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Abstract
This paper examines the effect of differencesin ability on the timing and number of children.
Higher skilled women have less disutility of labor and have relatively less utility of raising
children. Motherhood has a negative effect on the accumulation of human capital by learning-
by-doing and thereby on career perspectives. A declinein fertility is explained without a
quantity-quality shift.
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1. Introduction

Changesin family lifein developed countries have been enormous since thefifties. Whereas at the
time it was rare that women worked after giving birth, now it is becoming rare that women do
not work. The number of children declined dramatically, and the remaining children received
more schooling. Decisions about |abor participation of women, number and timing of children are
made simultaneously and are affected by |abor market conditions and government policies. This
paper explains why childbearing is delayed, and why the number of children dropped simulta-
neously. Moreover, it explains why higher skilled women have less children and have their first
child when they are older than lower skilled women.

The demographic shift coincided with an improvement of the position of women in the labor
force. Career perspectives have grown for working women over time and investment in human
capital hasincreased. The change in skill level of women resulted in a higher wage growth over
time and increased psychological rewards. Akerlof (1988) et a. argue that there are clear
nonpecuniary rewardsto working. It affects one's self-fulfilment, socia status and the people one
meets.

Because children are time consuming, number and timing of children interfere with pursuing
acareer and 'enjoying’ work. The main motive for having children in developed countriesisas a
form of ‘consumption goods™: raising children and companionship of children increase utility.
When work is of more importance or when working hours give less disutility, spending time with
children will be of less concern. Women with a higher level of education can choose more jobs
which suit their psychological needs. They can achieve jobs with a higher status level and jobs
which give less disutility. As a result higher educated women prefer to spend less time with
children.

Job characteristics and career perspectives affect the timing of childbearing as well. Thereis
atrade-off between having children and pursuing acareer. Because women still primarily provide
the care for children, children affect their career perspectives and wage profile. Ambition levels
might decline: it is hard to combine care tasks and pursuing a career. As a result women often
prefer a part-time job or aless demanding job, which decreases training and career perspectives.
Loss of career opportunities already exist when the employer has the perception that the woman
will pay less attention to the company. Because the care for children affects career perspectives,
women have an incentive to delay childbearing and find an optimum between the moment of

childbearing, and the level of training. The opportunity costs of an earlier timing of childbearing



in the form of foregone wage growth are dependent on the skill level of women. High skilled
workers typically have a much steeper wage profile than low skilled workers (see for instance
Murphy and Welch (1992)). As aresult loss of career opportunitiesis likely to be higher when
the skill level of women rises.

The relation between number and timing of children and education of the mother is observed
invarious papers. For instance, Wolpin (1984) found that the higher the mother's education level,
the lower was the utility of additional children. Heckman and Walker (1990) investigate the
effects of income on fertility decisions and find that a higher level of female wages decreases the
number of children and delays the timing of the first birth. A higher male income reduces time to
conception and increases the quantity of children. Tasiran (1993) finds weaker effects of income
levels and finds that female schooling and working experience significantly delays thefirst birth.
Moreover, work has become amore central interest for women in fulfilling life-time goas. Olsen
(1994) presentsevidencethat an increased fraction of women's occupationsreveal amore perma-

nent attachment to the labor force.

In the literature on fertility and childbearing the focus is primarily on the shift in the quantity of
children. The explanation for adeclinein fertility presented in the model is complementary to the
theory of Becker and Lewis (1973) which claims that the difference in income elasticities of
quantity and quality of children result in a quantity-quality shift. The model contrasts with the
theory of Willis (1973), which stresses that consumption of goods is less time-intensive than
consumption of children.

Although adecline in fertility has the same effect on population growth as adelay of bearing
of children, the delay of giving birth is seldom modelled. Happel et al. (1984) and Razin (1980)
present atheoretical model of the timing of fertility, but they do not treat human capital in their
analysisand neglect the timing issue in the utility function of the decision maker. Blackburn et al.
(1993) do treat human capital accumulation, but women only differ in preferences toward child-
bearing; ability does not play arole and human capital investment does not have atime-cost com-
ponent. Cigno and Ermisch (1988) focus on the timing of children, and use learning-by-doing as
the process of human capital accumulation. They do not tregt the effect of skill level on pleasure
in working.
In this paper determinants of the timing of giving birth and the quantity of children are examined.
Human capital is accumulated by learning-by-doing, which depends on the ability level of a

woman. A higher skill level increases the number of jobs awoman can choose and the higher the



skill level, the lower the disutility of working will be or the lower the pleasure of raising children
will be relatively. The effect of different economic policy instruments on family decisions are
investigated.

