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Abstract

Short-term contracts and exogenous productivity growth are introduced in a

simple wage bargaining model. The equilibrium utilities corresponding to mil-
itant union behaviour are independent of the contract length. The wage dy-

namics are linear if strike is credible (low wage shares) and nonlinear otherwise

(high wage shares). The model can admit two steady state wage shares. The

one under strike is not credible exceeds the one under strike is credible. A wage

decrease can occur if strike is credible, but never when strike is not credible.

In the limit as time between bargaining rounds vanishes only the �rst paradox

survives.
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1. Introduction

The strategic wage bargaining model in Fernandez and Glazer (1991), Haller (1991)

and Haller and Holden (1990) is extended to allow for multiple wage contract renego-

tiations and productivity growth, by making the following more realistic assumptions.

First, the parties can only agree upon short-term contracts. Second, contracts are

incomplete in two di�erent ways, namely a contract speci�es a nominal wage that

remains constant until it expires (i.e. wages cannot be contingent upon productivity

growth) and future behaviour after the expiration date cannot be included in the

contract. Third, the last expired contract remains in place until it is replaced by a

new one. The latter is in accordance with the common practice in many Western

countries, where it is forbidden by law that a �rm unilaterally lowers wages after the

expiration of a central agreement without the workers' consent, e.g. Holden (1997).

In Fernandez and Glazer (1991), Haller (1991) and Haller and Holden (1990) it is

shown that wage increases can only occur in case the union's threat of going on strike

is credible. Furthermore, in Fernandez and Glazer (1991) a brief remark is made

with respect to short-term contracts: The union's minimum and maximum equilib-

rium1 utility is not a�ected by assuming short-term contracts instead of everlasting

contracts. The strategies that support this maximum equilibrium utility mimic ever-

lasting contracts by having immediate agreement upon a wage increase equal to the

wage increase in the model with everlasting contracts in the �rst short-term contract

and, after the expiration of this �rst contract, all future negotiations are immediately

concluded with a short-term contract that features no wage increase. Our interpreta-

tion of these strategies is as follows: The union is very militant in the �rst contract's

negotiations by exploiting the threat of strike, while it behaves very peacefully in all

1By equilibrium we mean subgame perfect equilibrium.
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future contracts' negotiations by refraining from this threat.

Since some unions are notorious for their aggressive behaviour in wage contracting

it is more interesting to adapt the maximum equilibrium wage strategies such that the

union uses the threat of strike whenever this threat is credible and only refrains from

this threat in case it is not credible. The aim of our analysis is to investigate only this

particular `militant union' equilibrium (MUE).2 By doing so, the credibility issue is

incorporated into a dynamic context. Since both parties take into consideration how

the current contract will a�ect future contracts' negotiations more interesting wage

dynamics result than in Fernandez and Glazer (1991).

First, we show that the union's MUE utility coincides with its maximum equilib-

rium utility in Fernandez and Glazer (1991) after a minor modi�cation for produc-

tivity growth. Thus, it is without loss of generality to assume everlasting contracts in

deriving the present value of the stream of wages the union is able to subtract from

the �rm. Furthermore, the union's threat of strike is only credible if the wage share

does not exceed some threshold. The union's MUE utility depends upon whether or

not strike is credible.

Second, the MUE wage dynamics are derived from the union's MUE utility. In

these dynamics it is crucial whether or not strike is credible during the current con-

tract's negotiations and whether or not strike will be credible at the next contract's

negotiations. This implies four cases. Each case induces a (possibly empty) domain

on the interval of wage shares and each of these domains has its own wage dynamics.

If strike is credible at both the current and the next contract's negotiations, then the

wage dynamics are linear and easy to handle, while implicit3 and nonlinear dynamics

result if strike is not credible at both the current and the next contract's negotia-

2As in Fernandez and Glazer (1991) and Haller and Holden (1990) it is possible to derive ine�cient
equilibria which feature strike. Since doing so is by now a routine exercise, it is omitted.

3An implicit di�erence equation is de�ned as f (xt+1) = g (xt), with f a noninvertible function.
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tions. The other two domains imply a switch from strike is currently credible into

strike is not credible at the next contract's negotiations or vice versa. The `just one

wage increase ever' equilibrium in Fernandez and Glazer (1991) and the MUE yield

di�erent paths of wages. Since both these equilibria yield the same present value but

di�erent wage dynamics this implies that the distribution of wages over time must

di�er. Rational parties are indi�erent between these two paths of wages. Psycholog-

ically, however, the MUE path may be enjoyed because roughly speaking wages that

keep up with pro�ts which might be considered `fair'.

Does the MUE admit a unique steady state wage share? For a large class of pa-

rameter values the answer is a�rmative. However, we also derive su�cient conditions

under which the linear and nonlinear wage dynamics both admit one steady state and

that there is monotonic convergence toward each steady state within its domain of

attraction. The steady state wage share on the domain where the union fails strike

as a credible weapon is higher than the steady state wage share on the domain where

strike is credible. Furthermore, the corresponding wage increase if strike is not cred-

ible is larger than the wage increase if strike is credible. These results are counter

intuitive and quite di�erent from the results in the literature.

Furthermore, we derive a su�cient condition for wage decreases to occur. Wage

decreases never occur if the union fails strike as a credible weapon in the current and

next contract's negotiations, but can occur either if strike is credible and the wage

share is su�ciently high, or if strike is not currently credible but will be credible at

the next contract's negotiations. Since credibility of strike is associated with wage

increases this result is also counter intuitive. Wage decreases can only last for a short

number of wage contracts and after that wages are forever increasing. The intuition

is as follows. Wage decreases in the short run redistribute wages (and pro�ts) over
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time in such a way that the long-run MUE wages must overtake the long-run wages

corresponding to the `just one wage increase ever' equilibrium path.

Finally, following Binmore, Rubinstein and Wolinsky (1986), we let the time be-

tween proposals vanish and we show that in this limit strike is always credible for the

union independent of the wage share. In this limit only the `linear' wage dynamics

survive, there is monotonic convergence to the steady state wage share of these dy-

namics and the union is unable to grasp the entire surplus. As before, wage decreases

can occur even in this limit for su�ciently high wage shares.

This paper is organized as follows. In section 3 the union's MUE utility and the

MUE wage dynamics are derived. In section 4 the steady states and evolution of

wage shares are analyzed. This section also contains the counter intuitive results.

The limit behaviour of the MUE as the time between bargaining rounds vanishes

is investigated in section 5. Section 6 concludes the paper, while the next section

introduces the model.

2. The Model

Our wage bargaining model is basically the wage bargaining model in Fernandez and

Glazer (1991), Haller (1991) and Haller and Holden (1990) in which the assumption

of an everlasting contract is dropped and exogenous productivity growth is included.

