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Abstract

To investigate how economies, financial markets or institutions can deal with stress, we often an-
alyze the effects of shocks conditional on being in a recession or a bear market. MSVAR models
are perfectly suited for such analyses because they combine gradual movements with sudden regime
switches. In this paper, we develop a comprehensive methodology to conduct these analyses. We
derive first and second moments conditional only on the regime distribution and propose impulse re-
sponse functions for both moments. By formulating the MSVAR as an extended linear non-Gaussian
VAR, all results are available in closed-form. We illustrate our methods with an application to stock
and bond return predictability. We show how forecasts of means, volatilities and (auto-)correlations
depend on the regimes. The effect of shocks becomes highly nonlinear, and they propagate via dif-
ferent channels. During bear markets, shocks have stronger effects on means and volatilities and

die out more slowly.
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1 Introduction

Analyses of the economic vulnerabilities of countries, financial institutions or investments nowadays
often take the form of investigating how they are affected by shocks, conditional on the economy or
financial system being in a bad state. Also in the analysis of fiscal or monetary policy shocks, many
authors show the relevance of conditioning on the state of the economyEl Markov-switching VAR
(MSVAR) models are a promising class of models to conduct these analyses with. MSVAR models
combine the gradual movement of economic and financial variables with sudden switches between a
typically small number of regimes. For example, Hubrich and Tetlow (2015]) propose an MSVAR model
to capture the effect of financial crises on macro variables.

In this paper, we develop a comprehensive toolkit with new methods to conduct exactly these kinds
of analyses with MSVAR models. In particular, we address the question how shocks affect the mean
and variance of the observable variables y; from the point in time ¢ onward, given that the latent
discrete regime process S;_1 is in a specific regime or has a given distribution at time ¢ — 1. To answer
this question we need conditional expectations of the form E[yﬁ +h|St_1], h>0,7=1,2. In words, we
want to forecast the (squared) observable variables at time ¢ 4 h conditional on, for example, the stock
market being bearish or the economy being recessionary at ¢ — 1, but without any past information
about the observable variables. When the interest is in the effect of shocks in a particular state, one may
typically wish to abstract from conditioning on specific past observations. Whereas the conditional
expectations that use such information, that is E[yi +h\5t_1,yt_1}, are relatively straightforward to
derive, the conditional expectations that do not condition on y;_1 are more complicated. Applying the
law of iterated expectations yields E[ngrh‘St—l] = E[E[y{Jrh]St_l,yt_lHSt_l], which, due to the VAR
structure, leads to a recursion over all paths for y;_1,¥y:—2,... conditional on S;_;. We derive these
expectations in closed form, and show how to use them to compare the dynamics of an economy or
financial market in different regimes, and to set up a formal impulse response analysis in the same way
as for standard VAR models.

We base our analysis of moments, shocks and spillovers in MSVAR models on a VAR(1) model whose
parameters switch according to a latent homogeneous first-order Markov chain with a fixed number
of regimes, as in [Bianchi| (2016). The key part of our methods is formed by the joint specification
of the processes followed by the level of the observable variables and their squares, and the latent
state process. We show that this extended vector of variables follows a linear VAR(1) model with
non-Gaussian innovations. Though non-Gaussian, this extended VAR model is Markovian, which is
the driving force of our results. Despite the simple model specification, the resulting framework can
be easily extended to higher-order VAR processes and more involved Markov chains.

We briefly summarize our four new theoretical results. First, we derive expressions for the ex-
pectations of this extended VAR process for different horizons conditional on a specific regime or

regime distribution at time ¢. They allow us to calculate expectations E[y;14|Si—1], (co)variances

!See for example [Tenreyro and Thwaites| (2016]) and the discussion in [Ramey and Zubairy| (2018).



Var[y;n|Si—1] for h > 0, and autocovariances Cov[yiip, Ys+k|Si—1] for h,k > 0. Here we extend Tim-
mermann| (2000), who considers univariate processes with a slightly different specification than ours.
We also extend |Bianchi| (2016)), who derives moments conditional on a specific regime having prevailed
for a long time, that is E[y;n|Si—1 = Si—2 = ...]. His approach conditions on a single path of the
regime process without any past regime switching and can therefore use the standard VAR expressions
for unconditional moments, whereas ours accounts for all possible paths leading up to S;_1.

Second, we present analytical expressions for the generalized impulse response functions (GI) for
both the level of the observable variables and their squares. In line with [Koop et al. (1996), we
allow for different specifications of shocks as well as different sets of conditioning information, that
is in- or excluding past observations. Because the model has Markov-switching features, the effects
of shocks become time- and size-dependent. Our analytical expressions make it straightforward to
analyze these responses and their dependence on the model parameters, the regime distribution or
parameter uncertainty.

Third, we define the variance impulse response function to analyze the effect that shocks have on
the future (co)variances. We show how they can be derived from the extended VAR specification that
includes the squared process for the observable variables. In a standard VAR model, the (co)variances
are entirely unaffected by shocks, and in Markov-switching models without VAR components, the
effects at horizons h > 0 run completely via the updating of the forecast regime probabilities. To
the contrary, in MSVAR models the interaction of the VAR and Markov-switching features makes the
effect of shocks on future (co)variances larger and highly nonlinear.

As our final theoretical result we construct a Generalized Forecast Error Variance Decomposition
(GFEVD) as in |Liitkepohl| (2005); |[Pesaran and Shin (1998)). Because the effects of shocks depend on
their sizes and the regime distribution, the GFEVD shows the same dependence. This result implies
that spillover indexes in the style of |Diebold and Yilmaz (2009, 2012, 2014)) become time-varying as
well, with large shocks having potentially different effects than small ones.

We demonstrate the empirical relevance of our theoretical results by analyzing the risk-return trade-
off for stocks and bonds with the T-Bill rate and the dividend-to-price ratio as predictors. We base this
part on an MSVAR model with one lag and two regimes. Though simple, this model accommodates
both return predictability and the presence of regimes. Many authors have documented the importance
of return predictability for long-term portfolio allocation (see |Campbell and Viceira, [1999; (Campbell
et al., |2003; Barberis|, 2000, amongst others). Also the presence and implications of regime switching
have been well documented (see |[Ang and Bekaert, 2002; |Guidolin and Timmermann|, [2006a.b, [2007;
Guidolin}, |2011). Our model with 2 regimes and a VAR(1) component is supported by |Guidolin and
Ono (2006 who show that it outperforms models with only VAR or Markov-switching features.

In line with these earlier papers, we find a low- and a high-volatility regime. We use our theoretical
results to determine the implied expected returns, which are high (low) for stocks but low (high) for
bonds conditional on the low (high) volatility regime prevailing at ¢t. However, conditioning on the

low- or high-volatility regime having prevailed forever produces considerably different and potentially



misleading means. For stocks, the high-volatility regime would falsely imply a higher mean than the
low-volatility regime. Our analysis also shows how the predictability varies over the regimes.

We then investigate how shocks to the different variables at time ¢ impact the expectations and
(co)variances of stock and bond returns at different horizons and depend on the regime distribution at
t —1. We show how the transmission of shocks is affected by the VAR and the Markov-switching parts
of the model. The combined effects are highly non-linear, and can reinforce or dampen each other. We
also find that shocks are more persistent than in the corresponding VAR or MS models.

We conclude that MSVAR models are a useful tool for investigating economic and financial processes
under stress. Our proposed methods can be used to characterize the conditional distribution of the
observable variables for any point in the future, taking only a specific current regime distribution as
given. Similarly, they can also be used to investigate how the variables respond to shocks. Our empirical
analysis shows that the combination of low and high-volatility regimes with return predictability leads
to rich and interesting dynamics. Next to the correlation between stock and bond returns being higher
starting from the high-volatility regime, we also find that predictability is stronger. Consequently,
shocks die out more slowly, and have stronger and more prolonged effects on both the expectation and
volatilities of returns.

Our results for the moments and impulse response functions extend |Krolzig (2006) and Bianchi
(2016)). |[Krolzig (2006]) analyzes expectations conditional on both past observations and the regime
distribution, and first-order impulse responses to the structural innovations for a given regime path.
Bianchil (2016) extends the focus to first and second moments that are conditional on past observations
and the regime distribution. He conducts an impulse response analysis for first and second moments
under the assumption that a regime has prevailed for a long time to show how responses depend on
the prevailing regime in situations where regimes can be persistent (e.g., monetary policy regimes).
Our results are complementary and apply to situations where regimes are less persistent, and where
shocks hit an endogenous variable, leading to a contemporaneous update of the forecast probabilities
for the regimes. We systematically show how regime switching makes the response nonlinear, and how
the responses depend on the sign and size of the shock, and the information set at the time before the
shock hits. We also extend [Karamé (2010, |2012, [2015) who includes the effect of regime switching by
simulations, as we show how the IRFs can be derived completely in closed form. Our approach differs
from the local projection approach of [Jorda (2005, 2009), as the shocks can trigger a regime switch in
our case, though it requires a specification of the regime process (see also |Gongalves et al.l 2022]).

Our empirical analysis contributes to the large literature about the effect of regime switching and
return predictability on the risk and return characteristics of assets for different horizons. We show
that MSVAR models inherit the well-known effects of standard models with only Markov-switching
or only VAR components. Our analysis of the implications for the risk-return trade-off complements
Campbell and Viceiral (2005) who investigate the term-structure of risk and return for VAR models
and [Taamouti (2012)) for Markov-switching models without a VAR component. Next to exhibiting the

features of both models, their combination makes the (co)variances respond to shocks in a way akin



to GARCH models, which neither of the contributing parts exhibit.

The empirical analysis also shows how the closed-form expressions for the GIs enhance our under-
standing of the transmission of shocks. In particular, they clarify how the transmission of shocks within
a regime combines with their effect on the forecast regime distribution. The insights of our imupulse
response analysis of the risk-return trade-off carry over to the impact of shocks in present-value models
of |Campbell and Shiller| (1988)) as shown by |Bianchi| (2016, 2020) and macroeconomic models (see e.g.
Hubrich and Tetlow, 2015; Hamilton, 2016). They are also relevant for analyses of (in)stability and
contagion in the banking system (see e.g. |Clerc et al., 2016} |Cont and Schaanning, 2019) or the impact
of shocks in the energy market (see Hou and Nguyen, [2018). These fields of application testify to the
relevance and usefulness of the comprehensive framework we propose.

The remainder of this article is structured as follows. In Section 2 we introduce the general
formulation of MSVAR models, and derive their moments. In Section 3 we propose a general framework
for first- and second-order impulse response analysis. In Section 4 we apply these methods to study

the risk and return characteristics of stocks and bonds. We conclude in section 5.

2 The MSVAR model and its moments

We consider a vector of n variables y; that follow a VAR model of order 1, whose parameters are
subject to regime switching. The switching results from a latent Markov chain S; that can be in one

out of m regimes, numbered 1 to m. We formulate the model as
Yt = cs, + Ps,yr1 + As,er €, ~N(0, 1), (1)

where cg, is an n-vector containing the regime-specific intercepts, ®g, is an n x n matrix with the
regime-specific autoregressive coefficients, Ag, is a regime-specific n x n matrix, and I,, is the n x n
identity matrix. The n-vector €; contains the structural innovations. Conditional on the regime, the
variance of the innovation in y; is given by Var[y:|Si, yi—1] = Xs, = Ag, A5,. We assume that the
structural innovations are independent over time, Ele;e;4] = O, for all [ # 0.

To prevent label switching of the regimes, we order the regimes ascendingly based on the variance
of the innovation in yi¢, X11; < X141 for ¢ = 1,2,...,m — 1. For identification of the shocks, we
impose that A; is lower triangular with A;;; > 0 for 7 = 1,2, ..., m. When shocks are restricted to one
particular variable, only that shock needs to be identified, and our Cholesky identification scheme can
be relaxed (see for example |Gongalves et al., 2022)). Our results for moments in this section also apply
if the identification scheme is relaxed, and, more generally, to structural VARs with Markov-switching.

The regime process .S; follows a first-order Markov chain with transition matrix P, where
pij = Pr[S; = i[Si—1 = j]. (2)

Formulating the transition matrix such that the columns sum to one is convenient for the results in this

paper. We assume that the Markov chain is irreducible and ergodic, and that the processes S; and ;4



are independent for all [. We use &;; = Pr[S; = i|Z;] to denote the probability for state i = 1,...,m to
occur at time ¢ conditional on an information set Z;, and collect these in the vector &;. &€ with typical
element & = Pr[S; = 4] denotes the vector of ergodic probabilities satisfying P€ = £. The initial
regime probabilities &y can be part of the model specification or equated to the ergodic probabilities.

It is straightforward to introduce more lags in Equation . By writing the resulting higher-order
VAR in its companion form our results for the VAR(1)-case can still be used. In a similar way, the
regime process S; can be extended to a higher-order Markov process, which can then be written as
a first-order Markov chain over a larger set of states. It is also possible to adapt the coefficients
in Equation to different independent Markov chains. In many practical applications, researchers
introduce separate chains for the (co)variances next to the intercept and VAR-parameters, see, for
example, Hubrich and Tetlow, (2015 and Bianchi| (2016}, [2020). These independent chains can be
written as a single Markov chain consisting of all state combinations with appropriate restrictions on
the transition matrix as shown by, for example, [Hamilton and Lin| (1996).

Models of this form have been studied extensively by Krolzig (2013)), who introduces the short-
hand notation MSIAH(m)-VAR(!) for a VAR of order [ with Markov-switching in the Intercept, Au-
toregressive coefficients and Heteroskedasticity, driven by a first-order Markov chain with m states.
The model in Equation is hence an MSIAH(m)-VAR(1) model. Bianchi (2016|) also studies the
MSIAH(m)-VAR(1) model, and his approach to deriving moments is the starting point for our analy-
sis. [Timmermann| (2000)) focuses on a slightly different type of Markov-Switching model, in which the
regime-specific mean E[y;|S;] is part of the model specification instead of the regime-specific intercept
in Equation . We derive the expression for the regime-specific mean in Section Moreover, he
focuses on the single-variable case.

The core of our methodology consists of an extended VAR formulation that encompasses the level
and the quadratic processes of the observable variables, and the regime process. We show that it takes
the form of a linear VAR model with non-Gaussian innovations. We derive explicit expressions for
the VAR part as well as the innovations. Whereas results for the VAR, part have been derived before
in Krolzig (2006 and Bianchi (2016]), the innovation part is new and necessary for the generalized
impulse response analysis that we propose. To give a complete framework for analyzing the moments

of MSVAR models, we restate some of the results of these earlier papers.

2.1 Extended VAR formulation for the level process

We rewrite the model given by Equations and to make explicit that the Markov chain implies
a selection of the VAR coefficients from a larger but fixed set of coefficients. To do so, we define the
random m-vector s; with s; = I(S; = i), where I denotes the indicator function. Hence, the ith
element of s; equals 1 if S; = ¢ and zero otherwise. Consequently, we can formulate the Markov chain
as a linear VAR(1) model (see Hamilton, [1994))

s8¢ = Psy 1 + uy, (3)



where u; is a martingale difference sequence (MDS). Its conditional variance is equal to
Elusuy|s;_1] = diag(Ps;_1) — Ps;_1s;_ P,

where the diag operator produces a diagonal matrix with the input vector on the diagonal.

