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Abstract

Recent research reveals that hedge fund returns exhibit a range of different, possibly
non-linear pay-off patterns. It is difficult to qualify all these patterns simultaneously
as being rational in a traditional framework for optimal financial decision making.
In this paper we present a simple model based on loss aversion that can accom-
modate for all of these pay-off structures in one unifying framework. We provide
evidence that loss-aversion is a likely assumption for management as well as investor
preferences. Following the current empirical literature, we solve a static asset
allocation problem that includes a nonlinear instrument. We show analytically that
four different pay-off functions may be rationally optimal. The key parameter in de-
termining which of these four to choose in a specific setting, is the financial planner’s
surplus. The notion of surplus connects hedge fund manager’s incentive schemes

with the idea of mental accounting as proposed in recent behavioral finance research.
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1 Introduction

There is a growing interest in hedge fund performance among investors, academics, and
regulators alike. Investors and academics are intrigued by the unconventional performance
characteristics of these funds. Regulators on the other hand are concerned with the market
impact of hedge funds’ reported speculative activities during major market events.

Most hedge funds not being formally regulated, are not limited in the type of assets
they can hold. Moreover, they face less restrictions on short sales than standard mutual
funds and can be highly leveraged and concentrated in specific sectors, countries and/or
asset categories. The fund’s management compensation is based on the fund’s financial
performance, something that is less common for conventional mutual funds. According
to Edwards (1999), mutual fund managers are generally compensated a flat-fee structure
of assets under management. A typical hedge fund, by contrast, charges a 1% fixed fee
and 20% of profits.

Given the dramatic increase in the number of hedge funds over the past decade and
their large degree of freedom in investment behavior, there has been much recent attention
devoted to measuring the performance and return characteristics of hedge funds, see for
example Amin and Kat (2001), Fung and Hsieh (1997), Fung and Hsieh (2001), Agarwal
and Naik (2000b), and Mitchell and Pulvino (2001). Popular opinion has it that hedge
funds, through their large freedom and degree of specialization, deliver exceptionally high
returns and are market-neutral. That is, it is believed that hedge fund returns are not
correlated with (stock)market returns. If this is true, this is an attractive feature for many
institutional investors. The papers cited above concentrate on hedge funds’ investment
strategies, explaining hedge fund returns empirically. They focus on market efficiency and
value-added created by hedge funds and their managers. They find that hedge funds do
not outperform stock market returns in terms of average return and volatility. However,
the standard method of measuring performance does not work for hedge funds.

A simple approach to performance measurement that works well for standard mutual
funds is the asset class factor model of Sharpe (1992). Sharpe models the return R; on a

fund 7 as
Ri = wi F1 +wip o + ... +win By + €, (1)
where R; is the vector of returns on fund 7, F} is the value of systematic factor j, and
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e; presents the non-systematic factors in the return for fund 7. The w;;s represent the
sensitivities of the returns R; to factor Fj. Sharpe selects 12 major asset classes for the
factors Fi,..., Fio and finds a correlation coefficient of about 90% for a sample of US
mutual funds. This implies that the return of mutual funds can be well approximated
by a linear combination of returns on standard asset classes. This systematic part of the
return is referred to as ‘style’ by Sharpe. The other part, the return variation that cannot
be explained, is called ‘selection’. The excess return e; should be attributed to the skills of
management in selecting the individual securities, hence the name ‘selection’. The basic
result of Sharpe that standard asset classes can explain most of the variation in mutual
funds’ returns have been confirmed and extended by various other authors, for example
Brown and Goetzmann (1997) and De Roon et al. (2000).

In contrast to the style regressions of type (1) for mutual funds, Fung and Hsiech (1997)
find that for hedge funds the straightforward approach of Sharpe does not provide a good
fit. These results are confirmed by Agarwal and Naik (2000a), who find low correlations
with different indices. Also, Brealey and Kaplanis (2001) find evidence for changing factor
loadings over time. Fung and Hsieh argue that the lack of fit of (1) for hedge funds is
due to the extensive use of dynamic trading strategies. Mutual funds generally follow a
relatively stable investment strategy, resulting in w;;’s between zero and one with modest
time variation. By contrast, according to Fung and Hsieh hedge funds have weights w;;
between -10 and 10. In addition, the managers’ opportunism may cause the w;;’s to change
quickly over time and across market conditions. This helps to explain why traditional
Sharpe style regressions (1) fail dramatically for hedge funds.

