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How Risk Sharing May Enhance Efficiency in English
Auctions

By Audrey Hu, Theo Offerman, and Liang Zou

We investigate the possibility of enhancing efficiency by awarding premiums to
a set of highest bidders in an English auction—in a setting that extends Maskin and
Riley (1984, Econometrica 52: 1473-1518) in three aspects: (i) the seller can be risk
averse, (ii) the bidders can have heterogeneous risk preferences, and (iii) the auction
can have a binding reserve price. Our analysis reveals that the premium has an intricate
joint effect on risk sharing and expected revenue, which in general benefits risk averse
bidders. When the seller is more risk averse than the pivotal bidder — a condition often
verifiable by deduction prior to the auction — the premium also benefits the seller and
therefore leads to a Pareto improvement of the English auction. We discuss how this
finding is related to the seller’s degree of risk aversion, the reserve price, the riskiness
of the object for sale, the degree of heterogeneity in risk preferences among the bidders,

and the number of the potential bidders.
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1 Introduction

Most of the auctions literature assumes either the seller, or bidders, or both to be risk
neutralﬂ In this paper we consider a more general situation in which both the seller and
bidders in an auction can be risk averse. This situation naturally arises when the seller
and bidders are consumers, business persons or small firms with limited capital. For
instance, the seller of a unique painting may be as risk averse as the bidders competing
for it. When both the seller and bidders are risk averse, an important question arises
as to whether, given an ex post efficient auction mechanism, the involved parties can
benefit from a risk-sharing scheme that enhances ex ante efficiency of the mechanism
without jeopardizing ex post efﬁciencyﬂﬁ] Put differently, can we make all players, i.e.,
the seller and all types of the prospective bidders, better off by modifying the payment
rule of a mechanism while maintaining its allocation rule? The main contribution of
our paper is to provide a mechanism that practically achieves this goal.

We consider a single-object auction environment and take the English auction
(EA) as our benchmark auction model. The EA is one of the most widely practiced,
and most extensively studied, auction format. Its open ascending-bid procedure ensures

simplicity, transparency, optimal use of information[] and under various conditions

IExceptions that allow both the seller and buyers to be risk averse can be found in Hu, Matthews
and Zou (2010) and Hu (2011), where the focus is on the optimal reserve prices.

2We use the term “ex ante” to mean the pre-auction stage when the auction rule may be subject
to changes (by the seller, the auction designer, or as a result of bargaining). This may include the
“interim” stage when each potential bidder has received his private information but does not know
the others’ information, as well as the stage when no bidder has received any private information (see,
e.g., Holmstrom and Myerson, 1983; Crawford, 1985).

3Ex ante risk sharing should be distinguished from a separate problem of sharing ensuing risk
between the seller and the winning bidder through joint ownership of the auctioned asset (e.g., the
security design problem studied in DeMarzo, Kremer and Skrzypacz, 2005).

4See, e.g., Milgrom and Weber (1982), McAfee and McMillan (1987), McMillan (1994), Klemperer
(2002), Ausubel (2004), and Perry and Reny (2005).



leads to ex post efficient outcomesf] Therefore, when the EA is Pareto inefficient ex
ante, it is of practical as well as theoretical importance to find out how the situation
can be improved.

We generalize the EA to a class of English premium auctions (EPA), which pro-
ceeds just like an EA except that the highest two bidders receive a “profit share”, or
“premium”, from the seller that is equal to a fraction « of the difference between the
second and the third highest bids. This class of EPA includes EA as a special case
when a = 0 and it maintains the EA’s simple and “detail-free” (Wilson, 1987) feature
to the seller. In practice, premium auctions are regularly used in Europe to sell houses,
land, and machinery among others. Various premium auctions have been analyzed in
several previous studiesﬁ In particular, the existence of equilibrium for a related EPA
model has been established in our previous work (Hu, Offerman and Zou, 2011), which
allows us to focus on the welfare analysis of risk sharing in the present study/[’]

The auction environment we consider extends the classical setting of Maskin
and Riley (1984) in three aspects: (i) the seller can be risk averse, (ii) the bidders

can exhibit heterogeneous risk preferencesﬁ and (iii) the seller can impose a binding

°See, e.g., Maskin (1992), Wilson (1998), Krishna (2002), Dubra Echenique and Manelli (2009),
Birulin and Izmalkov (2010), and Hu, Matthews and Zou (2013).

SFor instance, see Goeree and Offerman (2004), Milgrom (2004), Hu, Offerman and Onderstal
(2011), and Hu, Offerman and Zou (2011). Van Bochove, Boerner and Quint (2012) provide an
interesting historical account of the “Anglo-Dutch premium auctions” used in the secondary market
for financial securities in the eighteenth-century.

"In Hu, Offerman and Zou (2011) we considered the EPA in a symmetric interdependent-values
setting of Milgrom and Weber (1982) with homogeneous bidders, finding that when bidders are risk
averse, revenue maximization is unlikely to be a good reason for the seller to offer any premiums in
an EA.

8 Apart from being commonly recognized as a stylized fact (e.g., Arrow, 1971), heterogeneity in risk
preferences has been confirmed in many experimental studies following Cox, Smith and Walker (1982,
1988). For instance, Harrison, List and Towe (2007, p.437) reported that they “observe considerable
individual heterogeneity in risk attitudes, such that one should not readily assume homogeneous risk

preferences for the population.”



reserve pricef| We also incorporate the possibility of ensuing risks in our model, e.g.,
where the auctioned object is, in essence, a risky asset. All these extensions are not
necessary for our results, but the generality is certainly worthy of the endeavor as
it provides more scope for potential applications. We do not seek optimal solutions
that maximize the seller’s expected utility, which typically involve ex post inefficiency
(e.g., Myerson, 1981; Riley and Samuelson, 1981). As shown in Matthews (1983) and
Maskin and Riley (1984), even if the seller is risk neutral and bidders have the same
homogeneous utility function, the problem of finding an optimal auction mechanism
is highly complicated. The existence of such an optimal mechanism requires strong
assumptions on the utility and distribution functions as well as detailed knowledge of
the seller about these functions. We therefore focus in this study on the detail-free
and ex post efficient EPA with the objective of obtaining sharp and applicable results,
treating the reserve price and the premium rule as exogenously given.

The key result of our study is that in plausible situations, the EPA provides a
Pareto improvement on the EA. This result applies to situations in which it is reason-
able to expect that the seller is more risk averse than the buyers. For instance, when a
household sells an antique in an auction to wealthy collectors, an author his manuscript
to publishers, an inventor his patent to venture capitalists, or a small firm its assets
to large corporations, the prospective buyers are typically wealthier and, by a simple
argument of decreasing absolute risk aversion (DARA), more risk tolerant than the
seller. In some situations, the seller can even check without a cost whether potential
buyers are more risk tolerant. For instance, consider a setting in which the auctioned
item is a risky asset whose value distribution is commonly known. Then as long as
the seller imposes a reserve price that makes him indifferent between selling and not
selling, the prospective buyer, by the very fact that he is willing to pay more than the

reserve price, can be inferred to be more risk tolerant than the seller.

9As we do not require that the seller imposes a reserve price strictly higher than his reservation
value, there is no commitment problem or loss of efficiency that may arise in the event of no sale since

the seller will then be the one who values the object the most among all players.



In Section [2, we present the general model and describe how the EPA works. We
introduce an effective measure to tackle heterogeneous risk preferences, defined by a
function(al) @ in ([2). We show in Lemma [I] that, in the paradigm of expected utility
theory, the quantity of ) has the same role of the Arrow-Pratt measure of absolute
risk aversion for ordering risk preferences. But this measure of () involves weaker
assumptions and a broader scope of applications than the Arrow-Pratt measure.

In Section [3] we analyze the equilibrium properties of the EA and EPA, showing
that a binding reserve price causes the equilibrium bids in the EPA to exhibit a “jump”
at the reserve price (Theorem . An important consequence of this jump bidding, a
phenomenon similar to the one observed in Jehiel and Moldovanu (2000) for their
second-price auction equilibrium with externalities, is that at the interim stage the
same reserve price will induce the same subset of active bidders in either the EA or
the EPA. This property greatly simplifies our comparative welfare analysis.

Section (4| contains the main findings from this study. We first show in Theorem
that for any number (> 2) of active bidders, the difference in the seller’s expected
payoff between the EA and the EPA can be characterized by a functional of the utility
function of the seller and that of the pivotal bidder—the one who determines the
selling price in the EA. This result reveals an important role of the pivotal bidder for
assessing the relative advantage of risk sharing in the EPA. It suggests that the seller
will benefit from the premium tactics whenever he is more risk averse than the pivotal
bidder. Although the utility function of the pivotal bidder may not be known, this
condition can often be assured to hold prior to the auction by deduction.

From the seller’s viewpoint, we consequently obtain the following predictions that
are direct implications of Theorem [2| Given any premium rule o € (0,1/2) and reserve
price py > 0, the seller is better off in the EPA compared to the EA in either of the
following scenarios.

Scenario 1: All active bidders are more risk tolerant than the seller (Proposition
).

Scenario 2: The seller’s preference belongs to that of the population of the



bidders, and py is no less than the seller’s reservation value (Proposition and Corollary
1),

Scenario 3: There is a sufficiently large number of potential bidders (Proposition
3).