Time is discrete and time t 2 N . In order to establish notation we de�ne T , 0 <

T < 1, as the contract length and � � 1, � > 1, as the growth rate of productivity

corresponding to a learning-by-doing technology. The initial revenue generated by

the �rm is normalized to 1, meaning �t is the revenue at time t. A holdout4 is

4A holdout means that workers engage in production under the terms of the last expired contract.
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assumed to be Pareto e�cient,5 with per period payo� wt for the union at time t (wt

is the wage speci�ed by the last contract's wage which is either still valid or expired

at time t) and the �rm's pro�t at time t is equal to �t � wt. Each party's payo�

at time t corresponding to strike is normalized to 0. The union is only allowed to

strike at time t if at time t the last agreed upon contract has expired. If one of the

parties receives the in�nite sequence of payo�s hxti
1

t=0, where xt is the payo� at time

t, consistent with our description given above, then the normalized payo� to this

party is simply (1� �)
P1

t=0 �
txt, � 2 (0; 1), where � denotes the common discount

factor.6 We assume that � < ��1 in order to ensure that the present value at time t of

the discounted stream of revenues from time t onward (1� �)
P1

�=t �
��t�� = 1��

1���
��t

is well de�ned. From section 3 onwards we will use Ft =
1��
1���

� �t as short hand

notation for this present value and we will call wt
Ft

the wage share.

The bargaining process is identical to Fernandez and Glazer (1991). At bargaining

round t, t even, the union demands a wage and at round t, t odd, the �rm o�ers

a wage. In case a proposed wage is rejected, the union can either strike for one

round or holdout. An agreed upon (wage) contract w lasts T rounds, after which

bargaining starts over again. There are no negotiations or strikes during the validation

time of a contract. Note that w in
uences future negotiations by specifying the

disagreement payo� in these negotiations. It is necessary to specify which party

restarts the negotiations after the expiration of each contract. In order to make

the calculations less tedious we impose that T is even, which means that if a party

proposes a wage that is accepted in round t, then this party is the proposing party

at the restart of the negotiations at t + T .

Finally, we stress the importance for including productivity growth. Suppose it

5A discussion of ine�cient holdouts is postponed to the concluding remarks.
6A common discount factor avoids the problems reported in Bolt (1995).
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is absent, i.e. � = 1. As pointed out in Fernandez and Glazer (1991), strike is not

credible i� �2 < wt, with wt the last contract's wage. Without going into details,7 we

mention that MUE strategies imply that i) only a �nite number of wage increases

can take place and ii) the last contract featuring a wage increase speci�es a wage in

between �2 and 1�� (1� �) < 1. Hence, no productivity growth and MUE strategies

impose a wage ceiling and once strike ceases to be credible it remains not credible

forever.

However, many Western economies feature increasing wages over time. The above

shows that to explain ongoing wage increases, productivity growth should be an

essential ingredient of the model. The intuition is simple. With productivity growth

the strategies associated with militant union behaviour are as follows. The wage share

wt
Ft

measures the relative size of the current wage, there is a threshold �, � 2 [0; 1],8

for which strike is credible i� wt
Ft
� �: If the militant union fails strike as a credible

option, i.e. wt
Ft

> �, then it has to resort to holdout. However, due to productivity

growth, i.e. Ft+� increases in � , the wage share will drop below � within �nite time.

At that time, strike becomes a credible option again which will be fully utilized by

the militant union.

3. The Militant Union Equilibrium

In this section we derive the union's MUE utility and the associated wage dynamics.

As in Fernandez and Glazer (1991), Haller (1991) and Haller and Holden (1990) the

union's minimum equilibrium utility is wt, because the union can secure this payo�

7The following statements can be derived similarly as in the proofs of propositions 4.1 and
4.2 after substitution of � = 1 and a minor modi�cation due to l (wt; 1) = 1 in case wt > �2.
Furthermore, l (wt; 1) =1 implies that [R1; R2] in proposition 4.2 is empty.

8Actually, � is the level for all t that are even, while the level for t odd is simply ��.
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simply by holding out forever and never proposing nor agreeing upon wage contracts

that prescribe a wage below wt. If the union does not carry out the threat of a stutter

strike in case wt
Ft
� �, then an immediate switch to the minimum wage equilibrium

strategies occurs (no punishment is necessary for wt
Ft

> �). The latter is only needed

in the derivation of � and will be neglected in the rest of the analysis.

First, let the function V j
i (wt; Ft), i; j = 1; 2, denote party i's equilibrium contin-

uation payo� at the start of round t and from this round onward when party j is

the proposing party as function of the state variables wt and Ft. The militant union

strategies feature immediate agreement at the expiration date of an old contract and,

therefore, this equilibrium is Pareto e�cient. Since V j
U (wt; Ft) is the normalized dis-

counted value of an in�nite stream of wages and V j
F (wt; Ft) is the �rm's value for the

stream of revenues minus the discounted stream of wages (with the same discount

factor) we have that V j
U (wt; Ft) + V j

F (wt; Ft) = Ft, j = U; F . Thus, the �rm's value

functions V j
F (wt; Ft) = Ft � V j

U (wt; Ft) can be ignored.

Second, if the wage share exceeds the threshold �, then stutter strike is not credible

at t, t even. However, due to the productivity growth, going on strike will become

credible at t + l (wt; Ft), where l (wt; Ft) is the smallest integer that solves

l(wt; Ft) = argmin
l2IN

l, s.t.
wt

�lFt
� �.

Note that it is without loss of generality to assume that t + l (wt; Ft) > 0 is even,

because in case t + l (wt; Ft) is odd the strategies prescribe a round of holdout in

case of disagreement in this round and standard results from bargaining theory, e.g.

Rubinstein (1982), imply that the union obtains its continuation payo�, i.e.

V F
U

�
wt+l; �

lFt

�
= (1� �)wt+l + �V U

U

�
wt+l; �

l+1Ft

�
;

where l denotes l (wt; Ft), and it is as if strike becomes credible at t + l (wt; Ft) + 1.

For computational convenience the real number l (wt; Ft) = (ln�)�1
�
ln wt

Ft
� ln �

�
is
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used throughout the analysis as if it were an even integer. It is sometimes useful to

write l (wt; Ft) = 0 in case wt
Ft
� � at t even.

The following proposition characterizes the union's MUE utility and the threshold

�. All proofs are deferred to the appendix.

Proposition 3.1. The functions V U
U (wt; Ft) and V F

U (wt; Ft) are given by

V U
U (wt; Ft) =

8>>><>>>:
�

1+�
wt +

1
1+��

Ft;
wt
Ft
� �2�2(1+�)

1+��
;

wt + (1� ��)
�

(1+��)

�2�2(1+�)
� wt
Ft

�1+ ln �
ln� Ft;

wt
Ft

> �2�2(1+�)
1+��

;

and

V F
U (wt; Ft) =

8>>><>>>:
1

1+�
wt +

��
1+��

Ft;
wt
Ft
� �2�3(1+�)

1+��
;

wt + (1� ��)
�

(1+��)

�2�2(1+�)
� wt
Ft

�2+ ln �
ln� Ft;

wt
Ft

> �2�3(1+�)
1+��

:

Moreover, V U
U (wt; Ft) � wt and V F

U (wt; Ft) � wt.