The model stresses the importance of intrinsic values of jobs in fertility decisons and is able
to explain adeclinein fertility without a quality-quantity shift. It isfound that changes in ability
affect decisions of timing and number of children. Learning efficiency has been increased by an
increasein public provision of schooling. With the increased learning efficiency over time and the
differencesin ability between women in a cross section of the population | am ableto explain the
trends in the number of children and the timing of childbearing, which are observed in time- and
Cross section series. The results depend especially on the elasticity of disutility of working with
respect to ability and the effect on the level of additional (potential) earnings.

| first present the model and then | explain changesin the timing of childbearing and the number
of children with comparative dynamics. | investigate differencesin ability and years of schooling.
Furthermore, | examine the effect of changes in government policies and their effect on family

decisions.

2. The modd

A ssmple micro-economic model is used to analyze the change in number and timing of children
over time. Moreover, the model is used to investigate the effect of heterogeneity in education
levels on timing and quantity of children. A household derives utility from consumption, number
of children and from the length of the period parents live when their children are alive. | ignore
issues of spacing: | assume that all children are born at T.2. It is assumed that lower skilled
women find work of lessimportance for fulfilling life goals or have ahigher disutility of working.
Asaresult they enjoy rearing and raising children relatively more than higher skilled women. This
is in line with psychological theories, like the motivation theory of Maslow (1943) and the
Central Life Interest (CL1) theory of Dubin (1956), Dubin et al. (1975). Maslow claimsthat when
physiological and security needs are fulfilled, esteem needs (prestige and status) and self-
actualization become important. In the CLI theory work is one of the institutions for personal
development. Dubin et al. (1975) finds that the organization is more important for people with
ahigher occupationa level. Landy and Trumbo (1976) give different studies which find that job
satisfaction increases with occupational level. Wolpin (1984) found that the higher the mother's



education level, the lower was the utility of additional children.
The utility function of the household is

~ T T
= %InpnnTo - [ (@-a-g)u@dt + [Eince (1)
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where
V(t) = utility function of household
c(t) = consumption at timet
T. = moment of birth children
T-T.=T, =  theperiod of timein which children grow up
T, = endof rearing period children
T = totd lifetime
n = number of children
p.(t) =  fixed time costs of rearing children
a =  rate of time preference

with n>0. | define 6=f(&), with f'’>0, where & isthe level of ability. u(t) isthe utility of the period
that the parents and children are both alive, with u>0 and u'<0. Because | focus on birth
decisions, | use ageneral utility function for the timing of children. For reasons of tractability |

assume alog function for consumption and number of children.*

The household budget containsthe income of the woman and her spouse, and initial assets. | treat
the income of the spouse as exogenous and |et the woman decide about the birth decisions. The
woman has access to a perfect capital market. | assume that the cost of children grows with the
same level as the growth of net wage. The cost of children are majorly the time costs of rearing
children, i.e. the costs of forgone earnings (Espenshade, 1977).

The woman accumulates human capital by learning-by-doing. The rate of learning depends on
the ability of the woman. | assume that the wages grow linearly till the moment of childbearing.
From the moment of motherhood, the wage rate is flat. As a result, the opportunity costs of
children contain the time costs of children and the foregone wage growth. After childbearing
learning ends, independent of the number of children: "being amother” resultsin aflat wagerate.

