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Abstract. In this paper we introduce several classes of generalized convex functions already
discussed in the literature and show the relation between those function classes. Moreover, for some
of those function classes a Farkas-type theorem is proved. As such this paper unifies and extends
results existing in the literature and shows how these results can be used to verify Farkas-type

theorems and strong Lagrangian duality results in finite dimensional optimization.
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1. Introduction

In this paper we will discuss in Section 2 different classes of generalized convex functions al-
ready introduced in the literature by different authors and investigate the connections between
those classes. After unifying and extending the existing results, we derive in Section 3 so-called
Farkas-type theorems for the classes introduced in Section 2. As will turn out only the Farkas-type

theorems for the classes of nearly K-subconvexlike and closely K-convexlike functions are important
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since it is easy to deduce similar theorems for the other classes using these results. Finally, since
Farkas-type theorems play an important role in verifying strong Lagrangian duality in optimization,
we will apply in Section 4 the results of Section 3 to show that under some weak Slater condition
involving the relative interior indeed strong Lagrangian duality holds for generalized convex opti-

mization problems. Finally we list some conclusions and suggestions for future research.

2. On classes of generalized convex functions.

In this section several classes of generalized convex functions discussed in the literature are
presented. Since these function classes were introduced independently by different authors, no clear
understanding of the relations between those classes exists in the literature. It will be the main
purpose of this section to reveal those relations and at the same time extend the existing results
and simplify the corresponding proofs. To start let D be any nonempty subset of a linear space X
and K C R”, m > 1 a nonempty proper convex cone, and introduce the vector-valued function

f: D — R™. The so-called epigraph epiy(f) with respect to K is given by (Ref. 1)

epig(f) = {(z,y)lr € D,y € f(a)+ K} C D xR™

Moreover, if <y denotes the cone ordering on R™ defined by y <x z if and only if z —y € K,

(Refs. 2, 3) an equivalent representation is given by

epig(f) = {(z,y)le € D, f(z) <k y}.

Observe for K equal to R}, with R} denoting the nonnegative orthant of R™, then the set
epig (f) reduces to the definition of an epigraph used in classical convex analysis (Ref. 4) and so

the next definition (Ref. 5) clearly generalizes the notion of a vector-valued convex function.

Definition 2.1. The vector-valued function f : D — R™ is called convex with respect to the

nonempty convex cone K or shortly K-convex, if the sets D C X and epiy(f) are convex.
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Before presenting other classes of generalized convex functions discussed within the literature

we introduce the following generalization of a convex set (Ref. 6).

Definition 2.2. A set S C R™ is called a nearly convex set if there exists some 0 < o < 1

satisfying aS + (1 —a)S C S.

It is now possible to introduce the following classes of generalized convex functions. Observe
the set of K-convexlike functions was already dicussed in Refs. 1, 2, 3, 7-9 under the additional
assumption that int(K') is nonempty, with int(K’) denoting the interior of K. Moreover, the set of

nearly K-convexlike functions was considered in Ref. 1 under the same additional assumption.

Definition 2.3. The vector-valued function f : D — R™ is called (nearly) convexlike with
respect to the nonempty convex cone K or shortly (nearly) K-convexlike if the set f(D) + K is

(nearly) convex.

Since the projection of the epigraph epiy(f) to the "y coordinate” equals f(D)+ K and projec-
tions preserve convexity, it is immediately clear that any A-convex function is also a K-convexlike
function. Moreover, since any convex set is also nearly convex, it is also clear that any K'-convexlike
function is nearly K-convexlike. To show at the end of this section that the above function classes
are proper subsets of each other we present a geometrical interpretation of the above definitions.
Take two arbitrary elements f(x1) and f(x2) with @;, ;¢ = 1,2 belonging to D and consider the
line segment joining them. Then the function f is A-convexlike if and only if for each point
y=af(x1)4 (1 —a)f(xz) belonging to this linesegment, the translated cone y — K has a nonempty
intersection with the range f(D) (see Figure 1). In case of K-convexity we impose the stronger con-
dition that the element f(awy+(1—a)as) itself has to belong to y— K, while for nearly K-convexlike
the property needed for y in case of K-convexlike should only hold for a specific 0 < a < 1.

The above geometric interpretation allows us to show at the end of this section that not every

K-convexlike function is also KA-convex, and not every nearly K-convexlike function is also K-



Figure 1: Geometrical interpretation

convexlike.

Since the nonempty set K C R™ is convex, it is well-known (Ref. 4) that the set ri(K’) with ri
denoting the relative interior is nonempty and convex. In particular, since K is a convex cone, the
set ri( i) is also a convex cone. This observation gives rise to the following definition. Observe the
class of K-subconvexlike functions with int(K) nonempty was already introduced by Jeyakumar

(Ref. 9), by means of a completely different representation.

Definition 2.4. A vector-valued function f : D — R™ is called (nearly) subconvexlike with

respect to K or shortly (nearly) K-subconvexlike if the set f(D) + ri(K) is (nearly) convex.