The threshold � = �2�2(1+�)
1+��

2
�
�2; 1

�
is increasing in �, � 2

�
1; ��1

�
. Thus, pro-

ductivity growth relaxes the credibility constraint. Furthermore, the expressions are

independent of the contract length and, therefore, also hold for everlasting contracts,

i.e. T =1. Consequently, the maximum wage equilibrium in Fernandez and Glazer

(1991) and the militant union strategies only di�er with respect to the distribution

of per-round utilities over time if compared with each other.

We continue this section by deriving the wage dynamics under MUE strategies.

Since T is even the MUE strategies induce an in�nite sequence of consecutive con-

tracts that are all proposed by the union and, therefore, we restrict attention to the

wage proposed by the union. Basically, the wage w proposed by the union is the

solution of

�
1� �T

�
w + �TV U

U

�
w; �TFt

�
= V U

U (wt; Ft) : (3.1)
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Since there are two di�erent expressions for the function on each side there are four

di�erent cases. One remark is in place. In the next proposition only the wage is given

that will be proposed in case the union did not deviate in the past, because otherwise

the union's minimum equilibrium utility strategies prescribe w (wt; Ft) = wt.

Proposition 3.2. At round t, t even, the union proposes w (wt; Ft) given by8>>>>>>>>>>>>><>>>>>>>>>>>>>:

�
1+���T

wt +
(1��T�T )(1+�)

(1+���T )(1+��)
Ft; if wt

Ft
� min f��; �g ;

w�; if wt
Ft
2 (��; �] ;

1+�
1+���T

wt +
1+�

1+���T

�
(1� ��)

�
wt
�Ft

�1+ ln �
ln� � �T �T

1+��

�
Ft; if wt

Ft
2 (�; 1] \ [R1; R2] ;

ew; if wt
Ft
2 (�; R1) [ (R2; 1] .

where w� > wt corresponds to the largest of the two real roots of

w�

Ft

+ �T�T (1� ��)
�

w�

��TFt

�1+ ln �
ln�

�
�

1 + �

wt

Ft

�
1

1 + ��
= 0; (3.2)

ew > wt corresponds to the largest of the two real roots of

ew
Ft

+ �T�T (1� ��)
� ew
�Ft

�1+ ln �
ln�

�
wt

Ft
� (1� ��)

�
wt

�Ft

�1+ ln �
ln�

= 0 (3.3)

and � = �2�2(1+�)
(1+��)

, �� = ��1
h�
1 + � � �T

�
�2�T+2 �

�
1� �T�T

�i
1+�
1+��

and R2 > R1 are

the two positive, real roots of x + (1� ��)
�
��1x

�1+ ln �
ln� � �T � � �T�T (1� ��) = 0.

The four cases mentioned above partition the interval of wage shares. The �rst

case, wt
Ft
� minf��; �g, corresponds to strike is both credible in the current and next

contract's negotiations. The second case, wt
Ft
2 [R1; R2] \ (�; 1], corresponds to the

situation in which strike is not credible at time t but strike is credible at the expiration

date of w (wt; Ft). Thus, the militant union has one more contract to go before strike

becomes credible. The third case, wt
Ft
2 (��; �], is the transition from strike is credible
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in the current contract's negotiations to strike is not credible at the next contract's

negotiations. So, the militant union has one more contract to go before strike ceases

to be credible. The fourth case, wt
Ft
2 (�; R1) [ (R2; 1], corresponds to strike is not

credible at the current contract's negotiations and it will neither be credible at the

expiration date of w (wt; Ft) = ew. Despite the fact that strike is not credible the

union negotiates a higher wage ew > wt. The reason is that both parties anticipate a

higher wage if they do not agree for the next l (wt; Ft) rounds and impatience makes

the union willing to accept a lower wage increase today in order to avoid the waiting.

This result di�ers from the results in the literature where holdouts are associated

with no wage increase. So, militant behaviour guarantees a wage increase even in

rounds where strike is not credible.

Based upon the following condition and its complement we distinguish two mu-

tually exclusive cases for which sharper results can be obtained, which are given in

the next proposition. This condition is given by

�2�2 � ��1
�
�T+2

�
�2 + �3

�
+ �T�T

�
1� �2�2

�
� 1

�
: (3.4)

Proposition 3.3. 1. If condition (3.4) is satis�ed, then (��; �] and (�; R1) are both

empty and [R1; R2] \ (�; 1] =
�
�; �T �

i
. Moreover, wt

Ft
� �T � implies w(wt;Ft)

�TFt
� �, and

w (wt; Ft) is discontinuous in wt = �T �Ft.

2. If condition (3.4) does not hold, then (��; �] and (�; R1) are both not empty and

[R1; R2] \ (�; 1] = [R1; R2].

Thus, under condition (3.4), if wt
Ft
� �, then also w(wt;Ft)

�TFt
� �. Hence, once strike

is credible it remains credible in all future contracts' negotiations. If wt
Ft

is slightly

above �, i.e. wt
Ft
2
�
�; �T �

i
, then the militant union is one contract away from the
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situation in which strike will be credible forever. Otherwise, if condition (3.4) does

not hold, then for every wt
Ft
2 (�; R1) strike is not credible in both the current and

next contract's negotiations. The percentage wage increase for wt
Ft
2 (�; R1) has to

be larger than the percentage wage increase for wt
Ft
2 [R1; R2], because for the latter

(former) the wage share at the expiration date of w (wt; Ft) is smaller (larger) than �.

Clearly, w (wt; Ft) is decreasing in
wt
Ft

around wt
Ft

= R1. A plausible explanation is the

following. The wage increase for wt
Ft
2 (��; �] is relatively large, because strike will not

be credible at the next contract's negotiations. Productivity growth and wt
Ft

slightly

above � imply that the union's equilibrium utility is approximately the equilibrium

utility at �, because l (wt; Ft) � 0 (read: 2 rounds of bargaining). Therefore, the wage

the union negotiates for wt
Ft

slightly above � is roughly the same wage as at �. As wt
Ft

approaches R1 this e�ect diminishes, i.e. l (wt; Ft) increases, and the wage negotiated

at wt
Ft

= R1 is equal to w� = �T �Ft � R1Ft.
9

4. Steady State Wage Shares

In this section steady state wage shares and monotonic convergence to such states,

under the MUE strategies, are investigated. The wage share x� 2 [0; 1] is a steady

state wage share if wt
Ft

= x� implies that w(wt;Ft)
Ft

= �Tx�. So, at time t + T , i.e. the

expiration date of w (wt; Ft), the wage share will be equal to the wage share at t.