We also define the bdiag operator as in [Timmermann (2000) and [Bianchi| (2016)), which for a set

of n x | matrices A;, i =1,...,m produces the block-diagonal mn x ml-matrix
A1 Opxr o+ Opx
o ' Onxi A2 -+ Opx
A = bdiag" ;(A;) = bdiag(Ai, Ag,..., Ap) = _ ) ) (4)
Onxl On><l toe Am
The matrix A; can be retrieved from A as
A=(eial,)Ae;®1I), (5)

where e; is the unit vector of length m with a 1 at position i and zero elsewhere. Since s; = e; if
Sy = i, we can use this relation to write, for example, cg, = (s ® I,,)'C's;, where C = bdiag]*,(¢;)
which makes the Markov-Switching of the coefficients in Equation explicit.

Next, we define the random vectors y} = s; ® y;, which combines the latent state process S; with
the observable process y;, and y; = (yf{ " 52)/ by stacking y; and s;. Then we can prove the following

proposition. (All proofs are provided in the Supplementary Material).

Proposition Let y; follow the MS-VAR process as specified in Equations and . Define
Y, =81 @y and Yy = (y;”, sg)/. Then y; follows the process

Y, =CPs; 1 + (P @ L)y +¢, (6)
with C = bdiagj~,(c;), € = bdiagj™,(®;), and
5: = A(P (%9 In)(st—l &® Et) + C'ut + @(ut X 'yt—l) + A(ut ® Et),

with A = bdiag” | (A;), and u; as defined in Equation . y; follows the process
_ Y/ = -
gy = ( t) = Dy + &, (7)
St

with

6 $PxI,) CP
B Omxnm P '

and & = (e’,u}). Moreover, €; and & are MDS.



Part of this proposition is due to [Krolzig| (2006)), though he does not derive the expression for €;.
It shows that g, follows a first-order linear VAR model with non-Gaussian innovations. Even though
the innovations are non-Gaussian, the representation is quite convenient for analysing the properties
of MSVAR models, because it is Markovian. For example, we can still write g, with h > 0 as the

sum of y; and the innovations between t and ¢ + h,
h—1
Yirn|Ut = Zéjét-‘rh—j + o'y,
j=0
This expression is useful for the calculation of expectations and impulse response analysis. For the
latter we will also use the explicit expression for e;.

The variable g, contains all information of y; and .S;. We can obtain y; from g; by summing the

appropriate elements,

Yyt = Gyyi, (8)
where éy = (Gy, Onxm) has dimensions n x (n+1)m and Gy = 1}, ® I,,, with 1, being an m-vector
filled with ones. It also follows that y; = Gyy;. We obtain s; by selecting the last m elements of y,

which we can write as

sy = Gy, (9)

with G5 = (Oanm, Im). We also define éyi = e;é’y, G, = e.Gy, and é’sj = e;és to obtain a
particular variable y; or regime s;, where e; and e; denote the appropriate unit vectors.

Based on the Markovian property in Equation @, we directly find the expectation of gy for
h > 0 conditional on y; and state probabilities &; asEl

ElGinlys, &) = " <£t ? yt) : (10)
¢

Using Equation the conditional expectation of y;1 follows as E[ysin|ys, &] = é’y E[Us1n|ye, &
This result corresponds with eq. (5) in|Bianchi (2016)E| We can use the relation y; = Gyy; to calculate

the first moments from the recursion

Elyiinlys, &) = @(P @ I,) E[y;, ,_1|ye, &) + CcPh¢, (11)

with initial condition E[y/|y:, &] = & ® y;, which is useful when a series of expectations is required.
The matrix @ is not convergent (ie., limp_ o P" # O), because it has at least one eigenvalue equal
to one. The eigenvalues of @ are given by the eigenvalues of @®(P ® I,,) and P, due to the particular
block structure of ¢. Because the columns of P sum to one, P has at least one eigenvalue equal to one
(see Hamilton, (1994, Ch. 22), and hence so has &. We discuss the conditions for covariance-stationarity

of y; in Section [2.3]

2For clarity, we explicitly include &; as conditioning information even though it need not be the realization of a random

variable. This notation enables us to distinguish cases in which information about the probability distribution of the

regimes captured by &; is or is not combined with the realization y;.
IBianchi| (2016)) does not define the VAR of Equation (ﬂ) but starts from its expectation.
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2.2 Extended VAR formulation for the level and quadratic process

To determine second moments and the effect of shocks on (co)variances and correlation, we need to
analyze the quadratic process z; = y; ® y;. As before, we also define the random vectors z} = s; ® 2,
which now combines the latent state process S; with the quadratic process z;, and z; = (z;‘ ETH sg),

by stacking z;, y; and s;. We can then prove the following proposition.

Proposition Let y; follow the MS-VAR process as specified in Equations and . Define
Zt =Yt QYt, 2f =8t Q2 and Z; = (zt*/, y;, s;)/, with y; as defined in Proposition . Then z; follows

the process
2t = ’YSt + wSt + 'I’Styt—l + TStzt—l + Ct) (12)
where vs, = ¢g, @ cs,, wg, = vec (Xg,), ¥s, = Ps, @ cg, + ¢5, @ Ps,, L5, = Pg, ® Pg,, and

t =(Ag, ® cg, + ¢35, ® Ag,)er + (As, @ P, )(€r @ Y—1)+
(Ps, @ Ag,)(yi—1 @ €) + (As, ® Ag,)(er @ € — vec (I,)).

z; follows the process
2l =T+ 2)Ps; 1 +¥ (PR L)y, + (P ®I;2)z_1 + ¢, (13)
with I' = bdiag™ ; (7;), 2 = bdiag]" | (w;), ¥ = bdiag]" ,(¥;), and T = bdiag]" ,(Y;), and

G =+ 2)us +P(u @y1) + T (ur @ 2¢-1)+
bdiag™(A; @ ¢; + ¢; ® A;) (st ® &) + bdiag!™ | (A; @ §;) (st @ €t @ yp—1)+
bdiagi” | (P; ® A;)(s; ® y—1 @ &) + bdiag™;(A; @ A;) (st ® (&1 @ &y — vec (I,))).

z¢ follows the process

zf
Zi= |y | =020+ G (14)
St
with
YP®I,) ¥PxI,) (I'+2)P
Y = o) (P I,) CcP ,

o (0] P
and & = (& er’,u}), with € as defined in Proposition . Moreover, {;, ¢ and ¢; are MDS.

This proposition shows that 2;, so the combination of the state variable, observable variables, and
their squares, also follows a first-order linear VAR model with non-Gaussian innovations. Its Markovian

property makes it again useful to analyze both first and second moments of MSVAR models. T is also

non-convergent because of the presence of P.



The variable 2Z; contains all information of z;, y; and S¢, which we can obtain by summations of

the form,

a; = H,z, for a = z,y, s, (15)

where H, = (H, 02 m(ny1)) with Hy = o}, @ L2, Hy = (02, Gy) = (O mn2, Gy, O,
and Hy = (O, mm2, Gs) = (Omxmn(n+1), Im). Also, zy = H,z{. It means that we can analyze both

second and first moments and shocks to it by analyzing 2Z;, and we do not need to additionally analyze

Yt
The conditional expectation of z,y; for h > 0 conditional on y; and state probabilities &; follows

directly as

& QY Yy
ElZinlye, &) = T & @y . (16)
&

We extract second moments from this result as B[y, @Yo |ys, €] = Elzean|ye, &) = HoE[Zi 11|y, &,
which corresponds with eq. (9) inBianchi (2016), and first moments as E{y;in|y:, &] = ﬁyE[iHh]yt, &l

The vectorized variance matrix then follows as

vec (Var[yiin|ye, &) = Elyisn @ Yean|ye, &) — Elyern|ys, &) @ Elyisn |y, &
= H E(Zn|ys, &) — HyEZ 0|y, &) © HyE[Zaly, & (17)

When a series of expectations is required, the relation z; = H.z; can be used with the recursion

Elz{ p|ye, &) =Y (P @ I,2) B[z, _1|ye, &)+
U(P @ I,)Elyf 1|y, & + (I + 2) Elsyynl&i],

(18)

in combination with Equation , and initial conditions E[z}|y, &] = &Qy:Qyy, Elyf |y, &) = &Qy:.

We use a similar approach to determine autocovariances and covariances for different leads or lags.
We define the lead processes of order k > 0, z¢14+ = Yi+r @ Y¢, and combine the lead and level process
with the latent state process, zt*+k7t = 841k ®Z¢4+k, and yz‘+k’t = 811 QY;. Because zip = Vec(ytyéﬂ),
it gives rise to Cov(y, yi+1). The process for z; ;4 can be derived by premultiplying 24+ by the

appropriate vectorized transpose matrix. We use them in the following proposition.

Proposition Let yy follow the MS-VAR process as specified in Equations and . Define
Zivkt = Yirk D Yt, z;‘+k7t = S84k @ Zyqkyt and y:+k’t = Stk @Yy for h > 0. The process defined by

= _ * ok o /
Rttkt = (Zt+k,t 'Ykt ’st+k) Jollows

~ eI, O) _ Eik®Y
Zipkt = Zitk-1,t T " Y, k>t (19)
o p Utk

with & as in Pmposition and the second term a MDS.

10



This proposition shows that 2 also follows a first-order linear VAR model with non-Gaussian
innovations. When k = 0, y/;, = y;, 21t = 2 and z;;, = z; result as defined in the previous

propositions. The process z;,; can be obtained by z;1x; = H.Z;11;. The conditional expectation

of Ziyhtkt+n for h > 0 conditional on y; and state probabilities & follows as

o1, O

o Pk> E[Ziin|ye, &)

E[2t+h+k,t+h|yta ft} = (

& @y - (20)
&

B eI, O
B o Pk

) &Ry @y
rh

We can use the recursion in Equation and the structure of @ to write the conditional expectation

N .
of 2}y )1 g 1p recursively as

Elzf pikiinl¥e: &) = (2@ L) (P ® L2) B[z g1 0nlye, &) + (CP* @ I,) Ely; 4|y, &), (21)

where we use that #(P®1,)®1I, = (PR I,)(PRI,®1,) = (PR L,)(P®1,2), B[y ) k1 4nlye: &) =
E[E[stnth—1 @ Yeanlyfp) |y, & = (P71 @ ) Ely;, 4 lye, &) and Ely;, |y, &] follows from Propo-
sition This result corresponds with proposition 3 in [Bianchi (2016). When a Markov-switching
model without a VAR component is considered (i.e. an MSIH, or MSI model), the first terms vanishes
because @ = O, and the autocovariance structure is completely driven by the transition matrix.

We conclude this section by noting that along the lines of these propositions, it is possible to derive

n'™ order moments by recursively defining the n-times repeated Kronecker product Yo" =y, ®'y§9 (n=1)

with yfm = ;. The combination of the n processes s; ® y©", s; @ y®"—1)

,...,Yy; and s; can be shown
to follow a first-order linear VAR model with non-Gaussian innovations. In particular, combining the
results for third- and fourth-order moments with the first-and second-order moments can give insights

into the skewness and kurtosis implied by the model. We leave such an analysis for future work.

2.3 Stationarity and unconditional moments

Stationarity of (V)ARMA processes with Markov switching has been investigated before by Yang
(2000)); [Francq and Zakoian| (2001)); |Zhang and Stine, (2001); Stelzer| (2009) and Bianchi (2016)). Based
on their results, the MS-VAR process as specified in Equations and is second-order stationary
if and only if the spectral radius of the matrix ¥'(P ® I,,2) is smaller than 1, where 7 is defined in

Proposition [2l When this condition is satisfied, the first and second moment exist, and follow as

g = Jlim Elylyo, ] = Gy5", (22)
z = tllglo E[zt‘yo,go} = Hzi*, (23)
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y" = lim E[y;lyo, &) = (Lun — (P © I,)) " CE. (24)
" = lim Elz]|yo, 0] = (Lzw — T(P © L)) (0 + D)6+ ¥(P © L)y"), (25)

and € are the ergodic probabilities of the regime process. The unconditional expectation of Ziyk,t then

also exists and is given by
zr = lim E[ziy14|y0,&0] = H. 2, (26)
t—o00

where z} = limtﬁooE[zZ‘_Fk’t]yo,Eo] follows together with g} = lim; e B[y}, Y0, &0] from Equa-

tion as

<§k> _ (¢ o1, (;) . (27)
k

Cavicchiolil (2017ayb) derives conditions for and expressions of unconditional third and fourth order
moments.

The condition for second-order stationarity depends on the multiplication of ¥ and P ® I,,» and is
necessary and sufficient. It is not possible to reduce this condition to a set of regime-specific conditions.
Moreover, Francq and Zakoian (2001) show that within-regime stationarity (i.e., the spectral radius of
each matrix @;, i = 1,...,m is smaller than 1), is neither a necessary nor a sufficient condition, which
they illustrate in their Example 5. Consequently, regimes can exhibit local non-stationary behavior,

for example bubble formation, as long as they are not too persistent.

2.4 Regime-specific future moments

We now turn to first and second (future) moments when the current regime or regime probabilities are
given. Specifically, we consider the situation where the prevailing regime or regime distribution is the
only conditioning information, and the history of the regimes and past observable variables are not
included. This framework is useful for analyses when one wants to assume that, say, the economy is a
recession, or the stock market is bearish, without specifying particular values on key indicators, and
without the assumption that the state process has been in that particular state indefinitely long. We
conduct such analyses in the next section.

Mathematically, we need to calculate the expectation or variance of y;p for b > 0 given a particular
regime S; or regime distribution &;, but without any information about how the process arrived there.
To derive these expectations, we define the “time-reversed” Markov chain, which describes the sequence
of S;—1 given S;. With the time-reversed Markov chain, we can determine the probabilities of the

different sequences leading to S;.

Definition 1. Let S; be the irreducible, ergodic Markov chain defined in Equation (2). Then the
corresponding time-reversed Markov chain is governed by the transition matrix @ with elements
J
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where & = Pr[S; = i] denotes the ergodic probability for state i.

The expression for ¢;; follows from the application of Bayes’ rule. We can also write Q =
diag(€) P’ diag(€)~!, which shows that the matrices P and Q' are similar, and hence have the same

characteristic equation. We use this definition in the following propositions.

Proposition @ Let y; follow the MS-VAR process as specified in Equations and , and assume
that it is second-order stationary. Let pj = E[y|S; = j], and stack these conditional expectations in

the mn x 1 vector p = (pi, ... pl,)". Then
p=Lm-8Q &1,)) ', (29)

where ¢ = (c’l, e ,c;n)/, & = bdiag" ;(P;), and Q is the transition matriz of the time-reversed Markov

chain of the proces Sy. The expectation of y; conditional on the state distribution & follows as

Ely|&] = (& @ L), (30)

The expectation of Yin, for h > 0 conditional on the current state distribution & follows as E[yn|&:] =
Gy E[Genl&:] with

Elgenlé] = & <(diag(§2 “ I”)“') , (31)

with Yi1pn and d defined in Pmposition and C:'y as in .

