj frqvwdqw htxdo wr
UUU

R � � � � � � � � Ekc wc bc j � �m �  ! _k_w_j " �
Wkh sulru +66, uhvxowv iurp d qdwxudo frqmxjdwh sulru wkdw lv vshfl�hg rq wkh sdudphwhuv ri
wkh DU+R # $ % � prgho1 Lw wkhuhiruh vkrzv wkh vshfl�fdwlrq ri d qdwxudo frqmxjdwh sulru rq wkh
sdudphwhuv ri wkh DUPD+4/4, prgho1 Zkhq zh xvh wkh sulru +66, iru wkh sdudphwhuv ri wkh
DUPD+4/4, prgho/ wkh srvwhulru lv sursruwlrqdo wr wkh surgxfw ri wkh sulru dqg wkh olnholkrrg/

R & ' ( & ) * + * , Ekc wc j " m+� 2 R & ' ( & ) * + * , Ekc wc j " �, & ' ( & ) * + * , Ekc wc j " m+� +67,

2 R & ' ) - . / 0 , Ekc wc bc j " �m 1 2 3 , & ' ) - . / 0 , E)Ekc wc b�c j " m+�m 1 2 3
2 R& ' ) - . / 0 , E)Ekc wc b�c j " �m 1 2 3 maE)c Ekc wc b��m 1 2 3 m, & ' ) - . / 0 , E)Ekc wc b�c j " m+�m 1 2 3

2 R & ' ) - . / 0 , E)Ekc wc b�c j " m+�m 1 2 3 maE)c Ekc wc b��m 1 2 3
2 R & ' ) - . / 0 , Ekc wc bc j " m+�m 1 2 3 c

dqg wklv srvwhulru ri wkh DUPD+4/4, sdudphwhuv dovr htxdov wkh frqglwlrqdo srvwhulru ri wkh
sdudphwhuv ri wkh DU+R # $ % � xvlqj wkh sulru +4<, jlyhq wkdw wkh DUPD+4/4, uhvwulfwlrq krogv1

Zkloh R # $ % vkrxog eh ohvv wkdq A iru wkh dqdo|vlv ri wkh DU+R # $ % �prgho/ wkhuh lv hvvhqwldoo|
qr uhvwulfwlrq rq R # $ % iru wkh dqdo|vlv ri wkh DUPD+4/4, prgho vxfk wkdw zh vhw R # $ % htxdo wr
wkh qxpehu ri revhuydwlrqv/ Ac lq zklfk fdvh wkh olnholkrrg ri wkh DUPD+4/4, prgho lv htxdo
wr wkh frqglwlrqdo olnholkrrg jlyhq wkh �uvw Rn ^ E' 2� revhuydwlrqv1 Khqfh/ zh vhw R # $ % ' A

lq wkh vhtxho ri wkh sdshu1

Gl�xvh Sulru rq DU+R # $ % , sdudphwhuv Lqvwhdg ri d qrupdo sulru rq wkh sdudphwhuv ri
wkh DU+R # $ % � prgho dq| rwkhu nlqg ri frqwlqxrxv +gl�huhqwldeoh, sulru fdq eh vshfl�hg dv
zhoo1 Vr/ zh fdq dovr vshfli| dq lpsurshu gl�xvh sulru rq wkh sdudphwhuv ri wkh DU+R # $ % �
prgho/

R & ' 4 5 6 7 8 9 E)c j
:
� 2

�

�j
: �
� ; < c +68,

zklfk vshfl�fdwlrq lv frqvlghuhg wr eh d qrq0lqirupdwlyh rqh lq olqhdu prghov/ vhh Ehujhu
+4<;8,/ dqg frqvwuxfw wkh lpsolhg lpsurshu sulru rq wkh sdudphwhuv ri wkh DUPD+4/4, xvlqj
+66,/

R = > ? = 4 @ A B C Ekc wc j
D
� 2 R E F G H I J K L E)Ekc wc b�c j

D
�m M N O maE)c Ekc wc b��m M N O c +69,

2
�

�j
D �
� P Q mwm �

Wkh vshfl�fdwlrq ri wklv sulru lv lghqwlfdo wr wkh sulru wkdw lv dgyrfdwhg e| Er{ hw1 do1 +4<<7/
s15:705:8, dv d Mh�uh|v* sulru iru wkh sdudphwhuv ri dq DUPD+4/4, prgho1 Wkh lpsruwdqw
gl�huhqfh zlwk wkh gl�xvh sulru wkdw zdv xvhg wr frqvwuxfw wkh srvwhulru lq vhfwlrq 51415 lv wkh
suhvhqfh ri mwm lq wkh sulru1 Wklv idfwru uhvxowv iurp wkh frqglwlrqdo lghqwl�fdwlrq ri k rq w

dqg dffrxqwv iru wkh orfdo qrq0lghqwl�fdwlrq ri k dw w ' f� Qrwh wkdw wklv idfwru r�vhwv wkh
dv|pswrwh lq wkh pdujlqdo srvwhulru ri w dw w ' f/ ghslfwhg lq Iljxuh 61 Wkh srvwhulru xvlqj
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sulru q sdudphwhu 4 k w

gl�xvh rq +4c k, f��2� � � � f��b� � � � f��2� � � � �

gl�xvh rq ) f��H� � � 	 f�22
 � �  f��S
 � 
  �

PO hvwlpdwh f�SD
 � � � f�D�
 � � � f��2
 � 
  �

Wdeoh 5= Srvwhulru prphqwv dqg PO hvwlpdwh DUPD+4/4, sdudphwhuv duwl�fldo wlph0vhulhv

wkh sulru +69, uhvxowv gluhfwo| iurp +67, dqg lv d frqglwlrqdo ghqvlw| ri wkh srvwhulru xvlqj d
gl�xvh sulru ri wkh DU+R � � � � sdudphwhuv1

Gl�xvh sulruv lq olqhdu prghov ohdg wr srvwhulruv wkdw sulpdulo| uhyhdo wkh lqirupdwlrq lq
wkh gdwd1 Wklv wkhq dovr krogv iru wkh srvwhulru ri wkh DUPD+4/4, sdudphwhuv wkdw uhvxowv iurp
sulru +69,1 Wkh uhvxowlqj srvwhulruv ri/ iru h{dpsoh/ wkh dxwrfruuhodwlrqv dqg wkh sdudphwhuv
duh wkhuhiruh pruh lq olqh zlwk wkh srvwhulruv lq DU prghov wkdq wkh srvwhulruv wkdw uhvxow iurp
gl�xvh ru qrupdo sulruv rq wkh sdudphwhuv ri wkh DUPD+4/4, prgho1 Wr looxvwudwh wklv/ zh
frpsxwhg wkh pdujlqdo srvwhulruv ri wkh sdudphwhuv ri wkh DUPD+4/4, prgho xvlqj wkh sulru
+69, iru wkh duwl�fldo gdwd0vhw dqdo|}hg lq vhfwlrq 514151 Iru frpsdulvrq/ zh dovr vkrz vrph ri
wkh srvwhulruv dqg srvwhulru phdqv wkdw uhvxow zkhq zh xvh d gl�xvh sulru rq wkh DUPD+4/4,
sdudphwhuv dv lq vhfwlrq 514151 Wkh srvwhulruv duh frpsxwhg xvlqj wkh Lpsruwdqfh Vdpsohu
srvwhulru vlpxodwru wkdw lv frqvwuxfwhg lq vhfwlrq 8141