Wage shares that induce a transition from strike is credible at the current contract's

negotiations into strike is not credible at the next contract's negotiations or vice versa

cannot be steady states. As indicated in proposition 3.3, the wage dynamics depend

on condition (3.4) to hold or not to hold. The next two subsections state the long-run

results in each of these two cases.

9This holds because either R1 or R2 equals �
T � and R1 < R2; see the proof of proposition 3.2.
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4.1. The case condition (3.4) holds

If condition (3.4) holds, then once strike is credible it remains credible forever. The

�rst proposition states that this implies a unique feasible steady state on [0; �].

Proposition 4.1. The linear wage dynamics on [0; �] admit a unique steady state

wage share xL 2 [0; �] i� condition (3.4) is satis�ed . Moreover,

xL =

�
1� �T�T

�
�

�2�2
�
�T
�
1 + � � �T

�
� �

�
and there is monotonic convergence in wage shares to xL for all wt

Ft
� �T �.

Note that the wage share (and, consequently, also the wage) is forever monotoni-

cally increasing if the initial wage share lies below xL. However, if initially the wage

share lies above xL, then even a militant union which has strike as a credible option

at its disposal cannot prevent that the wage share will decrease over time.

The next proposition states necessary and su�cient conditions under which the

nonlinear dynamics on
h
�T �; 1

i
admit a unique feasible steady state as well as the

necessary and su�cient conditions for monotonic convergence in wage shares to it.

Proposition 4.2. If condition (3.4) is satis�ed, then the nonlinear wage dynamics

on
�
�T �; 1

i
admit a unique steady state wage share xNL 2

�
�T �; 1

i
i�

�
�T � 1

�
�2�2 (1 + �)�

�
1� �2�2

� �
1� �2T�2T

�
�T < 0: (4.1)

There is monotonic convergence in wage shares towards xNL for all wt
Ft
2
�
�T �; 1

i
i�

�
�T � 1

� �����1 + ln �

ln�

������ �
1� �2T�2T

�
< 0: (4.2)
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The condition for monotonic convergence is independent of the condition for fea-

sibility. Conditions (4.1) and (4.2) both require that � should not be too high at a

given � and T , or T should not be too large given � and �. Numerical investigation

of these conditions revealed that there exists a generic and non-empty subclass of

parameter values for which the conditions for feasibility and monotonic convergence

are simultaneously satis�ed.

Note that, for any steady state x�, the parties agree upon the wage w = �TFtx
�

if wt
Ft

= x�. But then, the wage increase in xL is smaller than the wage increase in

xNL. Furthermore, if condition (4.2) is satis�ed, then the wage share monotonically

increases over time on
�
�T �; xNL

�
even though strike is not credible. The latter

results and xL < xNL are all counter intuitive, because the higher steady state wage

share and the higher wage increase correspond to the situation in which strike is

not credible at the current wage share while the lower steady state corresponds to

the situation in which the union has strike as a credible threat at its disposal and

strike will remain credible forever. These results are quite di�erent from the results

in Fernandez and Glazer (1991), Haller (1990) and Haller and Holden (1990).

The next corollary states the necessary and su�cient conditions for xL to be the

unique steady state on [0; 1]. Monotonic convergence to the xL from every wage share

is automatically ensured in this case .

Corollary 4.3. If condition (3.4) holds, then the MUE strategies admit a unique

steady state wage share i� condition (4.1) does not hold. Moreover, xL of proposition

4.1 is the unique steady state wage share and there is monotonic convergence in wage

shares on [0; 1] to xL.
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Finally, an increasing wage share is unambiguously associated with a wage in-

crease. However, a decreasing wage share implies either a small wage increase or

perhaps even a wage decrease. The next proposition states a su�cient condition for

a wage decrease to occur on a non-empty interval of wage shares.

Proposition 4.4. Suppose condition (3.4) holds. If 1��T�T

�2�2(1��T )
< 1, then w (wt; Ft) <

wt i�
wt
Ft
2
�

1��T�T

�2�2(1��T )
�; �T �

�
. Moreover, 1��T �T

�2�2(1��T )
� > xL.

Numerical investigation revealed that this su�cient condition implies that con-

dition (3.4) is automatically satis�ed. Furthermore, there exists a generic and non-

empty subclass of parameter values for which the su�cient condition is satis�ed. The

su�cient condition can be relaxed, because there exists a (possibly empty) interval�
��; �T �

i
, for some � > 1,10 for which wage decreases occur in case 1��T �T

�2�2(1��T )
� 1.

Note that it is counter intuitive that a wage decrease occurs in or near the region

where strike is credible, but not in a region where strike is not credible. The number

of consecutive contracts featuring a wage decrease is bounded from above, because

the long-run wage approximates xLFt and Ft goes to in�nity as t goes to in�nity. So,

after a �nite number of contracts, wages exceed the initial level. This implies that for

the union the initial wage decreases are compensated by higher wage increases in the

future. For the �rm it is the other way around. The initial wage decreases compensate

for a faster growth of wages in the future. Somehow, initial wage decreases can be

regarded as a redistribution of the growing surplus.

4.2. The case condition (3.4) does not hold

If condition (3.4) does not hold, then the linear dynamics do not admit a feasible

steady state. Still the wage share monotonically increases on the domain [0; ��] and

10The bound �� corresponds to one of two roots of the polynomial in the proof of proposition 4.4.
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eventually, after a �nite number of contracts, the wage share will be larger than

��.11 It is not possible to state an analog of proposition 4.2 for the only candidate

steady state xNL. However. Note that the domain (�; R1) [ (R2; 1] of nonlinear dy-

namics now consists of two disjunct intervals, while (3.3) maps the wage share at

the expiration date of the new contract to the image (�; 1] and, hence, possibly to

[R1; R2], which implies a drop in the wage share below � at the expiration date of

the next contract. The following example, in which xNL is feasible, is very instructive.

Example Consider � = 0:3; � = 1:5 and T = 2, for which condition (3.4) does not

hold. Then �� = �0:738 < 0 (so, [0;minf��; �g] is empty), � = 0:182, R1 = 0:272,

R2 = �T � = 0:408 and xNL = 0:241 2 (�; R1). So, xNL is feasible. Starting at

w0

F0
= 0:5 > R2, the wage share at the expiration date of the �rst contract belongs

to (�; R1) and from there on the wage share converges to xNL. However, starting

at wt
Ft

= 0:6, the wage share at the expiration date of the �rst contract enters the

interval [R1; R2] and very soon converges to a limit cycle of periodicity two, which is

given by 0:307 2 [R1; R2] and 0:173 2 [��; �]. The latter can also happen from below:

Starting at w0

F0
= 0:2, the wage share overshoots xNL and, by entering the interval

[R1; R2] ; starts converging toward this limit cycle. Thus, convergence to a steady

state is in some cases even absent, depending upon the initial wage share, and the

wage dynamics exhibit chaotic behaviour.