Proposition [5 Let y; follow the MS-VAR process as specified in Equations and , and assume
that it is second-order stationary. Let z; = y; @ y¢, pj = E[y:|S: = jl, v; = E[z:|S: = j]| with stacked

versions p = (p},...pp,) and v = (v],...v},). Then

V= Lpw-Y(Q ®IL2)  (v+w+%(Q  IL,)u), (32)

where v = (Y1, Ym) With v = ¢; @ ¢j, w = (W, ..., wy,)" with w; = vec(X;), T = bdiag]’, ($; ®
®;), ¥ = bdiag],(®; ® ¢; + ¢; @ P;), Q is the transition matriz of the time-reversed Markov chain
of the proces Sy, and p is given in Proposition [ The expectation of z; conditional on the state

distribution & follows as
Elzi]&] = (& ® I2)v. (33)

The expectation of zyp, for h > 0 conditional on the current state distribution & follows as E[zin|&] =
.E[z E['ét—i-h’st] with

) (diag(&:) ® L2 )v
E[Zyn|&] =T | (diag(&) ® L) p | (34)
&

with Zyyp and T defined in Proposition @
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These propositions complement the results of Bianchi| (2016). He derives conditional steady states
of the form lim,_ oo Elysip|S: = -+ = Si—r = j| and lim; o0 E[2444|S: = - -+ = Si—r = j], which can
be interpreted as a situation in which regime j has already prevailed for a long time. Such a situation
occurs when regimes are strongly persistent and regime switches are infrequent. Our results give the
expectations conditional on information about S, but without any knowledge or assumptions about its
past, and without past observations. They are relevant when regimes are less persistent and switches
occur more frequently.

The propositions are also related to [Timmermann (2000), who considers state-dependent autore-

gressive dynamics in his section 4 of the form

Yi = s, + Ps,_ (Ye—1 — s, ,) + As, e,

though limited to the one-dimensional case. The main differences with our results are that the dynamics
in the AR-part of the model depend on the current state in our model (that is, @5, in Equation (1)),
whereas they depend on the prior state in his, and that the autoregressive part is driven by past values
Y;—1 in our specification, and by deviations of past values from state-specific means y;—; — pg, , in
his. As a consequence, the expectations pu; = E[y;|S; = j] are part of the model specification. The
expressions for the second moments and their derivation are similar in spirit to our propositions and
proofs.

Combining the results of Proposition [3| with Proposition [5| completes the necessary building blocks
to analyze the regime-specific autocovariances, for which we need the expectation of (future values of)

the process zi1 ¢ = Y+ @ Y conditional on the state process.

Proposition El. Let y; follow the MS-VAR process as specified in Equations and , and assume
that it is second-order stationary. Define ziirt = Yirr @ Y. Then the expectation of ziyn+ki+n for

h > 0 conditional on the current state distribution & follows as

. (é’f@In o}

Elziihiktrnlé] = Hz o Pk) E[Zi11[&], (35)

with @ = bdiag]" | (®;) and E[2Z,14|&] as in Proposition [5

The expression in this proposition concerns the general case h > 0, and simplifies when A = 0. In
line with the results based on Proposition (3, we can calculate E[z1x&] = H E[z},; ;|&] with the

recursion
Bz} p &) = (@ © L)(P @ L2) B[z} 4, 4|&] + (CP* @ I,) E[y; &1, (36)

with E[z7,&] = E[27|&] = (diag(&:) ® I;2)v and Ely;|&] = (diag(&) @ In)p.

The combination of Proposition [ and Proposition [6] gives the autocovariances as

Cov[Yisns Yirntkl&t] = ElYerntn¥ionl €] — Elernrl €] Elyi,n &l (37)
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The autocorrelations can be found by scaling them by the appropriate variances based on the condi-
tional expectations of the squared processes in Proposition
The propositions of this section enable us to derive the autocovariance structure of MSIH-models

as a special case.

Corollary Let y; follow the MS-VAR process as specified in Equations and with ®;, = O

fori=1,...,m , and assume that it is second-order stationary. Then

vec(Cov[yt, yt+k\€t]) =,® Inz)(C’Pk (diag(ﬁt) — £t€£) ® In)u. (38)

This corollary shows that even when Markov-switching models do not have a (V)AR-component
in their specification, the switching component leads to non-zero autocovariance. When &; = e;, that

is, regime i occurs with probability 1, &:&; = e;e; = diag(e;), and hence Covly:, yi1i|& = €] = O.

3 Impulse response analysis

The results of the previous section enable an analysis of the static properties of MSVAR models.
To further understand what the implications of these models are for the behavior of the variables,
we now turn to their dynamic properties. Therefore we present a framework to analyze how shocks
propagate in MSVAR models. We use the extended VAR formulation of the previous section to derive

the first-order as well as the second-order impulse response functions.

3.1 The Generalized Impulse Response Function

The VAR-representation in Proposition [l fits naturally with the definition of the Generalized Impulse
Response Function (GI) of Koop et al.| (1996)),

G-[ﬂ(h7 €, Ut,It_l) - E[gt+h|5t7 utJIt—l] - E[gt+h‘1-t—l] = éh E[ét|€t7 utvzt—1]7 (39)

where h gives the horizon, and Z;_; denotes the information set at time ¢t — 1. We specify the GI for

the extended process g, from which we can easily derive the GI for y and s, using
Glo(h, e, up, Tr—1) = GaGly(h,er,ur, Zi—1), for a=1y,s, (40)

with éa as in Equations and (EI)

As pointed out by Koop et al.| (1996) and |Pesaran and Shin| (1998]), this setting is particularly useful
when shocks are endogenous. In our empirical application, we analyze how shocks to asset returns or
state variables at ¢ affect asset returns h periods ahead, conditional on the information set Z;_1. In
the baseline setting, no information about shocks is available, so they are integrated out. When one is
interested in the effect of a exogenous shock, e.g., a particular policy decision, a baseline setting where

the shock is absent as in |Gallant et al.| (1993) may be more relevant.
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Our approach allows for three specifications of the information set. In the first one, it contains both
the most recent observation y;_1 and a given set of probabilities for each regime & _1. In the second
one, a series of past observations V1 = {y, tT_:lo is present, and we calculate &_1 = E[s;—1|V—1, &0]
or &1 = E[si—1|Vi—1] if & is not specified. In the third one, only the set of probabilities for each
regime &1 is given, and we use E[y;_1|&;—1] for y;—1. To simplify our notation, we assume in this
section that the information set is given in terms of y;_1 and &;_1, though the one may actually be
calculated as the expectation of (a series of) the other.

In the generalized impulse response analysis typically one or a few of the shocks are specified. In
an MS-VAR model, there are three ways to specify the shocks. Following directly from the model,
shocks can be specified in terms of the regime innovations u; and the structural innovations EitEl They
can also be specified with respect to the observed variables, which we denote by n;; = yit — Elyit|Zi—1]-

As a consequence, we define three GIs depending on the type of shocks.

Proposition Let y; follow the MS-VAR process as specified in FEquations and , and let
the Generalized Impulse Response Function for y; be defined by FEquation and the results in
Proposition . Let the vector y,—1 be part of Ty_1 or calculated as E[y,—1|Z;—1]. Let the vector with
regime probabilities &1 be part of T,_1 or calculated as E[s;_1|Z;_1]. Let the matrices C,®, A, and &
be defined as in Proposition [l When the shock originates from the regime process, the corresponding
GI satisfies

(41)

~ C D _
GIE(h,ut,zt1>=Gfg<h,@,ut,zt1>:¢h< ue + B © v 1)>.

(227

When the shock is specified in terms of the structural innovation €;, the corresponding GI satisfies

: - it A(P&—1 ® e;
GI5 (hyeir, Ti-1) = GIg(heir, 0,Z,-1) = B" <5 Al f)t Lee )> . (42)
When the shock is specified as i = yir — Elyit|Zi—1], the corresponding GI satisfies
. N 5 =1, [ Elet|yit, T
GIY (hynits T—1) = El@enlyie, Te-1] — Blgeyn|Ti1) = " tlui L - (43)
Elw|yit, Ze—1]

The second conditional expectation satisfies E[wu|yi, Z—1] = E[st|yit, Zi—1] — E[s¢|Zi—1] with

E[s|Zi-1] = P&,
1
Els¢|yit, Zs—1] :m,f' O P& 1,
where f is a vector of size m whose element j is equal to the pdf of the marginal distribution of y;

under regime j, yit|S¢ = j ~ N(ei(c; + Pjyi—1), e, X e;). The first conditional expectation satisfies

Elef|yit, Zi—1] = C Elut|yit, Tr—1] + P(E[wt|yit, T—1] @ ye—1) + AE[s: @ e¢|yit, Ze—1],

“The vector u; cannot be chosen freely but should satisfy the restriction that P&;—1 + u: is in the unit simplex. A

necessary condition is that 377" ) u; = 0.
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with last term
E[s1¢|yit, Zi—1] E[et|yit, St = 1, Ti—1]
Els: @ etlyit, Ty—1] = : )
E [smt|yit, Te—1] Elet|yit, Se = m, T

and

/
. _ yit_e'(c'+di'yt—1)
E Sy =4I| = AL AN J Yo ).
let|yit, St = J, T—1] j ( &3 e; j€i

The function GI g shows the effect of shocks to the regime process. It can be used to assess the
consequences of a switch to a particular regime. If the switch is to a particular regime j, ie. s; = ej,
we can substitute u; = e; — P&§;_1. The GI for this type of shock is also presented by |Krolzig| (2006).
When the regimes only affect the covariance matrices via Ag,, shocks to the regime process have effects
that are comparable to the volatility shocks in |(Gorodnichenko and Ng| (2017)).

The function GI %1 is in line with the traditional framework of [Sims (1980)). In our setting, shocks
in €; translate to different contemporaneous effects on y; in the different regimes depending on the
regime-specific matrices Ag,. Specifying shocks that are structurally identified has become popular
in macroeconomic analyses. Identification can stem from a structural model such as the Markov-
Switching DSGE model in Bianchi| (2016)), or by imposing additional restrictions in a structural VAR
as in Karamé (2015)). As in Bianchi (2016)), the extended VAR specification enables us to express
GI %’ in closed form in Equation , whereas [Karamé| (2015) reverts to simulations to include the
possibility of future regime switches.

The function GI ?yf shows that shocks specified with respect to a particular variable y; generate a
contemporaneous response in two ways. The term E[u|y;t, Z;—1] captures the effect of the shock on
the inference about the regime process. Though e; and u; are independent, y; and u; are not, and
hence E [ut|yit, It_l] is not necessarily zero. The effect on the inferred regime has a direct effect on the
expectation of the regime specific innovations E[e} |y, Z;—1]. However, shocks in y;; may be correlated
with shocks in the other variables, also depending on the regime, and this effect is captured by the
term E[s; ® &¢]yit, Zy—1]. The proposition shows how to derive the effects for the different regimes.

Specifying shocks in terms of the observable variables y; has been proposed by |Pesaran and Shin
(1998). In this specification shocks can be correlated and are not structurally identified contrary to
the first two GIs. This specification is more common in settings outside macro such as finance, for
example to determine the connectedness of (financial) variables in a network and spillovers between
them based on the Generalized Forecast Error Variance Decomposition. |Diebold and Yilmaz| (2014)
specifically advocate this approach because of its “comparatively agnostic data-based spirit” (p. 121).
Other examples are Diebold and Yilmaz (2015]); Barigozzi et al. (2021); Miao et al.| (2022) and |Chen
and Schienle (2022). We discuss these variance decompositions in Section

Our set of GI functions complement the impulse response analyses proposed by other authors for

Markov-switching VAR models. The differences relate to the information about the regimes at the
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time of the shock up to the horizon h and the specification of the shock. In our setup, a shock can be
specified in three ways, occurs at time ¢ and information about the regimes pertains to ¢ — 1, hence
the regime in which the shock occurs and the further regime path are not known. To the contrary, in
Ehrmann et al.| (2003) shocks can only occur in the structural innovations, the regime at the time of
the shock is known, and assumed to prevail up to the forecast horizon h. [Karamé (2010}, 2012) relaxes
this last assumption, and allows for regime switching after the time of the shock, whereas [Karamé
(2015) also removes the assumption that the regime at the time of the shock is known. Krolzig| (2006])
assumes that the regime at the time of the shock is known, but specifies the shock in one variable
while assuming that the other variables are not shocked. The first-order GI in Bianchi| (2016) is in
line with |[Karamé (2010)), though with the additional assumption that the regime process has spent “a
significant amount of time” in a particular regime. The effect that shocks have on the inference of the
regime process is also present in [Bianchi (2016} 2020))’s application of MSVAR models to the present
value decomposition of (Campbell and Shiller| (1988)). In this decomposition, changes in excess returns
can be related to discount rate or cashflow news. In the MSVAR setting, both shocks may propagate

differently in a particular regime, but they also lead to an update of the regime distribution.

3.2 Second-order responses

Because of its nonlinear nature, shocks in a Markov-switching model also affect higher-order moments,
whereas these are unaffected in the setting of a linear VAR model. A shock may signal an increase or a
decrease of the future variance of the system, depending on the information set as well as the sign and
the size of the shock. The framework we have developed so far allows for a straightforward analysis of
these effects.

The VAR-representation for the extended squared process in Proposition [2] gives rise to
GIs(h e, u, Ti—1) = E[Zpinler, we, Tr—1] — B[z Ti—1] = T"¢, (44)

which extends Equation lb It is important to note that ¢; results as a combination of the innovations
in the state probabilities u; and the structural innovations ;. Because Z; contains all information

regarding the level, squared and state processes z;, y;, and S;, we can derive their GIs from GIz by
G-[a(hyetyutyz-t—l) - ﬁaGIZ(h7 ét;It—l)u fOI' a==z1Y,s, (45)

as in Equation ([L5]). As an extension of Proposition El for the first-order impulse responses, we define

separate GIs for Z based on the origin of shocks.

Proposition Let y; follow the MS-VAR process as specified in FEquations and , and let
the Generalized Impulse Response Function for z; be defined by FEquation and the results in
Proposition @ Let the vector yi—1 be part of Ty_1 or calculated as E[y,—1|Zi—1]. Let the vector with
regime probabilities &_1 be part of T,_1 or calculated as E[s,_1|T,_1]. Let the matrices C,®, A, and
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be defined as in Proposition and I', 2, ¥, Y and Y as in Proposition @ When the shock originates

from the regime process, the corresponding GI satisfies

'+ 2Q)u +P(ur Q@yp—1) + T (uy ® 2z4-1)
Glg(hautazt—l) — GIi(h7 ®7ut7zt—1) = Th Cut + @(ut (%) yt—l) . (46)

Ut
When the shock is specified in terms of the innovation €, the corresponding GI satisfies
E[¢/ [eit, Zt—1]

GIZ (h,eit,Ty—1) = GIz(h,eip,0,T,1) = X" | ey A(PE 1 @ €;) | (47)
Om

with

E[¢|eit, Ti—1] =eu bdiagiZ,(A; ®@ ¢j + ¢; ® Aj)(P&i—1 ® €;)+
gt bdiagiL | (A; ® D;)(P&—1 @ €; @ yp—1)+
et bdiagi’ | (P; @ A;)(P&—1 @ y1—1 ® €;)+
(e — 1) bdiagi™(A; ® A;)(P&i—1 ® €; ® €;).

When the shock is specified as ny = yir — Elyit|Zi—1], the corresponding GI satisfies
Bl [y, 1] — Bl |7 1]
GIY (h,it, Ti—1) = ElZeinlyit, Ti—1) — BlZin)Tio1] = " Ele! |yit, Zt—1] , (48)
E[ut‘yitvl-t—l]
where the last two conditional expectations have been defined in Proposition[4, and
E[s1t|yit, Ze—1] E[z¢|yit, Se = 1]
Elz} |yit, Zs—1] = :
E [smt|yit, Te—1] E[2t|yit, St = m]
and
Elzt|yit, St = J, Ty—1] = vec (Var[y|yit, St = j, Tt—1])—
Elyt|yit, St = j, Te—1] @ E[ye|yit, St = j, Te—1].
with

yir — e;(c; + Piyi—1)
6;2]'61'

E[ylyit, St = j, Li—1] = E[ye| St = j, Ti1] +

1
e Z‘jeie{Z‘j.

