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Abstract
This paper analyzes third-degree price discrimination of a monopoly airline in the
presence of congestion externality when all markets are served. The model features the business-passenger and leisure-passenger markets where business passengers exhibit a higher time valuation, and a less price-elastic demand, than
leisure passengers. Our main result is the identification of the time-valuation
eﬀect of price discrimination, which can work in the opposite direction as the
well-known output eﬀect on welfare. This time-valuation eﬀect clearly explains
why discriminating prices can improve welfare even when this is associated with
a reduction in aggregate output.
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1

Introduction

This paper investigates monopoly third-degree price discrimination in the presence of
congestion externality, focusing on airline markets when all markets are served. Airlines
are a frequently used example for markets where price discrimination is prevalent (e.g.,
Borenstein, 1985; Dana, 1999a/1999b; Cowan, 2007). The analysis is motivated by the
observation that airline markets exhibit congestion eﬀects that can lead to interdependencies between the business-passenger and leisure-passenger demands (e.g., Zhang and
Czerny, 2012). The main objective is to investigate how the demand interdependencies
aﬀect discriminating prices and the evaluation of price discrimination from the social
viewpoint.
To see how congestion can lead to demand interdependence, consider two passenger
groups, namely, business and leisure passengers. The two groups are diﬀerent in three
aspects: i) business passengers have a greater value of time than leisure passengers (e.g.,
Morrison, 1987; Morrison and Winston, 1989; USDOT, 1997; Pels et al., 2003); ii) business passengers often exhibit a lower price elasticity of demand than leisure passengers;
and iii) business passengers book their flights relatively late, which allows airlines to
price-discriminate between the business and leisure passengers by advance-purchase rebates (e.g., Gale and Holmes, 1993; Dana, 1998; Stavins, 2001; Lazarev, 2013).1 Since
capacity (runways, air navigation and traﬃc control, etc.) is usually limited (especially
at hub airports), passengers not only pay for a ticket but also experience airport delays
(e.g., Daniel, 1995; Brueckner, 2002; Mayer and Sinai, 2003; Zhang and Zhang, 2006;
Morrison and Winston, 2007). The “full fare” of traveling is, therefore, composed of
the ticket price and congestion costs, with the latter being further determined by the
product of the per-passenger delay and passengers’ values of time. At the demand equilibrium, the marginal utility of traveling is equal to the full fare for every passenger.
Then an increase in the quantity of leisure or business passengers increases the delay
and hence the full fare to the other group, thereby reducing the latter’s demand. This
illustrates the demand interdependence between the two groups.
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Many useful insights on the eﬀects of monopolistic price discrimination on prices
and social welfare have been derived until now. A central result is that relative to the
uniform pricing regime, price discrimination is often associated with a price increase in
the “strong market” (corresponding to the business market in our setting) and a price
reduction in the “weak market” (corresponding to the leisure market) (e.g., Pigou,
1920; Robinson, 1933; Holmes, 1989; Aguirre et al., 2010). Hausman and MacKieMason (1988) consider a monopolist with a valid patent on innovation and show that
economies of scale and learning may reduce discriminatory prices in each market relative
to uniform prices, while Layson (1994) finds that price discrimination can also raise
prices in all markets under these conditions. Nahata et al. (1990) consider independent
demands and use specific functional forms to show that monopoly prices can move in
the same direction as a result of price discrimination, while generally this cannot be true
when each market’s profits are concave in own prices. Layson (1998) finds that either
interdependent demands with suﬃcient demand substitution between the markets or
falling marginal cost are required for prices to move in the same direction.
In terms of welfare, price discrimination can have two eﬀects: i) it reduces welfare
because, with price discrimination, marginal utilities are no longer the same between
consumers (the so-called “misallocation eﬀect”); and ii) it changes aggregate quantities
(the “output eﬀect”). Schmalensee (1981) showed that a necessary condition for price
discrimination to improve welfare is a “positive” output eﬀect — the aggregate quantity
rises relative to that under uniform pricing. Varian (1985) and Schwartz (1990) showed
that Schmalensee’s result also holds for interdependent demands and decreasing marginal costs, respectively. Note that a crucial assumption underlying Varian’s analysis
is that indirect utilities are convex in prices. Whether the output eﬀect is positive or
negative depends on the curvature of demand functions, which have been analyzed by
Robinson (1933), Schmalensee (1981), Holmes (1989) and Stole (2007) for independent
demands. More recently, by assuming independent demands as well, Aguirre et al.
(2010) derived conditions for the curvature of demand functions that are informative
with respect to the welfare eﬀect of price discrimination. Cowan (2013) analyzed the
3

welfare and output eﬀects of price discrimination for the special case of parallel inverse
demand functions. That monopoly third-degree price discrimination can be beneficial
for consumers has recently been shown by Cowan (2012).
The present paper complements and extends the literature on monopoly third-degree
price discrimination, by providing a detailed analysis of uniform vs. discriminating
prices when demands are interdependent because of congestion externalities.2 We find
that the existing result — that price discrimination results in a price increase in the
strong market and a price reduction in the weak market — continues to hold as long
as the demand interdependence is suﬃciently small or the time values of business and
leisure passengers are similar. If the time valuations are suﬃciently distinct, price
discrimination can however lead to a price increase in both markets.3 The intuition is
based on the observation that an increase in the leisure price reduces the quantity of
leisure passengers, which in turn will, by reducing congestion, increase service quality
for business passengers.
We further find that social welfare can be increased by price discrimination even if
the aggregate quantity is reduced. This is because the “time-valuation eﬀect,” which
we will identify in this paper and works in the opposite direction to the output eﬀect,
dominates the output eﬀect when the “marginal” time valuation (defined as the average
time valuation of incremental passengers) is suﬃciently low relative to the average time
valuation. Basically, the carrier’s incentive to internalize the congestion costs imposed
on its passengers (“self internalization”) depends on the marginal time valuations. On
the other hand, the first-best price is uniform and is set to internalize the part of congestion costs that are external to passengers, which is based on the average time valuation.
Given that the marginal time valuation is low relative to the average time valuation
(which follows under plausible assumptions made in the paper), the carrier’s incentive
for self-internalization when it is constrained to charge a uniform price is too low from
the social viewpoint, resulting in an excessively high aggregate passenger volume and
hence excessive congestion. That is, the uniform monopoly price is socially too low
in this case. Price discrimination, although it cannot achieve the first-best outcome,
4