The assumption isthat after the birth of the first child, the ambition level of the mother declines



or that in the perception of the employer, being a mother and pursuing a career is hard to com-
bine’. Women primarily provide the child care and nonmarket services (Genevie and Margolies,
1987). Fuchs (1989) gives three reasons why children depress woman's wages. First, women
often leave the labor market during pregnancy. The moment of childbearing for most women
coincideswith the time that men are gaining the training and experience that lead to higher wages
later inlife. Second, even when women stay in the [abor force they accept jobs with lower wages
to have moreflexible hours, location near home etc. Third, the disproportionate responsibility for
child care and housawork often result in sacrifices in their market work.
The budget constraint of the household is
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I(TY(1 + &T,)(1 - pyn)e "t + [WH(T(1 + aT
Ty
T, =  date of retirement
T, = end schooling period
H(TY) = human capitd level after the schooling period
w = (1-&(t))w = net wage
at) = taxrateattimet
r =  interest rate

A(0)

assets at time 0, plus exogenous income of spouse

with T.+T,<T and T.>T,. | assume that when a woman still gets schooling during pregnancy,
schooling ends after giving birth. This assumption ignores teenage birth problems and child-
bearing of unplanned children. There are severa reasons for delaying parenthood after finishing
schooling. First of all, the woman might be constrained in her budget during study and be
dependent on her parents. Secondly, there might exist normative expectations that young people
that attend school do not enter parenthood (Blossfeld and Huinink (1990)). Thirdly, to follow a
study successfully and be a mother is difficult to combine (Rindfuss et a (1988)). And op-
portunity costs of dropping out of school have increased severely (Oppenheimer (1988)).

Note that when the wage level is not subject to a decline after giving birth or when the wage



growth does not decline, the woman would choose to give birth immediately after the schooling

period.

3. Compar ative Dynamics

The level of provision and the quality of public and private schooling increased severely this
century and the investment in education of women has boosted. Changing conditions on the labor
market for women and the increased human capital affected the preference for the number of
children and when to have them. Differences in learning efficiency (and preferences) can be
observed in a cross-section of the population as well. | analyze the effect of heterogeneity in
ability of women and the effect of government policies on the number and timing of children. |
primarily focus the analysis on women that supply labor on the labor market. Women working at
home would prefer children as early as possible in the model, unless the process of human capital
accumulation for home production would be negatively affected. But the extra child care tasks
make thisvery unlikely: the woman hasto perform more household activities and the usage of her
human capital will be more efficient. Decisions of the number of children and timing of
childbearing change, however, when government policies or changing working conditions

persuade her to supply labor on the labor market.

3.1 Effect of a shock in ability

Differencesin ability affect the wage growth by the rate of |earning-by-doing, and the (dis)utility
inworking. Higher skilled women have a higher growth of wages and can pick jobsthat provide
more self esteem and have more challenges. Hence, policies which affect the schooling level of
women, affect birth decisions as well. Asaresult, the investment in public schooling in western

societies might be an important explanatory variable for trends in fertility in birth statistics.

Proposition 1:
a. Suppose that
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Then women with higher ability have children when they are relatively older.

b. Suppose that
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Then women with higher ability have fewer children.

Proof. See Appendix.

Whether the first condition is satisfied depends on the total effect of a change in ability on the
price of timing of children and the effect on full income. The family receives full income when it
abandons to have children. The cost of children can be divided in foregone earnings, because of
time spent on rearing children, and foregone wage growth, because of earlier childbearing. A
steeper wage profile makes the period adults and children live together more expensive.

The numerator of the RHS gives the effect of ability on the price of timing of children. The
effect can be divided in an income- and a substitution effect. The higher price of the period of
companionship, results in substitution of consumption and number of children for the length of
the period parents and children live together. This effect dominates the effect of the increase in
full income.

The LHS and denominator of the RHS represent the income effect of ability on spending time
with one's children. Higher skilled women prefer to spend relatively less time with children. A



decline in the time spent with children implies that more income can be allocated for earlier child-
bearing. The size of the effect depends on the height of the interest rate. With ahigh interest rate
acareer isless beneficial: the profits of a career are foremost in the future and a high r implies
that the value of higher income in the future is lower.

By reformulating the RHS of (3) (see (23) in Appendix) we can show that the total effect of
a change in ability depends strongly on the marginal rate of substitution between number of
children and the period of companionship of children and parents, and the elasticity of utility of
raising children with respect to ability. We can assume that dé/6<dé/a: a doubling of the wage
growth is unlikely to double the disutility of raising children. When the MRS of period of
companionship for number of children is not approximately equa to r, the condition will be sat-
isfied.

The second condition is satisfied when the marginal utility of an earlier childbearing is low
relatively to thetotal utility of the period that parents and children are both alive. With aconcave
utility function, and when the period parents and children are alive is already long relatively to
life-expectancy, we can expect this condition will be satisfied easily. In the Appendix this is
illustrated with a common utility function.