The overall picture is more complicated. Consider �rst the case in which xNL is

feasible. Suppose wt
Ft
2 [0; �]. Then within a �nite number of contracts the wage share

lies above � and it enters either [R1; R2] or (�; R1) [ (R2; 1]. If the former happens,

11This follows directly from the proof of proposition 4.1 if [0; 1] is taken as the domain of the
linear dynamics and observing that monotonic convergence to xL on [0; 1] holds even if xL > �.
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then the dynamics are back in [0; �] again. If the wage share enters (�; R1) [ (R2; 1],

then either there is convergence to xNL or within a �nite number of contracts the

wage share enters [R1; R2] and, consequently, the dynamics return to [0; �] again. Due

to the nonlinearity of the dynamics and the implicitly given bounds R1 and R2 one

has to resort to numerical methods in order to obtain results. We did not pursue this

line of research.

Finally, consider the second case in which xNL is not feasible. Then convergence

to xNL as described in the previous case cannot occur and the most one can obtain are

limit cycles (if these exist at all). These limit cycles are not restricted to two-round

cycles as in the example above, but may exhibit more complicated chaotic behaviour

in which the wage share also stays in [0; ��] and (�; R1) [ (R2; 1] for a �nite number

of consecutive contracts.

5. Limit Results

In this section we follow the literature on strategic bargaining by letting the time

between bargaining rounds vanish (e.g. Binmore et al., 1986) and, meanwhile, main-

taining a constant level of the contract length measured in real time.

In order to make the analysis precise we de�ne �, � > 0, as the time between two

bargaining rounds, � = e�r�, where r denotes the interest rate, and � = e��, where

� denotes the growth rate of productivity. The assumption 1 < � < ��1 implies that

0 < � < r. Furthermore, we de�ne L > 0 as the contract length measured in real

time. As said before, we keep L constant while � goes to 0. Since L = T� we can

only keep L constant while � vanishes if T adjusts to changes in �, which means

that T = L=�.12 For simplicity we neglect that T = L=� should be an even integer.

12Note that keeping T �xed would mean that lim�!0 L = lim�!0 T� = 0, i.e. the contract

16



The following theorem states the limit results.

Theorem 5.1. In the limit, as � goes to 0, strike is credible for every wt
Ft
2 [0; 1],

the union proposes the wage
�
2� e�rL

��1 h
wt +

�
1� e�(r��)L

�
r

r��
e�t
i
for every wt

Ft
2

[0; 1] and its MUE utility is 1
2

�
wt +

r
r��

e�t
�
for every wt

Ft
2 [0; 1]. Moreover, there is

monotonic convergence in wage shares on [0; 1] to lim�!0 x
L = 1�e�(r��)L

e�L(2�e�rL)�1
< 1 and

the wage decreases if wt
Ft
2
�
1�e�(r��)L

1�e�rL
; 1
i
.

This theorem implies that the union is unable to grasp the entire surplus, i.e.

lim�!0 x
L is bounded away from 1. In the limit wage decreases can occur, but, as

before, only a limited number of consecutive contracts can feature a wage decrease.

Furthermore, the union's limit MUE utility corresponds to the Nash bargaining so-

lution with everlasting contracts and disagreement point (wt; 0), i.e.

max
w

(w � wt)

 
r

r � �
e�t � w

!
) w =

1

2

 
wt +

r

r � �
e�t
!
:

This means that the limit results can be obtained by a simple two-step procedure.

First, compute the union's limit MUE utility by applying this Nash bargaining solu-

tion and, second, derive the wage dynamics from the union's limit MUE utility.

Finally, the threshold � goes to 1 as the time between bargaining rounds vanishes,

i.e. lim�!0 � = 1. The reason is that the equilibrium condition for strike to be credible

is given by wt �
�
1� e�r�

�
� 0 + e�r�V F

U

�
wt; e

��Ft

�
, t even. Since V F

U (wt; �Ft) >

wt for all � > 0 this condition requires e�r� su�ciently close to 1, which can be

accomplished for � > 0 su�ciently close to 0. This equilibrium condition easily

generalizes to a large class of extended models, provided wt is replaced by the union's

minimum equilibrium utility in such model.

length measured in real time vanishes. Then, in the limit, parties would constantly negotiate new
contracts which expire instantaneously at the moment of conclusion. Clearly, this is unrealistic.
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6. Concluding Remarks

In this paper we have extended the wage bargaining model by Fernandez and Glazer

(1991), Haller (1991) and Haller and Holden (1990), by allowing for �nite contract

length and productivity growth. By doing so, credibility over time of the strike threat

enters the analysis. However, the credibility issue vanishes as time between bargaining

rounds goes to zero and matters simplify greatly in the limit. The results then hint

that a large class of extended models can be analyzed using the Nash bargaining

solution with the appropriate disagreement points. For instance one could think of

ine�cient holdouts, e.g. Holden (1996) and Moene (1988), or introducing competition

among strategic options for the union, such as holdout, work-to-rule and strike, e.g.

Houba and Bolt (1997). Ine�cient holdouts only require a minor modi�cation of the

union's minimum equilibrium utility.13 Competition among strategic options would

yield that all actions are credible in the limit and that strike is the union's most

e�ective action among the credible actions.

Another extension is to allow for endogenous contract length, meaning that the

parties negotiate a wage and an expiration date of the contract. Then the union's

(extended) MUE utilities coincide with those of proposition 3.1. The reason is that

the union's (extended) MUE utilities solve a recursive relation that is independent

of both the contract's wage and the contract's length. Consequently, the contract

agreed upon is no longer uniquely speci�ed, but if the parties agree upon a particular

contract's length then proposition 3.2 states the associated contract's wage. As in

the current proposition,the contract's wage and the contract's length are negatively

related and both parties are indi�erent. Thus, this extended model is to simple in

13In Holden (1997) the Nash bargaining solution is applied in a model with one-year contracts.
However, the assumption that (ine�cient) holdouts determine the disagreement point avoids the
credibility issue raised in our analysis. Implicitly, wage decreases can occur in Holden (1997), because
workers have an outside option and conditions for a binding outside option are derived.
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order to o�er a theory with predictive power about endogenous contract length.

The results of section 5 show that the apparently minor extensions lead to major

changes in the dynamics of the wage level and the wage share. Moreover, one soon

meets the boundaries of where analytical results for the evolution of wages can be

obtained. For instance, � in our model is �xed, i.e. not in
uenced by investment

decisions of the �rm. It would be interesting to incorporate these decisions in the

model, thereby making the parameter � endogenous. Another approach could be to

let � be a known function, 
uctuating over time, representing business cycle e�ects.

Within the simple setup of this paper all one can hope for is analytical solutions for

the value functions.

References

[1] K. Binmore, A. Rubinstein and A. Wolinsky, 1986, The Nash Bargaining Solution

in Economic Modelling, Rand Journal of Economics 17, 176-188.