can increase welfare by reducing aggregate quantity and hence congestion costs, which
can overcome the harmful misallocation and output eﬀects of discrimination. As to be
seen in Section 3 below, the time-valuation eﬀect won’t exist if the business and leisure
passengers have the same time valuation. The monopolist’s underincentive to reduce
congestion is analogous to the underincentive to increase quality when the marginal
valuation of quality is less than the average valuation as shown by Spence (1975) and
Sheshinski (1976).4
Using linear functional forms and ad hoc assumptions to capture negative consumption externalities, Adachi (2005) showed that price discrimination can increase social
welfare when aggregate outputs are reduced. In a parallel but independent study, Chen
and Schwartz (2013) analyze the welfare eﬀects of third-degree diﬀerential pricing when
costs of service diﬀer across consumer groups, while demands are equally elastic. They
identify mild demand curvature conditions that ensure welfare increasing diﬀerential
prices.5 Since the congestion costs diﬀer for business and leisure passengers in the
present paper, these studies are closely related. The contribution of the present paper
is to identify, clearly and in a transparent manner, the eﬀects that are responsible for
the welfare changes of third-degree price discrimination in the presence of congestion externalities in a general and micro founded framework. Finally, this paper contributes to
the transport economics literature on congestion by developing an integrated framework
that incorporates congestion and carrier price discrimination. While airline markets are
a frequently used example for markets where price discrimination is prevalent, this literature typically abstracts away from price discrimination and concentrates on uniform
prices.6 Our study is, to our best knowledge, the first paper that captures facility
congestion and carrier price discrimination behavior.

2

The Model

Consider an origin-destination (OD) air travel market. Passengers are partitioned in
two groups: the business passengers and the leisure passengers. Let  denote the
5

business-passenger quantity and  the leisure-passenger quantity (to be simply referred
to as the business and leisure quantities, respectively). The business passengers’ utility
(gross travel benefit) is  ( ), and the leisure passengers’ utility is  ( ). The utility
functions are strictly concave: 0 ( )  0 and 00 ( )  0 for  =  .
There is a monopoly carrier that uses airports to provide service in the OD market.
Either the origin airport or the destination airport (or both) have a limited capacity
in, for example, runways. A consequence of the limited capacity is that passengers
incur airport congestion delays. The average delay depends on aggregate quantity
 ≡  +  in the market, and is denoted as () with  0 ()  0 and  00 () ≥ 0.
Passengers cannot aﬀect , the average delay, as individuals are atomistic. While 
is the same for all passengers, the delay costs depend on passenger types: the business
passengers exhibit a higher value of time than the leisure passengers. Denoting the
passengers’ time valuations as  , then their delay costs are  () with  ≥  (≥ 0).
Denote the ticket price charged to business passengers as  , and the ticket price
charged to leisure passengers as  (in the following, we refer to “ticket prices” simply
as “prices”). Taking  and average delays as given, passengers maximize their net
benefit leading to the following optimality conditions:
0 ( ) − ( +  ) = 0 and 0 ( ) − ( +  ) = 0

(1)

Conditions (1) mean that for each passenger type, its marginal (gross) benefit 0 equals
its “full fare,” which is taken for simplicity as the sum of price and congestion delay cost.
These two equations jointly determine the passenger demands in full fares. Denoting
the full fares as   ≡  +   the strict concavity of passenger benefit functions
further implies a unique (equilibrium) demand function for each passenger type  (  ),
with 0 ( ) = 100  0 and  =  . Clearly, these two (full-fare) demands are
independent, and are downward-sloping in own full fares.
To economize notation, denote the business passengers’ time valuation as  and
the leisure passengers’ as  with  ∈ [0 1]. Note that  = 0 (  0, respectively)
indicates independence (interdependence, respectively) between the business and leisure
6

demands. Conditions (1) can be considered as a system of equations that implicitly
determines inverse business demand and inverse leisure demand functions, which can
be rewritten as
 ≡ 0 − ( + ) = 0 and  ≡ 0 − ( + ) = 0

(2)

The Jacobian of the system of inverse demands, can then be derived as
⎛
⎞ ⎛
⎞
00
0
0
   
−
 − 
⎝ 
⎠=⎝ 
⎠
   
− 0 00 −  0

(3)

where the matrix on the RHS is easily seen to be negative definite. Thus, a unique
solution for the (equilibrium) demands in prices exists as well. Implicitly determined
by (2), such demands are denoted as
 =  (   ) and  =  (   )

(4)

with the aggregate demand being  ≡  +  .

To derive the eﬀect of changes in business prices on demands  and  , substitute

 in (2) with  , totally diﬀerentiate the resulting equations with respect to  and
apply Cramer’s rule. These yield

≡


 (   )
 00 −  0
 (   )
 0

= 
≡
=
 0 and 
 0

Ω

Ω

(5)

where Ω is the determinant of matrix (3) and is positive due to its negative definiteness:
Ω ≡ 00 00 − (00 + 00 )  0  0

(6)

Inequalities (5) illustrate the interdependence of demands (4): while the business demand decreases in the business price, the leisure demand increases in the business
price. The latter holds true because the fall in business quantities reduces congestion
delays and hence the leisure full-fare, which in turn stimulates the leisure demand. The
relationships in (5) further imply
¢
¡
  + 
 00
 ≡
=   0

Ω
7

(7)

Thus, an increase in the business price unambiguously reduces the aggregate demand.
Similarly, a change in  has the following eﬀects:
 ≡
and