The inappropriateness of Sharpe’s model for hedge funds, leads Fung and Hsieh (1997)
to consider dynamic strategies. As there is an infinite number of possible dynamic trading
strategies, factor analysis is used to determine the dominant styles in hedge funds. They
find that adding the style factors to Sharpe’s model explains a significantly larger part of
the return variation. Moreover, they identify distinctly nonlinear relations between their
new factors and traditional asset class returns as used in a typical Sharpe style regression.
Figure 1 presents four of the most prevalent examples of nonlinear relations as found by
Fung and Hsieh.

The hedge fund industry already has its qualitative descriptors for certain types of
hedge funds. These can be used to qualify the style factors. Comparable sets of qualifiers
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Figure 1: Empirical nonlinear relations between systematic hedge fund return

factors and standard asset class returns.

The figures are based on data in Fung and Hsieh (1997), Table 1. We use their systematic risk factors
for hedge fund returns corresponding to a specific qualitative descriptor. Given a factor return F; and a
traditional asset class return Ry, the pairs (F}, R;) are sorted on R; and grouped into quintiles. For each

quintile, the average return on F; and R; is plotted in the graphs.

are used throughout the hedge fund literature, see for example Osterberg and Thomson
(1999), Edwards and Caglayan (2001) and Brown and Goetzmann (1997). In Figure 1 the
qualifier for each style factor is from Fung and Hsieh and comes from the fund that has the
highest correlation with that style factor. “Systems/Trend Following” refers to traders
who use technical trading rules and are mostly trend followers. “Systems/Opportunistic”

refers to technically driven traders who also take occasional bets on market events relying



on rule-based models. “Global/Macro” refers to managers who primarily trade in the
most liquid markets in the world, such as currencies and government bonds, typically
taking bets on macroeconomic events such as changes in interest rate policies and currency
devaluations. These strategies rely mostly on their assessments of economic fundamentals.

Fung and Hsieh (1997) argue that Figure 1 shows option-like pay-off patterns in hedge
fund returns. For example, the upper-left panel may be identified as a long straddle,
whereas the upper-right and lower-left panels roughly correspond to long call and short
put positions, respectively. Fung and Hsieh (2001) then proceed by including returns on
buy and hold strategies of lookback-straddles. A similar approach is followed by Agarwal
and Naik (2000b), who further show that the descriptive model also has significant out-
of-sample forecasting power. Both these papers increase our understanding of the kind of
strategies that hedge funds are likely to follow. There is an important question, however,
that current research has not yet addressed. If hedge fund returns are so highly nonlinear
and strategies are very different from standard buy-and-hold or constant-fraction portfolio
strategies as derived in for example Merton (1990), what preferences drive the investment
managers of these funds?

Some may argue that the observed patterns of hedge fund returns are merely a statis-
tical artifact and that neither investors in hedge funds, nor hedge fund managers them-
selves, really know what type of pay-off pattern they generate. These arguments may
be supported by the renowned secrecy surrounding hedge fund strategies and investment
policies. In this paper we refrain from yielding directly to the argument of irrational
investors. Instead, we offer a framework of rational, loss averse investors that optimally
choose payoff patterns that are remarkably similar to those presented in Figure 1.

Loss aversion originates from the area of behavioral finance. As a perspective for ex-
plaining observed financial markets’ or institutions’ behavior it is rapidly finding its way
into the finance literature. Originating with the work of Kahneman and Tversky (1979),
we have seen its application to studying the equity premium puzzle, see Benartzi and
Thaler (1995); rationalizing the momentum effect, see Shefrin and Statman (1985); ex-
plaining the behavior of asset prices in equilibrium, in particular boom and bust patterns,
see Barberis et al. (2001) and Berkelaar and Kouwenberg (2000a); and explaining indi-
vidual stock returns, see Barberis and Huang (2001). Building on the same framework

and model specification for loss aversion as these earlier papers, we provide a rational



explanation for observed hedge fund payoff patterns.

Besides evidence from behavioral finance there is another ex ante reason to suspect
that loss-aversion is an important phenomenon for hedge funds. This is the existence
and structure of incentive fees. According to Edwards (1999), hedge funds pay managers
large incentive fees as a fraction of the achieved return. Brown et al. (1999) mention
common fees of 1% of funds under management and 20% of the profits, the same numbers
as found by Liang (1999) in a large sample of hedge funds. Together with high incentive
fees, however, investors usually require hedge fund managers to put a substantial amount
of their own wealth in the fund. This requirement is obviously rooted in the preference
of investors, who do not wish management to adopt a “recklessly risky” strategy. In
conjunction with the use of high-water marks, managers can suffer a substantial personal
loss if returns end up below a certain threshold level. As noted in Carpenter (2000),
the most typical benchmark for hedge fund managers is a constant like the discounted
value of current funds under management, or a benchmark representing a safe return,
like a Treasury yield. We interpret the incentive scheme that is described above as (i)
stimulating the manager to maximize expected fund wealth (or return) on the one hand,
and (ii) making him loss-averse to avoid moral hazard problems, i.e. excessive risk taking.
The contribution of this paper is that we combine these two effects into a model where
the trade-off is between maximizing wealth and minimizing expected shortfall below a
fixed target level.