Zjel-,
Var[yt’yitv St = j7It—1] = Ej - — /

Whereas many authors have studied first-order Gls, Bianchi (2016) is the first to address second-
order responses. Similar to his first-order GI, he assumes that the shock occurs in a structural inno-

vation, that the regime at the time of the shock is known, and that the process has not encountered
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a regime switch before the shock. In our proposition, we extend his analysis to the case where the
regime at the time of the shock is unknown, and where the shock can occur in the regime process or an
observable variable. We do not make the assumption that the process has been in a particular regime
for an infinitely long time.

The results for the squared process z; are of course mostly interesting to determine how shocks
influence the (co)variance or correlation of the different variables. Therefore, we introduce the variance

impulse response function (VI)
VIy(h e, ue, Li1) = Var[ypipler, w, Zi—1] — Var[yen|Zi—1] (49)
It is related to GIz by

vec VIy(h, e, u, Zy—1)
= Elzirnles, ue, 1] — E[ysynler, ue, 1] @ Elyqnler, we, 1] —
(Elzt4n|Zi—1] — Elyin|Ze—1] @ Elyiin|Zi-1])
= Gl (h,er,ur,Ti—1) — Gly(h,er,up, Ty 1) @ Gly(h, e, us, Z—1)—
ElyiinlTi—1] ® Gly(h, e, us, 1) — Gly(h, e, u, Iy 1) @ Blygn|Ti1].

Variance or volatility impulse responses show up for any model of heteroskedasticity. [Hafner and

Herwartz| (2006) introduce the concept in relation to multivariate GARCH models.

3.3 Conditional Variance Decompositions

We can analyze the dynamics of an MS-VAR model by decomposing the variance of the forecast
error (see Litkepohl, 2005; Pesaran and Shin, [1998)), and transforming the result into spillover indexes
developed by Diebold and Yilmaz| (2009, 2012). However, in contrast to linear Gaussian VAR models,
regime switching models produce decompositions and indexes that are both time-varying and depend on
the size of the shocks. The Gls in Equations to vary over time because of their dependence on
Zi—1. When shocks are specified with respect to y; as in Equation , their effect on this expectation
is nonlinear and asymmetric. Small or positive shocks typically lead to a different update on the
prevailing regime than large or negative shocks.

As a starting point, we propose to quantify the shocks y;; as a proportion § of the square root of

the one-step-ahead forecast variance
vie = var[yis|Ts-1) = E[yz|Te—1] — Elyie|Zi-1)%, (50)

where E[y2|Z;—1] and E[y;:|Z;—1] follow from Equation . This leads to the standardized generalized

impulse response function

PYi (7,6, Ti-1) = Ga Gf%i(h, Nit = 0\/Vit, Ly—1), a=1y,s (51)
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which gives the effect of a shock of § standard deviations to y;; on y;p or Syyp. Following [Lanne and
Nyberg (2016]), we define the generalized forecast error variance decomposition as the proportion of
the total of impulse responses of variable y; or regime s; which is accounted for by the GI of variable

y; conditional on Z; 1 and innovation size ¢ standard deviations as

S o(elphi(l,6,T-1))?
S Sopy (€5 (1,6, Ty 1))?

Lanne and Nyberg| (2016) propose this definition as an alternative to [Pesaran and Shin (1998) who

05 (h,0,Zy—1) = a=1y,s. (52)

use 0 var[y;t4n|Zi—1] in the denominator, to ensure that >, 04 (h,d,Z;—1) = 1.

4 Application to Investments

In this section, we use our theoretical results to analyze the risk-return trade-off for stocks and bonds.
MSVAR models are well suited for such analyses, as they comprise the insights from two strands of
literature. First, the literature on return predictability, for example in the seminal papers by |[Campbell
and Viceiral (1999); Campbell et al. (2003) and Barberis (2000]), shows that state variables such as
the dividend-to-price ratio and the short rate have persistent effects on the expected returns and
(co)variances. This predictability is typically captured by a VAR(1) model. Second, the presence of
regime-switching in asset returns and their pronounced implications for investments have been widely
documented ]| MSVAR models accommodate both features. In their analysis of these models for US
stock and bond returns, |Guidolin and Ono| (2006)) show that an MSIH(4)-VAR(1) model works best,
and yields better predictions than simpler VAR or MSIH models (see also the evidence in |Guidolin
and Hyde, 2012} 2014)).

In line with these findings we analyze the risk and returns of US stocks and bonds with the dividend-
to-price ratio and the short rate as predictor variables. We investigate means, (co)variances and the
impact of shocks for the different regimes. Our base model is an MSIAH(2)-VAR(1) model, so a VAR
model of order 1, with intercepts, autoregressive parameters and (co)variances that switch between
two regimes. In Appendix [C| we report results for the nested MSITH(2) and VAR(1) models. We keep

the model specification simple, because we do not aim for the best fitting model.

4.1 Data and Estimation Results

Our data consist of monthly observations taken from CRSP. As stock returns we take returns including
dividends on the S&P500. We calculate the log dividend-to-price ratio at month ¢ as the log of the
sum of the dividends over months ¢t — 11 through ¢ minus the log of the level of the index at the end
of month ¢. Bond returns are calculated from the CRSP Fixed-Term Index of 10-year Treasury bonds.
As the short rate, we take the yield on 1-month Treasury Bills from the CRSP Risk-Free Rates Files.
The sample period runs from January 1952 to December 2018 (804 observations).

5Notably [Ang and Bekaert| (2002), |Guidolin and Timmermann| (2006albl, [2007). See |Guidolin| (2011) for a survey.
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[Table 1 about here.]

The summary statistics in Table [I]show that both stocks and bonds yield on average positive excess
returns, with excess returns on equity being four times higher on average. This is nicely in line with
the excess return volatilities, which is twice as high for equity. All variables exhibit non-zero skewness,
indicating deviations from normality that a standard linear VAR model cannot capture. The kurtosis
of stock and bond returns also point at deviations from normality. Panel b shows that the T-bill rate
and the D/P ratio are highly persistent, and may even exhibit a unit root. Correlations are overall
close to zero, with the exception of the T-bill rate and the D/P ratio. The autocorrelations and cross-
correlations paint a rich picture that Markov-switching models without a VAR term may find difficult
to emulate. In particular, we find larger correlations between stocks and bonds at leads and lags than
contemporaneously. As expected, we see a small but positive correlation between stock returns and the
lagged D/P ratio. The lagged T-bill rate is negatively correlated with both stock and bond returns.

Maximum-likelihood parameter estimates based on the Expectation-Maximization algorithm of
Dempster et al.| (1977) (see also [Hamilton, [1990) are reported in Table [2l They show low- and high-
volatility regimes that are persistent. The VAR-parts of the model show predictability between stock
and bond returns, and from the T-bill rate and D /P ratio to stock returns. These features are compa-
rable to the estimation results for the MSIH(2) and VAR(1) models in Tables and [C.2]in Appendix
[Cl However, predictability varies across the regimes. In the low-volatility regime, stocks and bonds
exhibit negative autocorrelation, whereas it is positive in the high-volatility regime. The effect of the
T-bill rate on stock returns is significant in the low, but not in the high volaltility regime. To the
contrary, the effect of the D/P ratio is concentrated in the high-volatility regime. Next, the persistence
of the T-Bill rate and D/P ratio is very strong in the low-volatility regime. We also find coefficients
for which the difference between the regimes is not very large compared to their standard errors, for
example the effect of the lagged bond returns and T-Bill rate on stock returnsﬁ Together, these differ-
ences can produce substantial differences in the return distributions and predictability in the different

regimes. We analyze their implications in the next subsections.
[Table 2 about here.]

We plot the regime probabilities in Figure [l| based on the smoother of Kim| (1994). The red
line indicate the smoothed probability for the low-volatility regime. The gray bars show when this
probability is below 1/2, in other words when the high-volatility regime applies. The figure shows the
well known alternation of these periods. Notable periods with high volatility occur in the early '80s
and between 2008-2010 during the great recession. Periods with low volatility tend to last longer, as

also indicated by the transition probabilities in Table [2l They imply an average duration of 8.9 (4.4)

SA comparison of the likelhood functions and information criteria for the stocks and bonds part of the models shows
that the improvement offered by allowing switches for all VAR-coefficients is limited relative to the additional number of
parameters. See Table for the results.

22



months for the low (high) volatility regime. These results are comparable to Kole and Dijk| (2017)),

but imply less persistence than for the macro series in |Bianchi (2016) or Karamé| (2015]).

[Figure 1 about here.]

4.2 Regime-specific moments

We use the results of Section to get more insights in the behavior of the variables conditional on a
specific regime. We present the means, volatilities, and correlations of each variable conditional on the
prevailing regime being 1 or 2 in Table 3] and turn to the implications for the autocovariance structure
in Table[d We also calculate these moments under the much stronger assumption that the process has
been in the a specific regime forever. This assumption simplifies the calculations considerably to the
standard results for VAR models and circumvents the need of Propositions[dH6] However, ruling out any
past regime switches is unrealistic, and may be too strong if regimes are short-lived. The comparison
of both results shows the consequences of this assumption. For completeness we also include the
unconditional moments. We calculate 90%-confidence intervals by simulating from the distribution of
the estimates, for which we assume it has converged to a multivariate normal distribution. Because
the moments result from highly non-linear transformations of the parameters, we report confidence
intervals instead of standard errors.

Table[3|shows that the effect of regime switching is mostly confined to stock and bonds, even though
the parameter estimates in Table for the T-Bill rate and D /P ratio vary considerably over the regimes.
Regime 1 clearly shows a high mean for stocks, a low mean for bonds and low volatilities for both,
whereas regime 2 shows the opposite pattern. The difference between the mean for stocks in the two
regimes is large, 0.75% versus -0.67% per month, but the confidence intervals around both moments
are wide, reflecting the sometimes large standard errors in Table [2] Still, based on the simulations of
the estimated parameters we reject equality of the regime-specific means in favor of the first one being
higher with a p-value of 0.046. The difference between the means of the bond returns is smaller (0.01%
versus 0.37%) with also wide confidence intervals, and here we cannot reject equality (p-value of 0.131).
The difference between the volatilities in both regimes is large and more precise for both asset returns,
in line with the common result that asset return regimes largely reflect differences in volatilities (cf.
Kole and Dijk| 2017)[] The correlations show small variations over the different regimes. Stocks and
bonds are more strongly correlated in regime 2, indicating less diversification benefits. However, the
simulations indicate that the evidence for the regime-2 correlation being larger is marginal at most
(p-value of 0.113).

[Table 3 about here.]

A richer model specification with separate Markov chains for the intercept and VAR-coefficients on the one hand and
(co)variances on the other hand as in |[Hubrich and Tetlow]| (2015) and [Bianchil (2016} [2020) may provide further insights,

but we leave this for future research.
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To illustrate the differences between moments conditional on regime j prevailing at time ¢ or having
prevailed infinitely long (so S; = j versus S; = S;—1 = ... = j), we report these latter moments with
the suffix “inf.” after the regime. For the means, these differences are huge and would lead to very
different implications. If the first regime has prevailed infinitely long, the resulting means for stocks and
bonds would be 0.23% and 0.02%; for regime two we find 0.26% and 0.28%. Interpreting the regimes
based on these calculations, so ignoring the effect of Markov switching, would make the first regime
seem less attractive, and the second regime more. We would also conclude that the state variables
show regime switching. Surprisingly, the differences between the volatilities are much smaller. For the
correlations they are again larger. Though the moments are easy to calculate under the “infinitely
long” assumption, the assumption is not realistic and the resulting moments do not reflect a particular
aspect of the data. This also implies that the different values for the means under this assumption do
not have a clear interpretation.

The first-order autocorrelations in Table [f] show quite some differences between the regimes. Au-
tocorrelation of stocks is negative in regime 1, but positive in 2. We reject equality in favor of the
second being larger with a p-value of 0.010. Perhaps more consequential are the differences in magni-
tude. The auto- and cross-correlation coefficients between stocks and bonds are considerably larger in
regime 2. Together, they make regime 2 riskier than regime 1, on top of the higher volatilities. The
correlation between the D/P ratio at ¢ and stock returns at ¢t + 1 increases from 0.022 in regime 1 to
0.102 in regime 2, indicating that predictability of stock returns is stronger in regime 2. Even though
the confidence intervals are relatively wide and partly overlap, we reject equality with a p-value of
0.049. The autocorrelations of the T-bill rate and the D/P ratio are a bit lower in regime 2. The
unconditional autocorrelations lie between the regime-specific autocorrelations, and are also close to
the empirical ones in Table [I| and the ones implied by the VAR(1) model in Table This last table
shows that the MSIH(2) cannot match the empirical autocorrelation, and as we show in Corollary

the regime-conditional lead-lag correlations of any plain MSIH model are zero.
[Table 4 about here.]

The rows with suffix “inf.” indicate that ignoring regime switches leads again to quite different
results. The autocorrelations of stocks and bonds become more extreme. For example, if regime 1
(2) prevailed forever, the autocorrelation of stocks is -0.101 (0.157) compared to -0.060 (0.112) when
regimes can switch. The correlations between the state variables at ¢ and stock and bond returns at
t+ 1 in the lower-left part of the table tend to be closer to zero, indicating that the implied predictive
effect of the state variables would be smaller when regime switching is ignored. Similar as in Table
the differences in the behavior of the state variables between the two regimes seem larger when regimes
are assumed to have prevailed forever.

We conclude that both Markov-switching and predictability have profound implications for the
risk-return trade-off. Our results show the presence of a bull regime where average returns are high

for stocks but low for bonds, volatilities and correlations are low, and predictability is weak. We
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also find a bear regime where average returns are low for stocks but high for bonds, volatilities and
correlations are higher, and predictability is stronger. The combination of Markov-switching with a
VAR model indicates that the bear regime is riskier than the bull regime, and the difference is larger
than indicated by the results for the MSIH(2) and VAR(1) models in Appendix|[C] So investors should
pay close attention to the detrimental risk-return trade-off in the bear market regime, as well as the
different time-series dynamics. We also show that the assumption that a particular regime has prevailed
forever gives quite different moments. These differences can of course lead to quite different decisions

or implications.

4.3 Impulse Response Analysis

We continue our analysis by investigating how shocks affect the risk-return trade-off at different hori-
zons. As we showed in the derivation of the GIs, shocks in Markov-switching models have a nonlinear
effect where both the sign and the magnitude of the shock matter, contrary to the VAR(1) model
where the effect of shocks is symmetric in its sign and proportional to its magnitude. We concentrate
on the impulse responses of stocks and bonds, because these are the variables that investors are most
interested in.

We start with the generalized impulse responses of the first order Glgi(h, Nit, Zi—1), defined in
Proposition[7] to determine the effect of shocks on the expected returns, and then consider the responses
of the second order GI¥% (h,n;t,Zi—1), defined in Proposition [8| for the variances. We assume that the
information set Z; 1 only contains the regime process at time ¢t — 1, which can be in regime 1 or 2. No

information about y,, 7 < t is contained in Z; 1. We calculate the GlIs for h = 0,1, 6.