 (   )
 0
 (   )
 00 −  0
 0 and  ≡
 0
=
= 

Ω

Ω
¢
¡
  + 
 00
 ≡
=   0

Ω

(8)

(9)

While an increase in the leisure price reduces leisure demands, it increases business
demands; furthermore, it reduces the aggregate demand.
So far, the demand analysis takes the business and leisure prices as independent
variables. For the regime of uniform pricing however,  =  ≡  with  denoting the
uniform price. Consequently, a change in the uniform price simultaneously alters both
the business and leisure prices. Using the preceding results, the demand eﬀects of the
uniform price can be derived as

 00 + (1 − )  0

= 

+  = 

Ω

 00 − (1 − )  0

+  = 
= 
 0

Ω
and

¡
¢
  + 
00 + 00
=
 0

Ω

(10)
(11)

(12)

where (1 − ) determines the extra cost of delay for types  compared to . Inequalities
(11) and (12) indicate that an increase in the uniform price reduces the leisure demand
as well as aggregate demand. In contrast, by equation (10) its impact on the business
demand consists of two opposing eﬀects: i) a higher price reduces demand; but ii)
a smaller aggregate demand (owing to the higher price) lowers the congestion level
and hence the full fare faced by business passengers, thereby increasing their demand.
Although the net eﬀect is generally ambiguous in sign, an increase in the uniform
price can increase the business demand if the business passengers’ time valuation is
suﬃciently greater than the leisure passengers’. These uniform-price results are similar
to the ones derived by Czerny and Zhang (2011).
8

Having characterized the demand functions, we now examine the supply behavior.
With the carrier’s operating costs normalized (without loss of generality) to zero, its
profit may be written as
(   ) ≡   (   ) +   (   )

(13)

Under the uniform-price regime, the carrier chooses  to maximize profit, leading to
the first-order condition
¡
¢
 +  ·  +  = 0

(14)

where subscripts again denote partial derivatives,  ≡  ,  =  . The
optimal price,  ( for “uniform pricing”), is then characterized by (14) and the second-

order condition  2 2  0. Under the laissez-faire regime, however, the carrier

chooses the business and leisure prices independently. The optimal prices, 
 and  (

for “laissez-faire pricing”), are characterized by the first-order conditions  = 0
and  = 0 which can, respectively, be expressed as


+  +  
= 0
 +   +   = 0 and  

(15)

To ensure that the carrier charges business passengers with a higher fare relative to
leisure passengers, we assume that the business demand is less price elastic than the
leisure demand in the sense that the following elasticity condition,
−0   −0  

(Elasticity condition)

holds in the carrier optimum in the remainder of the paper (see Appendix A for the
derivations).7 This condition implies that leisure passengers comprise a higher share
of marginal passengers than of inframarginal passengers (i.e., −0   − 0 ), hence
the marginal passengers are not representative, which will be important for our welfare
analysis.8
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3

Eﬀects of Price Discrimination

A useful tool to analyze price discrimination relative to uniform pricing is the pricediﬀerence constraint.9 More specifically, denote  (the leisure price) as  and substitute
+ for  (the business price). Parameter  can be used to analyze the two alternative
pricing scenarios in a unifying framework: Uniform pricing is imposed when  = 0, while
  0 implies (strict) price discrimination. More importantly, the use of  allows one
to derive the comparative-static relationship between the discriminating prices under
price discrimination (referred to as “laissez faire”) — where  is chosen by the carrier —
and uniform prices. For example, if an increase in  is unambiguously associated with
an increase of  , then we know that a change from uniform pricing to laissez-faire will
increase the price in market . The situation is illustrated in Figure 1, where laissezfaire implies  =  .10 Starting with the uniform price at  = 0, an increase in price
discrimination raises the business price while it, respectively, suppresses (dashed lines
with  = 0 and  = 110) or raises (solid lines with  = 0 and  = 12) the leisure price
depending on whether time valuations are less or more distinct. The advantage of the
price-diﬀerence constraint is, therefore, that it provides a unifying framework, which
incorporates uniform prices and laissez-faire as special cases. A simple comparativestatic analysis can then be used to compare prices, quantities and welfare.
Figure 1

3.1

Prices and aggregate output

Examine first the eﬀect of price discrimination on prices. For a given price diﬀerence
, the carrier’s profit (13) can be rewritten as
() ≡ ( + ) ( +  ) +  ( +  )

(16)

The optimal leisure price is characterized by the first-order condition 0 = 0 or equivalently,
¡
¢

 +  · ( +  ) +  ·  + 
=0
10

(17)

and the second-order condition  00  0.11 The eﬀect of price discrimination on the
leisure price can be derived by treating  as exogenous and totally diﬀerentiating (17)
with respect to , which leads to
¶
µ 00

2 + (1 − ) 0
=−
+  ()  00 

Ω

(18)

with 00  0 by the second-order condition, Ω  0 by (6) and

¡ 
¢

 () ≡  · ( +  ) +  · 
+ 


(19)

Whilst  becomes zero in the case of linear demands in prices, its sign is unknown in
general. Rearranging the terms of (18) shows that    0 when
(1 − )   −

200 + Ω ()

0

(20)

For the linear demands, therefore, condition (20) reduces to
(1 − )   −

200
( 0)
0

(21)

The LHS of (21) determines the diﬀerence between business and leisure time valuations. (Note that time valuations are the same for all passengers when  = 1.) Price
discrimination will thus increase the leisure price if the time valuations of the two passenger types are suﬃciently distinct in the sense that (21) holds. On the other hand, if
time valuations are relatively uniform (in the sense that (1 − )   −200  0 ), price
discrimination reduces the leisure price. The diﬀerence in time valuations is important
because this diﬀerence determines the scope for an increase in the business price relative to the leisure price that arises from a reduction in the leisure quantity (besides the
demand elasticities).
Since


=1+

(22)


a rise in the leisure price (due to price discrimination) will imply an increase in the
business price. Furthermore, using (18) and (22) the eﬀect of price discrimination on
the business price can be derived as
µ 00
¶