Without any further restriction on the players’ risk preferences, Scenario 1 is a
significant generalization of the auction environment studied in Waehrer et al. (1998)
and Eso and Futo (1999) in which the seller is risk averse and bidders are risk neutral.
Eso and Futo (1999) obtained an interesting result that among all incentive compatible
mechanisms, there is one that is deterministic to the seller and is therefore, by a simple
argument of revenue equivalence under risk neutrality, ex ante efficient. As Eso and
Futo noted, however, their mechanism may involve large “gambles” among the bidders
and fail to hold as soon as some bidders are risk averse. For such a mechanism the
seller also needs to have accurate knowledge of how bidders’ types are distributed.

In Scenario 2, the situation is akin to a business-to-business transaction in which
the seller imposes a reserve price to prevent losses from the sale. The seller is then
better off using the EPA rather than the EA because of the deduced fact that the
prospective buyer will be more risk tolerant. In Scenario 3, there may or may not
be a binding reserve price. The prediction derives from the fact that as the bidder
number increases, the probability increases toward 1 that the pivotal bidder is more
risk tolerant than the seller. We obtain two more corollaries of Theorem [2l that when
bidders are risk neutral, the EPA revenue is less risky than that of the EA in term
of second-order stochastic dominance (Corollary ; and that there exists an optimal
a* € (0,1/2] that maximizes the seller’s expected utility among the class of EPAs
considered (Corollary [3).

From the bidders’ viewpoint, we show that under plausible conditions the risk
averse bidders derive higher expected utilities in the EPA rather than the EA. The
intuition lies in the twofold benefits that the premium offers to risk averse bidders: it
reduces the average payment (Hu, Offerman and Zou, 2011) and it reduces the riski-

ness of the payment. This result extends Matthews’ (1987) finding that in independent



private values settings, the DARA bidders prefer the second-price auction, or its strate-
gically equivalent format EA, to the first-price auction. Our result shows that as long
as bidders have nonincreasing absolute risk aversion, they further prefer the EPA to the
second-price auction[l”] We establish this result first assuming that bidders have the
same utility function that exhibits constant absolute risk aversion (Theorem [3)). The
case with heterogeneous bidders turns out to be surprisingly complicated and requires
additional, although plausible, assumptions and it is proved in Theorem

In Section we provide a numerical example that illustrates the main results
of the paper. Section [5| concludes the paper with remarks on future research. The

proofs of the lemmas and propositions are relegated to the Appendix.

2 Model and Preliminaries

We consider selling an indivisible object to N (> 2) potential bidders via an English
premium auction (EPA). The seller announces a reserve price for the object, pg, and
observes n (< N) active bidders. If n < 2, then the auction will be conducted as a
standard (button-) English auction (EA), in which case for n = 0, the auction results
in no sale, for n = 1, the only active bidder wins the object and pays the reserve price
po, and for n = 2, the winner purchases the object for the price at which the other
bidder quits.

For n > 2, the EPA will be conducted in two stages. In the first stage, a clock
price rises from py. At each price level, bidders decide to stay in the auction or to
exit. An exit decision is irrevocable. The first stage ends when only two bidders, or
finalists, remain active. The price level X, or bottom price, at which the third-to-last

bidder quits will serve as a new reserve price onwards in the second stage, in which the

19Eso and White (2004) extends Matthews (1987) in another direction, showing that under a given
first-price, second-price, or English auction environment the symmetric DARA bidders prefer that
the object for sale entails higher ensuing risk. It can be shown that this observation extends to our
heterogeneous model under the EA. An interesting, yet unverified, conjecture is that heterogeneous

bidders would prefer higher ensuing risk in the EPA as well.



price rises from X until one of the finalists quits. The remaining one wins the object
and pays the price p at which the other finalist quits. Both finalists also receive a
premium from the seller equal to a(p — X)), where o € (0, 1/2] is publicly known prior
to the auctionE-] Any ties are resolved randomly: in the second stage, if both finalists
withdraw at the same price p, then both will receive a premium equal to a(p — X)
and one of them will be randomly chosen to receive the object and pay the price p; in
the first stage, if two or more bidders simultaneously withdraw at price X, with only
one (or no) bidder left, then the auction ends like an EA with the (randomly chosen)
highest bidder paying price X for the object and no one receiving any premium.

Each potential bidder i has a private type t; € [0, H] C R that affects his prefer-
ence for the object. Ex ante, the types ¢; are independently distributed according to
the same distribution function F. The density function f = F’ is strictly positive and
continuously differentiable on (0, H].

The preference of a typical bidder with type t is represented by

w(x,t) if he wins the object and receives x 1)

u(z,t) if he loses and receives x

We interpret function u(-,t) as type-t bidder’s status-quo utility for income. The bidder
with type ¢t who drops out in the first stage will have utility (0, t).

For ease of exposition, we refer to the special case where u(x,t) is independent
of t in as the homogeneous-utility model (e.g., Maskin and Riley, 1984)P—_7l and the
more general case as the heterogeneous-utility model in which u (-, t) and (-, t') can be
two different utility functions given any t # t'.

The functions u(z,t) and w(z,t) are assumed to satisfy the following mild con-

"Hu, Offerman and Zou (2011) considered a more general premium rule that is an increasing, but
not necessarily linear, function of p — X. In this paper, we restrict attention to linear premium rules
for tractability, while noting that such simple rules are predominant in premium auction practices
(e.g., Goeree and Offerman, 2004).

12The term “homogeneous utility” refers only to the fact that all losing bidders have the same

utility for income. The winning bidders’ utility functions can still vary with their private types.



ditions[”]
Al. v and w are thrice differentiable.
For all ¢t € [0, H],
A2, w(—oo,t) <u(0,t) < w(0,t).
A3. u; >0, w; >0, and wy > 0.
A4. u(x,t) — u(z,t) is log-concave in x on (z,00), Vz.

Condition A2 implies that all types of bidders would be better off receiving the
object for free (w(0,t) > u(0,t)), but no bidder is willing to pay too high a price for
the object (w(—o0,t) < u(0,t)). A3 is the usual assumption that utilities increase in
income. A4 is commonly invoked to guarantee the existence of equilibria in first-price
sealed-bid auctions (e.g., Holt, 1980; Athey, 2001). It holds for risk averse bidders in
general, and to some extent for risk preferring bidders as well.

The next two conditions involve the properties of the ratidlz]

u(z,t) —w(r —y,t)
uy(x,t)

Qz,y,t) =
A5. For all z,y, Q(x,y,t) is decreasing in .

AG6. For all y,t, Q(x,y,t) is nonincreasing in z.

The economic interpretations of A5 and A6 will become more transparent by
considering some special cases of our model. We first present a lemma that will be
frequently used later on for interpretations of the main results of this paper. The
lemma can be seen as a corollary of Pratt (1964, Theorem 1), which helps connect the

expression in to the Arrow-Pratt measure of absolute risk aversionr_gl

13Qubscripts denote the argument with respect to which a partial derivative is taken.
14The notational dependence of @ on the functions v and w is suppressed.

15Similar results are presented in Hu, Matthews and Zou (2013) in a more general setting with

asymmetric interdependent-values and heterogeneous bidders.

9



Lemma 1 Let u,u : R — R be two increasing and twice continuously differentiable
utility functions. Then the following conditions are equivalent, in either the strong form
(indicated in brackets), or the weak form (with the bracketed material omitted):

(i) —u"/u' > —u" /i [and > for at least one x in every intervall.

(i1) For all x and y such that y # 0,

u(‘T) — U(SC B y) > [>]

a(r) — iz —y)
o' (z) - ’ (3)

()
(iii) For all x and y, and for all nondegenerate random variables U such that Ev exists,

u(z) — Bu(tv 4+ x — y)

w(z) — Bu(v +x —y)
u'(x) '

u'(x)

> [>]

(4)

For the homogeneous-utility model, the following four special cases have been con-
sidered in Maskin and Riley (1984) where U is an increasing von Neumann-Morgenstern

utility function.
Case 1 w(z,t) =U(t + ) and u(z,t) = U(x).

Case 2 w(x,t) = U(t + ¥(z)) and u(z,t) = U(y(z)), where o' > 0, " < 0, and
$(0) = 0.

Case 3 w(z,t) = [U(v + 2)dK(v[t) and u(x,t) = U(z), where K (v|t) > K(v|t) for
all t < {.

Case 4 w(z,t) = (1 +t)U(t + x) and u(x,t) = U(z), where U > 0.

Case 1 is the standard private-values model. Case 2 allows a bidder to assign
certain quality to the auctioned object, which may not have an equivalent monetary
value. Case 3 allows the object to entail ensuing risks, where the true value v remains
risky at the time when the auction concludes. In this case the conditional distribution
of v for a higher type exhibits first-order stochastic dominance over that for a lower
type. Case 4 provides an example in which winning the object gives the bidder a
greater ability to derive pleasure, crudely translated into a higher marginal utility as

well as utility for income[T|

16See Maskin and Riley (1984) for more detailed discussions of these cases.

10



It is easily seen that for Cases 1-4, conditions A1-A4 hold under proper assump-

tions on functions U and K[| The following lemma relates U to A5 and A6.

Lemma 2 For Cases 1-4, U > 0 implies A5. U exhibiting nonincreasing absolute risk
aversion implies A6 for Cases 1-8. If in addition U is nonnegative and is log-concave,

then A6 holds for Case 4.

For the heterogeneous-utility model, it is clear that each of the Cases 1-4 can be
generalized straightforwardly by replacing U(z) with U(x,t), so that u(x,t) = U(x,t)
(or u(z,t) = U(y(x),t) for Case 2°).