Clearly the set of K-subconvexlike functions is contained in the set of nearly K-subconvexlike
functions. At the end of this section we show that the inclusion is also strict. The following lemma
implies, in particular, that the definition of Jeyakumar for a K-subconvexlike function with int(K)

nonempty coincide with ours.

Lemma 2.1. The vector-valued function f : D — R™ is K-subconvexlike if and only if there

exists some ko € ri(K') such that for every 0 < o < 1 and any b > 0 it follows that

(1—a)f(D) 4 af(D)+bky € f(D)+ K.



Proof. If f: D — R™ is K-subconvexlike we obtain by definition that the set f(D) + ri(K) is

convex. Since trivially ri(K) C (1 — a)ri(K) + ari(K) for every 0 < a < 1, this implies that

(1—a)f(D)+af(D)+ri(K) C (1 —a)(f(D)+ri(K))+a(f(D)+ri(K)) C f(D)+ri(K).

Choose now an arbitrary element ko belonging to ri(K’). Since ri(K') is a cone, this yields for

every b > 0 that bkg € ri(K') and so by the previous inclusion it follows that

(L =a)f(D) +af(D)+bko C f(D) +ri(K) C f(D)+ K,

thus showing the desired result. To verify the reverse inclusion we know by assumption that there

exists some ko € ri(K') such that for every 0 < o < 1 and b > 0 the relation

(1—a)f(D)+ af(D)+bky C f(D)+ K

holds. Since K is a convex cone and hence K + ri(K) C ri(K) this implies

(1—a)f(D)+ af(D) +bko+7ri(K)C f(D)+ K +ri(K)C f(D)+ri(K) (1)

Consider now an arbitrary k € ri(K). By definition there exists some € > 0 such that B(k,¢) N
af f(K) C ri(K) with af f denoting the affine hull operator and B(k,¢) :={xz € R™| ||z — k|| < €}
the open Euclidean e-ball around k. Choosing now the previously selected nonzero ky € ri(K)
there exists some by > 0 satisfying k — boko € B(k,€). Moreover, since K is a cone, it follows that
0 belongs to ¢l(K) and so k — bokg € lin(K) = af f(K) with lin denoting the linear hull operator.

By these observations we obtain that k — boko belongs to ri(K') and so by (1) it follows that

(I1—a)f(D)+af(D)+kC(l—a)f(D)+af(D)+ boko+ k — boko

C(1—a)f(D)+ af(D)+ boko+ri(K) C f(D)+ ri(K).

Since k € ri(K') is arbitrarily chosen we obtain that
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(1 —a)f(D) 4+ af(D) + ri(K) C f(D) + ri(K)
and applying again that ri( K) is a convex cone the above relation implies that
(1= a)(f(D) + ri(K)) + a(f(D) + ri(K)) C (1 — a)f(D) + af(D) + ri(K) C f(D) + ri(K).
This shows that the set f(D) + ri(K) is convex and hence the desired result is proved. O

Applying a similar proof as in Lemma 2.1 one can also verify the following result for nearly

K -subconvexlike functions.

Lemma 2.2. The vector-valued function f: D — R™ is nearly K-subconvexlike if and only if

there exists some ko € ri( ) and some 0 < o < 1 such that for every b > 0 it follows that

(1 —a)f(D)+ af(D)+bke C f(D)+ K.
Next we show that the class of K-convexlike functions is included in the class of K-subconvexlike
functions.
Theorem 2.1. If the function f: D — R™ is K-convexlike then f is also K-subconvexlike.

Proof. To verify the above result we will show that any KA-convexlike function satisfies the
relation given by Lemma 2.1. If kg € ri(K) is arbitrarily chosen and b > 0, then it follows for every

0 < a <1 that
(1= a)f(D) +af(D) +bko C (1 —a)f(D)+af(D)+ K C(1—a)(f(D)+ K)+alf(D)+ K).
Since by assumption the function f is K-convexlike, this implies that

(1—a)f(D)+ af(D)+bky C f(D)+ K
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and by Lemma 2.1 the desired result follows. a
In a similar way it can be shown that the class of nearly K-convexlike functions is included in

the class of nearly K-subconvexlike functions. (For this we need Lemma 2.2 instead of Lemma 2.1).

The last class of generalized convex functions considered in this paper is given by the following

definition. Observe this class of functions was already considered in Refs. 1 and 10.

Definition 2.5. A vector-valued function f: D — R™ is called closely convexlike with respect
to K or shortly closely K-convexlike, if the set ¢l(f(D)+ K') is convex with ¢/ denoting the closure

operator.

To show that the set of nearly K-subconvexlike functions is contained within the set of closely
K-convexlike functions we need the following result. Observe this result generalizes a similar result

proved by Breckner and Kassay (Ref. 1) for convex cones K having a nonempty interior.

Theorem 2.2. If K C R™ is a nonempty convex cone, then for any set S C R™ it follows that

c(S+ri(K)) =S+ K).