2 − (1 − ) 0
=
+  ()  00 

Ω
11

(23)

with
¡ 
¢

 () ≡  · ( +  ) +  · 
+ 


(24)

Similarly to  (),  () is zero when the demands are linear in prices (while its sign
is generally unknown). As a result,    0 for linear demands by noting that the
signs for all the other terms on the RHS of (23) are known.
As indicated earlier, the welfare eﬀect of price discrimination depends critically on
its impact on aggregate output. The price eﬀects derived above can be used to analyze
the eﬀect on aggregate quantities as follows:



= 
+ 



¶
µ
00
00 
00
=
( +  )
+  Ω


(25a)
(25b)

The RHS of (25b) will take a negative sign if price discrimination increases the leisure
price. This is expected as a positive   implies a positive  , which together
suppress the aggregate demand. Otherwise, the eﬀect of price discrimination on the
aggregate quantity is ambiguous in sign. Pigou (1920) found that aggregate quantities
are unchanged by the third-degree price discrimination under the conditions of linear
and independent demands. In our setting, if the demands are linear in prices, then
 = 0 and (25b) becomes

(1 − )  0
=−


2Ω

(26)

By using (26) and noting  ∈ [0 1],  ≥ 0,  0  0 and Ω  0, we obtain:
Proposition 1 Assuming that the business and leisure demands are linear in prices:
(i) Price discrimination will always increase the business price; it will reduce the
leisure price if the business and leisure passengers have identical or similar time
valuations (in the sense that (1 − )   −200  0 ), but will increase the leisure
price if they have suﬃciently distinct time valuations.
(ii) Pigou’s (1920) result (that aggregate quantity is unchanged by the third-degree
price discrimination with independent demands in prices) continues to hold for
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interdependent demands across the markets (i.e.,   0) as long as the business
and leisure passengers have the same time valuation (i.e.,  = 1). For distinct
time valuations (i.e.,   1) however, price discrimination will reduce the aggregate quantity.
Together, these two results complement and extend Pigou’s (1920) result, and they
will be useful in our welfare analysis (next subsection). Note that the result in the
second part of Proposition 1 (that an increase in price discrimination reduces the aggregate quantity) may not hold when the demands are non-linear. Specifically, we will
show, in Appendix C, that an increase in price discrimination can be associated with
greater aggregate quantity when the demands are convex. Furthermore, if the aggregate
demand is suﬃciently convex in the leisure price, an increase in price discrimination
reduces both the leisure and business prices (Appendix C provides such an example).
A central result derived by, e.g., Holmes (1989) and Aguirre et al. (2010) shows that
an increase in price discrimination is associated with an increase in price in the strong
market (corresponding to the business market in our setting) and a price reduction in
the weak market (corresponding to the leisure market). Nahata et al. (1990) show
that both prices can move in the same direction when the profit function in at least
one market is not single peaked. In the present paper with interdependent demands,
prices in all markets can however be increasing or decreasing by price discrimination
even though each market’s profits are concave in own prices, which clearly shows the
significance of demand interdependencies. Furthermore, this complements Layson’s
(1998) finding that demand substitution or falling marginal costs may be required for
all prices to move in the same direction, since in our model marginal carrier costs
are normalized to zero and the business and leisure passengers’ benefits  and  ,
respectively, are separable.12
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3.2

Welfare

Regarding the welfare eﬀect of price discrimination, it is well known that the first-best
welfare result cannot be reached under the third-degree price discrimination when the
demands are independent across the markets (i.e.,  = 0 in our setting). We now
extend this well-known result to the case where demands are interdependent because
of congestion externalities (  0). In our setting social welfare is simply the aggregate
passenger benefits less total congestion costs (noting that  = ):
 ≡  +  − 

(27)

where
≡

( +  ) 


(28)

is the arithmetic mean of passengers’ time valuations, which will be referred to as the
average time valuation (or, the inframarginal passengers’ time valuation).
Proposition 2 Assuming that the demands are interdependent across markets (i.e.,
  0) and the business passengers have a higher time valuation than the leisure passengers (i.e.,   1), then (i) the first-best welfare result cannot be reached under
laissez-faire, and (ii) the first-best price is uniform and given by ∗ =  0 , which
is the external part of marginal congestion costs (recall that marginal cost has been
normalized to zero).
Proof. (i) The welfare-optimal prices, denoted ∗ and ∗ , are determined by the
first-order conditions  = 0 and  = 0 or equivalently,
 ∗
 ∗
 + 
 =  0  and  ∗ +  ∗ =  0  


(29)

 

Since, by (5), (6) and (8), 
 −  
= 1Ω  0, there exists a unique solution

for ∗ and ∗ in (29). Applying Cramer’s rule to the two equations and manipulating

the terms lead to:


∗ = (  −  
) 0 Ω and ∗ = ( 
−   ) 0 Ω
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(30)

It follows, from  + =  , that ∗ = ∗ , i.e., a uniform price is required to achieve
the first-best result.
(ii) From part (i), use ∗ to denote the welfare-optimal uniform price, i.e. ∗ =
∗ = ∗ . The first-order conditions in (29) can then be rewritten as
(∗ −  0 )  = 0

(31)

which leads, by   0 for  =  , to ∗ =  0 . That is, the welfare-optimal
uniform price is equal to the external part of the marginal congestion costs.
Czerny and Zhang (2011) have already shown that a uniform price leads to the
first-best solution when there are business and leisure passengers with distinct time
valuations.13 The economic intuition for this result is as follows. Since a passenger’s
congestion eﬀect on the other passengers is independent of his or her own time valuation, the congestion externality to be internalized by prices is independent of the
passenger types. Specifically, the marginal congestion costs are  +  0 for business
passenger and  +  0 for leisure passengers. Each of the first terms is part of the
corresponding full fares of business or leisure passengers, and is therefore internalized
by passengers, while the second part,  0 , is not internalized and forms the external
part of marginal congestion costs. This second part should thus be internalized at the
welfare maximum. Furthermore, the welfare-optimal price, ∗ =  0 , shows that the
welfare maximizer is concerned about the average time valuations. This is consistent
with the findings of Spence (1975) and Sheshinski (1976), who found that the welfare
maximizer is concerned about average “quality” valuations. Finally, we note that at
∗ =  0 , the welfare-optimal “full fares” are discriminating however: ∗ +  for
the business passengers and ∗ +  for the leisure passengers. In other words, the
discriminating full fares are required to reach the first-best solution.