Case 1’ w(z,t) = U(v(t) + x,t) where v is twice continuously differentiable with

v,v" > 0.
Case 2’ w(x,t) = U(v(t) + ¥(x),t) where ¢ > 0, " <0, and 1(0) = 0.
Case 3’ w(z,t) = [U(v + z,t)dK (v[t) with K (v[t) > K(vlf) for all t < £.
Case 4’ w(z,t) = (1 +t)U(v(t) + z,t) where U > 0.

Cases 1’-4’ generalize Cases 1-4 also in some other details. For instance, Case
3’ allows the distribution K to be independent of ¢ so that all bidders have the same
probability distribution over v. This can be a situation in which all available information
has been “priced” into the object for sale but because the bidders have different risk
attitudes they may still have different expected (utility) payoffs upon winning. More
generally, Case 3’ allows the bidders’ types to affect their risk preferences as well as
their expectations about the object’s uncertain value. For instance, ¢ may be correlated
to a bidder’s wealth, a higher wealth level giving the bidder more favorable conditions
for using or deriving values from the object.

For Cases 1’-4’, conditions A1-A4 also easily hold with proper assumptions on
U(z,t) and K(v|t). The next lemma gives an interpretation of A5-A6 in terms of
Ul(x,t).

17For instance, for Case 2 u is log-concave as long as U is log-concave in the sense of A4, since 9 is

a (weakly) concave function.

11



Lemma 3 Suppose A1-A4 hold. Further assume that U(-,t) exhibits nonincreasing
absolute risk aversion and that U(-,t) is more risk averse than U(-,1) whenever t < L.

Then A5-A6 hold for Cases 1°-4’.

Indeed, in all these cases the conditions A5-A6 can be replaced by the joint
condition that —wuqi(x,t)/uq(z,t) is nonincreasing in x and ¢. An important special
case is where u(x,t) exhibits CARA in z for all ¢, or that A6 holds with ¢; = 0. If
A6 holds with ; < 0, then by Lemma (1] it corresponds to the cases in which u(x,t)
exhibits DARA in x for all t. However, since these cases are just special examples of
our model and the function w(x,t) can be given other forms or interpretations (e.g.,

non-expected utility preferences), we maintain A5-A6 in this paper for generality.

3 Equilibrium

In both the EA and the EPA we assume that the seller chooses the same reserve price
po- We begin with the EA equilibrium, which serves as a benchmark for analyzing the

EPA and welfare effects of risk sharing in Section [4l

3.1 English auction

In the EA, it is routine to check that there exists a unique symmetric equilibrium in
our setting. In this equilibrium, it is a (weakly) dominant strategy for a type-t bidder

to stay in the auction until the price reaches 7n(t) such that

w(=n(t), 1) = u(0,) (5)

By A1-A3 the bid function 7 is well defined on [0, H], and it is increasing by A5.

If the reserve price py < 1(0), it has no effect and all bidders will participate in
the EA. If py > n(H) then no bidder will be interested in bidding. From now on we
assume that pg € [7(0),n(H)]. Then, there exists a screening level to € [0, H] defined
by 1(tg) = po. A bidder will abstain from bidding in the EA if and only if his type is

lower than tg.

12



Given any vector of types (t1,...,tx), we let t(1), (o) and t3) denote the highest,
second highest, and third highest types from among (1, ...,ty). We call the bidder of
type t(2) the pivotal bidder, who determines the selling price in the EA equilibrium.

An important property of the EA equilibrium is that the object for sale will be
allocated to the one who has the highest willingness to pay for the object and therefore
the EA is ex post efficient. It is important to note that as long as the absolute risk
aversion —uy(x,t)/ui(x,t) is nonincreasing in x and ¢, the winning bidder in the EA
should be also (weakly) more risk tolerant than all other bidders. This observation is

further strengthened when the object for sale entails ensuing risk.

3.2 English premium auction

According to the EPA rule, if the number of participating bidders n < 2, then the
auction reduces to the EA and the preceding analysis of equilibrium strategy 7(t)
holds for this special case.

Now suppose n > 2. As in the EA, we focus on symmetric equilibria in which
bidders adopt the same bidding strategies. By backward induction, suppose that the
first stage ends with bottom price X > py and the two finalists adopt strategy b(-, X) :
[r, H) — [X, 00) with updated lower bound r of the opponent’s type distribution. We
say that b is a second-stage equilibrium if conditional on X, adopting b(-, X') maximizes
each finalist’s expected utility given that the other finalist adopts the same strategy b.

At the start of the second stage, a finalist with type ¢ who bids as though his

type is s (> r) derives a conditional expected utility equal to

UltslnX) = s | (@bl X) = X) = by X).0dF (1)
1—F(s)
TR (005, X) = X).1) (6)

Equilibrium requires Us(¢, t|r, X) = 0, and it can be readily verified that (see Hu,
Offerman and Zou, 2011, Theorem 1), by A1-A6, there exists a second-stage equilibrium
that is the unique solution of the differential equation in under the boundary

13



condition in :

 Lu(a(b(t, X) - X),6) — w(a(b(t, X) - X) —bt)  f()
hilt,X) =2 w1 (a(b(t, X) — X).1) —ry 7

b(H,X) = B(X) (8)

such that b; > 0; where B(X) is the solution B that solved™|
w(a(B—X)—B,H)=u(a(B—X),H). (9)
The following lemma shows how b is affected by the bottom price.

Lemma 4 Assume A1-A6. Then, on its effective domain]™| b(t, X) is continuously
differentiable such that (i) by =0 if Q1 = 0, and (ii) by < 0 if Q1 < 0.

The second-stage strategy b(t, X)) now induces a first-stage strategy (3, which is
given (implicitly) by

Bt) = b(t, B(1)) (10)

By Lemma {4 and the implicit function theorem, 3(t) is well defined and is continuously

differentiable, satisfying
/ _ bl (ta 6(t))
PO = T 80)

Because 3 is increasing, in equilibrium we have X = 3(t(3)) and that both finalists

>0 (11)

have types in [t3), H].
Summarizing, the EPA strategy, denoted b*, can be fully described as follows ]
For all N potential bidders,

18Because the left side in (El) increases in B and the right side decreases in B, by A1-A3 the solution
B = B(X) is uniquely defined and differentiable in X.

9By the EPA rules, the effective domain of b(t, X) is

Q= {(t,X) € [0,H] x [po, B(H)] : X < b(t, X) < B(X)}.

20The dependence of b* on py and (7, 3,b) is suppressed to ease notation.
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. : : b*(t) = po if t>to
(I) their pre-auction strategy is
b*(t) < Do if t< to

This means that bidders with types lower than t; choose to abstain from bidding
and the rest choose to participate. Once the auction begins, the active number n
becomes common knowledge. Thus for the n active bidders,
b*(t) =p(t) if n>2

b*(t) =n(t) if n<2
The case with n < 2 is straightforward. For n > 2, the first stage will end with

(IT) their first-stage strategy is <

a bottom price X and for the two finalists,

(III) their second-stage strategy is b*(t) = b(t, X).

We say that b* is an FPA equilibrium if (i) b(-, X) is a second-stage equilibrium
conditional on any bottom price X; (ii) in the first stage with n > 2 active bidders,
conditional on any updated information it is optimal for each bidder to adopt strategy
S providing the other bidders adopt 3; and with n = 2 active bidders, it is a (weakly)
dominant strategy for each bidder to adopt strategy n; and (iii) prior to the auction,
a type-t bidder chooses to stay at price py if and only if his expected payoff from the
subsequent auction game is no less than u(0, ).

Our next theorem establishes that b* is indeed an EPA equilibrium.

Theorem 1 Suppose A1-A6 hold. Then the strategy b* constitutes an EPA equilib-

TIUM.

Proof. The proof that given n > 3 active bidders, (5,b) is an EPA equilibrium
follows similar (lengthy) arguments as in Hu, Offerman and Zou (2011, Theorem 1);
hence is omitted. Because the effect of a binding reserve price has not been considered
previously, to complete the proof we consider the pre-auction stage here assuming that
active bidders will follow strategy 3 in the first stage of the EPA.

First, suppose a potential bidder has type t < ¢y so that n(t) < pg. Prior to the
auction, he is unsure about the number n of bidders who will choose to participate
at pg. We show that it is optimal for the bidder to abstain from bidding. If he stays

at po, he faces three possible scenarios. (i) No other bidder stays at py. In this case
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n = 1 and by the bidder purchases the object at a loss. (ii) Only one other bidder
stays at pg. In this case n = 2 and the EA policy implies that the bidder will have no
expected profit to be made. He has to quit immediately or else face a potential loss
should he become the winner. (iii) There are n > 3 bidders staying at p (including
this one with type ¢t < tg). Then, given that the other bidders will adopt strategy
in the first stage, and given that these bidders have followed the pre-auction strategy
so that their types are no less than ¢y, the bidder with ¢ < t; will have no chance to
become a finalist unless he deviates from strategy (. This is suboptimal, however, as
it is optimal to follow strategy ([ in the first-stage.

Consider next a bidder with type t > ty. It is clear that in all the above possible
scenarios (i)-(iii), he will have an expected payoff higher than (if ¢ > ¢y) or equal to (if
t = o) his status-quo utility «(0, t). Therefore, it is optimal for the bidder to participate
in the auction.