The next section presents the model in its relation to other theoretical work in this
area. From this model, we derive that the typical graphs of Figure 1 are exactly the
four patterns that are optimal for a rational investor with mean-shortfall preferences. In

Section 3 we highlight the model’s main implications. Section 4 concludes.

2 Model

In this section we introduce a simple model in which the hedge fund investment decision
is represented through an investor with a loss-averse objective function. We consider
an investor with initial wealth W, who optimizes expected utility defined over terminal
wealth level ;. We choose wealth instead of return for ease of exposition, it is clear

that there is an equivalent formulation in terms of possible return. A loss-averse ‘value



function’ has been estimated by Kahneman and Tversky (1979), and has become a bench-
mark in itself for modelling behavioral preferences in a utility function framework, see for
example Barberis et al. (2001) and Basak and Shapiro (2001). It is given by

V(W) =E [(W, — WH)")"] = AE [(WP — W) )™, (2)

where WP is a benchmark level of wealth, (x)™ denotes the maximum of 0 and z. Based
on actual experiments with W2 = W, they obtain estimates A\ = 2.25, v1 = v = 0.88.
This objective is different from traditional utility functions as used in Merton (1990), in
that utility is derived from deviations from the benchmark level W 2. Moreover, with
and 5 both smaller than 1, the value function implies risk-loving behavior in terms of
losses, and risk-averse behavior in gains. In a finance context, this feature is confirmed
in for example Shefrin and Statman (1985). Basak and Shapiro (2001) derive optimal
investment policies in continuous-time under a constraint on expected shortfall (which
can be compared to 7, < 1 and 7, = 1).

The objective function we propose to model investor preferences is a simplified version

of the value function in (2). It is given by
max E[Wy] — \-E[(WF — W), (3)

where A is the loss-aversion parameter. Our objective function (3) is obtained by setting
7 =72 = 1 in (2). The investor thus faces a trade-off between expected wealth on the
one hand, and expected shortfall below the benchmark wealth level W5 on the other
hand. The objective function (3) thus contains an asymmetric or downside risk measure.
If WB = W,, the investor weighs losses differently from gains. Instead of imposing
a constraint on the optimization problem, we have incorporated the constraint in the
objective function. This allows us to describe additional empirical features in hedge fund
returns to the methodology followed by Basak and Shapiro. Barberis et al. (2001) use
the expected shortfall measure in (3) as a risk measure to shed light on the behavior of
firm-level stock returns in an asset-pricing framework. In their set up, W# represents
the historical benchmark wealth level, which may represent an average of recent portfolio
wealth or the wealth at the end of a year. Berkelaar and Kouwenberg (2000b) use the
more general specification (2) to solve a similar problem in continuous time.

Note that (3) is also relevant empirically. Sharpe (1998) explains how (3) is used by

Morningstar to construct its ‘risk-adjusted rating’ for mutual funds. As these ratings
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in turn profoundly influence the flow of money to a mutual fund, see Guercio and Tkac
(2001), (3) de facto reflects actual preferences of at least part of the investment industry.
Benartzi and Thaler (1995) also use (3) as an approximation to (2) to explain the equity
premium puzzle.

To model the investment opportunities available to a hedge fund, we assume that
the investor can select 3 assets, namely a risk-free asset, a linear risky asset, and an
option on the risky asset. We label the risky asset as stock in the rest of this paper and
normalize its initial price to 1. It should be kept in mind, however, that our results are
not limited to stock investments. Alternative interpretations of the risky asset comprise
stock indices, bonds or interest rates, and currencies. The stock has an uncertain pay-oft
u with distribution function G(u). We assume that G(-) is defined on (0, 00), is twice
continuously differentiable and satisfies E[u — r¢] > 0, ie., there is a positive equity
premium. The option is modeled as a European call option on the stock with strike price
x. Its current price is denoted by c¢. To avoid making a particular choice for the option’s
pricing model, we set the planning period equal to the option’s time to maturity. The
option’s pay-off, R, is now completely determined by the stock return as (u — z)*. We
assume there is a positive risk premium for the option as well, i.e., E[(u — z)*] > ry.
Concentrating on hedge funds, we do not introduce any constraints on the positions the

investor can take in any of these assets. We obtain
Wiy =Wory+Xo-(u—rp)+ X1 (Re—c-1y), (4)

where 7y is the pay-off on the risk-free asset, X, is the number of shares, and X; the
number of call options. The investor now maximizes (3) over { Xy, X }.