The third sufficient condition shows that an increase in the level of ability resultsin adecline
inthe number of children, when the negative effect on the utility of raising children dominatesthe
effect on the increased full income. The condition holds when the elasticity of utility of raising
children with respect to ability is not very low.

In terms of empirical evidence, Wolpin (1984) found that expectations of rising incomes tended
to delay childbearing. Tasiran (1993) found that ahigher level of working experience delayed the
first birth. When we proxy income levels for skill levels, the results of Heckman and Walker
(1990) show that higher female wages decrease the number of children and delays time to all
conceptions. Cigno and Ermisch (1988) found that women in occupations characterised by
steeper earnings profiles will tend to have their children later and will have fewer children.
Blossfeld and Huinink (1991) found that the level of career resources has a negative effect on the

rate of entry into motherhood.



3.2 Effect of alonger schooling period

A longer period of schooling is correlated with the level of ability: higher skilled people tend to
have a longer period of schooling. | analyze the effect of the length of the schooling period

separately from the effect of differencesin ability.

Proposition 2:
Let (4) from Proposition 1 be satisfied. Women with a longer schooling period have

a. children when they are relatively older;

b. fewer children.

Proof. See Appendix.

A longer period of schooling implies that the working period is shorter. Compared to a woman
with the same wage growth, awoman with alonger schooling period has lessincome. The lower

income leads to fewer children and adelay in childbearing.

There is strong empirical evidence that a longer period of schooling delays childbearing and
resultsin adeclinein the quantity of children. Blackburn et al. (1993) note that |ate childbearers
are not only delaying because they spend more time on school. Women with higher education
delay childbearing more than the extra years spent in school. Newman and McCulloch (1984)
found that education had a negative effect on the timing of the first birth. Tasiran (1993) reports
as well that years of education tends to delay childbearing. Wolpin (1984) found a strong

negative effect between the years of schooling and number of children.

3.3 Effect of initial assets and income of spouse

Proposition 3:
Let (4) from Proposition 1 be satisfied. A woman with higher initial assets or with a spouse with

a higher income has
a. children when sheisrelatively younger;

b. a higher number of children;



Proof. See Appendix.

A higher income of the spouse (or higher initial assets) increases the budget of the women and

she can afford to have more children and to have them earlier.

Ermisch (1987) reports positive effects of male after-tax earnings on the number of children.
Heckman and Walker (1990) found that a higher male income reduces times to conception and
raisesthetotal conceptions. Wolpin (1984) found that arisein income of the husband had alarge

effect on the number of birthsin Malaysia

3.4 Changein thetax system

The effects of tax reforms on fertility are often neglected. However, increasing tax brackets, tax
rates, income exemption rules affect the progressity of the tax system and implicitly affect career-
and fertility decisions. For instance, the individual exemption in Sweden and the possibility of
carrying over income exemption to a partner in the Netherlands, has coincided with lower |abor
participation rates of women in the Netherlands. | examinethe effects of achangein theflat wage
rate and the progressity of the income tax. Future empirical research is needed to investigate the

hypotheses.

3.4.1 Changesin theflat tax rate

Proposition 4.
An increase in the flat tax rate does not affect the decisions of timing of childbearing and

number of children of women that supply labor on the labor market. However, it affects birth
decisions of women that substitute working on the labor market for working at home. The

probability that women stop working in the market increases when the taxes are increased.

Because time costs are the only costs of children in the model, opportunity costs of children and
income rise in the same proportion. As aresult, the change in the tax level does not change the
budget share of children of working women and does not affect birth or labor supply decisions.
When beguests, initial assets and fixed costs of children are introduced, the budget share of the

costs of children changes with a shock in the tax level, and the total effect on birth decisionsis
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ambiguous.

Women that do not provide labor on the labor market might be stimulated to work when taxes
are decreased or when the probability of finding a job is increased. The opportunity costs of
working at home are increased.

Note that proportional taxes might affect the accumulation of human capital when timeis not
the only input in human capital accumulation, and other services and goods are not tax deducti-

ble. Trostel (1993) finds a negative effect of income taxation on human capital accumulation.