We conclude that b* is an EPA equilibrium. m

Intuitively, with n > 2 active bidders the premium induces all types to bid higher
in the EPA than in the EA, ie., (t) > n(t) for all t > ¢, T By the pre-auction
strategy b*, this implies that observing n > 2 leads to a “jump” in bids at ¢y in the
EPA, resulting in no bid in the price interval (po,3(to)). As shown in the proof of
Theorem [1], this jump bidding is caused by the uncertainty at the pre-auction stage

about the number n of active participants under reserve price pq @

21 This follows from that for X = S(t), b1(t,8(t)) > 0 is equivalent to u (0,t) > w (—fB(¢),1).
Comparing this with gives B(t) > n(t) for all t € [to, H).

22 Jehiel and Moldovanu (2000) derive a similar jump-bidding property in their second-price auction
equilibrium with negative externalities. In their model with two bidders and a binding reserve price,
a subset of types with private values lower than the reserve price face the uncertainly whether the
opponent will bid higher or lower than the reserve price (similar to our n > 2 or n < 2 scenarios). By
deduction, under both scenarios these low-value types will not stand to gain and therefore will bid
zero. As the reserve price does not affect the equilibrium bids by other types, which are higher than
their true values due to the externality, the jump bidding occurs at the level of the reserve price.

Milgrom and Weber (1982) also observe a similar “jump” property in their analysis of second-price
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The key implication of the jump bidding in the EPA is that when the seller
chooses the same reserve price py as in the EA it will induce the same screening level
to so that the subsets of active types who are willing to participate in the EA and the

EPA are the same. This implication is essential for our main results in Section [4]

4 Main Results

We now turn to investigating the welfare implications of the premiums, from the seller’s

perspective first, and then from that of the bidders.

4.1 Seller’s perspective

Suppose the seller’s utility function, V, is twice differentiable and that the seller has a
certainty equivalent value for the object equal to vy < ng_g]

Let fg) denote the density function of the second-highest type f(3), with the
associated cumulative distribution Fg). The seller’s expected utility in the EA can

then be written as

Vi (po|EA)

= V() EF(to)" + V(po)NF(to)" (1~ F(to)) +/ V(n(y) dFg(y)  (12)

to
where the first term in comes from event t(;) < ty, the second term from event
t) < to < t(1), and the last term from event ty < Z(2).

Now let fg)@) denote the joint density of the second- and the third-highest types.

equilibrium with interdependent values and a binding reserve price. For related analyses see also, e.g.,

Jehiel and Moldovanu (1996) and Caillaud and Jehiel (1998).

23In our setting, if the seller were able to choose the reserve price optimally for the EA, then py > vg

(e.g., Hu, Matthews and Zou, 2010).
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The seller’s expected utility in the EPA is then given by

Va(a, polEPA) = +v<po>NF<to>N Y1 - F(ty))
/ / (y, 2)dydz (13)
/ / V (R(y, 5(2))) £ 5 (v, 2)dyd: (14)

where the term in comes from event #(3) < to < t(2), the term in from event
to < t(3), and
R(y, 5(2)) = bly, 6(2)) — 2a (b(y, B(2)) — (=) (15)
is the seller’s revenue conditional on fs) = y and t(3) = z > t.
The next theorem provides a key result concerning the lower bound for the dif-
ference between the seller’s expected payoffs in the EPA and the EA. This bound is

“tight” in that it is reached under condition (i) in the theorem.
Theorem 2 Assume A1-A6, and that V" < 0. Then for all o € (0,1/2],

Vn(a, po| EPA) — Vi (po| EA)

> [ (1 () ) VIO AR (0
VW) V) w08 - w (50,0
where (t) = V() 0 (0.0 (17)

The inequality in (16) is (i) an equality if Q1 = 0 and either V" =0 or a = 0.5, and
(i) is a strict inequality if Q1 < 0, or if V" <0 and a € (0,1/2).

Proof. The difference between the seller’s expected payoffs in the EPA and the EA is

uniquely determined by their difference in the event fo < #(3). Therefore
Viv(a, po|EPA) — Vi (po[EA)
= [ B0 = ] i 2
Substituting £, (1, 2) = N(N — 1)(N = 2)F(2)¥3(1 = F(y)) f(2) f(3) gives
Vi (a, po|EPA) — Vv (po|EA)
= v [ (W s~V )] 0= P ) are

to
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Integrating by parts, and noting that R(z, 5(z)) = (z), we obtain

Vi (a, po|EPA) — Viv(po|EA)

= —N(N-1)

< [N = P L [V (R B - V )] (1 = Flu)dF()a:

~ N(N-1) / [F(2)N"2 = F(to)¥2] [V (3(2)) — V (n(=))] (1 — F(2))dF(z)

SNV =) [ PN - P [V (R B (- F)dFw)das

The partial derivative

0

5,V (LY. 5(2))) = VI (R(y, 5(2))) Ra(y, 5(2))5'()

By Lemma [4, we have by < 0. So,

Ry = 2a+ (1 —2a)by <2« (19)

96 = ) <) (20)

Since Ry = (1 — 2a)by > 0, R(y,B(z)) > R(z,6(z)) = B(2). So V" < 0 implies
V' (R(y,5(2))) < V' (5(2)) for all y > z. Consequently,

0

5.V (R(y. 5(2) < V' (5()) 20h1 (2, (=) (21)

It follows that
| 5 (R 6) (- F)ir ()

< V(3 20,56 ( [ (1= Fnar))
= V'(B(2)) abi(z,B(2)(1 — F(2))?

= V(e B2 T 0 e

where we used @ to obtain the last equation. Substituting this inequality into ,

rearranging terms, and changing the notation of variable z to ¢, we obtain —.
If @1 = 0, then by Lemma (1) b, = 0. This implies that both inequalities in -

hold as an equality. In this case either V" = 0 or v = 0.5 implies V' (R(y, f(z))) =
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V'(B(z2)). So holds as an equality. The same deduction will then yield as an
equation.

If V"< 0 and a € (0,0.5), then V' (R(y,5(2))) < V'(B(z)) by the fact that
R(y,B(z)) is an increasing function of y. So the inequality in holds strictly. This
is also true with @1 < 0, which implies, by Lemma [[(ii), b, < 0 and therefore both
inequalities in — hold strictly. The subsequent deduction will then lead to a

strict inequality in . [ ]

By inspecting (16)), we find that the relative performance of the EPA from the
seller’s perspective depends only on the distribution of the second-highest type F, g),
where (u(-,t),w(-,t)) in stands for the preference functions of the pivotal bidder in
the EA (i.e., t = t(9)). Therefore, a sufficient condition for the EPA to outperform the
EA is that the function ®(¢) in is positive for all ¢ € (to, H]. In light of a result in
Hu, Offerman and Zou (2011) that the premium lowers expected revenue when bidders
are risk averse (see also Lemma |5{in the next subsection), Theorem [2 suggests a strong
risk sharing effect of the premium: even though the expected revenue is lower, the
seller may strictly prefer the EPA for the reduction of revenue risk.

It is instructive to use Case 1’ (and thus Case 1) as an example and see how
the sign of ®(¢) can be determined. For Case 1’, w(z,t) = u(v(t) + z,t). So by (5],
w(—=n(t),t) = u(0,t) implies n(t) = v(t). Now assume that

B V"(SL’)
V()

U1 <y7 tU)
ul(ya to)

2_ ) VSL',yER (22)

Then, by Lemma
V) -V
V' (B(1)

In particular, for x = —/3(t) we have

V(B®#) = Vn) _ ul0t) —un(t) = 5(),t0)
- U1 (O, t())

n(t) o wlz+B(t) to) —u(z +n(t), to)

w (@ + Bt to) o

>

(
)

, Vt > tg, by A5 and Lemma (23)




This shows ®(¢) > 0 and therefore Viy(c, po|EPA) > Vy(po|EA).

The condition means that regardless of the respective income levels, the seller
is more risk averse than the type-ty bidder. This condition removes the “wealth effect”
that may cause ambiguity in comparing relative risk aversion between individuals at
different wealth levels. Indeed, in general, the bidders’ degrees of risk aversion as
being modelled depend on how we “normalize” their status quo wealth. This has been
assumed to be zero in our model by convention. Such a normalization is innocuous if
the bidders exhibit CARA, but in the case of DARA it makes the bidders “appear” to
be more risk averse than they actually are — given the supposition that each bidder has
sufficient funds to purchase the object for sale. To avoid such ambiguities, we therefore
invoke the assumption @)1 = 0 for the following propositions. This assumption is akin
to the CARA assumption used elsewhere in auction theory (e.g., Milgrom and Weber,
1982; Matthews, 1983) as well as other fields of studies@

Our first proposition generalizes the preceding observation for Case 1’ to Cases

2- 4

Proposition 1 For Cases 1’- 4’ (and therefore Cases 1-4), assume A1-A5, Q1 = 0,
and (@ Then a risk averse seller with reserve price py has a higher expected utility

in the EPA, given any premium rule « € (0,1/2), than in the EA.

The next proposition highlights a “businessman’s case” in which the seller’s pref-

erence belongs to the same population of the bidders.

Proposition 2 Suppose A1-A5 hold and Q1 = 0. Suppose the seller’s preference is
the same as a bidder with type ty € [0, H), and he chooses reserve price py accord-
ing to u(po,to) = w(0,ty) (the seller’s status-quo utility if there is no sale). Suppose
u1(+,t0) < 0. Then Vy(a, po| EPA) > Vi (po| EA) for all a € (0,1/2).