3.3

The time-valuation eﬀect on welfare

Schmalensee (1981) distinguishes between the misallocation and output eﬀects of the
third-degree price discrimination. The misallocation eﬀect results from strict price
15

discrimination, while the output eﬀect is related to the fact that the monopoly prices
typically exceed the welfare-optimal prices. In our scenario with congestion externality,
there is a third source for market failure that is related to time valuations. To separate
these eﬀects and complement Schmalensee’s (1981) approach, we take the derivative
of welfare with respect to price discrimination, expand the derivative by adding and
deducting b
  0  and rearrange to obtain





+ ( − b
 0)
− ( − b)  0

= ( −  )
+ ( −  )





{z
} |
{z
} |
{z
}
|
Misallocation eﬀect

Output eﬀect

(32)

Time-valuation eﬀect

where the uniform price is evaluated at the uniform monopoly price and
b ≡

(0 + 0 ) 

0

(33)

Note that b is defined as the average of the incremental passengers’ time valuations and
hence will be referred to as the marginal time valuation.

There are three bracketed terms on the RHS of that describe, respectively, the misal-

location, output and time-valuation eﬀects of price discrimination. The first two eﬀects
in (32) are familiar. With independent demands ( = 0), both terms of the misallocation eﬀect are negative in sign, which shows that the misallocation eﬀect is clear-cut
and negative in that scenario. Notice that this eﬀect can extend to our scenario with
interdependent demands. In particular, when the demands are linear and the business
and leisure passengers have similar time valuations, we have      by Proposition 1 and consequently both misallocation-eﬀect terms are negative. Proposition 1
also has implications for the sign of the output eﬀect: The output eﬀect is clear-cut
and negative in sign when the demands are linear in prices, since an increase in price
discrimination reduces the aggregate passenger quantity in this situation.
Our contribution to this welfare analysis lies in the introduction of the time-valuation
eﬀect, which appears as the last term on the RHS of (32). The eﬀect depends on both
 (impact of price discrimination on aggregate quantities) and  −b
 , the diﬀerence
between the average and marginal time valuations. It is clear that  = b when either
16

 = 0 or  = 1.14 Thus, the time-valuation eﬀect won’t exist if the demands are
independent, or if the business and leisure passengers have the same time valuation.
The following insight is useful to identify the sign of the time-valuation eﬀect.
Remark 1 The elasticity condition implies b  , i.e., the marginal time valuation is

lower than the average time valuation.

To see this, substitute (1 − 0  0 ) for 0 0 and (1 −  ) for  , which can be

used to show that for     0, b
   when 0  0   , where the latter is implied
by the elasticity condition.

With b
  , (32) reveals that the time-valuation eﬀect works to the opposite di-

rection relative to the output eﬀect. Intuitively, when the marginal time valuation is
assumed to be lower than the average time valuation, an increase in price discrimination
can potentially improve social welfare even when this is associated with a reduction in
aggregate quantities (i.e., when   0). This is because, as shown below, the
carrier’s decision is concerned with the marginal passengers’ time valuations, which
can lead to an excessively high aggregate quantity from the social viewpoint. Specifically, (32) can be used to show that price discrimination improves social welfare (i.e.,
  0) for   0 if
¶µ
¶−1
µ



0
 
 
( − b)   ( −  )
+ ( −  )
+ ( − b
 0 ) 




(34)

The LHS of the inequality shows the diﬀerence between the external marginal congestion costs when average or marginal time valuations are used for evaluation. This
term measures the carrier’s incentives for the internalization of congestion costs and
may therefore be described as the “internalization shortfall." The first term on the
RHS captures the misallocation eﬀect (or, more precisely, the loss in welfare associated
with misallocation per reduced passenger). The second term shows the carrier’s markup on the marginal external congestion costs evaluated at marginal time valuation.
Clearly, if the aggregate passenger demand is inelastic and mark-ups are suﬃciently
high, congestion may be no problem and the time-valuation eﬀect will be dominated
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by the output eﬀect. Altogether, price discrimination and a reduction in the aggregate passenger quantity improves welfare only if the incentives to internalize congestion
are low relative to the welfare-loss associated with misallocation and the mark-up on
marginal external congestion costs evaluated at marginal time valuations. This is in
sharp contrast to the existing result that price discrimination can improve welfare only
if it is associated with an increase in aggregate quantities (e.g., Schmalensee, 1981, and
Varian, 1985).
The above discussion leads to:
Proposition 3 Price discrimination by a monopoly carrier can, while reducing aggregate output, improve social welfare if the time valuations between the business and
leisure passengers are suﬃciently distinct in the sense described implicitly by the inequality (34).
The congestion ineﬃciency under uniform monopoly pricing can be understood as
follows. Under uniform pricing ( = 0), the carrier’s first-order condition (17) can be
rewritten as
 = −( +  )

(35)

Using (9), 00 = 10 and 00 = 10 , the above expression can be manipulated to
become:
 = b
  0 −  0 

(36)

It can be seen (after rearranging the terms in (36)) that in this case, the carrier chooses a
markup on the external marginal congestion costs evaluated at marginal time valuation
b.15 If this markup satisfies

 − b = −1( 0  0 )

(37)

then uniform price  is just equal to the external part of the marginal congestion costs,
i.e.,  = ∗ . The uniform monopoly price is therefore socially optimal if condition (37)
holds. Since the RHS of (37) is strictly positive, a necessary condition for the monopoly
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behavior to be socially optimal is b  , i.e., the marginal time valuations are small
relative to the average time valuations.