For ease of exposition we focus on the one-period model. The optimization problem
introduced above is static. This may seem inappropriate for hedge funds, which are known
to follow highly dynamic investment strategies. As argued in the introduction, however,
there is ample empirical evidence that static models with non-linear instruments like
options can explain a large part of the variation in hedge fund returns, both in-sample
and out-of-sample, see Fung and Hsieh (1997) and Agarwal and Naik (2000b). Also,
Siegmann and Lucas (2000) show that the solution to the multi-period version of (3)
gives decision rules at each period that have the same shape as the solution to the one-
period model. However, another objection to the present set-up might be that we only

include a single option. The main advantage of focusing on one option only, is that we are



able to highlight the main features of the present model without introducing unnecessary
complications. Even in this simple set-up, the model can describe several different pay-
off patterns observed empirically. Moreover, Glosten and Jagannathan (1994) find that
including more than one option in their contingent claims analysis does not give a better
fit to their dataset of mutual fund returns. Similar results have been established by
Agarwal and Naik (2000b), who show that for most hedge fund returns adding one option
related factor in the Sharpe style regressions suffices to capture most of the non-linearity.

The following theorem gives our main result.

Theorem 2.1 The optimal investment strategy for a finite solution to problem (3) is

giwven by one of the following:

I: X§ =0, and X7 = Sy/c, (5)
I X3 =—So/p, and X = —X;, (6)

Xo+ X — U
111 ( ot 1) =3 (x ul) - So Ty, (7)
—X() Uy — T

where 1, < x < Uy, and A > 0. Sy represents time 0 surplus, defined as Wo — W /r;.
Through put-call parity, p is the price of a put option with strike price v asp = x/ry+c—1.

Proof: See appendix.

Theorem 2.1 states that if (3) has a finite solution, then the optimal investment
strategy takes one out of three possible forms. A finite solution is ensured by a sufficiently
high loss aversion parameter A in (3). Unbounded solutions are less interesting in this
setting, as they are not observed in practice.

Strategy I corresponds to a long position in the risk-free asset and the call option.
The amount invested in the call option is exactly equal to the time 0 surplus. Strategy
IT corresponds to a short put position: an amount equal to the net shortfall is earned by
selling puts. Strategy III is a condensed representation of either a long or short straddle!
position. As A, x — 4y, and 4y — x are all assumed positive under III, the sign of Xq+ X;
and — X, are completely determined by the sign of the surplus Sy. If the surplus is pos-

itive, we obtain a long straddle position. There is a short position in stocks, —Xq > 0,

'We use the term straddle to denote a portfolio of long put and call positions, where the number of

puts and calls are not necessarily equal.



which is offset by the long call position for sufficiently high stock prices, Xq + X; > 0.
Similarly, if the surplus is negative, we obtain a short straddle pay-off pattern. The ap-
pendix shows how u; and us are derived from the model parameters and defines A as a

function of @y, @, and 7 only.

Theorem 2.1 shows that the optimal pay-offs from model (3) are exactly those found by
Fung and Hsieh (1997) in Figure 1. To make this point even stronger, we conduct a simple
numerical experiment. Using a lognormal G(-), we compute the optimal solution to (3)
for different strike prices and surplus levels. Computing the optimum is straightforward.
It can either be done by discretizing G(-), or by solving the first order conditions. The
latter are derived in the appendix in order to prove Theorem 2.1 and are very easy to
solve numerically for any G(-). Figure 2 presents the results. For a positive surplus, we
obtain a long straddle or a long call strategy, depending on whether the strike price is
low or high, respectively. For negative surplus levels, the short put and short straddle
are optimal for low and high strike prices, respectively. The similarity between Figure 2
and Figure 1 is striking: the present simple set-up provides a unified framework that can
explain a large portion of all the different pay-off patterns observed empirically. Strike
prices and surplus levels determine which of the pay-offs is optimal in a particular setting.

It can be seen from Theorem 2.1 that higher absolute surplus levels |Sy| lead to more
‘aggressive’ investment policies, i.e., larger investments in the risky asset. For example,
for increasingly large and positive values of the surplus, the number of long straddles or
long puts increases as well, resulting in a steeper pay-off over the non-flat segments of the

pay-off pattern. A similar result holds if the surplus becomes increasingly negative.

3 Implications for hedge funds

In Section 2 we found the optimal investment policies for a loss averse investor in a
static setting. As mentioned, these results can be linked to pay-off patterns generated by
dynamic investment strategies following the ideas of Fung and Hsieh (1997). Their paper,
however, is mainly empirical. In this section we provide additional arguments linking the
results of Theorem 2.1 and Figure 2 to dynamic investment strategies that are actually

used by hedge funds.
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Figure 2: Characteristics of the optimal pay-offs as a function of the strike
price x and the surplus W, — W5 /r;.