24We agree with Milgrom (2004, p. 93-94) that using CARA is an analytical technique, and it by
no means prejudges the importance of wealth effects. Of course, alternatively, the conclusions of these
propositions can be arrived at by simply assuming that the bidders exhibit DARA and are sufficiently
wealthier than the seller. For instance, assume u(x,t) = U(c(t) 4+ z,t) with ¢/ > 0 and ¢(¢) >> 0. But

such “manipulations” will not add any new insight.
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Not confined to Cases 1’- 4’, this proposition illustrates why in some circum-
stances the expected sales above the reserve price logically imply that the seller is
better off by employing the EPA rather than the EA.

The next proposition concerns the effect of the number of bidders N prior to the

auction.

Proposition 3 Under the circumstances of either Proposition[]] or Proposition|3, ex-
cept that the seller does mot impose a reserve price (i.e., reserve price equal to zero).
Then, for all a € (0,1/2), there exists a number N, > 2 such that Vy(a,0|EPA) >
Vn(0|EA) for all N > N,.

It is easily seen from the proof of this proposition that the result holds not just
for a reserve price equal to zero. The same prediction holds for any arbitrary reserve
price, with a higher reserve price likely to be associated with a lower threshold number
N, of the bidders.

An immediate corollary concerning the expected revenue of Propositions is

as follows.

Corollary 1 Suppose the bidder population includes a risk neutral type, say, to €
[0, H). Then, under A1-A6, for arbitrary reserve price p, (i) p > n(to) implies that the
expected revenue in the EPA is greater than that in the EA; and (ii) p < n(ty) implies
that for all o € (0,1/2), there exists an N, > 2 such that the expected revenue in the
EPA is greater than that in the EA for all N > N,.

Proof. Because the corollary concerns expected revenues, it is consistent with a risk
neutral seller in our model. Assume that both the seller and the type-ty bidder are
risk neutral. Then, applying the results of Propositions [1] or [2] for Part (i), and of
Proposition (3| for Part (ii) lead to the conclusions. m

We conclude this subsection with two more corollaries that are of interest on their

OWTIl.

22



Corollary 2 Suppose the bidders are risk neutral. Then the EA revenue is a mean-

preserving spread of that of the EPA for all o € (0,1/2).

Proof. By the revenue equivalence theorem, under bidder risk neutrality the expected
revenue is the same in the EA and in the EPA. For risk neutral bidders A1-A5 and
()1 = 0 hold trivially. Hence, by Theorem [2] the EPA revenue is preferred by all types
of risk averse sellers. Hence the conclusion (e.g., Rothschild and Stiglitz, 1970). m

This corollary significantly generalizes a result of Goeree and Offerman (2004),
who showed that for uniformly distributed types the EPA revenue has a lower variance
than that of the EA.

All preceding results do not assume any knowledge of the seller (except knowledge
of his own preference). Now, if we assume that the seller knows the utility functional
forms of v and w, as well as the distribution function of the bidder types F), then we

have the next corollary.

Corollary 3 Under the assumptions of either Proposition [1] or Proposition [J, there

exists an optimal o > 0 that mazximizes Vi (o, po| EPA) on [0,1/2].

Proof. Obvious, given Propositions [1{2|and the fact that Vi («, po| EPA) is continuous

in o on the closed interval [0,1/2]. =

4.2 Bidders’ perspective

We now turn to bidders’ preferences for the auction forms. Among n (> 2) active
bidders in the EPA under the reserve price pg, the first n — 2 bidders who drop out
are the same in either the EA or the EPA. As these losing bidders end up with their
status quo utility under either auction policy, it suffices to focus on the second stage

EPA with any bottom price X = [3(r) given. To ease notation, we fix r and denote

o(t) = a(b(t,X) — X) and h(t) = b(t, X) — ¢(t)
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Hence, ¢(t) is the premium and h(t) is the effective payment by the winner if the EPA
concludes at price b(t, X).
In the EA, when only two bidders remain, the expected utility of a type-t bidder

equals
UUEN) = =y [ w(n 00 G) 41— qu00) (24)
The same bidder in the EPA has an expected utility equal to
UUEPA) = s [ wl=h).04F() + {=pqule®t) (25

Therefore, in order to compare the bidders’ preferences over the two auction forms

it suffices to consider the sign of

Als,t) = / (w (=h(y), 1)) —w(=n(y), 1)) dF(y) + (1 = F(s)) (ule(s),t) = u(0,1))
’“ (20)
and show that A(¢,t) > 0 for all ¢ € (r, H].

4.2.1 Homogeneous utility

We first show a clear-cut result for the homogeneous-utility model.

Theorem 3 For the homogeneous-utility model, assume A1-A4, wy > 0, anaFE]

_ ’LU12($, t)
wy (z, 1)

Then, X\ > 0 implies U(t|EPA) > U(t|EA) for all t € (r, H].

= A(t), Yz €[-n(t),0)

Proof. For the homogeneous-utility model, uy(z,t) = 0 so that by the envelope
theorem,

d

A = 8a(t.0) = [ w2 (=hly).0) ~ wal—nlu). ) dF 1)

By the assumption —wiq(z,t) = \(t)wy(z,t), integrating over = gives

w (,1)) —wa(y,t) = =A(t) (w (2,1)) —w(y, 1)), Va,y € [=n(t),0)

2 For Cases 1-4, this condition is implied by U exhibiting CARA.

24



Therefore .
Ao(t,1) = —A() / (w (~h(y),1)) — w(—n(y).1)) dF (y) (27)

If A(t,t) < 0 for some ¢t > r, then f: (w(=h(y),t)) —w(-n(y),t)) dF(y) < 0 as
u(p(t),t) > u(0,t). But then implies Ay(t,t) > 0 for A(t) > 0. We know A(r,r) =
0. Thus A(t) > 0 implies A(t,t) > 0, or U(t|EPA) > U(t|EA), for all t € (r, H]. =

Observe that, in the proof of this theorem, no assumption is made about risk aver-
sion of the status quo utility u (apart from A4 that u is log-concave). The conclusion
of the theorem depends only on risk aversion of bidders’ utility w upon winning.

A straightforward implication of this theorem is that risk sharing in the EPA
makes all risk averse bidders better off — at least when income effects are negligible.
We provide a numerical example below to visualize the premium effects on the seller’s,

bidders’, and total surplus of expected payoffs.

4.2.2 Example

Consider Case 1. Suppose n = 3 and ¢ is uniformly distributed on [0, 1], and that the
seller does not impose a reserve price. Suppose that bidders’ utility U exhibits CARA:

1 — exp(—Ax)

Ulr) = 220,

AeR

In the EA, Case 1 implies the equilibrium condition w(—n(t),t) = U(t—n(t)) =0
so that 7(t) = t. In the EPA, the differential equation (7)) with boundary condition

has an explicit solution

balt) =~ In <é /t 1 ijy (11%) : dy) (28)

where the bid function b, (t) is independent of the bottom price X. By (10]), this implies

B(t) = bu(t) so that all bidders will adopt the same strategy b, in both the first and

second stages. Now suppose the seller also has a CARA utility function

V(z) = 1— exz(—vx)

, >0
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The density function fp, ( y,z) now equals 6(1 — y), so the seller’s expected

utility equald®™]

B Lorlq exp(—V (ba(y) + 2« (ba(y) - ba(z)))) _ >
@) —6/0 /Z v e

From any bidder’s viewpoint, the density of the highest and second highest types
from among the other bidders is f}y, (y, z) (= 2). Thus, given the bidder’s type t, his
expected utility equals

i) //1—exp A= balt) +00al) =l g,

o [ [ LN ),

Ex ante, the expected utility of an active bidder equals

Ula) = /O U (t|a)dt

Table 1 shows numerical results for the case with A = 1 and v = 2 under different
premium rules of . The column with o« = 0 corresponds to the EA. As can be seen, the
seller obtains maximum expected utility at about v = 0.3, and bidders prefer o = 0.5.

The total surplus is maximized at o = 0.5.

Table 1: predictions of specific example
Premium rule « 0 0.1 0.2 0.3 0.4 0.5
Seller expected utility V(o)  0.297 0.303 0.305 0.306* 0.305 0.304
Bidder expected utility U(a) 0.059 0.063 0.066 0.068 0.070 0.073*
Total surplus V() +3U ()  0.473 0.490 0.502 0.510 0.516 0.523*

4.2.3 Heterogeneous utility

We now extend the result of Theorem [3] to the heterogeneous-utility model. For con-
creteness, we will interpret ¢ as a parameter that is positively associated with a bidder’s

wealth. A natural implication of this interpretation is that risk aversion is associated

20Without ambiguity, we use the same notation V' (and U) to denote expected utility at each stage.

26



h(t)
X
_hiy
/
. t Hooot

Figure 1: There is a threshold point 7 at which the EA bid function 7(t) crosses the

EPA effective payment function h(t) from below.

with the property that u;s < 0, with u;2 = 0 being a special case for homogeneous or
risk neutral bidders.