What happens if the time valuations are too distinct, in the sense that  − b 

−1( 0  0 )? Then,   ∗ : With the uniform monopoly price being too low from the
social viewpoint, excessive congestion occurs. This is why price discrimination can have

a positive eﬀect on social welfare although the first-best result can never be achieved
with discriminating prices. By reducing the aggregate quantity, price discrimination
reduces congestion costs and may actually improve welfare, relative to uniform pricing,
when such a positive eﬀect outweighs the negative output and misallocation eﬀects.
Here, price discrimination in a sense serves as the “second best” solution to the problem.

4

Examples

Consider passenger benefits in the quadratic form of
 =   −

2
2
and  =   −  
2
2

(38)

with   0,   0 and  =  , and average delays are in the linear form of  = .
Many of the results derived in this paper are related to the time-valuations diﬀerence
between the business and leisure passengers. For a given value of , this diﬀerence is
maximized when  = 0 (i.e., leisure time valuations are zero), which will be assumed in
the following instances. The analytical solutions for the uniform and laissez-faire prices
are provided in Appendix B (for  = 0). This appendix further derives the analytical
solutions for the misallocation, output and time-valuation eﬀects of third-degree price
discrimination as described by (32). Letting  with  ≡  () denote welfare depending on the price-diﬀerence constraint and using (32), the diﬀerence between welfares
under uniform and discriminating prices can be calculated as
 ( )− (0) =

Z
0

¡
¢
( −  )  + ( −  )  +
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Z
0

( − b
 0 ) −

Z
0

( − b)  0 
(39)

The first term on the RHS is called the cumulated misallocation eﬀect, the second
term the cumulated output eﬀect and the third term the negative of the cumulated
time-valuation eﬀect.
Output eﬀect dominant The first parameter instance with  = 4  = 1 and
 = 110 implies that the output eﬀect dominates the time-valuation eﬀect for the
relevant parameter ranges (  34 ensures that the elasticity condition is satisfied),
which is true in the sense that the cumulated output eﬀect exceeds the cumulated
time-valuation eﬀect in absolute values.16 Figure 2 illustrates this scenario. The aggregate eﬀect (solid line) shows how discriminating prices change welfare relative to
uniform prices depending on time valuations. The welfare change can be split up in
the (cumulated) misallocation, output and time-valuation eﬀects (dashed lines). Since
price discrimination reduces the aggregate quantity relative to uniform pricing when
demands are linear and the output eﬀect dominates, discriminating prices clearly reduce welfare relative to uniform prices. Note that the output and time-valuation eﬀects
are zero for  = 0. This is because demands are linear and independent, when time
valuations are zero, which means that Pigou’s (1920) result applies and the aggregate
quantity is independent of whether prices are uniform or discriminating. Furthermore,
for  = 34 all eﬀects are zero because business and leisure prices are the same under
these conditions.
Figure 2
Time-valuation eﬀect dominant Consider a second parameter instance, which is
identical to the previous one except that the business passengers’ maximum reservation
price is now  = 6 instead of  = 4. This parameter instance is special in the sense
that the monopoly profit is strictly higher when prices are discriminating than when
the leisure market is abandoned for   12, while these profits are just the same when
 = 12.17 Furthermore, the scenario with uniform prices is a local optimum because
the carrier would be better oﬀ by abandoning the leisure market when  ≤ 12, and
20

in this local optimum the aggregate quantity is high relative to the aggregate quantity
when prices are discriminating. Still, welfare is increased by price discrimination relative to uniform prices (when all markets are covered) when business time-valuations
are suﬃciently high ( ≥ 046), which is due to the time-valuation eﬀect. Thus, discriminating fares are preferred from the carrier’s and the social viewpoint under these
conditions due to the time-valuation eﬀect. Figure 3 illustrates this scenario.
Figure 3

5

Concluding Remarks

Our main objective in writing this paper is to contribute to the literature on price discrimination. We have considered a monopoly carrier and analyzed third-degree price
discrimination in the presence of congestion externality. A crucial feature in our analysis is that the passengers’ full fares are composed of the (ticket) prices and congestion
costs. Changes in a market’s price therefore have a direct eﬀect on its own full fare,
and an indirect eﬀect on all the full fares through a change in the aggregate passenger
quantity and thus congestion delays. We found that the important result obtained by
earlier researchers that price discrimination is associated with a price increase in the
strong market (corresponding to the business market in our setting) and a price reduction in the weak market (corresponding to the leisure market) when each market’s
profits is concave in own prices, continues to hold as long as the demand interdependence (through congestion externality) is suﬃciently small, or the business and leisure
passengers have similar values of time. However, if the time valuations are suﬃciently
distinct, then price discrimination can raise prices in all markets under linear demands.
Convex leisure demands were used to show that, price discrimination can also reduce
prices in all markets relative to a situation with uniform prices. Furthermore, we found
that social welfare can be increased by price discrimination even if the aggregate passenger quantity is reduced. This is because the output eﬀect of price discrimination
and the “time-valuation eﬀect,” which we identified in this paper, work in opposite
21

directions.
This analysis provides several avenues for future research. First and foremost, note
that changes in prices are not directly informative with respect to changes in quantities
because quantities depend on full fares in our setup and prices determine only one part
of the full fares, while the other part is determined by congestion costs. For example, an
increase in price discrimination, which leads to an increase in the business price and a
reduction in the aggregate passenger quantity can reduce the business full fare and thus
increase the business quantity. To derive an understanding of how price discrimination
aﬀects passenger quantities it would therefore be useful to analyze the eﬀect of price
discrimination on full fares and full-fare discrimination (recall that discriminating are
required to implement the first-best solution). Furthermore, a useful extension would
be to consider interdependent markets with positive externalities (as opposed to the
negative congestion externality considered in this paper) which may arise in, for example, media, software and telecommunication markets. Another natural problem, which
is addressed in a companion paper (Czerny and Zhang, 2013), is to analyze facility
congestion and third-degree price discrimination when carriers compete in quantities a
la Cournot. This companion paper shows that the socially eﬃcient airport charge can
be substantially higher than what we learned from the recent literature on congestion
pricing with non-atomistic airlines whether ticket prices are uniform or discriminating.
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Notes
1

Lazarev (2013) finds that leisure passengers typically start searching for a ticket at least six weeks

prior to departure, while business passengers typically search in the last week. Furthermore, he finds
that business demands are significantly less price elastic than leisure demands.
2

Indirect utilities are not necessarily convex in prices when congestion externalities are involved.