4.3.1 First Order Impulse Responses

Figure [2 shows the GIs that result from a shock to stock returns at ¢. Recall from Proposition [7] that
the GI for y reads,

. - EE* yl ’Ii
Gfgl(hvmt,.'[t_l):(;ydsh< &5 |yit, Iy 1]>7

E[ut’yitazt—l]

meaning that a shock has contemporaneous effects on the probability forecasts for the regimes through
E[w|yit, Z;—1] and on the other variables through Ele}|yi;, Z;—1]. We show the first effect for the
probability of regime 1 in panel a, and the second effect for expected bond returns in panel b. The
shocks are then propagated through &". We show these effects on both expected stock and bond returns
for horizons h = 1 and h = 6 months in panels c—f. In all figures the red (blue) lines correspond with
low-volatility regime 1 (high-volatility regime 2) at ¢ — 1. The dashed lines indicate the bounds of 90%

confidence intervals, obtained with simulation as discussed before.

[Figure 2 about here.]
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Panel a shows the probability forecast for regime 1 that has been updated with the information of
the shock (solid lines) as a function of the shock size (in %). As a reference we include the probability
forecast without the shock (dotted horizontal lines). For either regime prevailing at ¢ — 1, we see that
small shocks increase the likelihood of regime 1, whereas large shocks make regime 1 less likely. The
difference between the solid and dotted lines corresponds with the effect of the shock Elw¢|yit, Zi—1].
The effect of small shocks is largest when regime 2 prevails at ¢ — 1, whereas large shocks have the
largest effect when regime 1 prevails. Very large shocks lead to a concentration of the probability
forecast on regime 2 independent of their sign or the regime at ¢ — 1, but small shocks do never lead
to a complete concentration on regime 1. The top of the solid lines reflects the differences in means
and volatilities reported in Table [3, The confidence intervals show that the effect of positive shocks is
a bit more uncertain than of negative shocks.

The contemporaneous effect of a shock to stock returns on expected bond returns is shown in panel
b. In a VAR model this effect would be a linear function of the shock, but because of the presence
of regimes it becomes non-linear. When shocks are small and regime 1 prevails at t — 1, the process
is likely to remain in regime 1, which exhibits a small positive correlation between stock and bond
returns. Consequently, expected bond returns do not react strongly, as indicated by the flat part of the
red line. Larger shocks signal a potential switch to regime 2 with higher expected bond returns and a
stronger correlation with stock returns. This explains why the red line is steeper for shocks between
—5 and —10% and between 7 and 12%. When shocks become even larger, the slope reflects mainly
the larger correlation in regime 2, as the probability forecast is already concentrated on this regime.
The blue line, which corresponds with regime 2 at ¢t — 1 shows less pronounced non-linearity, because
the effect of shocks on the regime forecast are smaller as shown in panel a. However, the confidence
intervals show quite some overlap, which means that the effects in the different regimes may be hard
to distinguish.

Panel ¢ shows the effect on the expected stock return at ¢t + 1. Particularly when regime 1 prevails
at t — 1, this is a highly non-linear function of the shock size. For small shocks, regime 1 is likely
to remain, and the effect is overall negative, reflecting the net impact of the negative autocorrelation
of stock returns (coefficient of -0.107 in Table [2) and the cross effects of the other variables. Larger
shocks make regime 2 more likely, and because of the different VAR coefficients for the stock equation in
regime 2, most notably the positive AR coefficient of 0.142, the slope gradually changes from negative
to positive. When regime 2 prevails at ¢t — 1, the GI is again less non-linear. The confidence intervals
do not overlap to a large degree when shocks are small, so in this case, we can distinguish the effects
in the different regimes. When shocks are large, the second regime dominates the effect independent
of the regime at ¢t — 1, and consequently, the blue and red lines are close and their confidence intervals
overlap.

The GI of bond returns at ¢ + 1 in panel d shows that the overall positive relation at ¢t changes
to a negative one. This reflects the negative VAR coefficients for stock returns in the bond equation

in both regimes, but also the propagation of the contemporaneous effect on the other variables. The
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overall effect does not differ much between regime 1 and 2 at ¢ — 1 when shocks are small. For larger
shocks, both positive and negative, the effect is shifted upward when regime 1 prevails at t — 1. Large
shocks make regime 2 more likely, in which expected bond returns are higher, as shown in Table

Panels e and f show that the effect of shocks reverts and diminishes but remains noticeable after
6 months. The slow mean-reversion of the T/Bill rate and particularly the D/P ratio explains this
result, as discussed by, for example, [Campbell et al.[(2003). As in the other panels, the non-linearity
of the effect is most pronounced when regime 1 prevails at t — 1. The red and blue lines are quite close
in panel (e) which means that the regime at ¢ — 1 does not matter much. In panel f, they are further
apart, but here the confidence intervals are quite wide and overlapping.

The GIs that result from shocks to bonds returns at time ¢ are shown in Figure |[3| The different
subfigures lead to the same conclusions as for shocks to stock returns in three respects. First, the
impact on expected stock and bond returns is to a larger (smaller) extent non-linear when regime 1 (2)
prevails at t — 1. Second, the effect of shocks diminishes but remains present at ¢+ 6. Third, confidence

intervals become wider for larger horizons.
[Figure 3 about here.]

We also observe some interesting differences, though. First, the contemporaneous effect of shocks
to bonds returns on expected stock returns in Figure [3b|is more asymmetric than the one from stocks
to bonds in Figure 2B} in particular for regime 1 at t — 1. The asymmetry follows from two effects that
dampen each other for positive shocks, but amplify for negative ones. First, stock and bond returns
are hardly correlated in regime 1, and positively correlated in regime 2. Second, larger shocks make
regime 2 more likely, in which expected stock returns are lower. So, when bond returns encounter a
small but positive shock, regime 1 with correlation close to zero becomes more likely, which leads to a
small positive effect on expected stock returns. When shocks become larger, regime 2 becomes more
likely, but the effect of the larger positive correlation is offset by the lower mean in regime 2. For
negative shocks, the large positive correlation and lower mean work in the same direction.

Second, the slope of the GI in Figure |3c| does not become negative when regime 1 prevails at ¢t — 1
and shocks are small as in Figure Instead, the effect of autocorrelation is flat and close to zero for
small shocks, in line with the small coefficients in the bond equation for regime 1 in Table [2| Larger
shocks make regime 2 more likely, which exhibits a higher mean for bond returns, and larger coefficients
in the bond equation, leading to an overall positive effect reflected in the slope of both the blue and
the red lines, and an upward shift in the red line compared to the blue one.

Third, the Gls for ¢t + 6 show that the slow mean-reversion of the state variables has a smaller
impact on the transmission of shocks to bond returns. The GIs show that the transmission mostly
follows from the updating of the regime forecast, as indicated by the (inverted) U-shape in panel e (f).
In Figures [2e] and [21] the U-shape is tilted, indicating the combined effect of the Markov-switching and
the VAR-part.
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We show the figures with the GIs when shocks originate in the T-Bill rate and the D/P ratio in
Appendix [C.3] and summarize the main insights here. Shocks to the T-Bill rate affect expected stock
and bond returns mostly through their update of the regime forecasts for two reasons. First, the
difference between the volatilities of the innovations in the two regime is larger than for stocks and
bonds, which means that small shocks have a stronger effect on the probability of regime 1. Second,
the regime-specific cross-correlations with stock and bond returns are mostly close to zero (see Tables
and . Since the T-Bill rate is strongly persistent, shocks die out more slowly. Shocks to the D/P
ratio are by construction strongly negatively correlated with shocks to stock returns (-0.952 and -0.920
in regimes 1 and 2), and consequently their GlIs are the mirror images of those for shocks to stocks
returns in Figure

To determine which source of shocks is most important, and how it depends on the regime and
the sign and size of the shock we decompose the forecast error variance as in Section [3.3] We express
shocks as a multiple  of the forecast standard deviation of the different variables for time ¢, and plot
the results in Figure {4| for either regime 1 (solid) or 2 (dashed) prevailing at t — 1. We focus on the
horizon h = 1 because this horizon combines both the contemporaneous and VAR(1) transmission of
the shocks. Panel a shows that slightly over 50% of forecast error variances of stock returns originates
in shocks to stock returns themselves, and over 40% comes from the D/P ratio. Of the remaining
5-10% most can be attributed to bonds when shocks are negative or the T-Bill rate when shocks are
positive. For shock sizes close to zero, the lines for stock returns and the D/P ratio show a pronounced
trough. This results from the fact that knowing that there is no shock leads to a strong reduction of
the contribution to the forecast error variance at ¢ + 1 when shocks originate in stock returns or the
D/P ratio, but much less so when they come from bond returns or the T/Bill rate. The regimes at
t — 1 lead to small variations, with the D/P ratio being more important for positive and small negative

shocks in regime 1 compared to regime 2, whereas bond returns show the opposite pattern.
[Figure 4 about here.]

Figure shows that bond returns are more isolated from the other variables, as 90-95% of its
forecast error variance can be attributed to own shocks. This holds in particular for small shocks with
regime 1 at ¢ — 1. The remainder is about equally divided between shocks originating in stock returns
and the D/P ratio. The impact of the T-Bill rate is surprisingly small.

For investors, this means that the estimates in Table [2] which correspond with the average effect
at h = 0, do not present the complete picture. Because of the VAR nature of the model, shocks die
out more slowly, and the Markov-switching component makes their effect nonlinear. Smaller shocks
to stock returns are expected to be reversed in the next period, but not so for large shocks, or any
shocks in the high-volatility regime. Shocks to bond returns have a small contemporaneous effect
of the same direction on stock returns, but their effect dies out slowly, reducing the diversification
opportunities. We also conclude that the high-volatility regime is riskier but also a bit easier to

predict and understand, because the effect of regime switching is less. The consequences regarding

28



expected returns of bonds are a bit more positive than for stocks. Shocks have a less persistent effect
on bond returns, and more importantly, when shocks originate from stock returns they revert. The
contemporaneous effect of these shocks has the same direction as the shock, but it becomes opposite

in the next period, indicating some protection.

4.3.2 Second Order Impulse Responses

Having investigated the effect of shocks on the return part of the risk-return trade-off, we now turn to
the second-order impulse responses for the risk part. With 2 regimes the law of total variance makes

it easy to discern four different channels through which shocks affect the variance of y; 4,

Var(yesnlit, Ze—1) = 1,040 21 t4h + €240 X2 140 +E1 im0, 000 (1,040 — B2,040) (1 440 — B2,e48) s (53)

where & 1in = Pr[Sitn = jlyit, Te1]s i1 = E[YesnlSeen = 7, vie, Te—1], and Xy = Var[ypsn|Seen =
JsYit, Ly—1] for j = 1,2. The first channel runs via the effect that the shock in y;; has on the regime-
specific variances at t + h. If h = 0, the contemporaneous correlation of the variables leads to a
decrease in the variance of the other variables. If h > 0, X;;,) is equal to the variance matrix of
regime j. Next and as before, shocks lead to an updating of the regime forecasts &; ;4. On top
of this effect, the variability of the regime process also contributes to the total variance via the term
104062, t+h = &1,t+n(1— &1 ¢4p). The final channel stems from the difference between the autoregressive
components in the different regimes, (g1 444 — p2,t4+5). We investigate how much the different channels

contribute, and how the effects depend on the size of the shock and the regime at ¢ — 1.
[Figure 5 about here.]

Figure [5| shows how shocks to stock returns affect the volatilities of stock and bond returns at
different horizons, with the contemporaneous effect on bond volatility in panel a. In both regimes a
shock to stock returns at ¢ reduces the contemporaneous bond volatility, but it also leads to an update
of the regime forecast as shown in Figure When shocks are small, both effects work in the same
direction, which means that the forecast volatilities go down compared to the forecast without a shock
(the dotted lines), and that the drop is largest when the high-volatility regime (the blue line) prevails
at t — 1. For large shocks, the regime update dominates, so even though the conditional variance in
either regime drops, the increased likelihood of the second regime leads to an increase of the forecast
volatility. Obviously, the increase is largest when starting in the low-volatility regime. The confidence
intervals indicate a reasonable degree of precision, though they also imply that effects may be zero
when regime 2 prevails at ¢ — 1 or when regime 1 prevails and shocks are small.

Panels b and ¢ show the effect moving one period forward for both bond and stock volatilities. The
picture for bond volatility resembles the effect at ¢ pretty much, though with a smaller magnitude, as
shocks die out. The picture for stock volatility shows richer dynamics. As for bond volatility, stock

volatility is forecast to go down when shocks are small. If shocks are large, forecast volatility goes up,
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but it does not simply converge to the volatility of regime 2. Instead, the volatility remains increasing
in the size of the shock, which steams from the second part in Equation (53|). This part accounts for
the difference in the expected stock returns at ¢t 4+ 1, which is largest when shocks are negative. This is
a big difference with both MSIH models and VAR models where the effect on the volatility is bounded
or absent. The confidence intervals indicate that the effect of small shocks may be difficult to discern
from zero, but not so for large shocks.

The effect of shocks on the volatilities remains present at longer horizons as indicated by panels
d and e for a horizon of 6 months, though the magnitude diminishes. At this horizon, the effect of
positive shocks to stock returns at ¢ is increasing in size on both stock and bond volatility but not as
pronounced as for a one-month horizon. Parameter uncertainty accumulates and leads to relatively
large confidence intervals.

We show the effects of shocks to the other variables in Appendix [C.3] The figures are generally
comparable to Figure [5| When shocks originate from bond returns, both bond and stock volatilities
show a clear increasing pattern for increasing shock size, independent of the size of the shock, and in
line with the strong effects in Figures [3d and Shocks to the T-Bill rate do not have strong VAR
effects, so the regime updating channel dominates here. The large negative correlation of shocks to
stock returns and the D/P ratio means that the shocks to the latter have the mirrored effect of shocks
to the former.

We finish this part with an analysis of the effects that shocks have on the forecast correlation of
stock and bond returns at different horizons. Figure [6] shows that also the effects that shocks have
on correlation are highly non-linear, and are also quite different depending on their source. Shocks
to stock returns lead to small decreases in correlation when shocks are small and regime 1 prevails at
t — 1. For larger shocks (below -7% or above 4%), the forecast correlation quickly increases towards
the forecast correlation from regime 2 at ¢ — 1, and goes up substantially beyond it when shocks are
above 9%. When shocks become more negative, below -15%, the opposite happens, and the correlation
starts to decrease. When regime 2 prevails at t — 1, positive as well as small negative shocks lead to

increases, but also here large negative shocks lead to decreases. Confidence intervals are wide, though.
[Figure 6 about here.]

Shocks to bond returns have a more symmetric effect as shown in panel b. Independent of the
regime at t — 1, small shocks lead to a decrease in the forecast correlation, whereas large shocks lead
to an increase. Also here, the increase continues well beyond the correlation that is forecast from the
high-volatility regime. The differences between panels a and b show that the combination of Markov-
switching and VAR features lead to intricate dynamics. Panels ¢ and d show that the effect of shocks
remains present for longer horizons, though again the magnitude has diminished. Shocks to stock
returns die out more slowly because of their effect on the D/P ratio which is very persistent. Also
here, the accumulation of parameter uncertainty means that the difference should be interpreted with

care.
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Summarizing, our analyses show that shocks can lead to an increase or a reduction of risk. However,
the increases are more substantial than the decreases, and the decreases only occur for a limited domain
of small shocks. Moreover, the effects of shocks on the second moments are prolonged. These results
stand in stark contrast with the implications of VAR models where shocks do not affect second moments
at all. They are also stronger than what we observe for simpler models with only Markov switching,
indicating that the combination of VAR and Markov-switching properties amplify the effect of shocks.