[2] W. Bolt, 1995, Striking for a Bargain between Two Completely Informed Agents:

Comment, American Economic Review 85, 1344-1347.

[3] R. Fernandez and J. Glazer, 1991, Striking for a Bargain between Two Completely

Informed Agents, American Economic Review 81, 240-252.

[4] H. Haller, 1991, Wage Bargaining as a Strategic Game, in "Game Theoretic

Equilibrium Models III: Strategic Bargaining" (R. Selten, ed.), 7-33, Springer-

Verlag, New York/Berlin.

[5] H. Haller and S. Holden, 1990, A Letter to the Editor on Wage Bargaining,

Journal of Economic Theory 52, 232-236.

[6] S. Holden, 1997, Wage Bargaining, Holdout and In
ation, Oxford Economic Pa-

pers 49, 235-255.

[7] H. Houba and W. Bolt, 1996 (revised 1998), Holdouts, Backdating and Wage

Negotiations, TI-working paper TI-96-79/8, Free University, Amsterdam.

19



[8] K. Moene, 1988, Union's Threats and Wage Determination, The Economic Jour-

nal 98, 471-483.

[9] A. Rubinstein, 1982, Perfect Equilibrium in a Bargaining Model, Economet-

rica 50, 97-109.

7. Appendix

Proof of proposition 3.1

Suppose there is a threshold � < 1 such that at t is even strike is credible i� wt
Ft
� �.

If wt
Ft

> �, then strike becomes credible at t + l \even". There are two cases to be

considered.

Case 1 wt
Ft

> �. Then t+ l is the �rst round strike will be credible again and, hence,

V U
U (wt+l; Ft+l) corresponds to the function at which strike is credible. Until t + l

strike is not credible and wt is the union's disagreement payo�. The �rm's problem

at � + 1, � = t+ l � 2; t+ l � 4; : : : ; t (� even), is given by

F�+1 � V F
U (w�+1; F�+1) = max

wF
F�+1 �

�
1� �T

�
wF � �TV F

U

�
wF ; �

TF�+1

�
,

s.t.
�
1� �T

�
wF + �TV F

U

�
wF ; �

TF�+1

�
= (1� �)w�+1 + �V U

U (w�+1; �F�+1) :

Substitution of the constraint into the objective function and rewriting yields

V F
U (w�+1; F�+1) = (1� �)w�+1 + �V U

U (w�+1; �F�+1) : (7.1)

Similarly, the union's problem at � given by

V U
U (w� ; F� ) = max

wU

�
1� �T

�
wU + �TV U

U (wU ; F�+T ) ,

s.t. F� �
�
1� �T

�
wU � �TV U

U (wU ; F�+T ) = F� � (1� �)w� � �V F
U (w� ; �F� )
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yields

V U
U (w� ; F� ) = (1� �)w� + �V F

U (w� ; �F� ) : (7.2)

Furthermore, if the parties would not agree at � then at �+1 we have that w�+1 = w�

and F�+1 = �F� . Making use of these two equalities and substitution of (7.1) into

(7.2) yields the recursive relation

V U
U (w� ; F� ) =

�
1� �2

�
w� + �2V U

U

�
w� ; �

2F�

�
; � = t + l � 2; t+ l � 4; : : : ; t:

Solving the recursion yields

V U
U (wt; Ft) =

�
1� �l

�
wt + �lV U

U (wt; Ft+l) , for
wt

Ft
> � (7.3)

and V U
U (wt; Ft+l) refers to case 2, i.e.

wt
Ft+l

� �.

Case 2 wt
Ft
� � at t even. Then going on strike is credible. The union's problem (7.2)

at t; t is even, is di�erent and is now given by

V U
U (wt; Ft) = max

wU

�
1� �T

�
wU + �TV U

U

�
wU ; �

TFt

�

s.t. Ft �
�
1� �T

�
wU � �TV U

U

�
wU ; �

TFt

�
= ��Ft � �V F

U (wt; �Ft) ;

V U
U

�
wU ; �

TFt

�
=
�
1� �l(wU ;�

TFt)
�
wU + �l(w;�

TFt)V U
U

�
wU ; Ft+l(w;�TFt)

�
:

The second constraint comes from case 1 and is necessary in order to take into account

wU 's such that wU
�TFt

> � at t + T . For wU
�TFt

� � we take l
�
wU ; �

TFt

�
= 0 and then

this constraint is super
uous. As before, substitution of the �rst constraint into the

objective function yields

V U
U (wt; Ft) = (1� ��)Ft + �V F

U (wt; �Ft) : (7.4)

The �rm's problem at t + 1; t is even, does not change and, hence, equation (7.1) is

also valid in this case for � + 1 = t+ 1. If the parties would not agree at t, t is even,
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then at t+1 (odd) we have that wt+1 = wt and Ft+1 = �Ft. Making use of these two

equalities and substitution of (7.1) (for � + 1 = t+ 1) into (7.4) yields

V U
U (wt; Ft) = (1� ��)Ft + � (1� �)wt + �2V U

U

�
wt; �

2Ft

�
, for

wt

Ft
� �, (7.5)

It is easy to verify that

V U
U (wt; Ft) =

�

1 + �
wt +

1

1 + ��
Ft, for

wt

Ft
� �,

is a solution of (7.5). Then the expression in (7.3) becomes

V U
U (wt; Ft) =

1 + � � �l

1 + �
wt +

�l�l

1 + ��
Ft, for

wt

Ft

> �: (7.6)

Substitution of l = ln
�

wt
�Ft

�
= ln� and making use of al = el lna =

�
wt
�Ft

�lna= ln�
yields

V U
U (wt; Ft) = wt �

�
wt
�Ft

� ln �
ln�

1 + �
�
wt

�Ft
� �Ft +

�
wt
�Ft

�1+ ln �
ln�

1 + ��
Ft, for

wt

Ft
> �;

which yields the stated expression. Similar arguments yield V F
U (wt; Ft) at round t is

odd. It is easy to verify that V U
U (wt; Ft) � wt and V F

U (wt; Ft) � wt.

Finally, strike at t, t even, is credible i� wt � (1� �) � 0 + �V F
U (wt; �Ft). Solving bw

in bw = �V F
U ( bw; �Ft) yields bw = �2�2 1+�

1+��
Ft. Hence, � =

bw
Ft

= �2�2 1+�
1+��

< 1, where �

is the threshold postulated at the beginning of the proof. QED

Proof of proposition 3.2

Four di�erent cases in (3.1) have to be distinguished.