Niskanen (1987) considers road traﬃc and shows that consumer welfare can be increasing in toll when
travelers have distinct time valuations.
3

This is shown under linear demands, where prices can rise but cannot fall in both markets. Prices

can however fall in both markets when demands are convex as is shown in Appendix C. Note that
these results hold true even if each market’s profits are concave in own prices; thus, these findings
complement the analysis provided by Nahata et al. (1990).
4

While quality supply is directly determined by prices in the present paper, Glass (2001) analyzes

an environment where prices and quality supplies are independent strategic variables.
5

Other examples for markets where price discrimination increases social welfare when aggregate

outputs are reduced by price discrimination are input markets (Yoshida, 2000).
6

Hazledine (2006) is an exception. He considers an arbitrary number of identical airlines that

compete in quantities a la Cournot. His model uses linear functional forms and abstracts away from
congestion. He finds that the average price may be independent of the number of fare classes.
7

Czerny and Zhang (2014) use the same elasticity condition in the context of oligopolistic carrier


markets. That 
 ≥  may, in the airline industry, be also justified by such practices as advanced-

purchase rebates for leisure passengers. To abstract away from self selection, assume that the cost of
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early booking is prohibitive for business passengers.
8

0
0
0
Substitute 
+ 
for  0 and  +  for , in order to rewrite the inequality −
  − 0 

0
0
0
0
0
as −
  − (
+ 
)  ( +  ). Rearranging yields ( 
− 
 )  ( +  )  0, where the

LHS is positive by the elasticity condition.
9

Price-diﬀerence constraints have been used by, for example, Leontief (1940), Schmalensee (1981),

Holmes (1989) and Aguirre et al. (2010).
10
11

Section 4 describes the specific functional forms used to derive this example.
¡ 
¢
¡ 
¢




It can be calculated that 00 = 2 ( +  )+· 
+ 2
+ 
+ 2
+ 
+( + )· 
.

Thus,  00  0 when the demands are linear in prices.
12

Specfically, benefits are additively separable in our scenario, since benefits  are fully independent

of  with  6= . This means that business and leisure demands in full fares are independent of each
other, while Layson (1998) concentrates on scenarios, where goods are substitutes or complements in
the sense that an increase in the consumption of one good decreases or increases the demand of the
other good. Since Layson abstracts away from externalities, prices correspond to “full fares” in his
setup.
13

But the possibility of carrier price discrimination is abstracted away in their analysis.

14

For the average and marginal time valuations it holds that  b ≤ . Both are, as expected,

increasing in the leisure passengers’ time valuation, that is,  and b
   0. The average and
marginal time valuations are clearly the same when the business and leisure markets are independent
(i.e.,  = 0), or when the business and leisure passengers have the same time valuations (i.e., when
 = 1).
15

This is consistent with the finding of Yuen and Zhang (2011).

16

This parameter instance further implies that business and leisure quantities are strictly positive

in the global optimum, which is independent of whether prices are uniform or discriminating.
17

In this instance, the non-negativity constraint for the leisure quantity becomes binding for  ≥ 12

when prices are discriminating.
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Appendix
A

Laissez-faire Prices

The laissez-faire prices are implicitly determined by the two first-order conditions in
(15). By (5), (8) and (6),

⎛

det ⎝










⎞

⎠ = 1Ω

(40)


which means that there exists a unique solution for 
 and  . Applying Cramer’s rule

to the two first-order conditions and manipulating the terms lead to:
⎞
⎛


¢
¡
− 

⎠ Ω =   −  

= det ⎝
Ω


− 
⎞
⎛


¢
¡  
 −
⎠ Ω = 
⎝ 
 −   Ω

 = det


−

(41)

(42)

where the first terms on RHSs are always positive by (5)—(9), which means that the
prices are positive in all markets. Furthermore, comparison of the prices and using the
comparative-static results in (5) and (8) yields:


   ⇒

00
00





which is equivalent to the elasticity condition, since 0 = 100 for  =  .

B

Linear Demands

With benefits in (38), the demands can be expressed as,
( − )

( −  − )  − ( − ) 

 (  + ) =
 (1 + )
 (  + ) =
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(44)
(45)

It can be easily seen that the leisure demand is downward-sloping in the leisure price,
while an increase in the leisure price can increase the business demand. Furthermore,
the carrier’s optimal prices can be explicitly obtained:
 () =

 +   − (2 − ) 
2 (1 + )

(46)

 () =

 +   + (2 + ) 

2 (1 + )

(47)

and

which implies uniform prices
 (0) =  (0) =

 +  

2 (1 + )

(48)

Substituting the above solutions of  and  into aggregate demand  =  + 
and rearranging the terms leads to:
( ()  ()) =

 +   − 

2 (1 + )

(49)

The derivative of  with respect to  is negative, which confirms Proposition 1.18 Moreover, (46) and (47) can be used to write the profit as a function of price discrimination
represented by parameter . While the uniform prices imply  = 0, under the laissezfaire regime the carrier can choose  to maximize its profit. Such laissez-faire prices
are unique and given by  () of (46) and  () of (47), with  =  determined by
 ≡ arg max  () ( ()  ()) +  () ( ()  ())


=

( ( + 2 (1 + )) −  (2 + )) 
 2 − 4 (1 + )