The figure displays optimal pay-offs as a function of the risky return u for four different combinations
of initial surplus Sy and strike price of the option. Though the precise form and steepness of these four
pay-offs may vary if other combinations of Sy and strike are used, they are representative (in terms of
positive/negative slope to the left/right of the strike) for the area in which they are plotted. These
areas are bounded by the dashed lines in the figure. The horizontal line separates positive from negative
surplus. The two vertical lines separate ‘high’ from ‘low’ strike prices (for positive and negative surplus,

respectively).

The first dynamic strategy is that of a market timer as described by Merton (1981).
Merton shows that the return pattern of such a strategy resembles a straddle on the traded
asset. This idea is pursued further by Fung and Hsieh (2001), who find that using the
return to a synthetic lookback straddle captures most of the variation in returns of Trend
Following hedge funds. The upper-left panel in Figure 2 therefore clearly corresponds to
at least one dynamic investment strategy.

Another popular dynamic investment strategy is portfolio insurance, see for example

Leland (1980). The basic idea is to reduce to proportion of stock if prices fall, and to
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increase it if prices rise. This mimics a delta hedge strategy of a call option, which is pre-
cisely the pay-off pattern given in the upper-right panel of Figure 2. Portfolio insurance
strategies are especially attractive for financial institutions facing short-term restrictions
on their asset value, like certain pension funds, as argued by Shefrin and Statman (1985),
Benninga and Blume (1985), Brennan and Solanki (1981).

Convergence bets as a dynamic investment strategy typically generate a pay-off pattern
resembling a short put position, see the lower-left panel in Figure 2. A good example of
this type of strategy is merger arbitrage as documented by Mitchell and Pulvino (2001).
By taking a long position in the stock of the target in a merger or takeover, and a
corresponding short position in the stock of the acquirer in case payment is in stock
rather than cash, Mitchell and Pulvino (2001) show that positive returns are possible in
bull markets. These return are largely uncorrelated with the market, i.e., they have a
beta equal to zero. In bear markets, mergers are more likely to fail, such that the merger
arbitrage strategy results in potentially large losses there. These losses usually correlate
positively with the market. The correlation pattern documented by Mitchell and Pulvino
is precisely that of a short put. It is not surprising, therefore, that including a put-option
return in the Sharpe style regressions for merger arbitrage returns significantly increases
the explanatory power. Mitchell and Pulvino also show that hedge funds specialized in
merger arbitrage generate pay-offs very similar to short puts, albeit that they have a
slightly positive beta in bull markets. Different interpretations of the short put pattern
are also possible, for example, convergence bets in credit markets. In that case, the short
put may be seen as a direct reflection of the credit spread, see Merton (1974). By taking
off-setting positions in corporate and government bonds, or in bonds of governments with
different credit ratings, one can lock in the spread in most cases. In case of default (of
the long position), however, the strategy results in a large loss. Strategies of this type are
known to have been implemented by, for example, LTCM.

The short straddle position in the lower-right panel is more difficult to link up with
well-known dynamic investment strategies, and we will conjecture on some of the possible
explanations for this further below. Thus far, we have established a link between the
optimal pay-off patterns emerging from our model and the pay-offs on dynamic investment

strategies that are documented, either empirically or theoretically. In the remainder of

12



this section, we further explore the validity and implications of our model for hedge funds.

It is clear from Figure 2 that the shape of the optimal pay-off crucially depends on two
variables, namely the (sign of the) surplus and the location of the strike price. We start
with discussing the former. Figure 2 clearly shows that there is a remarkable difference
between strategies for a positive and negative surplus, respectively. The interpretation
of the surplus in the context of hedge funds is not straightforward and crucially depends
on the interpretation of the benchmark Wpg. As discussed in the introduction and doc-
umented in Brown et al. (1999) and Brown et al. (1997), most hedge fund managers
get their bonuses if the fund earns a return above high-water marks. The mark can be
given by a treasury bill return, a fixed return, or a return based on average market per-
formance. If, for example, the high-water mark is fixed or is linked to a treasury yield, a
sufficiently high intermediate return over part of the measurement period brings the fund
into a situation with a positive ‘surplus’. So with respect to the managers of the fund,
we can interpret the surplus in terms of the return that is necessary to attain the high-
water mark. Analogously, a negative intermediate return may jeopardize the manager’s
future fee and bring him in a situation of a negative surplus. Alternatively, Barberis et al.
(2001) and Barberis and Huang (2001) use the idea of a surplus together with mental
accounting practices adopted by loss-averse investors. In their set-up, surplus represents
the difference between the current price of a stock or fund and its historical benchmark.
The historical benchmark may represent an average of recent stock prices, or some specific
historical stock price, such as the price at the end of the year. The difference between the
realized stock price and the benchmark, if positive, is the investor’s personal measure of
how much ‘he is up’ on his investment and conversely, if negative, how much ‘he is down’.
If this way of mental accounting is relevant for modeling investor preferences, then our
results suggest that the behavior of hedge funds is in line with the preferences of those
who invest in it. This fits in with the incentive schemes as discussed before, such that
these schemes can be seen as the proper instrument for attaining alignment.