First, if wt
Ft
� � and w

�TFt
� �, then w solves (3.1) i�

�
1� �T

�
w + �T

 
�

1 + �
w +

1

1 + ��
�TFt

!
=

�

1 + �
wt +

1

1 + ��
Ft;

which yields the solution

w =
�

1 + � � �T
wt +

�
1� �T�T

�
(1 + �)�

1 + � � �T
�
(1 + ��)

Ft:
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The condition w
Ft
� �T � can be rewritten as

wt

Ft
� ��1

1 + �

1 + ��

�
�T�T

�
1� �2�2

�
+ �T+2

�
�2 + �3

�
� 1

�
� ��:

Combining the two conditions wt
Ft
� � and w

Ft
� �T � yields wt

Ft
� minf��; �g.

Second, if wt
Ft

> � and w
�TFt

� �, then w solves (3.1) i�

�
1� �T

�
w + �T

 
�

1 + �
w +

1

1 + ��
�TFt

!
= wt + (1� ��)

�
wt

�Ft

�1+ ln �
ln�

Ft:

Solving for w yields

w =
1 + �

1 + � � �T
wt +

1 + �

1 + � � �T

 
(1� ��)

�
wt

�Ft

�1+ ln �
ln�

�
�T�T

1 + ��

!
Ft:

The condition w
Ft
� �T � can be rewritten as

wt

Ft
+ (1� ��)

�
wt

�Ft

�1+ ln �
ln�

� �T � � �T�T (1� ��) � 0: (7.7)

The polynomial is decreasing for wt
Ft
small and increasing for wt

Ft
large, because 1+ ln �

ln�
<

0 implies limx!0 x
1+ ln �

ln� = +1 and limx!1 x1+
ln �
ln� = 0. Furthermore, wt

Ft
= �T � is one

real root, because
�
�T
�1+ ln �

ln� = �T�T . Therefore, there exist two positive, real roots,

i.e. R1 < R2. Combining
wt
Ft

> � and w
Ft
� �T � yields wt

Ft
2 [R1; R2] \ (�; 1] = ;.

Third, if wt
Ft

> � and w
�TFt

> �, then w solves (3.1) i�

�
1� �T

�
w + �T

 
w + (1� ��)

�
w

�Ft

�1+ ln �
ln�

�TFt

!
= wt + (1� ��)

�
wt

�Ft

�1+ ln �
ln�

Ft;

which can be rewritten as stated in (3.3). Similar as before this polynomial, with w
Ft

as the variable, has two positive, real roots. Existence follows after substitution of

w
Ft

= wt
Ft
, which yields

�
�
1� �T�T

�
(1� ��)

�
wt

�Ft

�1+ ln �
ln�

< 0:

Hence, the smallest positive, real root is smaller than wt
Ft

and the largest positive, real

root exceeds wt
Ft
. The smallest positive, real root fails w

Ft
> �T � i� (3.3) is non-positive
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in w
Ft

= �T � for all wt
Ft
2 wt

Ft
2 (�; R1) [ (R2; 1]. Substitution of w

Ft
= �T � in (3.3)

yields

�T � + (��)2T (1� ��)�
wt

Ft
� (1� ��)

�
wt

�Ft

�1+ ln �
ln�

� 0;

or, equivalently,

wt

Ft
+ (1� ��)

�
wt

�Ft

�1+ ln �
ln�

� �T � � (��)2T (1� ��) � 0: (7.8)

The left hand side (LHS) of (7.8) is larger than the LHS of (7.7) and (7.7) holds for

all wt
Ft
2 (�; R1) [ (R2; 1]. Hence, (7.8) also holds on (�; R1) [ (R2; 1].

Fourth, wt
Ft

< � and w
�TFt

> �. In that case w solves (3.1) i�

�
1� �T

�
w + �T

 
w + (1� ��)

�
w

��TFt

�1+ ln �
ln�

�TFt

!
=

�

1 + �
wt +

1

1 + ��
Ft;

which yields (3.2). Similarly as before, (3.2) has two positive, real roots. The smallest

root is not feasible, i.e. w
Ft

< �T �, i� the LHS of (3.2) is negative at w
Ft

= �T �. The

latter is true i� wt
Ft

> ��. Thus, w
Ft

is the largest root of (3.2) for all wt
Ft
2 (��; �).QED

Proof of proposition 3.3

1. First, minf��; �g = � i� condition (3.4) holds. Next, (7.7) holds for wt
Ft

= �,

because
�
1� �T

�
�2�2 1+�

1+��
+ (1� ��)

�
1� �T�T

�
� 0 is equivalent to the condition

stated in the proposition. Hence, R1 � � and R2 = �T � in (the proof of) proposition

3.2 imply wt
Ft
2 (�; 1] \ [R1; R2] =

�
�; �T �

�
. Finally, the discontinuity at wt

Ft
= �T �

follows from observing that limwt
Ft
#�T � ew > limwt

Ft
#�T �

wt
Ft

= �T � and the latter is, by

construction, equal to the proposed wage for wt
Ft

= �T �.

2. First, minf��; �g = �� < � i� condition (3.4) does not hold. Next, from the proof

of proposition 3.3.1 it follows that (7.7) in the proof of proposition 3.2 does not hold

if the condition (3.4) does not hold for wt
Ft

= �. Since, �T � is one of the two real,

positive roots it necessarily follows both R1 and R2 are larger than �. QED
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Proof of proposition 4.1

First, the k-th wage share xk as function of the (k � 1)-th wage share xk�1 under

linear dynamics is given by xk = ��T [axk�1 + b], where a = �
1+���T

< 1 and b =

(1��T �T )
�2�2(1+���T )

�. Then x� =
(1��T�T )

�2�2(�T (1+���T )��)
� solves �Tx� = axk�1 + b. Second,

x�
(1��T�T )(1+�)

(�T (1+���T )��)(1+��)
� �2�2(1+�)

(1+��)
, i.e. x� � �, is equivalent to condition (3.4). But

then minf��; �g = � and the linear dynamics are valid on [0; �]. Third, monotonic

convergence to x� means that xk � xk�1 for all xk�1 > x� and xk � xk�1 for all

xk�1 < x� for all k. Suppose xk�1 > x�. Then xk � xk�1 follows from

xk
xk�1

= ��Ta +
��T b

xk�1
� ��Ta+

��T b

x�
=

1

x�

�
��Tax� + ��T b

�
=

x�

x�
= 1

Similar arguments apply for xk�1 < x�. Since the dynamics for
�
�; �T �

i
imply a tran-

sition to [0; �] at the expiration date of the current contract there is also monotonic

convergence to x� from this interval. QED

Proof of proposition 4.2

We �rst derive the necessary and su�cient conditions for existence of a feasible steady

state x�, which also are su�cient for uniqueness. Substitution of wt
Ft

= x� and ew
Ft

=

�Tx� into (3.3) and rewriting yields

��
�T � 1

�
� � (1� ��)

�
1� �2T�2T

� �
��1x�

� ln �
ln�

�
��1x� = 0:

Thus, there exist two roots: the infeasible root x� = 0 < �T � and the unique, positive,

real root of the term between square brackets. The latter root is unique, because the

term increases in x�, limx�!0

�
��1x�

� ln �
ln� = 1; and limx�!1

�
��1x�

� ln �
ln� = 0. This

root is feasible i� x� > �T �. A necessary and su�cient condition for this to be the

case is that the left hand side of (3.3) is negative at �T �:

�
�T � 1

�
� � (1� ��)

�
1� �2T�2T

� �
��1�T �

� ln �
ln� < 0;
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which is equivalent to (4.1) stated in the proposition.