(50a)
(50b)

conditional on the covery of the business and the leisure market. This shows that
the laissez-faire prices are highly nonlinear in the business time valuations . To
ensure that the elasticity condition is satisfied (i.e.,  ≥ 0), assume that  ≥
 ( + 2 (1 + ))  ( (2 + )). Laissez-faire prices can then be derived as
¡ ¢  (2 − 2 (1 + )) −  
  =
2 − 4 (1 + )
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(51)

and
¡ ¢
¡ ¢
(  − 2 ) (1 + )
  =   +  =

(52)
2 − 4 (1 + )
Furthermore, following the definition of the misallocation, output and time-valuation
eﬀects in (32), these eﬀects can be calculated as:
( () +  −  (0))
=

 ( ()  ())
 ( ()  ())
+ ( () −  (0))



(2 − 4 (1 + )) 

4 (1 + ) (1 + )

(53)

¢
¡
  ( ()  ()) +  ( ()  ())
( (0) − b
)

2
 ( +   +  )
= −
4 (1 + ) (1 + )2
and

¢
¡
  ( ()  ()) +  ( ()  ())
( − b) 

2
 (  (2 + ) −  ( + 2 (1 + )) + ( 2 − 2 (1 + )) )
=

42 (1 + ) (1 + )2

(54)

(55)

respectively, with b =  (1 + ). Finally, integrating (53), (54) and (55) yields the

diﬀerence between welfares under uniform pricing and price discrimination that is associated with misallocation, changes in outputs and the diﬀerence in time valuations:
Z
0

Z
0

= −
and

−

( 2 − 4 (1 + )) 
(  (2 + ) −  ( + 2 (1 + )))2
 =

4 (1 + ) (1 + )
8 (1 + ) (1 + ) (2 − 4 (1 + ))

(56)

 ( +   +  2 )

4 (1 + ) (1 + )2

 (  (2 + ) −  ( + 2 (1 + ))) (  (3 + 8 (1 + )) −  (2 + ) (2 − 2 (2 − ) (1 + )))
(57)
8 (1 + ) (1 + ) (2 − 4 (1 + ))
Z
0

 2 (  (2 + ) −  ( + 2 (1 + )) + ( 2 − 2 (1 + )) )

42 (1 + ) (1 + )2

 2 (6 (1 + ) −  2 ) (  (2 + ) −  ( + 2 (1 + )))2
=

8 (1 + ) (1 + ) ( 2 − 4 (1 + ))
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(58)

respectively.

C

Convex Demand

This section provides numerical examples showing that an increase in price discrimination can lead to a reduction of both the business and leisure prices. Here it is clear
that the demands must be non-linear in full fares. More specifically, we assume that
³
´
23
 =   − 3  2 

(59)

that is, the leisure demand is convex in full fares (i.e., 00  0, while 00 = 0). To
maximize the diﬀerence in time valuations for given business passengers’ time valuations
, the leisure passengers’ time valuations are set to zero ( = 0).
With this benefit specification, the demands can be written as
¾
½
16 ( − 2 )

 (  + ) = max 0
812
¾
½
( −  − ) −  (  + )


 (  + ) = max 0
 + 

(60)
(61)

These demands imply that  = 32  (812 ( + )). The aggregate demand is
hence convex in the leisure price. The monopoly leisure price becomes
 () =

32  + 812 + 16 − ∆
48

(62)

with
q
2
∆ ≡ (32  + 812 + 16) − 48 (812 ( − 2) + 16 (  + 2))

(63)

for     0 and  ≥   0.
Consider parameter specifications  = 2  = 1  = 12  = 13 and  = 1. In
this instance, price discrimination under laissez faire is  = 019. Figure 4 displays
the corresponding monopoly prices and shows that the uniform monopoly price is equal
to one. As price discrimination increases, this leads, first, to a reduction of both the
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leisure and business prices, while for suﬃciently high values of , the business price rises.
Thus, the change in the business price is not monotone in price discrimination. However,
the business price is smaller in the laissez-faire scenario than the price under uniform
pricing, that is,  ( )   (0). To understand why the business price is reduced
by price discrimination, note that a reduction in the leisure price is associated with a
large increase in the leisure quantity, which increases congestion, increases the business
full fares, reduces the business demands in ticket prices and thus the discriminating
business price. Furthermore, welfare is increased by price discrimination because this
increases the aggregate passenger quantity (see Figure 5) and because the output eﬀect
dominates the time-valuation eﬀect (see Figure 6).
Figure 4
Figure 5
Figure 6
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Diagrams
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Figure 1: Prices depending on . The solid lines describe a situation where time
valuations are more distinct relative to the dashed lines. For the solid lines it holds
 = 12, while  = 110 for the dashed lines. Other parameters are:  = 4  =
1  = 110  = 0.
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Figure 2: Discriminating prices reduce welfare relative to uniform prices: The aggregate
eﬀect (solid line) shows how a move from uniform pricing towards third-degree price
discrimination changes welfare depending on the time-valuation of business passengers.
The change in welfare can be split up in the cumulated misallocation, output and
time-valuation eﬀects (dashed lines). Parameters:  = 4  = 1  = 110.
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Figure 3: Discriminating prices can increase welfare relative to uniform prices when
business time-valuations are suﬃciently high: The aggregate eﬀect (solid line) shows
how a move from uniform pricing towards third-degree price discrimination changes
welfare depending on the time-valuation of business passengers. The change in welfare can be split up in the cumulated misallocation, output and time-valuation eﬀects
(dashed lines). Parameters:  = 6  = 1  = 110.

Figure 4: Fares when leisure demand is convex in the leisure price ( = 019). Parameters:  = 2  = 1  = 12  = 13  = 1.
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Figure 5: Quantities when leisure demand is convex in the leisure price ( = 019).
Parameters:  = 2  = 1  = 12  = 13  = 1.

Figure 6: Misallocation, output and time-valuation eﬀects when leisure demand is
convex in the leisure ticket price ( = 019). Parameters:  = 2  = 1  =
12  = 13  = 1.
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