Iljxuhv 7 dqg 8 vkrz wkh elyduldwh srvwhulru ri Ekc w� dqg lwv frqwrxu0olqhv zkhq zh xvh
sulru +69,1 Wkhvh �jxuhv vkrz wkdw wkh orfdo qrq0lghqwl�fdwlrq ri k dw w ' f qr orqjhu ohdgv wr
d ulgjh lq wkh elyduldwh srvwhulru ri Ekc w� dw w ' f1 Iljxuhv 90; frqwdlq wkh pdujlqdo srvwhulruv
ri wc k dqg 4 dqg/ iru frpsdulvrq/ wkhvh �jxuhv dovr vkrz wkh srvwhulru lq fdvh ri d gl�xvh
sulru rq wkh DUPD+4/4, sdudphwhuv1 Wdeoh 5 vkrzv wkh pd{lpxp olnholkrrg hvwlpdwhv dqg
wkh srvwhulru prphqwv erwk lq fdvh ri wkh sulru +69, dqg lq fdvh ri d gl�xvh sulru rq wkh
DUPD+4/4, sdudphwhuv1 Qrwh wkdw wkh pd{lpxp olnholkrrg hvwlpdwh qr orqjhu frlqflghv zlwk
wkh srvwhulru prgh zkhq zh vshfli| d gl�xvh sulru rq )c zklfk fdq dovr eh frqfoxghg iurp wkh
frqwrxu0olqhv lq �jxuh 8/ dqg wkdw wkh h{lvwhqfh ri wkh srvwhulru phdqv ri 4 dqg k lv grxewixo
iru erwk vshfl�fdwlrqv ri wkh sulru1 Wkh �jxuhv vkrz wkdw wkh d srvwhulrul idyru iru w ' f
frpsduhg wr wkh gl�xvh sulru rq wkh DUPD+4/4, sdudphwhuv kdv glvdsshduhg1 Wkh uhvxowv
xvlqj sulru +69, duh wkhuhiruh pruh lq olqh zlwk zkdw zh h{shfw zkhq zh xvh d gl�xvh +qrq0
lqirupdwlyh, sulru dv lw vkrxog ohdg wr srvwhulruv wkdw rqo| vkrz wkh lqirupdwlrq lq wkh gdwd
dqg qrwklqj hovh1 D gl�xvh sulru gluhfwo| vshfl�hg rq wkh DUPD+4/4, sdudphwhuv lv fohduo|
lqirupdwlyh/ jlyhq lwv d srvwhulrul idyru iru w ' f/ dqg wkxv qrw rqo| vkrzv wkh lqirupdwlrq lq
wkh gdwd1
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Iljxuh 7= Elyduldwh srvwhulru +kc w,/ duwl�fldo wlph vhulhv/ gl�xvh sulru rq )�

Iljxuh 8= Frqwrxuolqhv elyduldwh srvwhulru +kc w,/ duwl�fldo wlph vhulhv/ gl�xvh sulru rq )�
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Iljxuh 9= Pdujlqdo srvwhulru w/ duwl�fldo wlph vhulhv/ gl�xvh sulru rq +kc 4� +0 0,/ rq ) +�,1

Iljxuh := Pdujlqdo srvwhulru k/ duwl�fldo wlph vhulhv/ gl�xvh sulru rq +kc 4� +0 0,/ rq ) +�,1

4:



Iljxuh ;= Pdujlqdo srvwhulru 4/ duwl�fldo wlph vhulhv/ gl�xvh sulru rq +kc 4� +0 0,/ rq ) +�,1

Lpsolhg Sulru rq sdudphwhuv DU+R � � � , Suhylrxvo|/ zh frqvwuxfwhg wkh sulru iru wkh
sdudphwhuv ri wkh DUPD+4/4, prgho iurp d sulru wkdw lv vshfl�hg rq wkh sdudphwhuv ri wkh
DU+R � � � � prgho1 Lw lv dovr srvvleoh wr frqvwuxfw wkh fodvv ri sulruv rq wkh sdudphwhuv ri
wkh DU+R � � � � prgho wkdw lv lpsolhg e| dq douhdg| vshfl�hg sulru rq wkh sdudphwhuv ri wkh
DUPD+4/4, prgho/ vhh Nohlehujhq +5333,1 Wklv lv frqyhqlhqw ehfdxvh wkh DUPD+4/4, prgho
lv qrq0olqhdu lq lwv sdudphwhuv zkloh wkh DU+R � � � � prgho lv olqhdu1 Lw lv wkhuhiruh qrw gluhfwo|
reylrxv krz wkh lqirupdwlrq lq wkh sulru ri wkh DUPD+4/4, sdudphwhuv lv uh hfwhg lq wkh
pdujlqdo srvwhulruv1 Lq olqhdu prghov/ lw lv fohdu krz sulru lqirupdwlrq lv xsgdwhg zlwk wkh
olnholkrrg wr srvwhulru lqirupdwlrq vlqfh doo lqirupdwlrq lq wkh sulru lv lq wkh vdph zd| uh hfwhg
lq wkh pdujlqdo srvwhulruv1

Wr vkrz wkh lpsolfdwlrqv iru wkh DUPD+4/4, prgho/ frqvlghu d qrupdo sulru rq Ekc 4� jlyhq
j

�
c zklfk lv iuhtxhqwo| xvhg lq sudfwlfh/ vhh/ h1j1/ Fkle dqg Juhhqehuj +4<<7, dqg Prqdkdq

+4<;6,/

R � � � � � � 	 � 
 Ekc 4mj
�
� 2

�

�j
� �
� � �

i T

�

� �

2j
�
�

4� 4 �
k� k �

� 
` �

�

4� 4 �
k� k �

��

c +6:,

zkhuh 4 � dqg k � duh wkh sulru phdqv dqg j � ` �
�

� c ` � G 2� 2c lv wkh sulru fryduldqfh pdwul{1
Wklv lpsolhv wkh sulru

R � � � � � � � � � Ekc wmj � � 2
�

�j � �� �
�
i T

�

� �

2j �

�

w � w �
k� k �

� �
T �
�

w � w �
k� k �

��

c +6;,
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c rq w dqg k� Mxvw olnh +66,/ wkh

sulru +6;, lv d frqglwlrqdo sulru ri Ewc k� jlyhq b ' f� Zh fdq wkhq frqvwuxfw wkh fodvv ri sulruv
rq Ekc wc b� wkdw lpso| +6;,/
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c dqg dovr

wkh fodvv ri sulruv rq wkh sdudphwhuv ri wkh DU+R � � � � wkdw lpso| +6;,/

R � � 	 
 � �  � E)mj
�
�m � � � � � � � � 2 R � � � � � � � � Ekc wc bmj

 
�m ! " # maEEkc wc b�c )�m ! " # m +73,

2 mS $ m % $
R � � � � � � � � EkE)�c wE)�c bE)�mj

 
�m ! " # �

Dowkrxjk wkh sulru +73, lv rqo| vshfl�hg rq ydoxhv ri ) iru zklfk S & ' $ ' k
&
wc � ' �c � � � c R ( ) * ��c

dv lw fdq qrw eh ghwhuplqhg iru wkh rwkhu ydoxhv ri )c lw uhyhdov wkh surshuwlhv ri wkh pdujlqdo
srvwhulruv ri kc 4 dqg w zkhq zh xvh wkh sulru +6:,1 Wklv uhvxowv dv wkh DU+R ( ) * � prgho lv
olqhdu lq ) vxfk wkdw doo surshuwlhv wkdw duh suhvhqw lq wkh sulru duh dovr suhvhqw lq wkh pdujlqdo
srvwhulruv1 Ixuwkhupruh/ vlqfh zh dqdo|}h wkh DUPD+4/4, prgho/ zh duh dovr qrw lqwhuhvwhg
lq wkh ehkdylru ri wkh sulru dw rwkhu ydoxhv ri )� Wkh lpsolflw sulru +73, vkrzv wkdw sulru +6:,
grhv qrw dffrxqw iru wkh orfdo qrq0lghqwl�fdwlrq ri k dw w ' f dv +73, lv lq�qlwh dw w ' S $ ' f�
Dv wkh DU+R ( ) * � prgho lv olqhdu lq )c dovr wkh pdujlqdo srvwhulru ri w zlwk sulru +6:, lv lq�qlwh
dw w ' f zklfk fruuhvsrqgv zlwk vhfwlrq 51415 zkhuh wkh pdujlqdo srvwhulru ri w lv vkrzq wr
eh lq�qlwh dw w ' f1 Wklv vkrzv d frqyhqlhqw ihdwxuh ri wkh fodvv ri sulruv rq wkh sdudphwhuv
ri wkh DU+R ( ) * �c wkdw lpsolhv wkh douhdg| vshfl�hg sulru rq wkh sdudphwhuv ri wkh DUPD+4/4,
prgho/ dv lw hqdeohv xv wr yhuli| wkh sodxvlelolw| ri wkh sulru wkdw lv vshfl�hg rq wkh sdudphwhuv
ri wkh DUPD+4/4, prgho zlwkrxw wkh qhhg wr frpsxwh wkh pdujlqdo srvwhulruv1