3.4.2. Anincreasein the progressity of taxes

Proposition 5:
Let (4) from Proposition 1 be satisfied. An increase in the progressity of the tax system results

in
a. earlier childbearing;
b. an increase of the number of children;

for women that supply labor on the labor market.

Proof. See Appendix.

When higher levels of income are relatively higher taxed, additional income of higher skill levels
declines. Hence, increased progressity makes having earlier childbearing less expensive. The
effect on the number of children can be seen when we disentangle a change in progressity of the
tax system in a change in the tax level and a change in the level of tax exemption. Because
increasesin aflat tax rate do not affect fertility decisions, an increase in the progressity of the tax
system has the same effect as an increase in the exemption of taxes. A higher tax exemption has

asimilar effect as an increase in income and the number of children increases.

3.5 Changein the cost of children

The cost of children is affected by government policies. Subsidization of child care, tax

exemptions on dependents and child allowances make children relatively less expensive.
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Proposition 6:
Let (4) from Proposition 1 be satisfied. An increasein the cost of children

a. decreases the number of children;

b. does not affect the decisions of the timing of children.

Proof. See Appendix.

A decrease in the fixed time cost of children makes children less expensive and increases the
number of children. The total time on raising children will not change.® The time cost of children
does not affect the costs of the timing of children and the moment of childbearing is not altered.

Thereis adifference between child care in the form of pecuniary support and the provision of
child care that reduces the fixed time cost. When subsidization of children results in a decline of
time spent on rearing children, it results in an increase in the number of children. But when
subsidization of children results in a pure income effect, the higher income leads to an increase
in the number of children and to earlier childbearing as well.

Oppenheim Mason and Kuhltau (1992) report that one-third of mothers of preschool-aged
children are constrained in their labor participation by child care problems. Only one-tenth of the
sample reported a child care constraint on fertility. Cigno and Ermisch (1988) find that higher
child benefits raises the number of children. Whittington (1992) and Whittington et al. (1990)
report positive effects of a higher tax exemption of dependants on the number of children in the
United States. Zhang et al. (1994) find similar resultsfor Canadaand find that child tax credit and

family alowances have significant positive effects on fertility as well.

3.6 Endogenous Quality Time and Quantity of Children

How does this model relate to the quantity-quality shift in the theory of Becker and Lewis
(1973)? In Becker and Lewisthe number of children declined because parents substituted quality
of children for quantity of children, when income rose. When the income elasticity of quality of
children is higher than of quantity of children, a higher income results in an increase in the
demand for quality. Because quality of children is an important determinant of the price of
quantity of children and vice versa, an increase in income can result in adecline in the demand for
children, even when the demand for children behaves like the demand for a normal good.

The effects of price changesin thetheory of Becker and Lewis (1973) can be applied when we

12



extend the model to quality of children. However, the source of a change in demand for children
isdifferent. Proposition 1 stresses the effect of ability on the utility of working time and demand
for children. Higher skilled women do not want to have less children as a result of achangein
income, but because they want to allocate less time for rearing children. The decreasein timefor
rearing children hasto be divided between quantity and quality of children, and the changein the
respective time-shares will be dependent on the income elasticities of quality and quantity of
children.

To extend the model to quality of children we haveto divide the time cost of childrenin ‘fixed'
time cost and in investment in the quality of children. The different components are hard to
disentangle: very young children need supervision, but during time of parental guidancethe child
learns new abilities. Moreover, child care is done partly by parents, but child care centres and
grandparents relieve parents of parts of child care tasks aswell. Older children need less parental
supervision, but it might be more difficult for other institutions to relieve parents. Teenagers are
harder to control for grandparents.

When quality time is a choice variable, parents can divide their time between working, h(t),
and spending timeto quantity and quality of children. When | assumethat timeinvested in quality
of children is equaly divided between children then

1 -h@® = (pp(® + a®)n(®) (6)

where

gt) = timeinvested inthe quality of children

Parents with a higher learning efficiency have a preference to spend less time to children (see
Proposition 1). They face the dilemma to have less children or to spend less quality time on

children.