One of the results also mentioned in the previous section was that larger absolute
values of the surplus |Sp| result in steeper pay-off patterns. In particular, if the surplus
becomes increasingly negative, our model predicts that a more aggressive investment
strategy is adopted. Intuition for this can be found in Brown et al. (1997). They discuss

the consequences of high-water mark thresholds used by hedge fund managers and note:
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‘If a fund has a negative return, the manager is out of the money and presumably has an
incentive to increase risk’. Theorem 2.1 formalizes this intuition.

Given the above interpretation of surplus, our model predicts that funds with high
water marks are more likely to follow convergence strategies. Vice versa, if our proposed
rational framework has empirical content, we would expect higher high-water marks for
firms focusing on convergence bets. Some anecdotal empirical evidence supporting our
claim is available for LTCM. Jorion (2000) explains that the core strategy of LTCM was
a relative-value or convergence-arbitrage trade on credit spreads, while Edwards (1999)
states that LTCM had one of the highest incentive fees in the industry.

The second important variable driving influencing the shape of the optimal pay-off
pattern is the strike price x of the option. The strike price links to the dynamic strategy
followed by the fund. In our framework, a fund focusing on a particular strategy is
tantamount to the fund picking its strike price for the option. Again, our model gives rise
to several implications that are corroborated by the empirical literature. For example,
consider the lower-left panel in Figure 2. As mentioned earlier, the short put pay-off
pattern corresponds to a trading strategy focusing on convergence bets. Following our
model, such a strategy is only optimal if the strike is sufficiently low, i.e., if the put
is sufficiently far out of the money. This is supported by the findings of Mitchell and
Pulvino (2001). As mentioned earlier, they capture much of the variation in merger
arbitrage returns by including a put option. It is remarkable to note that the optimal
strike price of their option is at a return level of -4%. This resembles an out of the money
put along the lines predicted by our present simple framework. Another example is given
by the upper-left panel in Figure 2. Originally suggested by Merton (1981), Fung and
Hsieh (2001) use the long straddle pay-off to describe the returns on market timers, i.e.
those traders that buy when they believe the market goes up and sell short when they
believe it going down. Our model implies that strike prices must not be too high in order
for the long straddle to be optimal. Fung and Hsieh use at-the-money straddles in their
empirical work. Our results suggest that out-of-the-money straddles would provide an
even better fit in their regression model.

The above interpretation of the strike price as the chosen dynamic strategy of the fund
raises the question what type of strategy will be chosen by investors if they can freely

choose among different hedge fund styles. Extending the model (3) to optimize over
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{Xo, X1} and z simultaneously leads to the optimality of the lower-left and upper-right
panels in Figure 2, depending on whether the surplus is negative or positive, respectively.
This has two implications. First, it may in part explain why the lower-right panel does not
match any of the well-known dynamic investment styles used in the industry. It is simply
not optimal to follow this strategy if the strategy choice is at the discretion of the hedge
fund manager or the investor. The argument is strengthened by noting that the lower
two panels describe a situation with a negative surplus. In such a setting, an efficient
choice of the asset mix including the strike x is even more important than in a situation
of a positive surplus. This may explain why we can observe the long straddle strategy
(trend followers) empirically, while this is harder for the short straddle. Our second
implication of the optimal choice of the strike x, however, is that the (long) straddle type
pay-off patterns (upper-left panel in Figure 2) may not survive in the long run, either.
As investors become more aware of the funds’ properties and potential alternatives, our

results suggests that they will shift out of trend following funds into long call strategies.

4 Conclusions

In this article we discussed a very simple financial optimization model based on loss-
aversion for which exactly four different pay-off patterns can be optimal. These patterns
closely match the various patterns in hedge fund returns observed in empirical work.
We provided several reasons to suspect that loss aversion is an important phenomenon
in hedge funds. The most explicit piece of evidence given in the literature relates to
incentive schemes for hedge fund managers: the limited liability for managers is reduced
by requiring them to put a substantial amount of their own money at stake. In that sense,
loss aversion is a result of the common ‘put your money where your mouth is’-policy that
hedge funds use to attract potential investors and signal their commitment.