Combining the results for risk with those for the return part of the previous subsection shows that
our framework presents a unified way to analyze the effects of shocks. Shocks can have positive or
negative effects on the expected returns, depending on their sign and size. The effects are nonlinear,
but less so in the high-volatility regime. Shocks can have positive or negative effects on the volatility
and correlation of stocks and bond returns. In the high-volatility regime, shocks easily lead to a
further and prolonged increase of volatility forecasts. Shocks can hence lead to a deterioration of the
risk-return trade-off by decreasing expected returns and increasing risk and reducing diversification

opportunities.

5 Conclusion

We propose a unified framework that enables the calculation of moments and the analysis of impulse
responses for MSVAR models in a setting where only the distribution of the regimes at a particular
point in time is given. As the key ingredient of our framework we show that the processes of the level
of the observable variables, their squares and the latent regime indicator can be combined such that
they form a linear VAR(1) model with innovations that form a non-Gaussian martingale difference
sequence. Whereas the VAR(1)-part has been shown before by Bianchi (2016); Krolzig (2006), we
explicitly derive and use the MDS-part.

We show how to use this extended VAR(1) formulation to derive future first and second moments
conditional on the regime distribution at one particular point in time ¢ only, so without any assumption
on the values of the observable variables or the regime distribution up to ¢. In this derivation, we use the
time-reversed version of the regime process, and show that the same stationarity conditions apply as for
the original MSVAR. We then derive closed-form expressions for impulse responses in the framework
of [Koop et al.| (1996)). Shocks affect forecasts of both the first and second moment in this model, and
hence we propose the variance impulse response function next to the traditional generalized impulse
response function for the first moment. We also show how to construct the generalized forecast error
variance decomposition.

We apply our methods for an analysis of the risk-return trade-off of investments in stocks and
bonds, where we include predictability by the T-Bill rate and dividend-to-price ratio, and switching
between low- and high-volatility regimes. We use our theoretical results to characterize the regimes.
Consistent with the stylized facts, we find a bull regime with a high (low) mean for returns on stocks

(bonds), and low volatility for both, and a bear regime where these features are reversed. Next to
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that, we show that the predictability also varies across the regimes, with stronger effects in the bear
regime. The impulse response analysis for first and second moments shows that the effect of shocks is
asymmetric, nonlinear, and regime-dependent. We use our framework to discern the different channels
via which the shocks propagate, which further helps understanding the shocks and linking them to the
different features of the model. While the effect of shocks on the expected returns can be positive or
negative in both regimes, shocks tend to have an upward effect on risk by increasing volatilities and
correlations, in particular when they are large or occur in the high-volatility regime.

Our theoretical and empirical results are useful for modern risk management. The tools we propose
can be directly used to investigate what happens when a shock hits in a bad state. In our empirical
application this setting corresponds with a shock hitting during a bear market, but of course a similar
analysis can be done for financial institutions during a crisis regime, or countries during a recession.
Because all results are available in closed form, the tools are easy to use and do not require simulations

or numerical approximations.
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Table 1: Summary statistics

(a) Marginal moments

Mean Volatility —Skewness Kurtosis

Stock returns 0.51 4.17 -0.67 5.48
Bond returns 0.13 2.07 0.20 4.56
T-bill rate 0.34 0.25 0.88 4.10
D/P ratio -3.53 0.40 -0.29 2.30

(b) contemporaneous and lag-1 correlations

Stock Bond T-bill D/P Stock Bond T-bill D/P

returns returns rate ratio returns returns rate ratio
Stock returns 1 0.085 -0.097 -0.044 0.052 -0.150 -0.095 -0.051
Bond returns 1 -0.009 -0.015 0.114 0.061 -0.065 -0.025
T-bill rate 1 0.433 -0.077 -0.003 0.983 0.437
D/P ratio 1 0.059 -0.005 0.430 0.994

This table show the means, volatilities (both in %), skewness and kurtosis, and correlations of excess log stock and bond
returns, the log T-bill rate and the log d/p ratio. The left four columns of panel b show the contemporaneous correlations.
The right four columns show the lag-1 correlations with the lagged variables on the rows. The sample period runs from
January 1952 to December 2018 (804 observations).
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Table 3: Regime-conditional and unconditional first and second moments

Means (% per month)

Stocks Bonds T-Bill rate D/P ratio
Regime 1 0.75 (0.2, 1.72) 0.01 (-0.24, 0.32) 0.40  (-0.43, 0.74) —3.58 (-4.59, -3.18)
Regime 1 inf.  0.23 (-1.88, 1.52) 0.02 (-0.69, 1.15) 0.49  (-0.55, 2.24) —4.34  (-8.14, -2.91)
Regime 2 —0.67 (-1.60, 0.43) 0.37  (-0.13, 1.37) 0.40  (-0.50, 0.74) —3.54  (-4.48,-3.14)
Regime 2 inf.  0.26  (-0.34, 1.03) 0.28 (-0.39, 1.35) 0.44  (-0.48, 0.91) —324  (-4.09, -2.69)
Unconditional ~ 0.28  (-0.02, 0.89) 0.13  (-0.12, 0.62) 0.40  (-0.47, 0.74) —3.57 (-4.56, -3.17)
Volatilities (% per month)
Stocks Bonds T-Bill rate D/P ratio
Regime 1 323 (3.07, 3.49) 156 (1.49, 1.67) 0.28 (0.21, 0.62) 0.34  (0.27, 0.78)
Regime 1 inf. 3.21 (3.06, 3.41) 1.56  (1.48, 1.67) 0.18 (0.11, 0.53) 0.34 (0.23, 1.09)
Regime 2 549  (5.13, 6.00) 2.83  (2.64, 3.14) 0.29 (0.2, 0.63) 0.33  (0.26, 0.75)
Regime 2 inf.  5.50 (5.11, 5.96) 2.84  (2.66, 3.15) 0.32  (0.23,0.71) 0.32  (0.24, 0.70)
Unconditional ~ 4.18  (4.01, 4.57) 2.08  (1.99, 2.30) 0.28 (0.21, 0.63) 0.34  (0.27, 0.77)
Correlations
Stocks, Bonds Stocks, T-Bill Stocks, D/P ratio

Regime 1 0.037 (-0.039, 0.117) —0.114 (-0.303, -0.014) —0.097 (-0.234, -0.030)

Regime 1inf.  0.032 (-0.041, 0.113) ~0.073 (-0.222, -0.022) ~0.065 (-0.151, 0.037)

Regime 2 0.140 ( 0.030, 0.245) —0.063 (-0.213, 0.101) —0.035 (-0.119, 0.145)

Regime 2 inf. 0.138 ( 0.035, 0.235) —0.069 (-0.204, 0.037) —0.066 (-0.131, 0.027)

Unconditional ~ 0.084 (-0.0002, 0.161) ~0.085 (-0.174, -0.029) —0.074 (-0.122, -0.027)

Bonds, T-Bill Bonds, D/P ratio T-Bill, D/P ratio

Regime 1 —0.043 (-0.189, 0.074) —0.024 (-0.139, 0.066) 0.455 (-0.067, 0.835)

Regime 1 inf. —0.028 (-0.173, 0.053) —0.015 (-0.148, 0.084) 0.351 (-0.507, 0.832)

Regime 2 —0.032 (-0.231, 0.079) —0.036 (-0.216, 0.076) 0.455 (-0.050, 0.838)

Regime 2 inf. —0.036 (-0.262, 0.092) —0.037 (-0.213, 0.084) 0.510 (-0.063, 0.877)

Unconditional —0.037 (-0.171, 0.034) —0.024 (-0.136, 0.044) 0.454 (-0.068, 0.830)

This table gives the regime-conditional and unconditional means, volatilities and correlations for the MSIAH(2)-VAR(1)
model with parameter values reported in Table [2| and 90% confidence intervals in parentheses. The regime-conditional
means E[y;| 5] follow from Proposition [] whereas the regime conditional volatilities and correlations are calculated from
Var[y.|S:] based on Proposition The rows with suffix “inf.” report the moments conditional on the given regime
having prevailed infinitely long, i.e. lim; oo E[y|S: = -+- = Si—r = j], and lim,_, o Var[y:|S; = -+ = Si—» = j]. The
unconditional moments follow from Equations to . The confidence intervals are constructed by simulation with
10,000 draws of the parameters assuming a multivariate normal distribution for the estimates. The variance matrix of
the estimates is calculated by the outer product of the gradient. Parameter draws that do not meet the stationarity
requirement are discarded.
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Figure 1: Regime probabilities
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This figures shows the regime probabilities based on the smoother of (1994) and the estimates of the MSIAH(2)-
VAR(1) in Table |2l The solid red line gives the probability of regime 1. The gray bars indicate the periods for which the
probability of regime 2 exceeds 1/2.
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Figure 2: The effects of a shock to stock returns at ¢
(a) Probability of regime 1 at ¢ (b) GI of bond returns at ¢
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This figure shows the Generalized Impulse Response Functions for the probability forecasts for regime 1 at time ¢ (panel a),
for expected bond returns at ¢, t+1 and t+6 (panels b, d and f), and for expected stock returns at ¢+ 1 and ¢+ 6 (panels
c and e) as a function of a shock to stock returns at time ¢. Both the horizontal axes and the vertical axes (panels b to f)
show returns in %. The solid red (blue) line shows the effect when regime 1 (2) prevails at ¢ — 1. The dashed lines show
the bounds of the 90% confidence intervals (constructed as in Table . The GI are calculated based on Proposition E
The straight dotted lines in panel (a) give the forecast probability of state 1 in absence of a shock. The difference between
the solid and the dotted lines corresponds with the GI. In the other panels the GIs are plotted.
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Figure 3: The effects of a shock to bond returns at ¢
(b) GI of stock returns at ¢
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This figure shows the Generalized Impulse Response Functions for the probability forecasts for regime 1 at time ¢ (panel a),
for expected stock returns at ¢, t+1 and ¢t + 6 (panels b, d and f), and for expected bond returns at t+1 and ¢+ 6 (panels
c and e) as a function of a shock to bond returns at time ¢. Both the horizontal axes and the vertical axes (panels b to f)
show returns in %. The solid red (blue) line shows the effect when regime 1 (2) prevails at ¢ — 1. The dashed lines show
the bounds of the 90% confidence intervals (constructed as in Table . The GI are calculated based on Proposition E
The straight dotted lines in panel (a) give the forecast probability of state 1 in absence of a shock. The difference between

att+1

eturns at t + 6

the solid and the dotted lines corresponds with the GI. In the other panels the GIs are plotted.
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Figure 4: The forecast error variance decomposition for stocks and bonds at ¢ + 1
(a) Stocks (b) Bonds

This figure shows the Generalized Forecast Error Variance Decomposition (GFEVD) for stock and bond returns at time
t+ 1. The lines show the GFEVD as a function of shocks equal to § times the time t forecast standard deviation of stock
returns in red, bond returns in blue, the T-bill rate in green and the D/P ratio in orange based on Equation . The
solid (dashed) lines corresponds with regime 1 (2) at ¢ — 1.
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Figure 5: The effects of shocks to stock returns on the forecast volatility of stock and bond returns
(a) Bond volatility at ¢
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This figure shows the impulse responses for the forecast volatility of bond returns at time ¢, ¢t + 1 and ¢ + 6 (panels a, b
and d) and stock returns at ¢ + 1 and ¢ 4+ 6 (panels ¢ and e) as a function of a shock to stock returns at time ¢ based on
Proposition [8 Both the horizontal and the vertical axes shows returns in %. The solid red (blue) line shows the effect
when regime 1 (2) prevails at ¢ — 1. The dashed lines show the bounds of the 90% confidence intervals (constructed as
in Table [3]). The straight dotted lines give the forecast volatility in absence of a shock. The difference between the solid
and the dotted lines gives the volatility impulse response function.
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Figure 6: The effects of shocks to stock or bond returns on the forecast correlation of stock and

bond returns

(a) From stocks, correlation at ¢ + 1
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This figure shows the impulse responses for the forecast correlation of stock and bond returns at time ¢t + 1 and ¢ + 6 as
a function of shocks to stock (panels a and b) or bond returns (panels ¢ and d) at time ¢ based on Proposition The
horizontal axis shows returns in %. The solid red (blue) line shows the effect when regime 1 (2) prevails at ¢ — 1. The
dashed lines show the bounds of the 90% confidence intervals (constructed as in Table. The straight dotted lines give
the forecast correlation in absence of a shock. The difference between the solid and the dotted lines gives the correlation
impulse response function.
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A Proofs for Section 2| (The MSVAR model and its moments)

The equation numbers in this section are copied from the main text with an appendix prefix.

Lemma 1. Let A;,i = 1,...,m be a set of n x | matrices, and A = bdiagi~,(A;). Then e; ® A; =
A(el- ® Il).

Proof. We can write A; = (e, ® I,)A(e; ® I,). The multiplication e; ® (e} ® I,,) = e;e, ® I, gives
a mn x mn block diagonal matrix whose ith block on the diagonal is equal to the identity matrix, so
e; ® (e, ® I,)A gives a mn x mn block diagonal matrix whose ith block on the diagonal is equal to
A,;. The post-multiplication e; ® I; selects block-row i. Block-row i of e; ® (e} ® I,)A and A are the
same, as both consist of m blocks of size n x [ with block 7 equal to A; and all other blocks equal to

the zero matrix. Hence the result of the multiplication is the same. O

Proposition Let y; follow the MS-VAR process as specified in Equations and . Define
Y, =8 @y and Yy = (y;‘/, s;)/. Then y; follows the process

y; =CPs;_ 1+ DP(P®I,)y;_ | + €5, (A.6)
with C = bdiagi~,(c;), € = bdiagi™,(®;), and
e, =AP®I,)(st—1®€t) + Cup + P(ur @ yr—1) + Alur @ &),

with A = bdiag]*,(A;), and u; as defined in Equation . y; follows the process

Yt = (yt> =PG4 + &, (A7)
s

t

with

6 $Px®I,) CP
Omxnm P '

and & = (ef’,u}). Moreover, €; and & are MDS.
Proof. From the definition of y; follows
Y =8t QY = Cs; + P(st @y—1) + A(st ® &),

where we use Lemma and (s; ® I,)b = (s; ® I,b) = s; ® b for any vector b of size n. Substitution
of Equation for s; yields

y; =CPs; 1+ ®B(Ps; 1 @y 1) + &
=CPs;_1+PP®I,)y, +e;.

46



and
e, =APRI,)(si-1®€)+Cur +P(u @yi—1) + Alu; @ ).

Equation @ shows how y; depends on past values. Stacking y; and s; in the vector y; gives

N y; PPxr1I,) CP y;_ e} - B
Yy = b= ( ) ) = Dy, 1 + &4,
St 0] P St—1 Ut

with @ and &; as defined in the proposition. Next,
Elug|9:-1] = Eluy|s;—1] = 0,

because conditional on s;_1, s; is independent of y;_1. We also have Elef|g;—1] = 0, because &; is
independent of Sy, S;—1 and hence u;, E[e;] = 0 and E[u¢|g;—1] = 0. This establishes that &; is an
MDS. O

Proposition Let y; follow the MS-VAR process as specified in FEquations and . Define
Z =Y Quy, zf =8 @z and z, = (2, y;', s;)/, with y; as defined in Proposition . Then z; follows
the process
zt =, +ws, + s, yr—1 + Ts,ze-1 + G, (A.12)
where vg, = ¢g, ® cg,, ws, = vec (Xsg,), Ps, = Pg, @ cg, + s, @ Pg,, Y, = Ps, @ Pg,, and
G =(As, ® cs, + ¢5, ® Ag,)er + (A, @ Pg,) (et @ Yp—1)+
(B3, @ Ag,)(Yyi—1 R &) + (As, ® Ag,) (e @ & — vec (Iy)).
z{ follows the process
zp =L+ 2)Psi 1 + O (PO L)y, 1 +T(P @ 12)z 1+, (A.13)
with I' = bdiag]" (i), 2 = bdiag]" ; (w;), ¥ = bdiagi™,(¥;), and T = bdiagi*,(Y;), and
G =(I'+ 2)ur +¥(ur @ yp—1) + T (ur ® ze-1)+
bdiag;”; (A; ® ¢; + ¢; ® A;)(8; ® &¢) + bdiagiZ; (A; ® P;) (81 ® &t @ yp—1)+
bdiagi™, (P; ® A;)(s: ® yi—1 @ €¢) + bdiagi™;(A; ® A;)(s: ® (er ® €4 — vec (I,))).