- dh(t) = (pp(t) + a(t))dn + n(t)dg (7)

We can consider the decision of time spent on children as atwo-stage decision. In the first stage
the total time for children is allocated and in the second stage the family decides about number
of children and quality timefor children. Parents with ahigher learning efficiency spend lesstime
to children and have a higher income, because of higher wage growth and because of more
working hours. If we assume that the demand for quantity of children isless elastic to income

than the demand for quality of children, higher skilled families choose to have less children. The
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declinein children can be large enough for an increase in the quality of children. Moreover, we
have to take into account that children come in integers, a decrease in the number of children
allows afamily to increase time spent per child.

The quantity-quality shift in my model is similar to Willis (1973). Willis argues that children
are relatively more time intensive than consumption. Higher income might result in more
consumption and parents have lesstimefor rearing children. The remaining time for children will

be especially used for quality of children.

4. Conclusion

In this paper effects of heterogeneity in women's skill level on birth decisions are examined. The
paper emphasizes the importance of satisfaction in work in birth decisions. The model explains
why higher skilled women tend to have less children and delay their childbearing more than lower
skilled women. M otherhood decreases career perspectives and because women with ahigher skill
level have better career perspectives, they have an incentive to delay childbearing. The effects of
a higher ability on birth decisions depends on the discounted value of additional income of a
career and the elaticity of utility of raising children with respect to ability.

Women with ahigher ability level havejobswith lessdisutility of labor, which makes spending
time to raising children less attractive compared to lower skilled women. When the effect of
ability on joy in working dominates the effect of the increase in full income, the number of
children declines.

We might observe a quantity-quality shift asin Becker and Lewis (1973). Becker and Lewis
emphasi ze the increase in income and differences in income elasticities of quality and quantity of
children to explain a decline in fertility. In contrast to Becker and Lewis | stress the effect of
ability on the demand for spending time with children, which leads to a decline in the time
allocated for children. Changes in quantity and quality of children are made along the lines of
Becker and Lewis, in a second stage.

The effect on birth decisions can be observed in a cross section of the population, but in time
series as well. Increased human capital investment and changed labor market conditions have
increased the rate of learning-by-doing over time. The increased schooling of women and the
increased career perspectives over time adds to the explanation of the decline in fertility and the
delay of childbearing over time. Future research should pay more attention to the effect of

endogenous schooling and changes in risks of divorce on birth decisions.
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Endnotes

. The other basic motive to have childrenisameans of providing materia benefits. In devel oped
countries this motive is less important.
. To focus on birth decisions, we abstract from uncertainty of fecundity and fertility of women

over time to focus on the birth decision.

3. Skill leve, ahility, learning efficiency and education level are used interchangeably.

. The model could be easily extended with a term in the utility function for the status and
prestige of having children. The results with this extension are similar to the model's
conclusions. However, when the status of children is moreimportant, the probability increases
that the family prefers to have more children, when skill level increases.

. To keep the model simple, | abstract from the effect of number of children on career
perspectives.

. Note that we have abstracted from spacing of children and fecundity of women.
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Appendix

A woman optimizes the Lagrangian
3 T
—,1InpnnTO + ﬂézlnce_at -é@+c-1
° 0

A

ax L(t) =
T8

T

‘]

Ts

*

goince & — @ + ¢ - wH(TQ(1+4t) - ra)dt

A

e % (1-8-&)u(t) -E@rc-wH(TY(1+4T,)(1-p ®)

ice v (1-8 -B)u(t) - &a + ¢ - wH(TY(1+4T,)

T

-

Ty

Boince & 4+ (1-8-&y)u(t) - &@ + ¢ - ra)|dt

First order conditions:

& = -ré 9)

(10)

« ) ) [ T, (T
~a)u(T,) + éO)WH(Tgpyn(l+aT,)e - e

11
1T, 1(T,+Tp) (11)
a

(@ - pyn) + Téé(O)wH(Ts)[e_r(T“
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1+ aT,

1T, -r(T, +TO)]

4 =0 é(0)wH (Ts)pnn[e - e

With the budget constraint

=
e

-rT -rT :
lWH(TS) [(1+éTS)e S—(1+éT*)e * } ;8
r r

—I‘T* _r(T*+TO)] 1+é‘T* —I‘(T*
+

—pnn)[e - e wH (Ts)[e

Combination of thef.o.c. to T. and n gives

T r(T,+T (T, T T
_pnn)[e o T 0)]+a_e(* o T
-rT -r(T, +T 1-4-&
o T o T g g [ A Ry
4

Which leads to

T, -1(T, +TO)]