Our model provides a unified, rational framework for explaining patterns in hedge fund
returns. Using traditional utility functions that do not have the loss-aversion property,
capturing the wide variety in hedge fund return patterns into one unifying framework
is much more difficult. With respect to robustness, numerical computations reveal very
similar patterns for alternative specifications for the loss-averse objective function. In

particular, using the original specification of Kahneman and Tversky (1979) our findings
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do not change significantly.

Interestingly, our model also gives rise to some new predictions pertaining to the
relation between the incentive schemes and adopted dynamic strategies. Partial evidence
supporting some of the predictions is available from empirical work in the literature. More
detailed data sets, however, are needed to substantiate the empirical validity of some other
implications of our theoretical model. Of course, in practice hedge fund managers may
adopt a number of trading strategies and/or change strategies over time. It is clear
that such complications fall outside the scope of our current simple modeling framework.
We believe, however, that the model and its results provide a useful step in a further

understanding of hedge funds.

Appendix

Proof of Theorem 2.1
We start by restating the optimization problem in (3) as

g%V(XO,Xl)» (A1)

with V(Xo, X1) = E[Wi] — X-E[(WP —Wy)T], (A2)
subject to

Wi =Wory+Xo-(u—rf)+ X1 (Re—c-1y). (A3)

Define p = z/r§ + ¢ — 1, the price of the put option corresponding to price of the call following
from put-call parity, see e.g. Hull (1997). Define R, ¢(.) as the expected return on the call
option with strike x on an asset with return u ~ G(-), given by E[(u — z)T /c]. For ease of
notation, we drop the subscripts  and G(-). Likewise, we denote the expected return on the

put option with R,. To ensure a finite optimal solution we need the following assumptions.

A: AryG(x) > R, — 1y,
B: )\fom(az —u)"/p—r;dG > —(Ry, —ry],

C: R, is increasing in x.
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The motivation for these two assumptions will follow from the proofs below. In short, assump-
tions A and B put a lower bound on the loss-aversion parameter A to ensure that the trade-off
between risk and return leads to a finite solution. Assumption C is tested empirically in Coval
and Shumway (2001), who find that the expected return of S&P index option returns increases
with the strike price.

There are four possible pay-off patterns resulting from the combination of a risk-free asset, a
stock, and a call option on the stock, namely decreasing-decreasing(I), increasing-increasing(II),
decreasing-increasing(I1I), increasing-decreasing(IV), where for example case (I) refers to a set-

ting where the pay-off increases in u both before and after the strike price x.

pattern I (decreasing-decreasing)

Conditions for case I are Xg < 0 and Xy + X7 < 0. The first order conditions in this case are

given by
oV o
and
oV + = -
8720:>O:E[(u—x) —c-rfl+ A (u—2)" —c-rpdG, (A5)
1 @

where @ is a constant depending on (Xo, X;). Using E[u] > ry and E[(u — z)T] > ¢ - ry, we
obtain that the right-hand sides of both (A4) and (A5) are positive for any value of @, such that

there is no interior optimum. The solution in situation I is, therefore, to set Xj = X{ = 0.

pattern II (increasing, increasing)

Conditions for case II are Xg > 0 and Xy + X7 > 0. First order conditions are given by the

system

Elu—rs] + A [y u—1rpdG =0,

] (A6)
El(u—a)" —c-rf] + A [j(u—z)" —c-rpdG =0,

where @ is again a constant depending on (Xj, X71). Each equation in (A6) has either zero or
two solutions. The zero-solution case for the first order condition corresponds to unbounded
solutions for the original optimization problem (A1), since the left-hand side in (A6) must then

necessarily be positive. We have abstracted from unbounded solutions however. Since the
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integrands in the two equations of (A6) are different, the two equations will not be satisfied for
the same value of #. Hence, the optimum is attained at the extremals. In this case, for II the

extremals are defined by two sets of parameter values, given by

Xo=0, X1 >0, (A7)
or

Xo>0, Xog+ X1 =0. (AS)

Starting with the former, investing only in the call option implies an optimization problem with
the following first order condition for an interior optimum:
@

E[(u—wﬁ—c-rf]—i—)\/o (u—z)" —c-rpdG =0, (A9)

where 4 = (WP — Wyry)/X1 + z + ¢ ry. By definition, 4 > 2. Under assumption A, we find
that the FOC is never fulfilled, i.e. the derivative with respect to X is negative. Without an
interior optimum, the optimal solution is given by

(Wo — WB/’I“f)/C if Wo > WB/’Ff,

X = (A10)
0 if Wo < W58 /r;.