61516 Srvwhulru DUPD+Rc ^,@Frqglwlrqdo Srvwhulru

Wkh DUPD+Rc ^� prgho +7, dovr uhvxowv iurp d vhw ri uhvwulfwlrqv rq wkh DU+R ( ) * � prgho/
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+77,

dqg zkhuh � � �
dqg �

� �
duh gh�qhg lq +44,0+45,1 Vlqfh wkh uhvwulfwlrq/ vsdqqhg e| b +75,/ grhv

qrw lqyroyh dq| hohphqwv ri �
� �
c wkh vshfl�fdwlrq ri Ekc 4c b� +75,0+77, vdwlv�hv wkh vx!flhqw

frqglwlrqv iru d xqltxh h{suhvvlrq ri wkh frqglwlrqdo ghqvlw|1 Wkh sulru dqg srvwhulru ri wkh
sdudphwhuv ri wkh DUPD+Rc ^� prgho duh wkxv frqglwlrqdo ghqvlwlhv ri d sulru dqg srvwhulru ri
wkh sdudphwhuv ri wkh DU+R �  � � prgho1

Qrupdo Sulru rq DU+R �  � , sdudphwhuv Dqdorjxh wr wkh DUPD+4/4, prgho/ zh fdq
vshfli| d qrupdo sulru rq wkh sdudphwhuv ri wkh DU+R �  � � prgho +4<, dqg frqvwuxfw wkh sulru
wkdw lw lpsolhv rq wkh sdudphwhuv ri wkh DUPD+Rc ^� prgho/

R � � � � � � � � � Ekc 4c j
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c

zkhuh )Ekc 4c b� lv gh�qhg lq +77,1 Vlqfh wkh sulru +78, lv d frqglwlrqdo ghqvlw| wkdw uhvxowv
iurp d surshu qrupdo sulru/ lw lv dovr surshu lwvhoi1 Vlplodu dv iru wkh DUPD+4/4, prgho/ wkh
srvwhulru wkdw uhvxowv iurp wkh sulru +78, lv dovr wkh frqglwlrqdo srvwhulru xvlqj wkh sulru +4<,
ri Ekc 4� jlyhq wkdw b ' f lq wkh DU+R �  � � prgho1 Htxdwlrq +78, vkrzv wkh ixqfwlrqdo irup
ri d qdwxudo frqmxjdwh sulru iru wkh sdudphwhuv ri dq DUPD+Rc ^� prgho dv lw lv wkh xqltxh
frqglwlrqdo ghqvlw| wkdw uhvxowv iurp wkh qdwxudo frqmxjdwh sulru rq wkh sdudphwhuv ri wkh
DU+R �  � � prgho1

Gl�xvh Sulru rq DU+R �  � , sdudphwhuv Wkh gl�xvh sulru rq wkh sdudphwhuv ri wkh
DU+R �  � � prgho +69, ohdgv wr wkh sulru/

R � � � � � � � � � Ekc 4c j
�
� 2

�

�j

�
�

�

� �
m�

� �
m c +79,

rq wkh sdudphwhuv ri wkh DUPD+Rc ^� prgho1 Iru wkh DUPD+4/4, prgho/ wklv sulru lv lghqwlfdo
wr sulru +69, dqg +79, wkxv dovr ohdgv wr srvwhulruv wkdw sulpdulo| uhyhdo wkh lqirupdwlrq lq
wkh gdwd1 Wkh sulruv rq wkh sdudphwhuv ri wkh DUPD+Rc ^� prgho wkdw uhvxow iurp rwkhu
frqwlqxrxv sulruv rq wkh sdudphwhuv ri wkh DU+R �  � � prgho fdq eh frqvwuxfwhg dqdorjrxvo|1
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7 Ed|hv Idfwruv

Wkh sulruv rq wkh sdudphwhuv ri vhyhudo gl�huhqw DUPD prghov fdq eh frqvwuxfwhg vxfk wkdw
wkh| duh frqglwlrqdo ghqvlwlhv wkdw uhvxow iurp rqh sulru wkdw lv vshfl�hg rq wkh sdudphwhuv
ri dq hqfrpsdvvlqj DU+R � � � � prgho1 Zkhq zh frpsduh wkhvh prghov xvlqj wkh Ed|hv idfwru/
wkh sulruv rq wkh sdudphwhuv ri wkh gl�huhqw prghov wkhq dffrug zlwk rqh dqrwkhu dv wkh| doo
uhvxow iurp wkh vdph sulru rq wkh sdudphwhuv ri wkh hqfrpsdvvlqj DU+R � � � � prgho1 Dqrwkhu
frqyhqlhqfh iru wkh Ed|hv idfwru lv wkdw zh rqo| kdyh wr vshfli| rqh sulru/ wkh sulru rq wkh
sdudphwhuv ri wkh DU+R � � � � prgho1

Wkh Ed|hv idfwru iru frpsdulqj prgho wkh DUPD+R � c ^ � � prgho M � zlwk wkh DUPD+R � c ^ � �
prgho M � lv gh�qhg dv/ vhh e�}� Ehujhu +4<;8,/
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� dqg R �  Ek � c 4 � c j �

� duh wkh surshu sulruv iru wkh sdudphwhuv xqghu M 

dqg M � � Erwk R � � Ek 
 c 4 
 c j �

� dqg R �  Ek � c 4 � c j �
� duh surshu frqglwlrqdo ghqvlwlhv wkdw uhvxow

iurp wkh vdph sulru rq wkh sdudphwhuv ri wkh DU+R � � � � prgho/
R � � Ek 
 c 4 
 c j �
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zkhuh Ek q c 4 q c b q � dqg Ek \ c 4 \ c b \ � vdwlvi| wkh vx!flhqw frqglwlrqv iru d xqltxh frqglwlrqdo
ghqvlw| vxfk wkdw wkh frqglwlrqdo ghqvlwlhv ri Ek q c 4 q � jlyhq b q ' f dqg Ek \ c 4 \ � jlyhq b \ ' f
duh lqyduldqw zlwk uhvshfw wr wkh vshfl�fdwlrq ri wkh sdudphwhuv1 Qrwh wkdw wkh xvh ri vwdqgdug
qrupdo sulruv rq wkh sdudphwhuv ri wkh DUPD+Rc ^� prghov lpsolhv wkdw wkh sulru rq wkh
sdudphwhuv ri wkh hqfrpsdvvlqj DU+R r s t �c ri zklfk wkh sulru ri wkh qhvwhg DUPD prgho lv
d frqglwlrqdo ghqvlw|/ lv gl�huhqw iru hyhu| DUPD prgho1 Khqfh/ wkh sulruv ri wkh DUPD
prghov wkhq gr qrw dffrug zlwk rqh dqrwkhu1

714 Ed|hv idfwru iru frpsdulqj DUPD prghov zlwk lghqwlfdo s.t

Zkhq R u n ^ u ' R v n ^ v dqg zh vshfli| d qrupdo sulru rq ) jlyhq j w zlwk dq lq�qlwh +sulru,
yduldqfh iru ESx y z { y z v c � � � c Sx | } ~ �/ wkh Ed|hv idfwru vlpsol�hv frqvlghudeo|1 Qrw rqo| wkh qru0
pdol}lqj frqvwdqw ri wkh olnholkrrgv xqghu M u dqg M v fdqfho/ dovr wkh qrupdol}lqj frqvwdqwv ri
wkh sulruv duh lghqwlfdo1 Frqvlghu/ iru h{dpsoh/ wkh fdvh ri d qrupdo0jdppd sulru rq E)c j w �c

R � � � x | } ~ � E)c j w � ' R � � � x | } ~ � E)mj w �R � � � x | } ~ � Ej w �c +7<,
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+83,

dqg zkhuh ? ¨ c r  duh wkh sulru sdudphwhuv iru wkh sulru iru j ® dqg )  c �  iru wkh sulru iru ) jlyhq
j ® c vhh +4<,1 Zh vshfli| ) ' EB ¯ b ¯ �c )  ' EB ¯  b ¯  � ¯ ( Bc B  G ER  n^  ���( bc b  G ER ° ± ² �ER  n^  ����c
dqg �  dv
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c +84,
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zkhuh � � � � � G ER � n ^ � �� ER � n ^ � �c �� � � � � c � � � � � G ER � n ^ � �� ER � � � � ER � n ^ � ��c � � � � � G ER � � � �
ER � n ^ � ��� ER � � � � ER � n ^ � ��c zlwk �

� � � � � ' � � � � � ' fc � � � � � ' fc zklfk ohdgv wr d gl�xvh sulru
rq b� Wkh surshu sulruv lpsolhg e| +83, rq wkh sdudphwhuv ri wkh DUPD prghov M � dqg M �
qrz erwk fruuhvsrqg zlwk wkh vdph ER � n ^ � �0yduldwh qrupdo ghqvlw|/
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� EBEk � c 4 � �� B � �

�
� � � � � EBEk � c 4 � �� B � �
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c

vxfk wkdw lw uhvxowv iurp +77, wkdw

BEk � c 4 � � '
�

4 � n � � � � � k �
� � � � � k �

�

c BEk � c 4 � � '
�

4 � n � � � � � k �
� � � � � k �

�

c +86,

zlwk � � � � � c � � � � � dqg � � � � � dqg � � � � � duh wkh vshfl�fdwlrqv � � � dqg � � � xqghu M � dqg M �
uhvs1/ vhh +44, dqg +45,/ vxfk wkdw aEBc Ek � c 4 � �� ' � � � � � dqg aEBc Ek � c 4 � �� ' � � � � � 1 Qrwh wkdw
m� � � m ' � iru sxuh DU dqg PD prghov1 Wkh qrupdol}lqj frqvwdqwv ri wkh sulruv xqghu M � dqg
M � +85, duh lghqwlfdo vxfk wkdw wkh| fdqfho rxw lq wkh Ed|hv idfwru1 Zh fdq wkhuhiruh ohw wkh
sulru yduldqfhv frqyhujh wr lq�qlw|/ � � � � � $ fc r � $ fc ? � ' fc dqg vwloo pdlqwdlq d surshuo|
gh�qhg Ed|hv idfwru zklfk uhdgv/
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l

_k , _4 , _j "
�

Wkh Ed|hv idfwru +87, fdq eh frqvlghuhg dv d Ed|hv idfwru iru frpsdulqj DUPD prghov zlwk
htxdo vxpphg DU dqg PD odj ohqjwkv wkdw xvhv qrq0lqirupdwlyh sulruv iru wkh sdudphwhuv
ri wkh frpsduhg DUPD prghov1 Qrupdoo|/ wkh xvh ri lpsurshu qrq0lqirupdwlyh sulruv ohdgv
wr Ed|hv idfwruv wkdw vx�hu iurp wkh Olqgoh| sdudgr{/ vhh Srlulhu +4<<8,1 Wkh Ed|hv idfwru
+87, dyrlgv wkh Olqgoh| sdudgr{ ehfdxvh ri wkh pdqqhu lq zklfk wkh sulruv duh frqvwuxfwhg
dqg wkh idfw wkdw wkh frpsduhg prghov kdyh wkh vdph qxpehu ri sdudphwhuv1 Lq fdvh ri
qrupdo glvwulexwhg glvwxuedqfhv/ wkh Ed|hv idfwru +87, fdq eh vlpsol�hg ixuwkhu e| dqdo|wlfdoo|
lqwhjudwlqj rxw j " c

EIEM ! mM , � '
UU

k

m0Ek ! c 4 ! � / 0Ek ! c 4 ! �m #
$% & 0 ) ' ( ) * ( +

m� " " . ! m
l

_k ! _4 !
UU

k

m0Ek , c 4 , � / 0Ek , c 4 , �m #
$% & 0 ) ' ( ) * ( +

m� " " . , m
l

_k , _4 ,
c +88,

zkhuh 0 ' E0 , � � � 00 �/ G A � � lv wkh yhfwru ri glvwxuedqfhv1 Wkh Ed|hv idfwru +88, fdq dovr eh
dssur{lpdwhg xvlqj wkh Vfkzdu} +Ed|hvldq, Lqirupdwlrq Fulwhulxp +ELF,/ vhh Vfkzdu} +4<:;,/
�8 EM 1 mM 2 � � i T

� 34 E�U�EM 3 �� �U�EM 5 ��� c exw wklv dssur{lpdwlrq grhv qrw lqyroyh wkh
mdfreldq idfwruv m� 4 4 6 5 m dqg m� 4 4 6 3 m1 Lq d odwhu vhfwlrq/ zh xvh wkh Ed|hv idfwru +88, wr frpsduh
gl�huhqw DUPD+Rc ^� prghov zlwk lghqwlfdo Rn ^� Qrwh wkdw wkhvh prghov duh qrq0qhvwhg dqg
fdq qrw eh frpsduhg xvlqj fodvvlfdo whvw vwdwlvwlfv1
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8 Srvwhulru Vlpxodwruv

Wkh ghyhorshg sulruv dqg srvwhulruv ri wkh sdudphwhuv ri DUPD prghov gr qrw ehorqj wr d
nqrzq fodvv ri ghqvlwlhv1 Wklv lpsolhv wkdw zh kdyh wr xvh qxphulfdo whfkqltxhv wr hydoxdwh
wkh sulruv dqg srvwhulruv ri wkh sdudphwhuv ri wkhvh nlqg ri prghov1 Zh wkhuhiruh frqvwuxfw d
vlpxodwru wkdw jhqhudwhv gudzlqjv iurp wkh sulru dqg2ru srvwhulru1 Zh qrwh wkdw wkh sulruv dqg
srvwhulruv ri wkh sdudphwhuv ri DUPD prghov/ wkdw uhvxow dv frqglwlrqdo ghqvlwlhv ri qrupdo
dqg gl�xvh sulruv rq wkh sdudphwhuv ri hqfrpsdvvlqj DU prghov/ duh vxfk wkdw wkh frqglwlrqdo
ghqvlwlhv ri wkh DU sdudphwhuv jlyhq wkh PD sdudphwhuv/ dqg ylfh yhuvd/ gr qrw ehorqj wr
d nqrzq fodvv ri ghqvlwlhv1 Wklv surshuw| dovr uhvxowv zkhq zh vshfli| rwkhu nlqg ri sulruv
rq wkh sdudphwhuv ri wkh DUPD prghov wkdw uhvxow iurp sodxvleoh sulruv rq wkh sdudphwhuv
ri wkh hqfrpsdvvlqj DU prgho1 Dv d frqvhtxhqfh/ zh fdq qrw vhtxhqwldoo| vlpxodwh wkh DU
sdudphwhuv jlyhq wkh PD sdudphwhuv dqg ylfh yhuvd dqg xvh wkh jhqhudwhg gudzlqjv lq d
Pdunry Fkdlq Prqwh Fduor +PF

�
, dojrulwkp dv/ iru h{dpsoh/ lq Fkle dqg Juhhqehuj +4<<7,1

Wkh vlpxodwru wkxv kdv wr jhqhudwh wkh DU dqg PD sdudphwhuv mrlqwo| dqg zh fdq xvh wkhvh
mrlqwo| jhqhudwhg gudzlqjv lq/ iru h{dpsoh/ d PF

�
ru Lpsruwdqfh Vdpsolqj dojrulwkp1

814 Lpsruwdqfh Vdpsolqj

Zh frqvwuxfw dq Lpsruwdqfh Vdpsolqj vfkhph wr frpsxwh Ed|hv idfwruv dqg sulru dqg srv0
whulru prphqwv ri wkh DUPD sdudphwhuv wkdw uhvxow iurp qrupdo dqg gl�xvh sulruv rq wkh
sdudphwhuv ri wkh hqfrpsdvvlqj DU prgho1 Dovr wkh glvwxuedqfhv duh dvvxphg wr eh qrupdoo|
glvwulexwhg zlwk phdq }hur dqg yduldqfh j

�
c zklfk dvvxpswlrq fdq/ krzhyhu/ eh uhod{hg vxfk

wkdw zh fdq dovr/ iru h{dpsoh/ doorz iru lqghshqghqw vwxghqw | glvwxuedqfhv1 Zh wkxv dvvxph
wkdw d sulru rq ) jlyhq j