Proof. Clearly S 4 ri(K) C S+ K and hence ¢l(S+ ri(K)) C el(S + K). To prove the reverse
inclusion let y belong to S + K. Hence by definition there exists some s € S and k € K satisfying

y = s+ k. Consider now an arbitrary ko € ri(K) and observe that

limasi1(s+ (1 —a)ko +ak)=s+k=uy.

Since K is a convex set, k € K and ko € ri(K), it is well known (Ref. 4) that (1 — o)k + k
belongs to ri(K') for every 0 < a < 1. Hence by the above limit relation it follows that y belongs
to cl(S 4+ ri(K)) and so S+ K C ¢l(S + ri(K)). Applying now the closure operation to both sets

vields ¢[(S + K) C cl(S + ri(K)) and this shows the desired result. O

By the above theorem it is easy to show that the class of nearly K-subconvexlike functions is

included in the class of closely K-convexlike functions.
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Theorem 2.3. If the function f : D — R™ is nearly K-subconvexlike then f is also closely

K-convexlike.

Proof. Let f: D — R™ be a nearly K-subconvexlike function or equivalently f(D) 4 ri(K)
is nearly convex. Applying now Corollary 2.3 of Aleman (Ref. 6) it follows that the set cl(f(D) +

ri(K)) is convex and hence by Theorem 2.2 the desired result follows. O

Taking into account the above statements, the relations between the considered classes of func-

tions are represented in the following tableau (Figure 2.)

K-CONVEX

trivial

K -CONVEXLIKE

triVM \Eeorem 2.3

NEARLY K-CONVEXLIKE K -SUBCONVEXLIKE

above remN trivial

INEARLY K -SUBCONVEXLIKE

Theorem 2.2

CLOSELY K -CONVEXLIKE

Figure 2:

In the remainder of this section four counterexamples are presented. They will point out that
none of the arrows in Figure 2 can be reversed, or in other words, all the inclusions between the

function classes are proper inclusions.

Example 2.1. (A K-convexlike function which is not K-convex).

Let f:R"™ — R? be given by the formula

flar, xe, ) = (cos(ar + a2+ oo + ap), stn(xy + 29 + oo+ 22)),



for each (z1,22,...,2,) € R". Then the range f(R"™) of f is the unit circle in R* (Figure 3)
and taking into account the geometrical interpretation of K-convexlike, f is K-convexlike for any

arbitrary convex cone K C R?. On the other hand, it is also obvious that f is not A-convex for

K :=R2.

N
NI

Figure 3: A K-convexlike, but not a A-convex function

Example 2.1 shows that the class of K-convex functions is properly included in the class of
K-convexlike functions. The following two counterexamples show that none of the classes of nearly

K-convexlike and K-subconvexlike functions is included in the other.

Example 2.2. (A nearly K-convexlike function which is not K-subconvexlike).

For D :={(s,0)|s € Q} C R? and Q denoting the set of rational numbers let f : D — R? be
the identity function of D and take K := {(0,¢)|t > 0} C R%. For this convex cone K it follows
that ri(K) = {(0,y)|y > 0} and f(D) + ri(K) is clearly not convex, while the set f(D)+ K is
nearly convex with o = 1/2. (Figure 4.)

Example 2.3. (A K-subconvexlike function which is not nearly K-convexlike).

For D := {(s,0)]s € R\ Q} C R*let f : D — R? be the identity function of D and take
K :={(s,t)|t >s >0} C R}. It is clear that the set f(D) + ri(K) is convex. Moreover, we show
that the set f(D)+ K is not nearly convex. Indeed, for every 0 < o < 1 take the irrational numbers

51 =2, ifa € Q and 1/(a — 1) otherwise, and s, = (1 — 1/a)s;. It is easy to check that we have
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only rationals

Figure 4: A nearly K-convexlike, but not a K-convexlike function

(1 —a)s; + asy = 0. and so there is no 0 < o < 1 such that

(1-a)(R\Q)+a(R\Q) CR\Q.

This means that the set of irrational numbers is not nearly convex and hence the set f(D) + K
is also not nearly convex. Consequently, the function f is K-subconvexlike, but not nearly K-
convexlike. (Figure 5.)

Taking into account the inclusions between the function classes as shown in Figure 2, the last
two counterexamples show that the class of K-convexlike functions is properly included in both
the nearly K-convexlike and K-subconvexlike function classes. Moreover, the latter two classes are

properly included in the class of nearly K-subconvexlike functions.

Finally, our last counterexample shows that the class of nearly K- subconvexlike functions is
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K K

only irrationals

Figure 5: A K-subconvexlike, but not a nearly K-convexlike function

properly included in the class of closely K-convexlike functions.

Example 2.4. (A function which is closely K-convexlike but not nearly K-subconvexlike.)
For D := {(5,0)]s € (R\ Q)} C R?let f: D — R? be the identity function of D and take
K :={(0,t)[t > 0} C R}. Obviously, the set ¢l(f(D)+ K) is convex. On the other hand, a similar

proof as in Example 2.3 shows that the set f(D) 4+ ri(K) is not nearly convex. (Figure 6.)