For generality, we allow v and w to exhibit nonincreasing absolute risk aversion.
As implied by the boundary condition and @D, the effective payment function h(t)
satisfies h(r) > n(r) and h(H) < n(H). Consequently, there is a crossing point 7 at
which 7(t) — h(t) switches the sign from negative to positive. To simplify the analysis,
in what follows we assume that 7(t) — h(t) has a single crossing property that for any

t € [r,H), n(t) > h(t) implies n(t) > h(t) for all £ € (¢, H] (see Figure

2"The crossing point 7 can be more generally defined by 7 = inf{t € [r, H) : n(t) > h(t)}. Sufficient
conditions for such a single crossing property to hold can be identified for specific cases, which we do

not pursue here given the space limit.

27



To ease exposition, let ¢ and xP denote respectively the effective income of a
finalist in the EA and EPA, such that E,U(z¢,t) = U(t|EA) and E U (Z%,t) = U(t|EPA)
as defined in and @ In general, the effective income is a random variable
that depends on a bidder’s type t, the opponent’s type y and possibly the ensuing
risk. Because Uj(z,t) > 0, the effective income can be always well defined given any

specification of w(x,t). For example, for Cases 1’ and 2’, we define for any function

such that ¢ > 0 (with ¢)' = 1 for Case 1’),

v(t) +(—n(y)) fory <t

(y,t) =
0 for y >t
7 _ v(t) +Y(=h(y)) fory <t
P(y,t) =
P(ep(t)) for y >t

The following lemma shows that when bidders are risk averse, the premium in-
creases the expected effective income for any type of a finalist under various circum-
stances. The lemma generalizes our previous work (Hu, Offerman and Zou, 2011) in
that bidders now exhibit heterogeneous risk preferences, and that the auctioned object

may carry ensuing risks.

Lemma 5 For Cases 1-3° suppose A1-A3, A5-A6 hold, and Uyi(-,t) < 0 for allt €
[0, H]. Suppose further for Case 3’ that ()1 = 0. Then the expected effective income by
any type of the bidders is higher in the EPA than in the EAP|

The analysis of the risk sharing effects on bidders’ expected utilities is complicated

by the fact that, although in the EA no bidder expects to end up with a loss, in the

28The expectation operator Ey(-) indicates that the expectation may be taken conditional on ¢, such
as in Case 3 and Case 3’.

29The marginal utility in Case 4’ exhibits a jump upon winning and consequently Uy (z,t) < 0 does
not imply risk aversion “in the large.” In the homogeneous-utility model of Maskin and Riley (1984),
the absolute risk aversion in Case 4 is required to be greater than 2. In the more general Case 4, it
can be shown that the result of this lemma holds if U is “sufficiently” risk averse. We drop this case

for clarity of the conclusions.
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Figure 2: In situation ¢ < 7 the type-t finalist has the potential risk of losing money.
This will happen when the opponent has a type y < t that is sufficiently close to t. In

situation ¢ > 7 the type-t finalist is ensured to earn a positive surplus.

EPA this can happen to a subset of low-type bidders when t < 7 (see Figure . As
it turns out, the case with ¢ < 7 requires some mild additional assumptions for an
unambiguous determination of the premium effect. The situation with ¢ > 7 does not
require these additional assumptions, and has a stronger implication that 27 dominates
¢ by second-order stochastic dominance.

Our last theorem concerns the general result that risk averse bidders prefer the

EPA to the EA under various circumstances.

Theorem 4 For the heterogeneous-utility model, suppose A1-A6 hold and ui1, wyy <
0. Then U(t|EPA) > U(t|EA)
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(i) for all t € (r, 7] if"|

8 wn(x, t)
wia(,t) u12(y, 1)
< P — < <.
(D) < wld) = 0, Ve,y: —nt)<z<0<y (30)

(i) for all t € (1, H| if n(t) — h(t) has the single crossing property on [r, H| and
Ey(27) > E(3°) (e.g., Lemmal3).

Proof. (i) It can be readily verified that condition is equivalent to

g le(xv t)

> 1
or wy(z,t) — 0 (31)

and by Lemma implies

gw(:v,t) —w(y,t) <0

ot wl(xjt) <0, Vz,ye [—"7(75)70)

Consequently, for all x,y € [—n(t),0),

wa (y, 1)) — wa(z,t) = (w(y, 1)) — wlz,t))
Consider now A(s, t) given in ([26]). We have
Basrt) = [ (s (—h(y).0) — wn(=n(y).0) dF(y)
+(1 = F(s)) (u2(p(s),t) — u2(0,1))

Substituting —n(y) for z and —h(y) for y in , we deduce

Bals.t) > [ (bl 0) — wnt).0) 2R D gy

w1 (—n(y), 1)
+(1 = F(s)) (uz((s), ) — u(0,1))

30The condition in says that the absolute risk aversion of w(z, t) is nonincreasing in ¢. Condition
could be interpreted as requiring that the rate of change in the marginal utility of w is relatively
lower than that of u as t increases. For the homogeneous-utility model, this is a natural consequence
of risk aversion as wis < 0 = uj19. For the heterogeneous-utility model, holds for Cases 1’-3’
as long as u1; < 0 and —uq1/u; does not decrease “too fast” as income increases over the relevant
domain. This nests CARA as a special case. For Case 4’, the condition requires u to be “sufficiently”

risk averse.
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Because w (—h(y),t)) < w(—n(y),t), by the (first) mean value theorem in integral

calculus,

[ (w0 b)) = wn) ) 22T Dar)
wia(—n(8),1) [* w(— ~ wl— -
wa I [ (h0).) = () ) P ). €€ lrns] (3

On the other hand, we have for s > r,

us(p(s), 1) — uz(0,7)

— (ulols iy us(p(s),1) — us(0,¢)
= (ulp(s) 1) — u(0.0) 2D 0, (o)) (34)

where the last equation derives from the generalized mean value theorem.
Because [7 (w (—h(y),t)) — w(—n(y),t)) dF(y) < 0, we have by , , and
that

Agfs,t) > 22O / (w0 (—h(y).1)) — w(—n(y).t)) dF ()

wi(—n(§), 1)
(ule(s).0) 0, 0) 2250

> 28 [ (hi).0) = w(n(o). 1) dFG)
(ule(s).0) - ul0.0) 28]

- A(s,t)zlf((é;), Vs<t<r

Because 13 < 0, it follows by the envelope theorem that A(t,t) < 0 implies %A(t, t) =
Aq(t,t) > 0. We have A(r,r) = 0. Thus A(t,t) > 0 or U(t{EPA) > U(t|EA) for all
te(rr.

(ii) We prove this part of the theorem by a simpler graphical argument. Define

the induced cumulative probability distributions of ¢ and Z” by

G°(z|t) = Pr(z° < z|t) and GP(x|t) = Pr(z? < x|t) (35)
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It can be readily verified by inspecting Figure [2 that the relations between G¢(z|t) and
GP(x|t) can be depicted as in Figure |3| By assumption, we have

Ey(2P) = /:L‘de(l’|t) > /ZL‘dGe(ZL‘|t) = Fy(2°) (36)

and for t > 7, GP crosses G° from below exactly once. We therefore conclude that
(e.g., Jewitt, 1987, Theorem 1) 77 dominates Z¢ in the sense of second-order stochastic

dominance | which implies U(t|EPA) > U(¢|EA) for all ¢t € (7, H]. =

Summarizing, this section has demonstrated a variety of circumstances in which
the EPA Pareto dominates the EA at the interim, and therefore also at the ex ante

stage of the auction game with incomplete information.

5 Summary and Conclusion

We have presented an analysis of risk sharing effects in English premium auctions
(EPA) with risk averse seller and biddersf?] Our study reveals that when both the
seller and bidders are risk averse, the English auction is in general inefficient at the
interim stage. By simple modifications of the payment rule of the English auction, the
auction designer can often make the auction more attractive to both the sellers and
buyers when they are risk averse. This finding has significant normative and positive
implications. Because of the overwhelming evidence that the majority of individuals
are risk averse and that people differ in their risk attitudes, the EPA format presented
in this paper could be of interest to designers of auctions in practice. On the positive
side, the result of our study provides a plausible risk-sharing motive that helps explain
why premium auctions have stood the test of time and remain a class of regularly

adopted auctions in Europe.

310bviously, the same conclusion does not hold for t < 7 as the left end of the support of GP is
lower than that of G°.

32Hu, Matthews and Zou (2013) study a similar English auction model with ensuing risk and
heterogeneous bidders, allowing for a more general setting. Their focus is on the existence of ex post

efficient equilibria and the effects of ensuing risks.
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Ge(x|1) Ge(x|1)
; GP(x|t)
GP(x 1)

0 j(t) X 0 j(t) X

Tt Bt

Figure 3: G°(x|t) and GP(x|t) are the induced cumulative distributions of a finalist’s
effective income under the EA and the EPA, respectively. When t > 7, GP crosses G°
only once from below and therefore dominates GG¢ in the sense of second-order stochastic

dominance given that the expected effective income is higher under G? rather than G°.
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An important related issue not considered in this paper is how rewarding premi-
ums would affect the potential bidders’ entry decisions (e.g., Levin and Smith, 1994;
Smith and Levin, 1996; Bulow and Klemperer, 1996, 2009). We have assumed a fixed
number of potential bidders and showed that risk averse bidders will unanimously prefer
the EPA to the EA irrespective of the seller risk preference. Therefore, it is conceivable
that when potential bidders make entry decisions based on their expected payoffs, and
acquire information at some costs after entry, the EPA will be more conducive to entry
than the English auction. From the seller’s viewpoint, this could increase revenue by
more than an optimally structured auction does with fewer bidders (e.g., Bulow and
Klemperer, 1996). So, even if the seller is risk neutral, the use of EPA could make
sense for attracting more bidders. With endogenous entry, risk sharing between the
seller and bidders in an EPA could improve ex post allocation efficiency when more
bidders are attracted to the trade, while an auction format that is more attractive for
sellers could also encourage its actual usage/”|

In light of the unambiguous benefit of risk sharing among the players in the Eng-
lish premium auctions, one might also wish to know whether, and to what extent,
similar improvement in Pareto efficiency can be found on other ex post efficient auc-
tiong®]] when players are heterogeneous and risk averse. These will be interesting topics

for future research.