�
lv vshfl�hg olnh +4<,/
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Wkh Lpsruwdqfh Ixqfwlrq rqo| qhhgv wr dssur{lpdwh wkh sulru ru srvwhulru zkhuh zh zdqw
wr vdpsoh iurp1 Dv lqlwldo sdudphwhuv ri rxu Lpsruwdqfh Ixqfwlrq/ zh wkhuhiruh xvh wkh phdq
dqg yduldqfh ri wkh pdujlqdo srvwhulru ri wkh �uvw Rn^ sdudphwhuv ri dq DU+Rn^n�� prgho/
zkhuh Rn^n� � � dqg � � fc zkhuh � lv vhw d sulrul1 Xvlqj wkh sulru +89,0+8:,/ wklv srvwhulru
uhdgv/
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zklfk lv d ERn ^�0yduldwh | ghqvlw|1 Zh ghqrwh wkh srvwhulru phdq ri B e| 	B dqg lwv srvwhulru
fryduldqfh pdwul{ e| fryEB�� Vr/ lq fdvh ri/ iru h{dpsoh/ wkh gl�xvh sulru +79, dqg zh kdyh
vhw � htxdo wr fc 	B ' Et
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t � � � � � � ' E% � � � � �% � � � � � � �� Lq fdvh ri frpsxwlqj wkh prphqwv ri wkh sulru zh surfhhg dffruglqj
wr wkh deryh exw zh xvh wkh sulru lqvwhdg ri wkh srvwhulru ri wkh sdudphwhuv ri wkh DU+R �  � �
prgho1

Zh xvh wkh srvwhulru phdq dqg yduldqfhv ri wkh sdudphwhuv ri wkh DU+R n ^ n �� dv
wkh lqlwldo sdudphwhuv ri wkh Lpsruwdqfh Ixqfwlrq/ zklfk zh fdq xsgdwh lq odwhu urxqgv ri
wkh Lpsruwdqfh Vdpsohu1 Dv j
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fdq eh lqwhjudwhg rxw dqdo|wlfdoo|/ wkh Lpsruwdqfh Vdpsohu
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Wkh uhvxowlqj Lpsruwdqfh Vdpsolqj vfkhph lv wkhq jlyhq e|

Lpsruwdqfh Vdpsolqj Vfkhph iru DUPD sdudphwhuv

41 Fkrrvh wkh ghjuhhv ri iuhhgrp ri wkh Lpsruwdqfh ixqfwlrq/ v/ wkh qxpehu ri gudzlqjv/
� dqg vhw � ' �1
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91 Frpsxwh .E}E4c k�� '

��� � � � � � � 	 
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:1 Wr lpsuryh qxphulfdo dffxudf|/ xsgdwh 	B dqg fryE	B� e| frqvlghulqj }E4c k� ' B/ vhw � ' �
dqg jr wr vwhs 51

Lq vwhs 6 ri wkh dojrulwkp wkh pdwul{ � � � lv qhhghg1 Dv d e|surgxfw/ wklv hqdeohv xv wr
frpsxwh wkh gldjrqdo hohphqwv ri wkh orzhu gldjrqdo pdwul{ lq +48,/ w � � c � ' �c � � � c ^1 Wkhvh
sdudphwhuv vkrz wkh lghqwl�delolw| ri wkh +DU,PD sdudphwhuv1 Lq sduwlfxodu/ li rqh ri wkh
w � � *v lv forvh wr }hur wkh pdwul{ � � � lv qhduo| vlqjxodu dqg wkh frqvwuxfwhg PD sdudphwhuv/
k ' � � �� � ES� � � c � � � c S� � � �� pd| eh yhu| odujh1 Wkh srvwhulru ghqvlwlhv ri wkh DUPD sdudphwhuv
fdq wkhq eh idw0wdlohg1 Qrwh wkdw li wkh prgho lv ryhuvshfl�hg/ l1h1 R dqg2ru ^ duh fkrvhq
wrr odujh/ wklv lv olnho| wr eh wkh fdvh1 Lw lv wkhuhiruh gl!fxow wr shuirup d jhqhudo wr vshfl�f
dssurdfk lq wkh dqdo|vlv ri DUPD prghov1

Frpsxwdwlrq ri Ed|hv Idfwru iru Prghov zlwk Htxdo Vxpphg DU dqg PD odj
ohqjwkv Lq vhfwlrq 714 zh frqvwuxfwhg d Ed|hv idfwru iru frpsdulqj wzr DUPD prghov M  
dqg M � wkdw kdyh htxdo vxpphg DU dqg PD odj ohqjwkv1 Wkh sulruv rq wkh sdudphwhuv
ri erwk prghov uhvxowhg iurp wkh vdph qrupdo sulru rq wkh sdudphwhuv ri wkh hqfrpsdvvlqj
DU+R ! " # � prgho vxfk wkdw wkh Ed|hv idfwru fdq eh pdgh lqghshqghqw ri wkh sulru e| ohwwlqj
wkh sulru yduldqfh frqyhujh wr lq�qlw|1 Lw uhvxowv lq wkh Ed|hv idfwru +88,1 Wklv Ed|hv idfwru
fdq eh frpsxwhg xvlqj Lpsruwdqfh Vdpsolqj/ vhh Jhzhnh +4<;<e,1 Wkh Ed|hv idfwru htxdov
wkh udwlr ri wkh pdujlqdo olnholkrrgv xqghu erwk prghov1 Lq Jhzhnh +4<;<d,/ lw lv vkrzq wkdw
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zkhuh R 0 1 2 0 3 4 5 6 7 E�� lv wkh +xqqrupdol}hg, srvwhulru/ 0̂ 1 2 0 3 4 5 6 7 E�� lv wkh lpsruwdqfh ghqvlw|/
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� +97,

Qrwh wkdw vridu zh uhsuhvhqwhg wkh Lpsruwdqfh Ixqfwlrq e| lwv nhuqho/ zlwkrxw wkh qrupdol}lqj
frqvwdqwv1 Lq wkh frqvwuxfwlrq ri wkh Ed|hv idfwru krzhyhu zh qhhg wr lqfoxgh wkhvh qrupdol}lqj
frqvwdqwv1 Grlqj wklv/ wkh Ed|hv idfwru lv dssur{lpdwhg e|
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c +98,

zkhuh �E4c kcKs � duh wkh zhljkwv iru prgho �/ �s lv wkh qxpehu ri Lpsruwdqfh Vdpsolqj
gudzlqjv iurp prgho �/ v s lv wkh ghjuhhv ri iuhhgrp ri wkh Lpsruwdqfh ixqfwlrq xvhg iru
prgho � dqg fry+B s , lv wkh fryduldqfh pdwul{ ri wkh Lpsruwdqfh ixqfwlrqv xvhg iru prgho �1 Li
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v � ' v � wkh zhljkw udwlr dssur{lpdwlqj wkh Ed|hv idfwru vlpsol�hv wr/
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� +99,

Ixuwkhu vlpsol�fdwlrqv duh srvvleoh li rqh ri wkh prghov lv dq DU prgho/ lq zklfk fdvh wkh
fruuhvsrqglqj lqwhjudo fdq eh hydoxdwhg dqdo|wlfdoo|1 Lq vhfwlrq 9 zh dsso| wkh Ed|hv idfwru
wr frpsduh gl�huhqw DUPD prghov iru wkh h{whqghg Qhovrq0Sorvvhu gdwd/ vhh Vfkrwpdq dqg
ydq Glmn +4<<6,1

Wkh Ed|hv idfwru iru frpsdulqj DUPD prghov zlwk gl�huhqw vxpphg DU dqg PD odj
ohqjwkv dqg2ru lqirupdwlyh surshu sulruv fdq dovr eh frpsxwhg xvlqj wkh Lpsruwdqfh Vdpsohu1
Wkh Lpsruwdqfh Vdpsohu lv frqvwuxfwhg vxfk wkdw lw fdq hdvlo| dffrprgdwh lqirupdwlyh sulruv
wkdw uhvxow iurp d qrupdo sulru rq wkh sdudphwhuv ri wkh hqfrpsdvvlqj DU+R � � � � prgho1 Iru
wkhvh nlqg ri sulruv/ wkh Lpsruwdqfh Vdpsohu dovr kdv wr eh xvhg wr frpsxwh wkh qrupdol}lqj
frqvwdqw ri wkh sulru rq wkh DUPD sdudphwhuv/ vhh +7;,1 Wkh Ed|hv idfwru wkhq iroorzv iurp
+7:, zkhuh wkh pdujlqdo olnholkrrgv fdq djdlq eh frpsxwhg dffruglqj wr +97,0+98,1

815 Phwursrolv0Kdvwlqjv Vdpsolqj

Lqvwhdg ri Lpsruwdqfh Vdpsolqj/ zh fdq dovr xvh wkh Phwursrolv0Kdvwlqjv +PK, dojrulwkp/
vhh/ h1j1c Fkle dqg Juhhqehuj +4<<8,1 Wkh Phwursrolv vdpsolqj dojrulwkp fdq eh vhw xs dv
iroorzv