It is not by coincidence that for the above example the set int(K) is empty. Indeed if the
convex cone K satisfies int(K') is nonempty then it is shown in Breckner and Kassay (Ref. 1) that
int(cl(f(D)+K) = f(D)+int(K). Since the interior of a convex set is again convex this implies that
any closely K-convexlike function with int(K’) nonempty is K-subconvexlike. By this observation it
follows for int(K') nonempty that the sets of K-subconvexlike, nearly K-subconvexlike and closely

K -convexlike coincide.

To relate the above class of vector-valued functions to scalar-valued functions we denote by

K* C R™ the dual cone of K given by K* := {z*|#T2* > 0 Vx € K}. It is well-known (Ref. 4) that
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only irrationals

Figure 6: A closely K-convexlike, but not a nearly K-subconvexlike function

the bidual cone K™** equals K if K is a closed convex cone (bipolar theorem) and by this observation

it is easy to verify the next result.

Lemma 2.3. If K C R™ is a nonempty closed convex cone and h : K* x D — R is defined by
h(y*,z) == (y*)T f(z) with f : D — R™ a vector-valued function then f is K-convex if and only if

the function h is convex in D for every y* belonging to K™.

To relate the set of K-convexlike functions and nearly K-convexlike functions to sets of scalar-
valued functions we introduce the following classes of scalar-valued functions also discussed within

the literature (Refs. 11-13).

Definition 2.6. Let Y be a nonempty set. A function 2 : ¥ x D — R is called Ky-Fan
convex in D if for every x1,22 € D and 0 < o < 1 there exists some x5 € D satisfying h(y, x3) <

ah(y,x1) + (1 — a)h(y, x2) for every y € Y. Moreover, the function & is called generalized Konig-

12



convex in D if there exists some 0 < a < 1 such that for every a1, x5 € D one can find some x3 € D

satisfying h(y, x3) < ah(y,x1) + (1 — a)h(y, x3) for every y € Y.

Observe the concept of Konig-convexity is originally defined for a equal to 1/2. (Ref. 12, 13).

Similar as in Lemma 2.1, by means of the bipolar theorem, the next result is easy to verify.

Lemma 2.4. If K C R™ is a closed convex cone and h : K* x D — R is defined by h(y*, x) :=
(y)T f(x) with f : D — R™ a vector-valued function, then f is K-convexlike if and only if the
function h is Ky-Fan convex in D). Moreover, f is nearly K-convexlike if and only if the function A

is generalized Konig-convex in D.

This concludes our discussion of the classes of generalized convex functions. In the next section

we will discuss Farkas type theorems for these function classes.

3. Farkas type theorems.

In this section we derive Farkas type theorems related to the six classes of functions considered
in Section 2. More precisely, if f : D — R™ is a vector-valued function and there is no x € D

satisfying f(x) € —ri(K) or, in other words

0 & f(D)+ri(K), (2)
then we are interested whether this implies that there exists an element y* € K*\ {0} such that
(y)"f(z) >0, Vo e D, (3)

It is well-known that from the above result, a so-called Farkas-type theorem, one can easily
deduce under some Slater-type condition strong Lagrangian duality results in optimization theory

(see the next section) and this shows the importance of the implication (2) = (3).
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As we will see, (2) = (3) does not hold always. To show this implication we need for some
cases a so-called regularity condition. Observe the Farkas-type results stated in this section extend
results known in the literature (Refs. 2,7,9). In order to prove a Farkas-type theorem we need the

following definition and separation result.

Definition 3.1. If ' C R™ is a nonempty set and y € R” does not belong to C' then the sets

C and {y} are said to be properly separated if there exists some vector y* € R™ satisfying

inf{(y") x|z € C} > (y)"y

and there exists some z; € C with (y*)Tz; > (y*)Ty.

The next separation result is crucial in the proof of a Farkas-type theorem.

Theorem 3.1. If ¢' € R™ is a nonempty convex set and y € R™ does not belong to ', then
the sets C' and {y} can be properly separated. Moreover, the normal vector y* of the separating

hyperplane belongs to af f(C — y).

Proof. In order to show the result we consider the mutually exclusive cases that y does or does
not belong to £ := ¢l(C). If y belongs to £ then by our assumption it follows that y belongs to
rbd(C) := E\ ri(C). Applying now Lemma 4.2.1 and Remark 4.2.2 of Chapter 4 in Hirriart-Urruty
and Lemarechal (Ref. 14) yields the desired result. Observe since 0 € £ —y = cl(C — y) that
aff(C —y) is actually the linear hull of C'— y. In case y does not belong to £ and pg(y) denotes

the finite dimensional projection of the vector y to the set E, then it is well-known (Ref. 14) that

pe(y) # y and
(pe(y) —y) (x = pe(y)) = 0

for every x € F. This yields with y* := pg(y) —y # 0 that

(W) x> () pe(y) = 17+ () "y > () "y
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for every # € F and so we have constructed a proper separating hyperplane between the sets C' and
{y}. By construction it follows that y* € K —y C aff(F —y) and since af f(E —y) = af f(C —vy),

the desired result follows. O

The next result will also be needed.