Next, the necessary and su�cient condition for monotonic convergence is derived.

Without loss of generality, assume [0; 1] is the domain of the nonlinear dynamics.

Two cases have to be distinguished.

Case 1 wt
Ft

> x�. Monotonic convergence from above to x� is shown i� x� < ew
�TFt

< wt
Ft

for all wt
Ft

> x�. First, ew
Ft

< �T wt
Ft

is proved as follows: ew > wt is the largest root of

(3.3). Substitution ew
Ft

= �T wt
Ft

in the left hand side of (3.3) yields"�
�T � 1

�
� � (1� ��)

�
1� �2T�2T

�� wt

�Ft

� ln �
ln�

#
wt

�Ft
> 0;

because the term between square brackets is increasing in wt
Ft

and it is zero for x� <

wt
Ft
. Thus, ew

�TFt
< wt

Ft
for all wt

Ft
> x�.

Second, we prove that ew
Ft

> �Tx� for all wt
Ft

> x�. Since ew
Ft

> wt
Ft

> x� a necessary

and su�cient condition for ew
Ft

> �Tx� is that the left hand side of (3.3) should be

negative in ew
Ft

= �Tx� for all wt
Ft

> x�, i.e. for all wt
Ft

> x� :

�Tx� + �T�T (1� ��)

 
�Tx�

�

!1+ ln �
ln�

�
wt

Ft

� (1� ��)
�
wt

�Ft

�1+ ln �
ln�

< 0:

Since the left hand side (LHS) is equal to 0 for wt
Ft

= x� (by de�nition of x�) a necessary

condition for the latter to hold is that the derivative of the LHS with respect to wt
Ft

is negative in wt
Ft

on (x�; x� + ") for some " > 0, i.e.

�1� (1� ��)

 
1 +

ln �

ln�

!
��1�

ln �
ln�

�
wt

Ft

� ln �
ln�

< 0,
wt

Ft

2 (x�; x� + ") :

Since this derivative is decreasing in wt
Ft

it is negative i�

wt

Ft
> x�� := �

0@ �

�
�
1 + ln �

ln�

�
(1� ��)

1A
ln�
ln �

:

Therefore, the derivative is negative in wt
Ft

on (x�; x� + ") for all " > 0 i� x�� � x�.

So, the necessary condition is also su�cient. Since x� is the unique, positive and real
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root of

�
�T � 1

�
� � (1� ��)

�
1� �2T�2T

� �
��1x

� ln �
ln� = 0

and the LHS is increasing in x we automatically have: x� > x�� i� the LHS is negative

in x��. Substitution of x = x�� yields �
�
�T � 1 + 1��2T �2T

1+ ln �
ln�

�
< 0, which yields the

condition stated in the proposition.

Case 2 wt
Ft

< x�. First, for increasing wage shares it should hold that ew
Ft

> �T wt
Ft
.

Substitution of ew
Ft

= �T wt
Ft

in the LHS of (3.3) yields

"�
�T � 1

�
� � (1� ��)

�
1� �2T�2T

��
��1 �

wt

Ft

� ln �
ln�

#
��1

wt

Ft
< 0

because the polynomial between square brackets is increasing in wt
Ft

and it is zero for

wt
Ft

= x�. Thus, ew
Ft

> �T wt
Ft

for all wt
Ft

< x�. Second, it should hold that ew
Ft

< �Tx�

for all wt
Ft
2
�
�T �; x�

�
. Similar reasoning as in case 1 requires that the LHS of (3.3)

should be positive in ew
Ft

= �Tx�. As in case 1, the derivative with respect to wt
Ft

should

be negative for wt
Ft
2 (x� � "; x�) for some " > 0. Proceeding as in case 1 yields the

necessary and su�cient condition �T � 1 +
(1��2T �2T )

1+ ln �
ln�

< 0.

Because (3.4) holds, (�; R1) [ (R2; 1] =
�
�T �; 1

i
and the unique condition derived in

case 1 and 2 ensures monotonic convergence towards x� for x� 2
�
�T �; 1

i
. QED

Proof of corollary 4.3

Uniqueness of xL in proposition 4.1 follows from proposition 4.2. Monotonic conver-

gence follows from the proof of proposition 4.2, because xNL � �T � and wt
Ft

> �T � in

case 1 imply ew
�TFt

< wt
Ft
. Hence, within �nite time, the wage share drops below �T �.

QED

Proof of proposition 4.4

Propositions 3.2 and 3.3 imply a wage increase if wt
Ft
2
�
�T ; 1

i
. Thus, only wt

Ft
� �

and wt
Ft
2
�
�; �T �

�
have to be investigated. First, wt

Ft
� minf��; �g = �. Then w < wt
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i� wt
Ft

>
(1��T�T )
�2�2(1��T )

�: The interval
�
(1��T�T )
�2�2(1��T )

�; �
�
is non-empty i�

(1��T �T )
�2�2(1��T )

< 1. It

is easy to check that
(1��T �T )
�2�2(1��T )

� > xL. Second, wt
Ft
2
�
�; �T �

�
. Then w < wt i�

�T+2�2
wt

�Ft
+
�
1� �2�2

� � wt

�Ft

�1+ ln �
ln�

� �T�T < 0:

Similar to the proof of proposition 3.2 it follows that wt
Ft

= �T � is one of the two

positive, real roots. This condition holds in wt
Ft

= �, i.e. the smallest root is smaller

than �, i� 1��T �T

�2�2(1��T )
< 1. In that case �T � is necessarily the largest root and the

polynomial is negative for allwt
Ft
2
�
�; �T �

i
. QED

Proof theorem 5.1

First, in the limit, condition (3.4) always holds, because

lim
�!0

�2�2 � lim
�!0

��1
�
�T+2

�
�2 + �3

�
+ �T�T

�
1� �2�2

�
� 1

�
, 1 �

�
2e�L � 1

�
and that the latter inequality holds for allL � 0 and � � 0. Second, lim�!0min f�; ��g =

minf1; 1g = 1. Next, application of l'Hôpital's rule yields lim�!0 Ft =
r

r��
e�t. Then

the limit expressions stated in the theorem follow trivially from propositions 3.1, 3.2,

4.1, 4.4 and corollary 4.3. Furthermore, lim�!0 x
L = 1�e�(r��)L

e�L(2�e�rL)�1
< 1 i� �L > 0.

The latter is assumed. Similarly, lim�!0 x
L < 1�e�(r��)L

1�e�rL
< 1 i� �L > 0. QED
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