Phwursrolv Vdpsolqj Vfkhph iru DUPD sdudphwhuv

41 Fkrrvh vwduwlqj ydoxhv Ej
�
�

�
c k

�
c 4

�
/ wkh qxpehu ri lwhudwlrqv/ � / dqg vhw � ' �1 Qrwh

wkdw dovr B
�
G' ES

� � c � � � c S �� � � � lv lpsolflwo| fkrvhq1

51 Wkh surelqj ghqvlw| lq wkh PK vwhs lv jlyhq e| �E	Bc fryEB��1 Jhqhudwh d fdqglgdwh B � � �
iurp wklv ghqvlw|/ wudqvirup B � � � wr 4� � � dqg k � � � / dqg dsso| wkh iroorzlqj dffhswdqfh
suredelolw|

� '
�E4 � � � c k � � � c B � � � �
�E4� � � c k � � � c B � � � � c +9:,

zkhuh

�E4c kc B� '
R  ! " # $ % & ' E)E4c kc b�m+c j ( �m ) * +

�EBm	Bc fryEB��
� +9;,

Qrwh wkdw wkh mdfreldqv fdqfho rxw lq wkh zhljkw ixqfwlrq dqg wkdw wkh PK dffhswdqfh
suredelolw| fdq eh lqwhusuhwhg dv wkh udwlr ri wkh lpsruwdqfh zhljkw lq wkh prgho zlwk
jlyhq j ( 1 Qh{w/ zlwk suredelolw| � zh vhw E4� c k � c B � � ' E4 � � � c k � � � c B � � � � dqg zlwk sured0
elolw| E�� �� zh vhw E4 � c k � c B � � ' E4 � � � c k� � � c B � � � �1

61 Frqglwlrqdo rq 4 dqg k/ j ( kdv dq lqyhuwhg0Zlvkduw glvwulexwlrq1 Jhqhudwh j ( iurp wklv
glvwulexwlrq1

71 Li � 	 � vhw � ' �n � dqg jr wr vwhs 51

Qrwh djdlq wkdw wkh lghqwli|lqj sdudphwhu pdwul{ � ( ( lv rewdlqhg dv d e|surgxfw lq vwhs 5/
vxfk wkdw dovr wkh srvwhulru ri wkh gldjrqdo hohphqwv ri � ( ( fdq eh rewdlqhg/ dqg wkdw wkh
deryh PF ( vdpsohu jhqhudwhv k dqg 4 mrlqwo|1
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9 Hpslulfdo Dssolfdwlrq

Zh frqgxfw d Ed|hvldq dqdo|vlv ri DUPD prghov iru wkh h{whqghg Qhovrq0Sorvvhu gdwd1 Wklv
gdwd vhw frqvlvwv ri |hduo| revhuydwlrqv ri 47 pdfur0hfrqrplf yduldeohv1 Wkh ruljlqdo vdpsoh
shulrg hqghg lq 4<:3/ vhh Qhovrq dqg Sorvvhu +4<;5,/ exw wkh vdpsoh shulrg kdv ehhq h{whqghg
wr 4<;;/ vhh Vfkrwpdq dqg ydq Glmn +4<<6,1

Zh prgho wkh +h{whqghg, Qhovrq0Sorvvhu vhulhv xvlqj DUPD prghov zlwk wkuhh DUPD
sdudphwhuv +R n ^ ' �,1 Iroorzlqj suhylrxv dqdo|}hv ri wkhvh vhulhv d frqvwdqw whup dqg d
wuhqg yduldeoh duh lqfoxghg lq wkh prgho/

4Eu�+ � ' kEu�E0� n Sn _|�c +9<,

zkhuh 4Eu� ' �� 4 � u� � � �� 4� u
�
/ kEu� ' �� k � u� � � �� k � u

�
/ 0 � � �Efc j

�
�1 Zh vshfli|

wkh ghwhuplqlvwlf frpsrqhqwv vxfk wkdw/

SEu�+� ' 0 � n Sn _|c +:3,

zkhuh SEu� ' kEu� �
�
4Eu�c dqg zh fdq lqwhjudwh rxw S dqg _ dqdo|wlfdoo| iurp wkh mrlqw

srvwhulru ri Ekc 4c j
�
c Sc _�/ zkhq gl�xvh ru qrupdo sulruv duh vshfl�hg rq S dqg _� Iru h{dpsoh/

lq fdvh ri wkh sulru +79, rq Ekc 4c j
�
� dqg d  dw sulru rq S dqg _c wkh dqdo|vlv fruuhvsrqgv zlwk

wkh DUPD+Rc ^� prgho/

4Eu��+ � ' kEu�0� c +:4,

zkhuh �+� duh wkh uhvlgxdov wkdw uhvxow diwhu uhjuhvvlqj d frqvwdqw dqg olqhdu wuhqg rq +� �

Zh frpsxwhg wkh pdujlqdo srvwhulruv ri wkh sdudphwhuv ri wkh DUPD+Rc ^� prgho +:4,
xvlqj wkh sulru +79, rq Ekc 4c j

�
�� Zh dovr fdofxodwhg wkh Ed|hv idfwru +88, iru frpsdulqj

prghov zlwk htxdo vxpphg DU dqg PD odj ohqjwkv xvlqj wkh dyhudjh zhljkwv wkdw uhvxow iurp
wkh Lpsruwdqfh Vdpsolqj Dojrulwkp +98,1 Wkh Lpsruwdqfh Vdpsolqj Dojrulwkp frqyhujhv
yhu| idvw dqg ehfdxvh ri wkh jrrg dssur{lpdwlrq ri wkh srvwhulru e| wkh Lpsruwdqfh Ixqfwlrq/
wkh Lpsruwdqfh Ixqfwlrq frxog hyhq eh xvhg iru gluhfw dffhswdqfh0uhmhfwlrq vdpsolqj iurp
wkh srvwhulru1 Zh shuiruphg wklv h{huflvh iru doo DUPD prghov frqwdlqlqj wkuhh DUPD
sdudphwhuv1 Ed|hv idfwruv duh fdofxodwhg iru DUPD+6/3, ^@DU+6,`/ DUPD+5/4,/ DUPD+4/5,
dqg DUPD+3/6, ^@PD+6,` prghov1 Wkh uhvxowlqj Ed|hv idfwruv duh olvwhg lq wdeoh 61 Zh dovr
dssur{lpdwhg wkh Ed|hv idfwruv xvlqj wkh Vfkzdu} +Ed|hvldq, Lqirupdwlrq Fulwhulxp +ELF,/ vhh
Vfkzdu} +4<:;,/ �8 EM � c M 	 � � i Td

	

 E�U�EM 	 ���U�EM � ��oc ri zklfk zh rewdlqhg hvwlpdwhv

iurp HYLHZV1 Iru wkh vhulhv iru zklfk HYLHZV zdv fdsdeoh wr jlyh uhdvrqdeo| suhflvh
sdudphwhu hvwlpdwhv/ wkh Ed|hv idfwruv iurp erwk surfhgxuhv duh forvh wr rqh dqrwkhu1 Iru wkh
qrq0suhflvh hvwlpdwhv/ wkh Ed|hv idfwruv zhuh udwkhu gl�huhqw dv wkh Ed|hv idfwruv uhvxowlqj
iurp wkh ELF*v duh lqsuhflvh1 Wkh qxphulfdo huuruv iru wkh Ed|hv idfwruv uhvxowlqj iurp wkh
Lpsruwdqfh Vdpsohu duh dovr lq wkhvh fdvhv yhu| vpdoo vxfk wkdw zh suhihu wklv odwwhu surfhgxuh
iru fdofxodwlqj wkh Ed|hv idfwru1

Wkh Ed|hv idfwruv iurp wdeoh 6 duh txlwh vxusulvlqj dv iru prvw ri wkh vhulhv/ dq DUPD+5/4,
prgho lv suhihuuhg deryh dq DU+6, prgho1 D srvvleoh h{sodqdwlrq iru wklv skhqrphqrq frxog
eh wkdw pdq| vhulhv frqvlvw ri wlph dyhudjhv zklfk lqwurgxfhv PD huuruv lq wkh vhulhv1 Iru
vrph vhulhv/ wkh DUPD+5/4, prgho lv fohduo| suhihuuhg deryh dq DU+6, prgho jlyhq wkh ydoxh
ri wkh Ed|hv idfwru1 Wklv krogv/ iru h{dpsoh/ iru Lqgxvwuldo Surgxfwlrq/ Hpsor|phqw/ Xqhp0
sor|phqw/ Frqvxphu Sulfh Lqgh{/ Lqwhuhvw dqg wkh Vwdqgdug dqg Srru 8331 Iru rwkhu vhulhv
wkh Ed|hv idfwruv lqglfdwh wkdw erwk prghov duh pruh ru ohvv htxdoo| olnho|1 Wkh DUPD+5/4,