Theorem 3.2. If K C R™ is a nonempty convex cone then for any nonempty set S C R”™ such

that ri(S + K) # 0 it follows that ri(S + K) = ri(S 4 ri(K)).

Proof. First we show that

ri(S 4+ K) C S+ ri(K) (4)

If y is an arbitrary element belonging to ri(S + K) C S + K, then clearly there exists some
s € S and k£ € K such that y = s 4+ k. Moreover, by the definition of relative interior one can find
some € > 0 such that B(y,e)Naff(S+ K) C S+ K. For an arbitrary nonzero element kq € ri(K)
select now b > 0 such that y — bkg belongs to B(y, €). It is easy to see that y — bkg = s + k — bkg €
s+lin(K)=s+aff(K) Caff(S+ K) and so by our assumption this implies that y—bko € S+ K.
Hence it follows that y € S+ K + bk € S + K + ri(K) C S + ri(K) and since y was arbitrarily
chosen from ri(S 4 K'), the desired inclusion (4) follows.

Next we prove that for each subset M of R™ with ri(M) # () one has

aff(M)=aff(ri(M)) (5)

Indeed, the relation af f(ri(M)) C aff(M) being trivial, we only have to prove the converse
inclusion. If y € Mandz € ri(M) are arbitrary elements then we can choose an ¢ > 0 such that
B(z,e)Naff(M) C ri(M). Obviously, the closed segment joining y and z, [y, z] is included in
aff(M), and this implies for any w € B(z,€¢) N [y, z], that w also belongs to ri(M). Thus, the

halfline which starts at z and passes through w is included in af f(ri(M)) and contains the point
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y. Hence the element y belongs to af f(ri(M)) and this shows that M C af f(ri(M)) implying the
desired relation (5).

Now it is easy to prove that

aff(S+K)=aff(ri(S+ K)) = af f(S + riK) (6)

The first equality follows from (5). For the second one observe by (4) that aff(ri(S + K) C
aff(S+ri(K)) and this yields by (5) that af f(S+ K) C af f(S+ri(K)). Since S+ri(K) C S+ K
it also follows that aff(S + ri(K)) C aff(S + K). This shows using the previous inclusion that
aff(S +ri(K)) = aff(S+ K) and so relation (6) is verified.

To complete the proof, observe if in relation (4) we take the relative interior of both sets, the

inclusion still holds due to aff(S + K) =aff(S+ ri(K)), i.e.

ri(ri(S 4+ K)) C ri(S + ri(K)). (7)

Since for each subset M C R™ it follows that ri(M) = ri(ri(M)) due to relation (5) we obtain

from (7) that

ri(S 4+ K)=ri(ri(S+ K)) Cri(S+ri(K)). (8)

On the other hand, the converse inclusion ri(S + ri(K)) C ri(S + K) follows easily by (6) and

this completes the proof. a

By the previous theorem it is possible to prove the following Farkas-type result for nearly K-

subconvexlike functions.

Theorem 3.3. Let f : D — R™ be a nearly K-subconvexlike function and suppose the
regularity condition ri(f(D) 4+ K) # 0 holds. If relation (2) is satisfied then there exists some

nonzero y* € K*Naff(f(D)+ K) satisfying (3).
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Proof. By assumption the set f(D) + ri(K) is nearly convex and this implies by Corollary 3.4
of Aleman (Ref. 6) that ri(f(D) 4+ ri(K)) is a convex set. By Theorem 3.2, the latter set coincides
with ri(f(D) + K) and so this set is also convex and (by hypothesis) nonempty. Since by (4) we
obtain that ri(f(D)+K) C f(D)+ri(K) this implies by (2) that 0 does not belong to ri( f(D)+ K).
Hence it follows by Theorem 3.1 with C' given by ri(f(D) + K) that the sets {0} and f(D)+ K
can be separated by a hyperplane, i.e. there exists some nonzero vector y* € af f(ri(f(D)+ K)) =

af f(f(D) + K) such that for each z € D and k € K we have
(v )" (f(x) + k) > 0. (9)
Letting k& — 0 (this is possible since 0 belongs to ¢l(K)), we obtain
(v )  f(z) >0, Vo € D.

and so the proof is completed after showing that y* € K*, i.e. (y*)Ty > 0 for each y € K. If the

contrary holds, there exists some yo € K satisfying
(") yo < 0. (10)

Since for each A > 0 one has Ay € K, we obtain by (9) that (y*)T f(z) + AMy*)Tyo > 0 for each
x € D and A > 0. Fixing now x € D and letting A — oo yields a contradiction with (10) and so

the desired result is proved. a

Taking into account the relationship existing between the function classes considered in the

previous section (Figure 2), we obtain by Theorem 3.3 the following corollary.