Z: follows the process

zf
Zi= |y | =21+, (A.14)
St
with
Y(Pol,.) w(PxlI, (I'+2)P
T = o (PRI, CP :

0 0) P

and & = (& er’,u}), with € as defined in Proposition . Moreover, {;, ¢ and ¢; are MDS.
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Proof. Substitution of Equation in the definition of z; yields
2=y @y = (cs, + Pg,yr—1 + Ag,er) @ (g, + P, yi—1 + As,er),

and working out the multiplication gives Equation . We use that cg, ® Pg,yi—1 = (cs, @ Ps,)Yi—1,
Ps,yi-1 @ cs, = (Ps, @ cs,)yr—1 and Ag,e; @ Ag,er = (Ag, @ Asg,)(er ® 1) = vec (Ag, e’ A,) and
Elee}] = I, such that E[Ag,e; ® Ag,e|S;] = vec (Xs,) = wg,. From the definition of z; and Lemma ]

follows
zi =82z =T+ 2)s: +¥(5: QY1) + T (8t ® 2t-1) + 8¢ @ (s
Substitution of Equation yields

zi =T+ 2)Ps;_1 +¥(Ps;—1®@yi—1) + Y (Psi—1 @ ze-1) + ¢
(I'+ $2)Ps;y 1 +Y(PRIL,)y; 1 +YT(P®ILy2)z/ 1 +¢,

which is Equation . Stacking zf, y; and s; in the vector z; gives

zF YP®I.) ¥PcI,) (I+2)P\ [z, ¢
=y | = ¢ &P I,) CcP vy | +le | =720 +¢,
St (@) O P St—1 Ut

with 7 and ¢, as defined in the proposition. Next, E[¢;|y;—1] = 0, because E[e/|y—1] = 0, and
Eleie)lyi—1] = I,. Also, E[¢)|yi—1,8:—1] = 0 because ¢; is independent of S;, S;—1 and hence wuy,
Ele;] = 0 and E[uy|9;_1] = 0. Because €} is also an MDS, it follows that ¢; is an MDS. O

Proposition Let y; follow the MS-VAR process as specified in Equations and . Define
Zitkt = Yirk @ Yt z;_k’t = 81k @ Zyqky and y:+k:,t = Sy1k @ Yy for h > 0. The process defined by

> _ * / * A /
Zitkt = (zt—i-k,t Ykt ,St+k) follows

N oI, O) Etr ®
Zitkt = " Zitvk—1t T R , k>1 (A.19)
o P Utk

with & as in Pmposition and the second term a MDS.

Proof. We use that
zr - - - ~ - -
( iJrk’t) =Ytk O Yt = (?pytﬂe—l + 5t+k) Yt = (P 1) (U1 @ Yt) + Ervr @ Yt
Yivhot

where we have substitued Equation @) in the second equality. Combining this result with sy =
Psiyp_1 + usyy gives the result in Equation . The second term is an MDS, since €;1x and wsyg

are MDS, and consequently E[é; 1 ® y¢|Yrik—1, Strx—i] =0 for all k > 1,1 > 1. a

In the proofs that follow we use the following lemma.
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Lemma 2. Let y; follow the MS-VAR process as specified in Equations and . Let Q be the
transition matriz of the time-reversed Markov chain of the proces Sy, and let ¥ = bdiag;-n:l(ﬁj ® D;).
Then the matrices Y (P ® L,2) and Y(Q' ® I,2) are similar.

Proof. Use Q = diag(€)P’ diag(€)~! to find

YQ ®I:2) =" <(diag(£_)_1P diag(€)) ® In2>

= T (diag(€) ® I;2) " (P ® I,,2) (diag(€) © I,,2)

which shows that (P ® I,2) and 7(Q' ® I,2) are similar. The last equality uses the fact that I
is a block-diagonal matrix, and (diag(é) ® Ina)_1 is diagonal, which allows to switch the order of

multiplication. O

This lemma implies that y; combined with the original state process S; governed by P or combined
with the time-reversed process governed by @ have many properties in common. The matrices (P ®
I,2) and Y(Q'®1,2) have the same characteristic equation, because they are similar. As a consequence,

they have the same eigenvalues.

Proposition El. Let y; follow the MS-VAR process as specified in Equations and , and assume
that it is second-order stationary. Let pj = E[y|S; = j], and stack these conditional expectations in

the mn x 1 vector p = (p}, ... p),)". Then

p=(Lun —¥(Q ®1,) e, (A.29)

where ¢ = (c’l, e ,c;n)/, & = bdiag" ;(P;), and Q is the transition matriz of the time-reversed Markov

chain of the proces Sy. The expectation of y, conditional on the state distribution & follows as

Ely|&] = (& @ L), (A.30)

The expectation of ysip, for h > 0 conditional on the current state distribution &; follows as E[ys1n|&] =
Gy E[Grin|&) with

B[ sl = &" ((diag({;} ® In)u) , (A.31)

with Y1 and 7 defined in Proposition and éy as in .
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Proof. Start with
Ely| St = jl = nj = ¢j + @ E[yi—1|S: = j]

= ¢j+®; Y Ely1|Si-1 = i| Pr[Si—1 = i[S; = ]

i=1
m
=cj+ P, Z Midij
i=1
qij
=¢ +P; (Hl um) :
Qmj
=¢j + P, (ul um) Qe;

=cj +P;(€;Q @ I,) .
We can write this system compactly as
p=c+®Q @I,)p.

Under the assumption of stationarity, Lemma implies that #(Q’' ® I,) is convergent, and the solution

follows as
r = (Inm - ¢(Q/ ® In))_lc-

By summing the appropriate elements with weights & we find E[y:|&] = (¢ ® I,)u. To find the

expression for E[yg.,p|&;], we first use Proposition |1 to establish

E[yz‘mt])
& )

because E[€;4|&:] = 0 for I > 0 and the definition of g;. Then,

E[gtJrh’Et] = ish E[’gt\ft] = ‘ish (

§1e E[ye| St = 1]
Ely; &) = : = (diag(Et) ® In)u_
Emt E[ytISt = m]

O]

Proposition |5, Let y; follow the MS-VAR process as specified in Equations and , and assume
that it is second-order stationary. Let z; =y @ yi, p; = E[y:|S: = j], v; = E[z|S; = j| with stacked
/

versions p = (p}, ... ) and v = (vi,...v},). Then

V=T —T(Q ®L2)) " (Y+w+2(Q ® L)), (A.32)

where ¥ = (1, -, Ym) With v = ¢; ®¢j, w = (Wi, ..., wp,) with w; = vec(X;), T = bdiag]’ (®; ®
®;), ¥ = bdiag],(®; ® ¢; + ¢; @ ®;), Q is the transition matriz of the time-reversed Markov chain
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of the proces Sy, and p is given in Proposition [ The expectation of z; conditional on the state

distribution & follows as
Elz[&] = (§ @ L2)v. (A.33)

The expectation of zy1p for h > 0 conditional on the current state distribution &; follows as Bz p|&] =
H, E[2,,,|&] with

(diag(&:) © L) v
E[Zinl&] = T" | (diag(&) @ L)p | » (A.34)
&

with Zyyp and T defined in Proposition @
Proof. Use Equation to find
Elz|S: = jl = vj =7 + wj + ¥; E[y:1[S: = j] + T E[ye—1|S: = j]
m m
=Yt + Y g+ 1Y vigy
i=1 i=1

=9 +w; +¥(e;Q @ I)p+Tj(e;Q @ I2)v.

We can combine the above equality for v; with the equality for p; from the proof of Proposition El to

form the system

()= 0) (s aei) G
7k C o ¢(Q/ ® I,) 1

Under the assumption of second-order stationarity, Lemma implies that (Q' ® I,2) and #(Q’' ® I,)

are convergent, and the solution follows as

()= (e (05 3G22)) ()
" n(n+1)m o @(Ql 2 In) . .

For block-triangular matrices A of the form

A A
A 1 A2 7
0O A3

where A1, As and A3 have dimensions mq X m1, my X ms and me X mo, and A and Ag are convergent,

the inverse of (ImlJrm2 - A) exist and takes the form

Iy — A1) (I, — A A (T, — Ag)‘l) |

I ~A) = =
( mi1+ma ( 1) (Im2 —A3) 1

51



Applying this result to the combined expression for v and u leads to the same expression for p as in

Proposition [ and for v we find

v :(In2m - T(Ql & In2))_1(’7 + w)+
(Lo — Y (Q ® 12)) ' ¥(Q ® L) (I — B(Q' © 1)) "¢
=L —Y(Q ®L2)) (v +w+(Q @ L)p).

By summing the appropriate elements with weights & we find E[z¢|&;] = (¢ ® I,2)rv. To find the

expression for E[Z;4,|&:], we first use Proposition [2| to establish
Elz{[&]
E[Zi1n/&] = T"E[Z:|&] = " | Elyfl&] |
&

because E[¢;4€;] = 0 and E[£,14|&;] = 0 for [ > 0 and the definition of 2. Then,

1t Elz¢] S = 1]
Elz{]&] = : = (diag(&:) @ I2)v,
Emt E[zt|5t = m]

and E[y;|&] = (diag(&) ® In)p, as in the proof of Proposition O

Proposition |§|. Let y; follow the MS-VAR process as specified in Equations and , and assume
that it is second-order stationary. Define zii 1t = Yirr @ Y. Then the expectation of ziyniki+n for

h > 0 conditional on the current state distribution & follows as

E| I
Zt+h+k h - z
t+htk,t+h|&t o ph

) E[Zi1n&], (A.35)

with @ = bdiag]" | (P;) and E[Z,14|&] as in Proposition[3|

Proof. This result follows from

Elzitnykernlé] = Hz B[Zenikrnl&i

H,
H,

E [E[5t+h+k,t+h‘yt7 & ‘ét]

. (I, O 3
Hz ( ) E[Zt+h‘€t]7

o Pt
where we substituted Equation in the last equality. O

Corollary Let y; follow the MS-VAR process as specified in FEquations and with ®; = O

fori=1,...,m , and assume that it is second-order stationary. Then
vec(Covly, yirkl&]) = (4, ® Ing)(CPk (diag(&) — &:&;) @ I, . (A.38)
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Proof. The derivation of Equation follows as

VeC(COV[yt, Yt+k |€t])
= Elyrrr @ ye|&] — Elyr1x/&] @ Elye|&:]
= H, Elz111,4&] — Gy B[y ,[&] @ Gy Ely/[&]
= (tn, @ I;2) (CP* ® I,)(diag(&) @ I ( I,)CP & @ (v, ® In)(diag (&) ® I
= (1, @ L2) (CP" diag (&) ® In)p — (1, @ P’“& ® (& @ L)
= (tm ®In2>(CPk diag(&,)) ® In)p — ((e7, ® I,)CP &€ © L)
= (1, ® L2) (CP* diag(&)) ® I — (1, ® nZ)(CPk&Et@I )1
= (tm, ®In2)(c " (diag(&r) — &&f) ® 1) p.

u—

B Proofs for Section [3| (Impulse response analysis)

The equation numbers in this section are copied from the main text with an appendix prefix.

Proposition Let y; follow the MS-VAR process as specified in FEquations and , and let
the Generalized Impulse Response Function for y; be defined by Equation and the results in
Proposition . Let the vector y;—1 be part of Z;—1 or calculated as Ely,—1|Z;—1]. Let the vector with
regime probabilities &1 be part of T,_1 or calculated as E[s;—1|Z;—1]. Let the matrices C, P, A, and &
be defined as in Proposition[]. When the shock originates from the regime process, the corresponding
GI satisfies

GIG(h,uy, Ty1) = GIg(h,0,ui, Ty1) =

. (Cut +P(u ® yt—1>> , (BA1)

Ut

When the shock is specified in terms of the structural innovation €;, the corresponding GI satisfies

_ = (e A(P&i—1 ®e;
GI%(h7€7;t,It—1) = GI?J<h75it7®aIt—1) =" " ( St Z) . (B-42)
0
When the shock is specified as iy = yir — E[yit|Zi—1], the corresponding GI satisfies
) . - ~ Ele; Yi ,I_l
GI%Z(h,mt,IH) = E[Yt+nlyit, Te—1] — E[ge1n|Te—1] = o' ilui T : (B.43)
Elwi|yit, Ze—1]

The second conditional expectation satisfies E[wut|yit, Zr—1) = E[st|yit, Zi—1] — E[s¢|Zi—1] with

E[5t|zt71} = Pgtfb

Els¢|yit, Zi—1] = f@PEt—L

1
P&
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where f is a vector of size m whose element j is equal to the pdf of the marginal distribution of y;

under regime j, yit|S¢ = j ~ N(ei(c; + Pjyi—1), e, X e;). The first conditional expectation satisfies
Elef |yit; Ti—1] = C E[wi|yit, Ze—1] + P(Elut|yi, Ze-1] @ yi—1) + AE[st @ et|yit, Tr—1],

with last term

E[s1¢|yit, 1] Eet|yit, St = 1, Ti—1]
E[s; ® 4|y, Tr—1] = : ;
E [smt|yit, Te—1] Elet|yit, St = m, T

and

) —1 { Yit — e"(cj +Pjyi1)
[Et’yzty t =4t 1] j < e Xe; i€

Proof. Equation follows from

b =, [ Eler|uy, T
Glg(h,0,ut, 1) = @hE[ét|ut,It_l] — " ( &7 lut, I 1]) .

Ut

Based on the expression for €} in Proposition [, and the assumptions that E[e;|Z;] = 0 and that &,

and w; are independent,
E[sﬂut,It,l] = C’U,t + @(’U,t ® ytfl).

Equation follows from

= =, [ Ele}|ei, Ze—
Glﬂ(h)eih@yztfl) — dshE[ét|€it7It71] = @h ( [ t‘an t 1]) ]

Eluilei, Ti—1]

In this case, the first expectation reduces to
Eleileit; Ti—1] = caA(P @ I,) (&1 ® €;) = i A(P&1 ® e;),

and E[u;|e;,Z,—1] = 0 because g; and u; are independent.