33For instance, Engelbrecht-Wiggans and Nonnenmacher (1999) documented how implementing a
“seller friendlier” auction design in early nineteenth-century New York attracted more imports to the
city and supported its subsequent economic growth. See van Bochove, Boerner and Quint (2013) for
a historic account about the use of premium tactics in Europe.

34For example, Dasgupta and Maskin (2000), Jehiel and Moldovanu (2001), Ausubel (2004), and
Perry and Reny (2002, 2005). Along the lines of the VCG mechanisms (Vickrey, 1961; Clark, 1971;
Groves, 1973), all these auction procedures were designed under the assumption that the players are

risk neutral or have quasilinear utility functions.
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Appendix

Proofs of the lemmas

Proof of Lemma (i)=(ii) follows from Pratt (1964, Egs. (21) and (22) for
y < 0 and y > 0, respectively). (ii)=-(iii) holds by replacing y in by y — v, and
taking expectation over ¢. (iii)=-(i) holds by noting that if the weak [strong] form of
(i) does not hold, then the strong [weak] form of (i) holds on some interval with v and

@ interchanged. Thus (iii) cannot hold true for all z,y, and ¢ (Pratt, 1964; p. 129). m

Proof of Lemma Because u(x,t) (= U(x)) does not depend on ¢, Q3 < 0 if and
only if wy > 0. Hence, U’ > 0 is equivalent to A5 for Cases 1-3, and implies A5 for Case
4. Now suppose that U has nonincreasing absolute risk aversion. Then, by Lemma [I}
for Cases 1-3 Q(z,y,t) is nonincreasing in = and therefore A6 holds. To see that it is

also true with Case 4, note that in this case

Ul)—(1+U({t+x—y)

t) =
Q('Ta Y, ) U’(l’)
U(x)—=U(t — U
U@ -Ulte—y) U@
U'(x) U'(x)
By Lemmathe first part is nonincreasing in x. By log-concavity, % is nondecreasing

and therefore () is nonincreasing in z. =

Proof of Lemma Fix any t, and assume that U(z,t) is nondecreasing in absolute
risk aversion as x increases. Then, as with Cases 1-4, A6 holds for Cases 1’-4’. Now
if in addition U(z,t) decreases in absolute risk aversion as ¢ increases, then it can be
shown that Q(z,y,t) is a decreasing function of ¢ and therefore condition A5 holds.
We check this for Case 3’, which is less obvious than the other cases. By Lemma [l
the assumption that U(-,t) is more risk averse than U(-,#) for ¢ < ¢ implies

)= Ud) _ Ule=(y=v),0) = Uw,1)

U(SC— (y_U),
= > ,  Vax,y, 37
U1 I’,t) Ul(xat) ke ( )

>

Because K (v|t) exhibits first-order stochastic dominance over K (v|t), and because both
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sides of the above inequality increase in v, taking expectations maintains the inequality:

[U(x - (y—v),t)dK (v]t) — Uz, t) - J U@ —(y—v),t)dK(v|t) — U(x,t)
Uy (z, 1) Uy (z,t)

(38)
This shows Q(z,y,t) > Q(z,y,1), verifying A5. m

Proof of Lemma The differential equation in @ can be more succinctly written

f(t)
1- F(t)

where () is defined in . Because the right-hand side of is continuously differen-
tiable in b, ¢, and X, the solution b(¢, X) is continuously differentiable in ¢ and X on

by(t, X) = é@(a(b(t,X) X b(E X, 1)

its effective domain (e.g., Hale, 2009, Chapter 1, Theorem 3.3). Differentiating w.r.t.

X gives
1 t
bia(t, X) = —(1 = ba)@Q1 + aQﬁz% (39)
where
Ql:l—ﬂ—QﬂaHngzﬂ (40)
U1t (/51 Uy
By (8)), substituting b(H, X) for B in (9) gives
Differentiating w.r.t. X yields, at t = H,
Uy X O[(bQ — ].) = w1 X (-bg + Oé(bg — 1)) (41)

Part (i). Assume (; = 0 and fix an arbitrary X < B(H). Then from we obtain
wy; = w1 whenever () = 0. Consequently, implies by(H, X) = 0 as w; > 0. Now
by , bao(t, X) > 0 implies bio(t, X) > 0. Hence by < 0 for all ¢ < H such that

b(t,X) > X (see, e.g., Hu et al. 2011, Lemma 1). But this logic holds also for —b,.

A~~~ ~—

Therefore, we must have by(¢, X)) = 0 on the effective domain of b.
Part (ii). Assume @; < 0. Then by , @ = 0 implies w; > u;. Equation (41))
now implies wyby = (w1 — uy) a(by — 1) < (wy — uy) abe and therefore by(H, X) < 0.
We first show that by(¢, X) < 1 for all ¢ € [r, H]. This follows because by (39),
ba(t, X) = 1 implies bya(t, X) > 0, which is impossible given by(H, X) < 0.
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Now by (39), b2 = 0 implies b1»(¢, X) > 0. This implies that by(t, X) < 0 for all
t < H such that b(t, X) > X (see, e.g., Hu et al. 2011, Lemma 1). m

Proof of Lemma For Cases 1’ and 2’, it suffices to show that
A@FE/(wFﬁ@D—wM—MwaF@%+ﬂ—Fﬁ»wW@»>0

Differentiating yields A'(t) = (Y (—h(t)) — P (—n(t)) — (e(t))) f(t)+(1=F(t))abi (t, X).
Substituting (7)), and noting that v(t) + ¥ (—n(t)) = 0, we have

210 = (o) +0(-ni0) ~ vl + oot ELDZR CHODY g

)
__(W¢wm>> 00) + $(A0)1) _ plt) = 00) + = @»)ﬂﬂ

> 0

where the inequality holds because of U;; < 0 by Lemma
For Case 3’, the effective income also depends on the realization of the value of
v. So

F (0.1 1) v—n(y) fory<t
‘r /U7y7 —
0 fory >t

—h fi <t
oy = {1 S
o(t) fory>t

If suffices to show for this case that

Because h = b — ¢, we have

/ _ u(gp,t)—w(—b—i—gp,t)_ -
T =) 50

= [Qp,0,t) = (b =] f(?)

Now @; = 0 implies (by adding b — 1 — ¢ to the first argument of Q)
/ o u (b -1, ) ( ) - . )
a) = (HEERIZEEED ) f
~ (veonnovoy

ul(b—n, )
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where the inequality comes from u being risk averse. Since A(r) = 0, we have A(t) > 0

forall t € (r,H]. m

Proofs of the propositions

Proof of Proposition [I, By Theorem [2] it suffices to show that for all the cases
considered, the function ®(¢) defined in is positive. The conclusion has been
established for Cases 1 and 1’ in . For Cases 2- 4’, )1 = 0 and w(—n(t),t) = u(0,1)

imply w(—3(t),t) = u(n(t) — B(t),t). So by ®(t) > 0 for all ¢ > to under (22). m

Proof of Proposition By @1 = 0, the seller’s break even condition u(po,tg) =
w(0,tp) holds iff u(0,ty) = w(—po,to). This implies that, in equilibrium, a sale occurs
at a price greater than py iff the pivotal bidder has a type t > t;. By the EA equi-
librium u (0,t) = w(—n(t),t), the assumption ¢); = 0 also implies u (n(t) — 5(t),t) =
w(—05(t),t). Hence,

V(5(1) = V(n()) u(B(t),to) — u (n(t), to)

= by assumption

V' (8(t)) u1 (B(t), to)
(Ot —uln(®) = Bt
o Uy (O,to by Ql =0
> ¢ (0.%) _51 (770<’t2)— Bt).?) for all t > tg, by A5
_ U(O,t) _w(_ﬁ(t)vt)
U1 (0, t)

This shows that ®(t) > 0 so that by Theorem [2 Viy(c, po|EPA) > Vi (po|EA). m

Proof of Proposition When the reserve price is zero, by A2 all bidders participate
in the EA and hence in the EPA (Theorem . The inequality in (16 reduces to

Vy(a,0|EPA) — Vy(0|EA) > /0 ’ SV (B(t)) dFp (1) (42)
as can be seen by replacing 0 for fo in (T6). We have
[ awv oy
= [Mewv soaryo + [ sov e o
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where the last term is positive because ®(¢) > 0 (by assumption that the seller is more
risk averse than all types ¢ > ¢3). This term comes from event L2y = to, and the
probability of this event tends to 1 as N tends to infinity. Hence, because the term
O(t)V' (B(t)) is independent of N, for all a € (0,1/2) there exists an NV, > 2 such that
Jo @@V (B() dE (t) > 0.