Corollary 3.1. Let f: D — R™ be a nearly K-convexlike function and suppose the regularity
condition ri(f( D)+ K) # () holds. If relation (2) is satisfied, then there exists some nonzero vector

y* € K*Naff(f(D)+ K) such that relation (3) holds.
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As the next corollary shows, if f is K-subconvexlike, the relation (2) = (3) holds without any

regularity condition.

Corollary 3.2. Let f: D — R™ be a K-subconvexlike function. If relation (2) is satisfied,

then there exists some nonzero vector y* € K*Naff(f(D)+ K) such that relation (3) holds.

Proof. Since the set f(D)+ri(K) is nonempty and convex, its relative interior ri(f(D)+ri(K))
is also nonempty and convex. By Theorem 3.2 this set coincide with the set ri(f(D) + K) and

hence the desired result follows by Theorem 3.3. O

We also mention that in the particular case int(K) # (J, Corollary 3.2 reduces to Theorem 2.1
of Jeyakumar (Ref. 9).

As Corollary 3.2 shows, the implication (2) = (3) holds without any regularity condition for
three types of functions: K-convex, K-convexlike and K-subconvexlike. Contrary to this, the
regularity condition cannot be omitted in Corollary 3.1 (and consequently neither in Theorem 3.3),
i.e. in case f is nearly K-convexlike (or nearly K-subconvexlike), as the following counterexample

shows.

Example 3.1. For D := {(s,1 +2/2)] —1<s<1,t€Q, |t|=s+1} CR?let f: D — R?
be the identity function of D and take K = {(s,0) € R*|s > 0}. Then f is nearly K-convexlike,
i.e. the set D + K is nearly convex (with o = 1/2). It is easy to see that 0 ¢ D + ri(K), i.e. (2)
holds. However, it is obvious that the sets {0} and D cannot be separated by a hyperplane, which
means that relation (3) does not hold. (See Figure 7.)

Next we show that the regularity condition in Theorem 3.3 (and Corollary 3.1) together with the
main assumption that the function f is nearly K-subconvexlike (or even more, nearly K-convexlike)

does not imply that f has to be K-subconvexlike.

Example 3.2. (A nearly K-convexlike function which is not K-subconvexlike and the regularity

condition ri(f(D) + K) # 0 holds).
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Figure 7:

Let D := {(s,0,0)|s € [0,1] N Q} U {(s,t,0)]s € [0,1],0 < ¢ < 1} C R? and let K :=
{(0,0,7)|r > 0} C R®. As in the previous examples take for f the identity function of D. Then the
set D + K is nearly convex with a = 1/2, while the set D + ri(K) is not convex (it is only nearly

convex!). However, the regularity condition is satisfied since for instance the element (1/2,1/2,1) €

int(D+ K) =ri(D + K). (See Figure 8.)

K

Figure 8:

Finally we consider the last class of functions, which is the most general: the class of closely K-
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convexlike functions. First of all, observe that the regularity condition in Theorem 3.3 (or Corollary
3.1) is not sufficient to deduce a Farkas type theorem for these functions. Take for this the following

counterexample.

Example 3.3. Let D :={(s,1)] —1 <s <1, [t|=s+1} CR* K ={(s,0)]s >0} C R% and
let f be again the identity function of D. It is obvious that the closure of the set D 4+ K is convex,
i.e. fis closely K-convexlike. Furthermore, the element (0,1/2) € int(D + K) = ri(D + K). It
is also easy to check that 0 ¢ D + ri(K), i.e. relation (2) is satisfied. However, the sets {0} and
D = f(D) cannot be separated by a hyperplane, which means that relation (3) does not hold. (See

Figure 9.)

K

Z |

Figure 9:

The previous example shows in order to conclude (2) = (3) in case of a closely K-convexlike
function, that one has to consider a more restrictive regularity condition than the one used in

Theorem 3.3. It is now possible to show the following result.

Theorem 3.4. If f: D — R™ is a closely K-convexlike function, and the regularity condition

20



ri(f(D)+ K) =ri(cd(f(D) 4+ K)).
holds, then (2) = (3) is true.

Proof. Since (2) holds, one has 0 ¢ f(D) + ri(K) and this implies by (4) and the regularity
condition that 0 & ri(f(D) + K) = ri(cl(f(D) + K)). By assumption, the set cl(f(D) 4+ K) is
nonempty and convex and hence its relative interior ri(cl(f( D)+ K)) is also nonempty and convex.
Applying now Theorem 3.1 to the disjoint convex sets {0} and ri(cl(f(D)+ K)) and using a similar

argument as in the previous theorem, one can show relation (3). O

Similarly as in Example 3.2, we next show that the regularity condition in Theorem 3.4 is not
too restrictive in the sense that together with closely A-convexlike this does not imply that the

function considered in Theorem 3.4 reduces to a nearly K-subconvexlike function.