In the derivations for Equation (43)), E[s;|Z;—1] follows from the definition of the regime process,
and E[s¢|yit, Z;—1] from the application of the [Hamilton| (1990)-filter, adjusted for observing only a
specific y;:. In the expression for €f we do not separate s;—; and wu; as in Proposition [I| but consider
their joint effect A(s; ® ;) in the last term. Because the vector e} contains the regime-specific shocks,

we first establish for a given regime j

E[sjiee|yit, T—1] = B |E[sjiet|yit, St = . Ti—1]

’yit,Itl]

= E[Sjt‘yit,lt—l} E[Et’yib Sp = j],
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where the second equality follows from the independence of €; and s;. The second term satisfies

Elet|yit, St = j, Ti1] = Aj_l(E [yelyie, St = 3, Ze—1] — E[ye| St = §, T4—1])

— A <y¢t — eg(f:j +¢jyt1)2je') .
eiZ‘jei

To arrive at the second equality, we use the fact that y; conditional on regime j follows a normal

distribution, which implies

. — el
Byilyit St = j.Tr-1] = BlyelS = j,Tr1] + 22 el

O]

Proposition Let yy follow the MS-VAR process as specified in Equations and , and let
the Generalized Impulse Response Function for Z, be defined by FEquation and the results in
Proposition @ Let the vector yi—1 be part of Ty_1 or calculated as E[y,—1|Zi—1]. Let the vector with
regime probabilities &,_1 be part of ;1 or calculated as E[s;—1|Z;—1]. Let the matrices C,®, A, and &
be defined as in Pmposition and ', 2,¥, Y and T as in Proposition @ When the shock originates

from the regime process, the corresponding GI satisfies

(F'+ 2w +P(ur @ye—1) + T (uy ® 24-1)
Glg(h7ut>It—1) = Gli(ha Qautazt—l) = Th Cus + @(ut & yt—l) . (B46)

U
When the shock is specified in terms of the innovation €;, the corresponding GI satisfies
E[¢F i, Zi-1]

GIE; (hagitvz’.t—l) = GIi(hvgita wvzt—l) = Th 5itA<P£t—l & ei) s (B47)
O

with
E[¢] |eit, Zi—1] =it bdiaggnzl(/lj ®cj+c; @A) (P&—1®e;)+
eit bdiag]’(A; @ ;) (P&i—1 ® €; ® yr—1)+
it bdiagi’ | (P @ Aj)(P&—1 @ yi—1 @ e;)+
(Ezgt —1) bdiag}ﬁ:l(/lj ® Aj)(P&i—1 ® €; ® €;).
When the shock is specified as i = yir — Elyit|Zi—1], the corresponding GI satisfies

B[z} yit, Ti—1] — E[z{|Z;—1]
GI% (hmit; o) = BlZesnlyit, 1] = BlZen|Tim] = " Elef|yit, Tt—1] , (B.48)
Elw|yit, Zi—1]
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where the last two conditional expectations have been defined in Proposition |7, and
E[s1t|yit, Ze—1] B[ z¢|yit, S = 1]
El2/|yit, Zt—1] = :
E [smt|yit, Ze—1] E|z|yit, St = m]
and
Elz¢|yit, St = J, Ty—1] = vec (Var[ys|yit, St = J, Ty—1])—
Elytlyit, St = 7, Zi-1] ® E[ye|yis, St = J, Te—1].
with

) . i+ —ei(c; + Piyi_1
Elyelyit, St = j, L—1] = B[]St = j, L] + it ’(,] 1Y)
eiZ‘jei

, 1
Var[ye|yie, St = j, Ze—1] = Xj — %zjeiegzj.

Z'jei,

Proof. Equation follows from

E[¢ [ut, Zp—1]
GIz(h,0,ue, T1) =" | Blef|uy, T | -

(2%

with E[e}|us, Z;_1] as in Proposition |8 The conditional expectation for ¢; follows as
E[¢/ [ue, Zi1] = (I + 2)us + U (ur @ Y1) + T (u @ 2-1),

from Proposition and the assumptions that Ele;|Z;] = 0 and that €; and u; are independent.
Equation follows from

E[{f it Zi—1]
GIz(h,ei,0,Ti—1) = Y E[{ileir, Te1] = Y | Eleflei, ] |
Eluy, |eit, T—1]

with E[uy, €, Zi—1] = 0 and Elef|eir, Zi—1] = €4 A(P&—1 ® e;) as derived in Proposition m The
conditional expectation follows from the expression for ¢; in Proposition

The derivation of E[e} |y, Zy—1] and E[w¢|yi,Zi—1] is given in Proposition The derivation of
E[¢/ |yit, Zi—1] uses

Elsjize|yit, Zi—1] = E [E[sjiz¢|yit, St = JLi—1]| vit, Zi—1]
= Elsjt|yit, T—1] Elzt|yit, S¢ = jLi—1).

The derivation of E[z|y;t, St = jZ;—1] uses the rules for the conditional distributions of the multivariate

normal distribution. O
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C Additional empirical results

C.1 Estimation results for restricted models

We report the parameters estimates of the MSIH(2) Model in Table The estimation period starts
with February 1952 to account for the lag in the other models. The results clearly show low- and
high-volatility regimes, whose volatilities differ by a factor two. Excess stock returns are large and
positive (about 1% per month) in the low-volatility regime, and large and negative (about -0.5% per
month) when volatility is high, so we can also classify the regimes as bullish and bearish. For bonds
we see the opposite pattern with returns close to zero in the low-volatility regime and large positive
returns in the high-volatility regime. These return differences indicate that investors see bonds as safe
haven during high volatility periods. Correlations are low and do not differ much between the regimes.

Both regimes are persistent as indicated by the high values for pi1; and pao.
[Table C.1 about here.]

The estimation results for the VAR(1) model are in Table The autoregressive coefficients
show the typical results found in the literature about predictability and its effect on long-run asset
allocation. We see weak but significant predictability of stock and bond returns by their past values.
Both the T-bill rate and D/P ratio are strongly persistent, with autoregressive coefficients close to 1.
The lagged T-bill rate (D/P ratio) has a strong negative (positive) effect on excess stock returns, but
neither predict excess bond returns. Correlations are generally low, except between stock returns and

D/P ratio, which is by construction.
[Table C.2 about here.]

[Table C.3 about here.]

C.2 Moments of restricted models
[Table C.4 about here.]

[Table C.5 about here.]

C.3 Additional impulse response analyses
[Figure C.1 about here.]
[Figure C.2 about here.]
[Figure C.3 about here.]
[Figure C.4 about here.]

[Figure C.5 about here.]
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Table C.1: Parameter estimates MISTH(2) Model

Regime 1 Regime 2
Stock Bond Stock Bond
returns returns returns returns
Intercept 0.999 —0.008 —0.480 0.405
(0.149) (0.071) (0.397) (0.184)

Volatilities and correlations

Stock returns 3.084 5.633
(0.123) (0.241)

Bond returns 0.073 1.450 0.119 2.935
(0.050) (0.057) (0.056)  (0.149)

Transition and Initial Probabilities

Regime 1  Regime 2 Initial
Regime 1 0.944 0.111 1
(0.015) (0.029) —
Regime 2 0.056 0.889 0

(0.015)  (0.029) -

This table shows the parameter estimates for a Markov-switching model with switches in the means and variances
between two regimes. The parameters have been estimated by the Expectation Maximization algorithm. Standard errors
calculated by the outer product of the gradient are in parentheses. The estimation period runs from February 1952 to
December 2018 (803 observations). We report estimated volatilities on the diagonals in the middle panel, and estimated
correlations in the lower triangle. We do not report a standard error for the parameter ¢ = Pr[s;] because it is at the
boundary of its domain.
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Table C.2: Parameter estimates VAR(1) Model

Stock Bond T-bill rate D/P ratio
returns returns

Intercept 5.381 0.126 0.017 —0.044
(1.535)  (0.982)  (0.021) (0.017)

VAR(1) matrix

Stock returns 0.035 —0.079 0.0005 —0.0003
(0.031) (0.016) (0.0003) (0.0003)
Bond returns 0.223 0.075 —0.0069 —0.0020
(0.068) (0.030) (0.0006) (0.0008)
T-bill rate —2.057 —0.135 0.981 0.012
(0.698) (0.327) (0.006) (0.007)
D/P ratio 1.195 —0.023 0.003 0.989

(0.401)  (0.254)  (0.006) (0.004)

Volatilities and correlations

Stock returns 4.114
(0.085)

Bond returns 0.086 2.050
(0.030) (0.044)

T-bill rate —0.086  —0.009 0.044
(0.034)  (0.029)  (0.001)

D/P ratio —~0.935  —0.093 0.091 0.044
(0.072)  (0.031)  (0.036) (0.001)

This table shows the parameter estimates for a VAR(1) model. The parameters have been estimated by maximum
likelihood. Standard errors calculated by the outer product of the gradient are in parentheses. The estimation period
runs from January 1952 to December 2018 (804 observations). The VAR(1) matrix reports the lagged variables on the
rows. We report estimated volatilities on the diagonal in the lower panel, and estimated correlations in the lower triangle.
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Table C.3: Comparison of the likelihoods and information criteria based on stocks and bonds

Model Log Lik. # parameters AIC BIC
MSIAH(2)-VAR(1) -3,891.73 29 7,841.46  7,977.42
MSIH(2) -3905.25 13 7,836.50  7,897.45
VAR(1) -3982.90 13 7,991.80 8,052.75

This table reports the likelihood and information criteria AIC and BIC for each model. The values of the likelihood
functions are calculated by evaluating the density functions only for stocks and bonds, based on the parameter values in
Tables [2} [C-I] and [C.2] The number of parameters also reflect the ones for stocks and bonds only.
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Table C.4: Regime-conditional and unconditional first and second moments of the MSIH(2) and
VAR models

Means (% per month)

Stocks Bonds T-Bill rate D/P ratio
MSIH2, regime 1~ 1.00  ( 0.75, 1.25) —0.01 (-0.13, 0.11)
MSIH2, regime 2 —0.48  (-1.15, 0.14) 040 (0.11,0.72)
MSIH2, uncond. 0.50 (0.23,0.75) 0.13 (1 0.00, 0.26)
VAR, uncond. 0.40 ( 0.16, 0.89) 0.15 (-0.04, 0.42) 0.31 (-0.38, 0.54) —3.68 (-4.97, -3.26)
Volatilities (% per month)
Stocks Bonds T-Bill rate D/P ratio
MSIH2, regime 1 3.08 (2.87, 3.27) 1.45 (1.36, 1.54)
MSIH2, regime 2 5.63 (5.1, 6.00) 2.94 (267, 3.16)
MSIH2, uncond. 4.18 (3.97, 4.38) 2.08 (1.95, 2.20)
VARI, uncond. 4.17  (4.03, 4.32) 2.08 (2.02, 2.16) 0.25 (0.20, 0.45) 0.39 (0.27, 0.83)
Stock-Bonds correlation in the MSIH2 model
Regime 1 0.073 (-0.009, 0.154)
Regime 2 0.119 ( 0.028, 0.210)
Unconditional 0.085 (0.017, 0.149)
Unconditional correlations in the VAR(1) model
Stocks Bonds T-Bill rate
Bonds 0.085 (0.034, 0.133)
T-Bill rate —0.091 (-0.161, -0.037) —0.011 (-0.101, 0.042)
D/P ratio —0.065 (-0.108, -0.021) —0.014 (-0.105, 0.051) 0.512 (0.113, 0.870)

This table gives the regime-conditional and unconditional means, volatilities and correlations for the MSIH(2) and VAR(1)
models with parameter values reported in Tables and [C:2] and 90% confidence intervals in parentheses. The uncon-
ditional moments follow from Equations to . The confidence intervals are constructed with 1,000 simulations of
the parameters assuming a multivariate normal distribution for the estimates. The variance matrix of the estimates is
calculated by the outer product of the gradient.
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Figure C.1: The effects of a shock to the T-Bill rate at ¢

(a) GI of stock returns at ¢
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(b) GI of bond returns at ¢
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(f) GI of bond returns at ¢t + 6
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This figure shows the Generalized Impulse Response Func-
tions for expected stock and bond returns at ¢, ¢ + 1 and
t + 6 (panels a to f), and for for the probability forecasts
for regime 1 at time ¢ (panel g) as a function of a shock to
the T-Bill rate at time ¢. Both the horizontal axes and the
vertical axes (panels a to f) show returns in %. The solid
red (blue) line shows the effect when regime 1 (2) prevails
at t — 1. The dashed lines show the bounds of the 90%
confidence intervals (constructed as in Table ‘ The GI
are calculated based on Proposition [[] The straight dot-
ted lines in panel g give the forecast probability of state
1 in absence of a shock. The difference between the solid
and the dotted lines corresponds with the GI. In the other
panels the GIs are plotted.



Figure C.2: The effects of a shock to the D/P ratio at ¢
(a) GI of stock returns at ¢

(g) Probability of regime 1 at ¢
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(b) GI of bond returns at ¢

att+6

This figure shows the Generalized Impulse Response Func-
tions for expected stock and bond returns at ¢, t + 1 and
t+6 (panels a to f), and for for the probability forecasts for
regime 1 at time ¢ (panel g) as a function of a shock to the
D/P ratio at time ¢. The vertical axes (panels a to f) show
returns in %. The solid red (blue) line shows the effect
when regime 1 (2) prevails at ¢ — 1. The dashed lines show
the bounds of the 90% confidence intervals (constructed as
in Table. The GI are calculated based on Proposition
The straight dotted lines in panel g give the forecast prob-
ability of state 1 in absence of a shock. The difference
between the solid and the dotted lines corresponds with
the GI. In the other panels the Gls are plotted.



Figure C.3: The effects of shocks to bond returns on the forecast volatility of stock and bond
returns

(a) Stock volatility at ¢
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This figure shows the impulse responses for the forecast volatility of stock returns at time ¢, t + 1 and ¢ 4+ 6 (panels a, b
and d) and bond returns at ¢t + 1 and ¢ + 6 (panels ¢ and e) as a function of a shock to bond returns at time ¢ based on
Proposition [8 Both the horizontal and the vertical axes shows returns in %. The solid red (blue) line shows the effect
when regime 1 (2) prevails at ¢ — 1. The dashed lines show the bounds of the 90% confidence intervals (constructed as
in Table [3]). The straight dotted lines give the forecast volatility in absence of a shock. The difference between the solid
and the dotted lines gives the volatility impulse response function.
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Figure C.4: The effects of shocks to the T-Bill rate on the forecast volatility of stock and bond
returns

(a) Stock volatility at ¢ (b) Bond volatility at ¢
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This figure shows the impulse responses for the forecast volatility of stock returns at time ¢, ¢ + 1 and ¢ + 6 (panels a, ¢
and e) and bond returns at ¢t + 1 and ¢t 4+ 6 (panels b, d and f) as a function of a shock to the T-Bill rate at time ¢ based
on Proposition Both the horizontal and the vertical axes shows returns in %. The solid red (blue) line shows the effect
when regime 1 (2) prevails at ¢ — 1. The dashed lines show the bounds of the 90% confidence intervals (constructed as
in Table [3]). The straight dotted lines give the forecast volatility in absence of a shock. The difference between the solid
and the dotted lines gives the volatility impulse response function.
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Figure C.5: The effects of shocks to the D/P ratio on the forecast volatility of stock and bond

returns
(a) Stock volatility at ¢

(b) Bond volatility at ¢
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This figure shows the impulse responses for the forecast volatility of stock returns at time ¢, ¢ + 1 and ¢ + 6 (panels a, ¢
and e) and bond returns at ¢t + 1 and ¢ + 6 (panels b, d and f) as a function of a shock to the D/P ratio at time ¢ based
on Proposition Both the horizontal and the vertical axes shows returns in %. The solid red (blue) line shows the effect
when regime 1 (2) prevails at ¢ — 1. The dashed lines show the bounds of the 90% confidence intervals (constructed as
in Table [3]). The straight dotted lines give the forecast volatility in absence of a shock. The difference between the solid
and the dotted lines gives the volatility impulse response function.
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