) 1-& -8
= ppnle - e ¢

(1+é~T*)[ - ~

9

Combination of the budget constraint and the f.o.c. to ¢ and n gives

a _3 -rT -r(T,+T
~=26(1+éT*)%[1—e aT]pnn[e *_e (T 0)] =
al a

a

-rT -rT -rT -rT
1+4Tge S - (1+4T,)e *+ 2 S *
r

e - €

(T +To)] (T, Tg)

oneyle T - (1eaT)e

Substitution of (15) gives
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a _3 -rT -rT
(1+éT*)[ —2[1—e aT]é+1] é[e Y -e p}

& a
. 1-& -8 .
(1+aTy)| ———=0ou(T,)-r|~+a a7
il
-rT -rT al -rT -rT
Tde  S-(1+aT,)e P+ 2e S-e *] L
r wh
Which leads to
& _3 -rT -IT
—NZA[l—e aT]é+1 e -e p] =
1 a
1+8Te -rTe 1+&T, T -IT.
géu(T*)rJ — S¢  S- e I
a r
(18)
1+aTg -IT -rT 5 -ITg T
¥ Se S_-e P.__ 8 [e Se
1+aT, r(1+aT,)
1-& -&
R eumy r| ¢ | LA
a 21l 1+aT, |WH(Ty

Compar ative dynamics

For reasons of tractability | assume that income of the spouse and the initial assets are 0, except

when | examine the effect of an increase in these assets.

Effect of a shock in ability

Taking the total differential of (18) gives
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%2 [1—e_éT][e_rT* - e_er]dé -

~ A

aja
& 1+8Te —rTe 1+4T, -rT -rT -
=2u(T* e S—=,*e P ie S_e
a r
1-& -& Te  -IT
+ %ZOU(T*)—I‘ i[e S_e p]dé
T,-T -rT -IT -IT
(1+4T,)2 r(1+4T,)2
(19)
a A -rT
r N—ZA[l—e aT]é+1e dT,
ala
& 1+aTe T 1+aT, T -rT -
=26u/ - e S- - “e + ie S_e
a a r
1-&4-& -rT -rT
2 Z6ur,) [e e p]dT*
il
L —I‘TS é2 _rTS -rT, a
e °dT, - —————[e “-e dT, + —
- r(1+4T,)? 1+a

First I will proof that thereis a high probability that LHS>0, with a positive shock in ability. U-
sing (18) the LHS>0 when

; 1Te ~rT,| r(1+4Tg) -rTe r(1l+&
s, & [ S_ o *]_ ( , S)e s, ( ,
r(1+aT,) a a

1-8 -8,

———ou(T,) - [e_rTS—e_er] (20)

>0

T,-Tg -rTg 1 [e—rTs_e

—rT*}

(1+4T,)2 r(1+aT,)?

Whether this condition holds depends strongly on the easticity of the disutility of labor with
respect to ability and the marginal rate of substitution between number of children and the period

of companionship of children and parents.
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It can be shown that the sum of the last two terms is positive. At T.=T, the sum of the two
termsis 0. By taking the derivative to T., we know that for T.>T,

-rT rT -rT
(T.-Tge S- %[e S_e *]>o 21)

Decomposing the first term of (20):

a(Tg- T, 1T -rTy] r(1+aTg)| -rTg T
=S “le S-e P —— ¥le 'S¢ P
1+aT, ’ a

(22)

s Ty) —IT ; ITg  -IT
S, e p+¥,e S_e *]+r(T*—TS)e
+aT, r(1+aT,)"

The sum of thelast threeterms of (22) ispositive. At T.=T, the sumis positive and the derivative

to T. is positive as well. Sufficient condition for a positive LHS of (19), with an increase in the
level of ability, is

1-4 & VT
—~1 2éu(T*)—r 1
A oA ) Vn
o) 2 .2 (23)
a(T,-Ty) ) a~(T,-Tg) .
SR +r(1+aTS) ———+r(1+4
1+aT, 1+aT,

where the minimum of the RHS is a T.=T-T,. The MRS between number of children and the

period of companionship of children and parents depend largely on the rate of wage growth (see
(15)).

By using (18) it can be shown that when dT. is positive, the RHS>O0.