Example 3.4. (A closely K-convexlike function which is not nearly K-subconvexlike and the
regularity condition ri(f(D) 4+ K) = ri(cl(f(D) + K)) holds).

For D := {(s,0,0)| s € [0,1]\ {1/2}} U{(s,t,0)|s € [0,1],0 <t <1} CR®let f: D — R? be
the identity function of D, and take A := {(0,0,r)|r > 0} C R3. It is clear that the set /(D + K)
is convex and ri(D + K) = ri(cl(D + K)) = int(D + K). However, the set D + ri(K) is not nearly
convex since for each 0 < o < 1 we can take two elements of the form x1 = (1,0, 1), 22 = ($2,0,1)

such that axy + (1 — a)as = (1/2,0,1) € D 4 ri(K). (Figure 10.)

In the next section we will finally apply the previous results to verify strong Lagrangian duality

for generalized convex optimization problems.

21



K

S

Figure 10:

4. Applications to optimization problems: Lagrangian duality.

As has been mentioned in the previous section, the Farkas type theorems are very useful in
optimization theory. In particular, by means of a Farkas-type theorem it can be shown that the dual
problem of a certain constrained optimization problem admits an optimal solution and the duality
gap is zero, provided that the primal problem admits an optimal solution and some generalized
convexity and regularity conditions for the functions involved are imposed.

In this section we therefore apply the results of Section 3 to obtain these so-called strong duality
results. To start, consider again a nonempty subset D of a certain linear space and let ¢ C R?
be a nonempty closed convex cone. If F': D — R is a real-valued function and G : D — R? a

vector-valued function introduce then the following primal optimization problem:
inf{F(z)lz €D, G(z) e —C} (P)
In case C is given by RY x {0} with ¢ < p, R% the nonnegative orthant of R? and 0 the
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zero vector, then (P) represents the familiar optimization problem with inequality and equality
constraints. Clearly we need to impose the condition that the primal feasible region {x € D|G(x) €
—C'} is nonempty, or equivalently 0 € G(D)NC. The optimal objective value of (P) is now denoted

by v(P) and the Lagrangian function L : D x C* — R is given by
L(x,\) = F(z)+ )\TG(:L').

Note that the set D can be finite or not and so (P) can represent a discrete or a continuous
optimization problem.

For each A € C* consider the optimization problem
mf{L(z,\)|z € D} (D(A))

and denote the optimal objective value of this problem by ¢(A). It is well-known that for every

A € C* and x a feasible solution of (P) one has ¢(\) < F(«). Now introduce the problem

sup{p(A)| A € €7} (D)

which is called the dual problem of (P). Denoting by v(D) the optimal value of (D), it is easy to
see that v(D) < v(P) (weak duality). An important issue is to determine for which optimization
problems (P) these two values coincide, or, in other words, there is no duality gap.

In order to show such a zero duality result we need to introduce a saddlepoint

Definition 4.1. A point (2,)A) € D x C* is called a saddlepoint of the Lagrangian function

L:DxC*—=Rif

L(z,)\) < L(z,)\) < L(z,A)

for every € D and X\ € C*.
Although the next result is well-known for C' = R’ and the proof for an arbitrary closed convex

cone can be adapted we give for completeness a short proof.
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Lemma 4.1. The following two conditions are equivalent:
1. The Lagrangian function L : D x C* — R has a saddlepoint (z,)) € D x C*;

2. The point z is an optimal solution of (P), A is an optimal solution of (D) and v(D) = v(P).
Proof. To show that 2. implies 1. we first observe that
F(2) = o(P) = v(D) = (}) = inf{L(x. V)| = € D} < F() + NT(Hz) (1)

Hence it follows that ATG(Z) > 0 and since Z is primal feasible and A € C* we obtain that

M G(2) = 0. Substituting this into (11) yields
L(z,)) == F(z) + M'G(z) = F(z) = inf{L(z,))|x € D} < L(x,\)

for every x € D. Moreover, since F(x) = sup{L(x,A)| A € C*} for every primal feasible « we obtain

for every A € C* that
L(#,3) = F(2) = sup{L(#, )| ) € O} > L2, )

for every A € C* and this shows that (Z, ) is a saddlepoint of the Lagrangian function L.

To verify the inclusion 1. = 2.we observe due to L(Z,\) < L(Z, \) for every A € C'* that
MG(z) < M a(z)
for every A € C*. This yields in particular due to aX € C* for every o > 0 (C* is a cone!) that
aMTG(z) < MTG(7).
By this inequality it must follow that ATG(#) = 0 and we obtain that
MG(E) <M GE)=0

for every A € C*. By definition —G/(z) € C** and so by the bipolar theorem we obtain that
—G(z) € cl(C) = C or z is primal feasible. Using now (z,A) € D x C* is a saddlepoint we have
verified that z is primal feasible and
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o(P) < F(2) = L(z,A) <inf{L{z,\)]x € D} = $(})
and so by the weak duality result condition 2. follows. a

By the above lemma it is sufficient and necessary to show that I has a saddlepoint and in
order to prove this we impose the stronger condition (SC) that 0 € ri(G(D) + C'). This is called
generalized Slater’s condition.