5:



Vhulhv q DUPD rughu 6/325/4 6/324/5 3/626/3 5/424/5 3/625/4 3/624/5
Uhdo JQS 31<9< 413;5 31336 4144: 31336 31336
Qrplqdo JQS 4134< 41755 31333 416<8 31333 31333
JQS Fdslwd 31<:8 413<4 31338 4144< 31338 31338
Lqgxv1 Surg1 3196; 31;75 31333 41653 31333 31333
Hpsor|phqw 3187< 31;77 31333 4186: 31333 31333
Xqhpsor|1 3139< 31499 31753 5174; 3135< 313:3
JQS Ghi1 419;5 91;54 31333 71388 31333 31333
Frqv1 Sulfh Lqg1 3154< 3196; 31333 51<48 31333 31333
Zdjhv 31;85 4166; 31333 418:3 31333 31333
Uhdo Zdjhv 31:<8 31<84 31333 414<: 31333 31333
Prqh| 31<56 471:6 31333 481<9 31333 31333
Yhorflw| 41353 41338 31333 31<;8 31333 31333
Lqwhuhvw 31634 31673 31333 4145: 31333 31333
V)S 833 319<7 31;79 31333 41553 31333 31333

Wdeoh 6= Ed|hv Idfwruv H{whqghg Qhovrq0Sorvvhu Vhulhv

vhulhv q DUPD sdu1 4 � 4 � 4 � k � w � � 4 '
S�

� � � 4�

Uhdo JQS ���H� � � � �f��.� 	 
 � �f�f.� 	 
 
 f�eS� 	 � � f�H�� 	 �  


Qrplqdo JQS ��eD� 	 � 
 �f�D.� 	 
 � f�fS�� 	 � 
 f�be� 	 � � 


JQS Fdslwd ���.� 	 
 � �f��.� 	 
 � �f�fS2� 	 
 � f�eD� 	 � � f�Hf� 	 � 

Lqg1 Surg1 f�Sb� 	 � 
 f�f.D� 	 
 � �f�2b� 	 � � f�2�� 	 � � f�..� 	 � �

Hpsor|phqw f�b.� 	 
 
 �f��e� 	 
 � �f���� 	 
 � f�D.� 	 �  f�H2� 	 �  �

Xqhpsor|1 f�e�� 	 � � f��D� 	 �  �f�SS� 	 �  f�DD� 	 � � f�DS� 	 � �

JQS Ghi1 ��e�� 	 � � �f��H� 	 � � �f�fb� 	 � � f�b.� 	 � 


Frqv1 Sulfh Lqg1 ���S� 	 � 
 �f��H� 	 � 
 �f�e.� 	 � 
 ��2e� 	 � � f�bb� 	 � � �

Zdjhv ��2.� 	 
 � �f��D� 	 � � �f�2�� 	 � � f�.f� 	 � � f�b�� 	 � � �

Uhdo Zdjhv f�b�� 	 � � �f�f�H� 	 � � �f��f� 	 � � f��H� 	 � � f�b�� 	 � � 

Prqh| ��Df� 	 � � �f�DS� 	 � � �f��b� 	 �  f�Hb� 	 
 � f�b�� 	 � 
 �

Yhorflw| ��fb� 	 � � � �f��D� 	 � � f�f2S� 	 � � � f�b.� 	 � 
 �

Lqwhuhvw f�.2� 	 
 
 f�2f� 	 
 � �f�De� 	 � � f�e.� 	 �  f�b2� 	 � � 


V)S 833 f�Hf� 	 
 
 f�fbe� 	 
 � �f�e2� 	 
 � f�e2� 	 � � f�Hb� 	 � �

Wdeoh 7= Srvwhulru Prphqwv DUPD sdudphwhuv Qhovrq0Sorvvhu Vhulhv
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prgho fdq dovr eh dssur{lpdwhg e| d kljk rughu DU prgho exw dq lpsruwdqw gl�huhqfh eh0
wzhhq DU dqg PD frpsrqhqwv olhv lq wkhlu frqvhtxhqfhv iru wkh orqj uxq ehkdylru ri wkh
vhulhv1 Lq sduwlfxodu/ PD frpsrqhqwv kdyh dxwrfruuhodwlrqv zklfk deuxswo| glh rxw zkloh wkh
dxwrfruuhodwlrqv ri DU frpsrqhqwv ghfuhdvh h{srqhqwldoo|1 Vr/ lw lv lqwhuhvwlqj wr lqyhvwljdwh
wkh lq xhqfh ri wkh PD sdudphwhuv rq wkh sdudphwhuv uh hfwlqj wkh orqj uxq ehkdylru ri wkh
dqdo|}hg vhulhv/ olnh wkh xqlw urrw sdudphwhu/

S�
� � � 4� 1 Zh shuirup vxfk dq dqdo|vlv dqg wkh

uhvxowv duh olvwhg lq wdeoh 7/ zklfk frqwdlqv wkh srvwhulru phdqv dqg vwdqgdug ghyldwlrqv +jlyhq
ehorz wkh phdqv, ri wkh DUPD prgho wkdw lv suhihuuhg e| wkh Ed|hv idfwru iurp wdeoh 61 Qrwh
wkdw d PD+6, prgho lv lpsodxvleoh iru doo vhulhv vlqfh wklv prgho ohdgv wr d yhu| uhvwulfwhg w|sh
ri orqj uxq ehkdylru ri wkh dqdo|}hg vhulhv1

Iru doo vhulhv/ h{fhsw wkh Frqvxphu Sulfh Lqgh{ +FSL,/ wkh PD sdudphwhu/ k � / kdv d srvlwlyh
fruuhodwlrq zlwk wkh xqlw urrw sdudphwhu1 Wkh srvwhulru phdq ri wkh xqlw urrw sdudphwhu ri
wkh DUPD+5/4, lv/ wkhuhiruh/ iru doo vhulhv/ h{fhsw FSL/ vpdoohu wkdq wkh srvwhulru phdq ri
wkh xqlw urrw sdudphwhu ri wkh DU+6, prgho1 Ghshqglqj rq wkh vl}h ri wkh PD sdudphwhu/
wklv ghfuhdvh ri wkh PD sdudphwhu fdq eh txlwh odujh dqg lw lv prvw surqrxqfhg iru wkh
xqhpsor|phqw vhulhv1 Iru wklv vhulhv/ wkh xqlw urrw sdudphwhu ghfuhdvhv iurp 31:7 wr 31891 Iru
wkh rwkhu vhulhv/ zklfk frqwdlq vljql�fdqw PD frpsrqhqwv/ wkh ghfuhdvh lv dovr uhodwlyho| odujh=
Lqgxvwuldo Surgxfwlrq +3139,/ Hpsor|phqw +3138,/ Lqwhuhvw +3136,/ V)S 833 +3137,1 Dovr/ iru
doo vhulhv wkh srvwhulru vwdqgdug ghyldwlrqv lqfuhdvh voljkwo| iurp DU+6, wr DUPD+5/4,1 Lw lv
w|slfdo wkdw wkh vhulhv zklfk ydu| d orw/ olnh FSL dqg Lqwhuhvw/ frqwdlq odujh PD frpsrqhqwv1
Zkhq frpelqhg zlwk dq DU frpsrqhqw/ wkhvh PD frpsrqhqwv fdq h{sodlq wkh orqj uxq
phpru| lq wkh �uvw gl�huhqfhv ri wkhvh vhulhv/ olnh lq dwlrq1