We call this the long call strategy.

Now for the second case of extremals in situation I:
Define X9 = Xo+ X1, and p = (x +c-ry —ry)/ry. Condition for an interior optimum is
@

E[(m—u)+—p-rf]+)\/0 (x—u)" —p-rpdG =0, (A11)

where 4 = (Wyry — WBY/Xo+x—p- rr. By definition, 4 < z. Under assumption B, the FOC
has no solution, i.e. the derivative with respect to Xs is positive.

Without an interior optimum, the optimal solution is given by

WB/re —W, if Wo < WB/ry,
x5 = (W=/ry—Wo)/p 0 /Ty (A12)
0 if Wo > W8/r;.

We call this the short put strategy.
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For Wy > W5/ ry the long call strategy has a higher objective value than the short put.
This is seen from the objective values, which are Wory + (Wy — W8 /r;)(R. — ry) for the long

call versus the short put value of Wyry.

For Wy < W58 /r ¢ the short put strategy has higher objective value than the long call. This
is seen from the objective values, which are Wors 4+ X - (Wory — WEB) for the long call versus the
short put value that is larger than Wory + X - (Wory — W) - G(z). The last inequality follows

from Assumption B.

pattern III (decreasing-increasing: straddle)

Situation III is characterized by Xg < 0, Xo + X1 > 0.

The two values for which Wi = W5 are given by 41 < = and 4y > . They are defined as

WB —Wy ry—Xo-rp—X1-c-rf

i = A13
iy X, (A13)
WB Wy -rr—Xg-rs—X1-2—X;-C-
iy — 0-Tf 0-Tf 1-x 1e-rf (A14)
Xo+ X1

The first order conditions are given by

v Elu — ]+)\-/ﬂ2( —rg)dG =0 (A15)
X, u—ry : u—Tf =0,

v - " +

— = Ellu—2)" —c-rf]+ X (u—2)" —c-rf)dG =0. (A16)
0X1 a1

s.t. i <z < Us. (A17)

It can be checked that under the current assumptions the Hessian is negative definite. If the
FOC is fulfilled for a feasible (X, X1), it constitutes a local optimum. Note that if the FOC is

satisfied, the value of the objective function can be written as
Won + A rf- (WO — WB/T’f) . (G(@;) — G(ﬂ?)) < W(]T'f + A- 5. (A18)

The function value of the optimum in situation II for positive surplus is given by the value

of the long call strategy as
Wory + (Wo — WB/Tf) ‘E[(u—z)"Je—rf] = Wors + So - [Re — 4] (A19)

Using assumption C, which says that R. — ry is increasing in x, we find that for z — 0 and

So > 0 the straddle pay-off is better than the long call pay-off of case II.
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pattern IV (increasing, decreasing: short straddle)

Situation IV is similar to case III and characterized by Xg > 0, Xo+ X7 < 0. @y and uo are the
same as in situation III.

The first order conditions are given by

5—;(/0 = E[U_Tf]+/\-/Oul(u—rf)dG—i-)\-/u:O(u—rf)dG, (A20)
ov
X, E[(ujxﬁ—c"?‘f]

! A'/o 1((“_$)+—C‘Tf>dG+A‘/ ((u=2)" = c-rp)dG. (A21)

For the moment, it is left as an exercise to the reader to verify that the Hessian is negative
definite. If the FOC is fulfilled for a feasible (Xg, X1), it constitutes a local optimum. Note that

if the FOC is satisfied, the value of the objective function can be written as
Worg +X- (Wory — WE) . (1 —(G(as) — Gah))). (A22)

The function value of the optimum in situation II for negative surplus is given by the short

put strategy as

Worf+X2-p'<]E[Rp—rf]—|—)\'/ (:U—u)+—p-7“fdG>
0

+A- (Wory — WB).G(x),

(A23)

which is, according to Assumption B, larger than
Wory + X - (Wory — W5) - G(). (A24)

This implies that there is a strike y such that for strikes x < y, the short put strategy of
pattern II has a higher objective value than the current short-straddle pattern IV.

Having found the optimal pay-offs for each pair (x,Sy), we end with defining A in Theo-
rem 2.1. From the definition of %; and g in (A13) and (Al4) , we can write X¢ and X; as a

function of #; and @9 in the following way:

Xo+ X1\ 1 [z-a
R I R - (A25)
—Xo A Uy — T

where A = — (o — x)(x — 1) + crg(x — 1) + (42 — x)pry, and pry = x + cry —r¢. As the long
straddle pay-off is only optimal for positive surplus, we find A > 0. This concludes the proof. m
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