In case C' = R, i.e. the optimization problem has only inequality constraints, it is easy to verify

that (SC) reduces to

Jdxg € D satisfying gi(xo) <0, Vi € {1,2,...,p},

where g; represent the components of the vector-valued function G.
If we denote now by f : D — R'*? the vector-valued function given by f(z) = (F(z),G(z)) and

by K the nonempty closed convex cone Ry x C then it is possible to prove the following result.

Theorem 4.1. Suppose the vector-valued function f satisfies either the assumptions of Theorem
3.3, or the assuptions of Theorem 3.4 (i.e., the convexity and the corresponding regularity condition).

If problem (P) has an optimal solution and (SC) is satisfied, then the Lagrangian L has a saddlepoint.

Proof. Suppose that z is an optimal solution of (P). Then for each x € D define i : D — R'?
given by h(z) := f(x) — F(Z)e; where ey is the first unit vector. It is easy to see that h(D) =
f(D) 4+ F(z)e; and this implies that the assumption of Theorem 4.1 are also satisfied for h. We
now show that the function h satisfies relation (2). If by contradiction 0 € h(D) 4+ ri(K) then there
exists some & € D such that F(2) — F(2) < 0 and G(2) € —ri(C) and this shows that Z is not
optimal yielding a contradiction. Hence 0 ¢ h(D) + ri(K') and so by applying Theorem 3.3 or 3.4
there exists some nonzero vector y* = (p*,A\*) € K* = Ry x C* with y* € aff(h(D) + K) and

(y*)Th(x) > 0 for every = € D or equivalently
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wF(z) < F(z)+ (\)1G(z), Ve e D (12)

Next we show that u* # 0. Indeed, if * = 0 then A\* # 0 and by (12) one obtains (\*)TG(z) > 0
for each « € D. This means that the sets G(D) and {0} can be separated by a hyperplane.
Furthermore, the same hyperplane with normal vector A* also separates the sets G(D)+ C and {0}.
On the other hand we know that y* = (0,A*) € aff(h(D) + K) and so \* € af f(G(D) 4+ C) and
this implies using 0 € ri(G(D) + C') that these sets cannot be separated by the hyperplane with
normal vector A*. This yields a contradiction and so p* > 0 due to u* € R,.

Moreover, since & is also a feasible solution of (P) and A\* € C* we obtain that
(A)TG(z) <0. (13)

Dividing now relation (12) by the strictly positive number u* the latter yields
Lz, A5) < L(x,A)), Ve € D, (14)

where A\ = \*/u* € C*. On the other hand, if we put # = z in (12) one obtains (\*)TG(z) > 0 which
together with (13) implies (A\*)TG(z) = 0 and so (A\;)TG(7) also vanishes. Now since (\)TG(z) <0

for each A € ', we obtain
L)) < L(z, 35), YA € €,

which together with (14) shows that the element (z, Aj) is a saddlepoint of L on the set D x C*,

which completes the proof. a

If we suppose that the function f is K-subconvexlike, then Corollary 3.2 showed that (2) =
(3) without any regularity condition. Therefore, in that case, we can state a similar strong duality

result without assuming the regularity condition.

Corollary 4.1. Suppose the vector-valued function f is K-subconvexlike. If problem (P) has

an optimal solution and (SC) is satisfied, then the Lagrangian L has a saddlepoint.
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As we already mentioned in Section 2, Breckner and Kassay showed (Ref. 1) in case int(K) #£ ()
that the class of closely K-convexlike functions coincides with the class of K-subconvexlike functions.
It is obvious that in this case the class of nearly K-subconvexlike functions coincides with the above

two classes. Therefore, by Corollary 4.1, one obtains:

Corollary 4.2. Let C' be a nonempty convex cone, with int(C) # () and suppose that there
exists some x¢ € D such that G(x¢) € —int(C) (classical Slater’s condition). If the vector-valued
function f := (F,G) : D — R'? is closely K-convexlike, where K := R, x C, and problem (P)

has an optimal solution, then the Lagrangian L has a saddlepoint.

Proof. Since int(K) = (R4 \ {0}) x int(C) is nonempty, it follows by the above remark that
f is also K-subconvexlike. On the other hand, since G(D) + int(C) is an open set, we have by

Theorem 3.2 that
int(G(D)+ C) =wmnt(G(D) +int(C)) = G(D) 4+ int(C)

and so (SC) is satisfied by asssumption. Thus Corollary 4.1 can be applied and we obtain the

desired result. O

5. Conclusions.

In this paper we investigated the relations between different classes of generalized convex func-
tions introduced in the literature and proved among other results Farkas-type theorems for those
classes. Furthermore, also strong Lagrangian duality results were derived. The main research still
left will be to identify important classes of nonconvex optimization problems which satisfy the above

generalized convexity properties. This will be the topic of future research.
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