By A5, ®(t)V' (8(t)) has a single crossing property that if ®(£)V’ (8(£)) > 0 for
any ¢ then ®(¢)V’ (3(t)) > 0 for all ¢ > . Further notice that

) (N+1)F)

Y

is a positive and increasing function of t. Thus (e.g., by Persico, 2000, Lemma 1)

/0 SOV’ (5(1)) dFY(t) > 0

implies

| eev sundrgto = [T emviem G

The conclusion of the proposition thus holds true. m

References

Arrow, Kenneth. J. 1971. Essays in the Theory of Risk Bearing. Amsterdam: North-
Holland Pub. Co.

Athey, Susan. 2001. “Single Crossing Properties and the Existence of Pure Strategy

Equilibria in Games of Incomplete Information.” Econometrica 69: 861-889.

Ausubel, Lawrence M. 2004. "An Efficient Ascending-Bid Auction for Multiple Ob-
jects." American Economic Review 94: 1452-1475.

Birulin, Oleksii, and Sergei Izmalkovy. 2011. “On Efficiency of the English Auction.”
Journal of Economic Theory 146: 1398-1417.

39



Bochove, Christiaan van, Lars Boerner, and Daniel Quint. 2013. “Anglo-Dutch
Premium Auctions in Eighteenth-Century Amsterdam.” Working Paper.

Bulow, Jeremy, and Paul Klemperer. 1996. “Auctions Versus Negotiations.” Ameri-

can Economic Review 86: 180-194.

Bulow, Jeremy, and Paul Klemperer. 2009. “Why Do Sellers (Usually) Prefer Auc-

tions?” American Economic Review 99: 1544-75.

Caillaud, Bernard, and Philippe Jehiel. 1998. “Collusion in Auctions with External-
ities.” RAND Journal of Economics 29: 680-702

Clarke. Edward H. 1971. “Multipart Pricing of Public Goods.” Public Choice 11:
19-33.

Cox, James C., Vernon L. Smith, and James M. Walker. 1982. “Auction Market
Theory of Heterogeneous Bidders.” Economics Letters 9: 319-325.

Cox, James C., Vernon L. Smith, and James M. Walker. 1988. “Theory and Individual
Behavior of First-price Auctions.” Journal of Risk and Uncertainty 1: 61-99.

Crawford, Vincent P. 1985. “Efficient and Durable Decision Rules: A Reformulation.”
Econometrica 51: 817-836.

Dasgupta, Partha and Eric Maskin. 2000. “Efficient Auctions.” Quarterly Journal of
Economics 115: 341-388.

DeMarzo, Peter M., Ilan Kremer, and Andrzej Skrzypacz. 2005. “Bidding with
Securities: Auctions and Security Design.” American Economic Review 95: 936-

959.

Dubra, Juan, Federico Echenique, and Alejandro M. Manelli. 2009. “English auctions
and the Stolper-Samuelson theorem.” Journal of Economic Theory 144: 825—
849.

40



Engelbrecht-Wiggans, Richard. 1993. “Optimal Auctions Revisited.” Games and
Economic Behavior 5: 227-239.

Eso, Peter, and Gabor Futo. 1999. “Auction Design with a Risk Averse Seller.”
Economics Letters 65: 71-74

Eso, Peter, and Lucy White. 2004. “Precautionary Bidding in Auctions.” Economet-
rica T2: 77-92.

Groves, Theodore. 1973. “Incentives in Teams.” Econometrica 41: 617-631.

Goeree, Jacob K., and Theo Offerman. 2004. “The Amsterdam Auction.” Economet-
rica 72: 281-294.

Hale, Jack K. 2009. Ordinary Differential Equations. Mineola, N.Y.: Dover Publica-
tions. (Originally published: New York: Wiley, 1969).

Harris, Milton, and Arthur Raviv. 1981. “Allocation Mechanisms and the Design of
Auctions.” Econometrica 49: 1477-1499.

Harrison, Glenn. W., John. A. List, and Charles Towe. 2007. “Naturally Occur-
ring Preferences and Exogenous Laboratory Experiments: A Case Study of Risk

Aversion.” Econometrica 75: 433-458.

Holmstrom, Bengt, and Roger B. Myerson. 1983. “Efficient and Durable Decision
Rules with Incomplete Information.” Econometrica, Vol. 51, No. 6, pp. 1799-
1819.

Holt, Charles A. 1980. “Competitive Bidding for Contracts under Alternative Auction
Procedures.” Journal of Political Economy 88: 433-445.

Hu, Audrey, 2011. “How Bidder Number Affects Reserve Price in First-Price Auction
under Risk Aversion.” Economics Letters 113: 29-31.

41



Hu, Audrey, Steven A. Matthews, and Liang Zou. 2010. “Risk Aversion and Optimal
Reserve Prices in First and Second-Price Auctions.” Journal of Economic Theory

145: 1188-1202.

Hu, Audrey, Steven A. Matthews, and Liang Zou. 2013. “English Auctions with
Ensuing Risk and Heterogeneous Bidders.” Working Paper.

Hu, Audrey, Theo Offerman, and Sander Onderstal. 2011. “Fighting Collusion in
Auctions: An Experimental Investigation.” International Journal of Industrial

Organization 29: 84-96.

Hu, Audrey, Theo Offerman, and Liang Zou. 2011. “Premium auctions and risk

preferences.” Journal of Economic Theory 146: 2420-2439

Jehiel, Philippe, and Benny Moldovanu. 1996. “Strategic Nonparticipation.” RAND
Journal of Economics 27: 84-98.

Jehiel, Philippe, and Benny Moldovanu. 2000. “Auctions with Downstream Interac-
tion among Buyers.” RAND Journal of Economics 31: T68-791

Jehiel, Philippe, and Benny Moldovanu. 2001. “Efficient Design with Interdependent
Valuations.” Econometrica 69: 1237- 59.

Jewitt, Tan. 1987. “Risk Aversion and the Choice between Risky Prospects: The

Preservation of Comparative Statics Results.” Review of Economic Studies LIV:

73-85.

Klemperer, Paul. 2002. “What Really Matters in Auction Design.” Journal of Eco-
nomic Perspectives 16: 169-190.

Krishna, Vijay. 2002. Auction Theory. San Diego: Academic Press.

Levin, Dan, and James L. Smith. 1994. “Equilibrium in Auctions with Entry.”

American Economic Review 84: 585-599.

42



Levin, Dan, and Lixin Ye. 2008. “Hybrid Auctions Revisited.” Economics Letters
99: 591-594.

Maskin, Eric, 1992. “Auctions and Privatization,” in Privatization. H. Siebert, ed.

J.C.B. Mohr Publisher: 115-136.

Maskin, Eric, and John Riley. 1984. “Optimal Auctions with Risk Averse Buyers.”
Econometrica 52: 1473-1518.

Matthews, Steven A.1983. “Selling to Risk Averse Buyers with Unobservable Tastes.”
Journal of Economic Theory 30: 370-400.

Matthews, Steven. 1987. “Comparing Auctions for Risk Averse Buyers: A Buyer’s
Point of View.” Econometrica 55: 633-646.

McAfee, R. Preston and John McMillan. 1987. “Auctions and Bidding.” Journal of
Economic Literature 25: 699-738.

McMillan, John. 1994. “Selling Spectrum Rights.” Journal of Economic Perspectives,
8: 145-62.

Milgrom, Paul. 2004. Putting Auction Theory to Work. Cambridge: Cambridge

University Press.

Milgrom, Paul, and Robert J. Weber. 1982. “A Theory of Auctions and Competitive
Bidding.” Econometrica 50: 1089-1122.

Myerson, Roger B. 1981. “Optimal Auction Design.” Mathematics of Operations
Research 6: 58-73.

Perry, Motty and Philip J. Reny. 2002. “An Efficient Auction.” FEconometrica
70:1199-1212

Perry, Motty and Philip J. Reny. 2005. “An Efficient Multi-unit Ascending Auction.”
Review of Economic Studies 72: 567-592.

43



Persico, Nicola. 2000. “Information Acquisition in Auctions.” Fconometrica 68:

135-148.

Pratt, John. W.1964. “Risk Aversion in the Small and in the Large.” FEconometrica,
32: 122-136.

Riley, John G., and William F. Samuelson. 1981. “Optimal Auctions.” American
Economic Review 71: 381-392.

Smith, James L. and Dan Levin. 1996. “Ranking Auctions with Risk Averse Bidders.”
Journal of Economic Theory 68: 549-561.

Vickrey, William. 1961. “Counterspeculation, Auctions and Competitive Sealed Ten-
ders.” Journal of Finance 16: 8-37.

Waehrer, Keith, Ronald M. Harstad, and Michael H. Rothkopf. 1998. “Auction
Form Preferences of Risk-Averse Bid Takers.” RAND Journal of Economics 29:
179-192.

Wilson, Robert. 1987. “Game-Theoretic Analyses of Trading Processes,” in Advances
in Economic Theory: Fifth World Congress, ed. by Truman Bewley. Cambridge
UK: Cambridge University Press, Chapter 2, pp. 33-70.

Wilson, Robert. 1998. “Sequential Equilibria of Asymmetric Ascending Auctions:
The Case of Log-Normal Distributions.” Economic Theory 12: 433-440

44



	EPA_2_20140124.pdf
	Introduction
	Model and Preliminaries
	Equilibrium
	English auction
	English premium auction

	Main Results
	Seller's perspective
	Bidders' perspective
	Homogeneous utility
	Example
	Heterogeneous utility


	Summary and Conclusion
	Appendix
	Proofs of the lemmas
	Proofs of the propositions

	References