22



1+4T< —rT. 1+&T., T
Se S——*e

p.1le
a r

'*)+u/(T*))r2]

a

T, ATy 1+aTg[
1+4T

ou(T,)-r [e - e
() J 1+4T,

(24)

4 42 1T
a a [e S

—rT*}
1rale r(1+a1,)?

+

dT,

a e_rT*dT* ¥ r?=2[1—e_+T]ée

: PdT,
1+aT, &+

+

The first term of (24) is positive when

r(ﬂéu(T*) - r) . ﬂéu/(T*) >0 (25)
4 4

The condition shows that when the marginal utility of being alive when your children are living

relatively to the utility of living together is low, the condition will be satisfied. With a concave

utility function and when the period parents and children are aive is aready long compared to

life-expectancy, this condition is met normally. This can be illustrated with a common utility

function and reasonable parameters
u(Ty) = In(T-T,) (26)
Taking the maximum of T. = T-T,. The condition will be

1-3-a 1-&4 -&
r #éln(T—T*) -r| - ~1 26 L
=hl il T—T*

> ( (27)

using (14) we see that the condition is satisfied already for very low vaues for r and &.

To prove that the sum of the third, fourth and fifth term of (24) is positive or equal to O we have

to prove that
1+éTS)+é][r(1+éT*)—é]e—-rTS+ 42 e—rT*
(28)
r(1+4T,)2 r(1+4T,)
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At T=T,, thesumis>0. Taking the derivative of the numerator to T. provesthat when T<T. the

sum is >0, because

-rT -rT
ér2(1+éTs) c&rle S-e f[>o0 (29)

Effect of a shock in ability on n

We can write (16) as

1T, [1 i er(T*—Tp)]
nee s ( ) (30)
1+aT 1-3 -&
- *( ~1 2 ou(T,) - r] +
a al
Taking the total differential gives
-rT
pn[l - e 0]dn =
1-31-& 1+aT, 1-31-& r
(T)—2 2 plda-—— =1 2u(T*)dé[1—e<
al a al
1+4T, [ 1-4; -5 2
. i ~1 2éu(T*) - r) + 1
a al
r(T*_Tp)
re (31)
1447 ( 1-8 -3 a7
+a -a1 - &
- *( ~1 2éu(T*)r] +1
a al

1-41 -4 1+aT r(T,-T
[#é[ u(T,) +—— *u/) r][le( * p)]
4

1+4T,( 1-& -5 2
- *[ ~1 2éu(T*)r] +1}
a al

d

When dT./d&>0 a sufficient condition for adn/da<0is
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1-& -8,

Z 2 C6u(T,)|da - (1+4T,)2d6| - rda <0 (32)
al (0]
Or
1-8; & VT
—~1 2éu(T*) -r S
do & a Vp N
—=Z> S = (33)
dao 1-3 -8

. VT, 1
——0u(T,)(1+aT,) _ *_(1+éT*
il Vhp n

with the maximum of the RHS at T.=T.,

When dT./d&<0, dn/dé is negative normally, because the first term of (31) is normally much
bigger than the sum of the last two terms. For dn/d&>0, dT./d& must be unredlistically high (inthe
order of 1/&?).

Shock in p,

(18) shows that dT./dp, = O; from (30) we get

ppdn = -ndpp (34)
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Shock in Ty

Using (18), comparative dynamics with a shock in T, gives

[ (1-81-8)
~—0
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a

[ T, T
e

-€e

LT 22 -IT
e SdT, R S [e S

r(1+4T,)2

and hence dT./dT>0 when condition (4) is satisfied. From (30) we get

N(Te-Tp) -
-rT 1P o
T e -
1+aT,.( 1-8 -&
- *[ ~1 2éu(T*)r] +1
a al
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FA R ey 2T [T TR
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2 oT
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Z .

éu(T*)r] +1
G|

dn/dT,<0 when dT./dT>0.
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Shock in assets

Using (18) we observe that the effect of a shock ininitial assets or income of spouseis

a A
211 e 8g41
L _rTS _er a.la.
-dA(0) = ale -e +
) 1-81-8 .
———0u -r+—

&1 (T)=reT (37)
) 4 1-34 -4 2
ou(T,) e || T ey A [e

Hence, when condition (4) is satisfied, dA(0)/dT.<0 and dA(0)/dn>0.
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