Wkh sdudphwhu w � � c vhh +48, iru dq lqwhusuhwdwlrq ri wklv sdudphwhu/ vkrzv wkdw iru wkh
vhulhv iru zklfk dq DUPD+5/4, prgho lv suhihuuhg/ wkh PD sdudphwhu/ k � / lv lghqwl�hg dv wkh
srvwhulru phdq ri w � � grhv qrw olh uhodwlyho| forvh wr f1 H{fhswlrqv duh wkh vhulhv ri Lqgxvwuldo
Surgxfwlrq dqg Yhorflw|1 Iru wkh yhorflw| vhulhv/ dq DU+�, prgho lv suhihuuhg1 Iru Lqgxvwuldo
Surgxfwlrq/ wkhuh lv vrph srvwhulru suredelolw| iru }hur ydoxhv ri w � � ohdglqj wr idw wdlohg
ehkdylru ri wkh srvwhulruv1 Wklv ehkdylru glvdsshduv zkhq zh frqvlghu dq DUPD+�c �, prgho/
zklfk lv vhqvleoh vlqfh wkh srvwhulru phdq ri 4 � olhv forvh wr 31 Lq wkh uhvxowlqj DUPD+4/4,/
k � lv surshuo| lghqwl�hg/ vhh wdeoh 91 Li wkh srvwhulruv ri dq DUPD+2c �, prgho iru yhorflw|
duh fdofxodwhg/ wkh srvwhulru ri w � � kdv d frqvlghudeoh dprxqw ri suredelolw| pdvv forvh wr
}hur ohdglqj wr idw wdlohg srvwhulruv iru wkh rwkhu sdudphwhuv1 Wklv dovr lqglfdwhv wkdw dq
DUPD+5/4, lv qrw wkh dssursuldwh prgho iru yhorflw|/ zklfk fdq dovr eh frqfoxghg iurp wkh
Ed|hv idfwruv iurp wdeoh 61

Vlqfh iru pdq| vhulhv frqwdlqhg lq wdeoh 6/ wkh srvwhulru phdqv lqglfdwh wkdw hlwkhu 4 �

ru2dqg k � olhv forvh wr }hur/ zh fdofxodwhg wkh Ed|hv idfwruv ri dq DU+2, prgho frpsduhg wr
dq DUPD+�c �, prgho iru wkhvh vhulhv1 Wkh uhvxowlqj Ed|hv idfwruv duh olvwhg lq wdeoh 81

Wdeoh 8 vkrzv wkdw Lqgxvwuldo Surgxfwlrq/ Hpsor|phqw/ Uhdo Zdjhv dqg V)S 833 duh
ehwwhu fkdudfwhul}hg e| dq DUPD+4/4, wkdq dq DU+5, prgho dffruglqj wr wkh Ed|hv idfwruv1
Wkh rssrvlwh krogv iru Uhdo JQS/ Qrplqdo JQS/ Zdjhv dqg Prqh|1 Wklv dffrugv zlwk wkh
uhvxowv lq wdeohv 6 dqg 7 zklfk vkrz wkdw wkhvh vhulhv duh hlwkhu suhihuuhg wr eh DU+6, ru wkdw
wkh PD sdudphwhu k � olhv uhodwlyho| forvhu wr 3 wkdq wkh DU sdudphwhu 4 � 1 Wdeoh 9 vkrzv wkh
srvwhulru prphqwv ri wkh sdudphwhuv ri wkh uhvxowlqj DUPD+4/4, prghov1

Wdeoh 9 vkrzv wkdw wkh vxpphg srvwhulru phdq fkdqjhv ri 4 � dqg k � ri wkh DUPD+4/4,
prgho frpsduhg wr DUPD+5/4, prgho dssur{lpdwho| htxdo wkh srvwhulru phdq ri 4 � lq wkh
DUPD+5/4, prgho1 Vlqfh wkh lghqwli|lqj sdudphwhu w � � gl�huv pxfk pruh iurp 3 wkdq lq wkh
DUPD+5/4, prgho/ wkh srvwhulru vwdqgdug ghyldwlrqv ri wkh sdudphwhuv duh pxfk vpdoohu wkdq
lq wkh DUPD+5/4, prgho1 Lw lv w|slfdo wkdw wkh srvwhulru vwdqgdug ghyldwlrq ri wkh xqlw urrw
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vhulhv q rggv 5/324/4
Uhdo JQS 81545
Qrplqdo JQS 61438
Lqgxv1 Surg1 31::3
Hpsor|1 31:74
Zdjhv 61;4<
Uhdo Zdjhv 31<75
Prqh| 9:416
V)S 833 31639

Wdeoh 8= Ed|hv Idfwruv iru DU+5, yv1 DUPD+4/4, Qhovrq0Sorvvhu Vhulhv

vhulhv q sdudphwhu 4 � k � w � �

Lqg1 Surg1 f�.b� � � � �f��H� � � � �f�b.� � � �

Hpsor|1 f�H2� � � � �f�e�� � � � ���2D� � � �

Uhdo Zdjhv f�b2� � � � �f�2H� � � � ����H� � � �

V)S 833 f�Hb� � � � �f���� � � � ���2�� � � �

Wdeoh 9= Srvwhulru Prphqwv ri DUPD+4/4, prgho iru Qhovrq0Sorvvhu Vhulhv

sdudphwhu lv/ krzhyhu/ vlplodu lq erwk prghov/ lqglfdwlqj wkdw wkh lqirupdwlrq uhjduglqj wkh
orqj uxq ehkdylru lv qrw d�hfwhg e| ghohwlqj 4 � 1

: Frqfoxvlrqv

Dq DUPD prgho lv qhvwhg zlwklq dq hqfrpsdvvlqj DU prgho1 Vlqfh wkh uhvwulfwlrq wkdw
lv lpsrvhg e| wkh DUPD prgho rq wkh sdudphwhuv ri wkh hqfrpsdvvlqj DU prgho vdwlv�hv
wkh vx!flhqw frqglwlrqv iru d xqltxh frqglwlrqdo ghqvlw| ghyhorshg lq Nohlehujhq +5333,/ wkh
sulru dqg srvwhulru ri wkh sdudphwhuv ri wkh DUPD prgho duh frqglwlrqdo ghqvlwlhv ri d sulru
dqg srvwhulru ri wkh sdudphwhuv ri wkh hqfrpsdvvlqj DU prgho1 Zh fdq wkxv vshfli| d sulru
dqg srvwhulru rq wkh sdudphwhuv ri wkh hqfrpsdvvlqj DU prgho dqg frqvwuxfw wkh sulru dqg
srvwhulru wkdw lw lpsolhv rq wkh sdudphwhuv ri wkh DUPD prgho1 Sulruv rq wkh sdudphwhuv
ri DUPD prghov wkdw uhvxow iurp vwdqgdug sulruv rq wkh sdudphwhuv ri wkh hqfrpsdvvlqj
DU prgho ohdg wr srvwhulruv wkdw duh vlplodu wr wkrvh wkdw uhvxow lq �qlwh rughu DU prghov1
Ehfdxvh ri wkh orfdo qrq0lghqwl�fdwlrq ri sdudphwhuv/ vwdqgdug sulruv wkdw duh gluhfwo| vshfl�hg
rq wkh sdudphwhuv ri wkh DUPD prgho gr qrw ohdg wr vxfk nlqg ri srvwhulruv1 Zh frqvwuxfw
Lpsruwdqfh dqg Phwursrolv0Kdvwlqj vlpxodwruv wr jhqhudwh sdudphwhuv iurp wkh sulruv dqg
srvwhulruv ri DUPD prghov1 Dovr Ed|hv idfwruv iru prgho frpsdulvrq duh ghyhorshg1

Iru wkh frqgxfwhg dssolfdwlrqv/ wkh Lpsruwdqfh Vdpsolqj Dojrulwkp frqyhujhg udslgo|
dqg/ txlwh vxusulvlqjo|/ zh glvfryhuhg wkdw pdq| vhulhv/ zklfk duh wudglwlrqdoo| prghoohg xvlqj
DU prghov/ frqwdlq vwurqj PD frpsrqhqwv1 Wkhvh PD frpsrqhqwv fdq lq xhqfh wkh orqj uxq
sdudphwhuv vxfk wkdw wkh xvh ri PD frpsrqhqwv fdq eh lpsruwdqw iru iruhfdvwlqj sxusrvhv1

Lq ixwxuh zrun/ zh h{whqg wkh dqdo|vlv wr DUPD prghov frqwdlqlqj vhdvrqdo odjv dqg
Yhfwru DUPD prghov1 Dovr/ e| frqvlghulqj wkh Phwursrolv0Kdvwlqjv dojrulwkp/ h{whqvlrqv ri
wkh prgho e|/ h1j1/ vwuxfwxudo fkdqjhv/ fdq eh dqdo|}hg lq d PF

�
iudphzrun1
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